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PANTER [2]
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Brownian motions vs Lévy flights: 1d and 2d

lim
N→∞

⇒ ∂2

∂x2
= ∆ vs lim

N→∞
⇒ −(− ∂2

∂x2
)α/2 = −(−∆)α/2
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Brownian motions vs Lévy flights: 3d

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Lecture 9



Intro FRACT STAB BVM

Brownian motions vs Lévy flights: 2d ???

α ≈ 2? vs α ≈ 1.5?
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Reaction-diffusion vs fractional reaction-diffusion

left: ”Fisher PDE” (or ”SIR-model”) with α = 2
vs

right: ”fractional Fisher/SIR-model” with α < 2
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The fractional Laplacian

For 0 ≤ α ≤ 2, in one dimension:

−(−∆)
α
2 u(x) := α

2α−1Γ(12 + α
2 )√

πΓ(1− α
2 )

∫ ∞

−∞

u(x)− u(x + y)

|y |1+α
dy

Theorem (α ̸= 1):

−(−∆)
α
2 u(x) =

∂αu(x)

∂|x |α
= − 1

2 cos(πα2 )
[Dα

Leftu(x) +Dα
Rightu(x)]

α = 2: −(−∆)
α
2 = ∂2

∂x2

α = 1: −(−∆)
α
2 ̸= ± ∂

∂x

α = 0: −(−∆)
α
2 = −I
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The case α = 1

V for α = 1:

(−∆)
α
2 = (−∆)

1
2 = H(

∂

∂x
)

where the Hilbert transform1 H is defined by

[Hu](x) = u(x) ⋆
1

πx
=

1

π
p.v .

∫ ∞

−∞

u(y)

x − y
dy

and

p.v .

∫ a

−a
f (x) dx = lim

ϵ→0+
[

∫ −ϵ

−a
f (x) dx +

∫ a

ϵ
f (x) dx ]

1used in signal processing
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The ”left”-fractional heat equation
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Fractional PDEs: application areas [1]

• Hydrology (non-Fickian laws)

• Finance (Lévy-flights, non-Markovian models)

• Non-Brownian motions

• Super- and Sub-diffusion (anomalous transport)

• Visco-elasticity

• Rheology

• Electro-physiology of the heart
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Application areas [2]

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Lecture 9



Intro FRACT STAB BVM

Application areas [3]
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The Gamma-function Γ(x) [1]
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The Gamma-function Γ(x) [2]

Euler 1730, Legendre 1809 Γ(x), Gauss Π(x):

Γ(x) :=

∫ ∞

0
tx−1e−t dt =

∫ 1

0
[− ln(t)]x−1dt, x > 0

satisfies the functional equation:

f (x + 1) = x f (x), f (1) = 1, x > 0

⇓

Γ(1) = 1, Γ(n + 1) = nΓ(n) = n(n − 1)Γ(n − 1) = ... = n!
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The Gamma-function Γ(x) [3]
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The Gamma-function Γ(x) [4]

The function Γ(x) is not the unique solution of the functional
equation. Other solutions are, e.g.:

cos(2mπx)Γ(x), m ∈ N
H(x) = 1

Γ(1−x)
d
dx ln(

Γ( 1
2
− 1

2
x)

Γ(1− 1
2
x)
) Hadamard (1894)

L(x) = ... Luschny (2006)
etcetera...

The Bohr-Mollerup theorem (1922): the Gamma function Γ(x) is
the unique solution of the functional equation, if we also demand
that f (x) is logarithmically convex.
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A mysterious ”contradiction”(?)

1)

y(x) = xk ⇒ dny
dxn = k!

(k−n)!x
k−n = Γ(k+1)

Γ(k−n+1)x
k−n , k ≥ n

⇝ dαy
dxα = Γ(k+1)

Γ(k−α+1)x
k−α , k ≥ α ∈ R≥0

2)

y(x) = ex ⇒ dny
dxn = ex ⇝ dαy

dxα = ex =
∑∞

k=0
xk

k! =∑∞
k=0

xk

Γ(k+1) , α ∈ R≥0 [⋆]; BUT , on the other hand:

y(x) = ex =
∑∞

k=0
xk

k! ⇒
dny
dxn =

∑∞
k=0

1
k!

k!
(k−n)!x

k−n =
∑∞

k=0
xk−n

(k−n)!∑∞
k=0

xk−n

Γ(k−n+1) , ⇝
dαy
dxα =

∑∞
k=0

xk−α

Γ(k−α+1) ̸=[⋆] !?!
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Cauchy-formula for repeated integration

J 0f (x) = f (x)

J 1f (x) =
∫ x
−∞ f (s) ds

J 2f (x) =
∫ x
−∞ J 1f (s) ds

.......

J nf (x) =
∫ x
−∞ J n−1f (s) ds

for f ∈ S̃(R), i.e. P(x)dk f
dxk

→ 0 if x → −∞
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Fractional integral of order α ≥ 0

I nf (x) :=
1

(n − 1)!

∫ x

−∞
(x − s)n−1f (s) ds n! = Γ(n + 1) for n ∈ N

It can be shown that: J nf = I nf , n ∈ N.

Define for α ∈ R≥0 : J αf (x) :=
1

Γ(α)

∫ x

−∞

f (s)

(x − s)1−α
ds

Property: { J αJ β = J βJ α = J α+β ∀α, β ≥ 0
J 0 = I

(”the semi-group property of fractional differ-integral operators”)
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Fractional derivative of order α < m (Riesz)

α ∈ R≥0 : J αf (x) :=
1

Γ(α)

∫ x

−∞

f (s)

(x − s)1−α
ds

Define the ”Riesz”-derivative:

Dα
R f (x) := Jm−α(

dm

dxm
f (x)), m > α, f ∈ S̃(R)

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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”Consistency” of Riesz-derivative

Jm−αf (x) = 1
Γ(m−α)

∫ x
−∞

f (s)
(x−s)1+α−m ds, m > α, f ∈ S̃(R)

= χm−α
+ ∗ f (x), where χm−α

+ (x) := 1
Γ(m−α)x

m−α−1H(x)

Dk
R f = Jm−k( dm

dxm f ), m > k

= χm−k
+ ∗ ( dm

dxm f )

= dk

dxk
[( dm−k

dxm−k χ
m−k
+ ) ∗ f ]

= dk

dxk
[δ ∗ f ]

= dk

dxk
f

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Fractional derivatives: Caputo & Riemann-Liouville

The ”Caputo”-derivative:

Dα
C f (x) := Jm−α

0 (
dm

dxm
f (x)), x > 0

and the ”Riemann-Liouville-derivative”:

Dα
RLf (x) :=

dm

dxm
(Jm−α

0 (f (x))), x > 0

Here: J α
0 f (x) := 1

Γ(α)

∫ x
0 (x − s)α−1f (s) ds, x > 0

Note: Dα
C (constant) = 0 & Dα

RL(constant) ∼ x−α ̸= 0

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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”Consistency” of Caputo-derivative

For f ∈ Cm+1([0, L]), ∀L > 0:

Dα
C f (x) =

= 1
Γ(m−α)

∫ x
0

f (m)(s)

(x−s)1−(m−α) ds

= 1
Γ(m−α){−

(x−s)m−α

m−α f (m)(s)|s=x
s=0 +

∫ x
0

(x−s)m−α

m−α f (m+1)(s)ds}
= 1

Γ(m−α+1){0 + xm−αf (m)(0) +
∫ x
0 (x − s)m−αf (m+1)(s)ds}

(take limit: α ∈ R → m ∈ N)

= 1
Γ(1){f

(m)(0) +
∫ x
0 f (m+1)(s)ds}

= f (m)(0) + f (m)(x)− f (m)(0) = dmf
dxm (x)

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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”Caputo” vs ”Riemann-Liouville” [1]

(Luchko & Gorenflo, 1999, th.2.3, p.213)

Let f ∈ L1([0,∞)) ∩ Cm([0,∞)) and m − 1 < α ≤ m for some
m ∈ N. Then:

Dα
RLf (x) = Dα

C f (x) +
m−1∑
k=0

f (k)(0+)

Γ(1 + k − α)
xk−α (x > 0)

Notation: f (k)(0+) = limx↓0 f
(k)(x)

Corollary: if f (k)(0+) = 0, k = 0, 1, ...,m − 1, then Dα
RL = Dα

C

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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”Caputo” vs ”Riemann-Liouville” [2]
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A few other properties

Dα
C (Dm

C f (x)) = Dα+m
C f (x) (m = 0, 1, 2, ...;m − 1 < α < m)

Dm
RL(Dα

RLf (x)) = Dα+m
RL f (x) (m = 0, 1, 2, ...;m − 1 < α < m)

Dm
C Jm = I

Dα
C (Dm

C f (x)) = Dm
C (Dα

C f (x)) = Dα+m
C f (x),

IF f (s)(0) = 0, for s = n, n + 1, ...,m;m = 0, 1, ... (m − 1 < α < m)

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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A straightforward discretization for Dα
C (1 < α < 2)

Dα
Cu|xi
= 1

Γ(2−α)

∫ xi
0

u′′(s)
(xi−s)α−1 ds

≈ 1
Γ(3−α)

∑i−1
j=1{x

2−α
j+1 − x2−α

j }ui−j+1−2ui−j+ui−j−1

h2

= 1
Γ(3−α)

∑i−1
j=1{

j2−α−(j−1)2−α

h2−α }{ui−j+1−2ui−j+ui−j−1

h2
}

= 1
Γ(3−α)hα

∑i−1
j=1{j2−α − (j − 1)2−α}{ui−j+1 − 2ui−j + ui−j−1}

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Grünwald-Letnikov-definition [1]

f ′(x) = limh→0
f (x+h)−f (x)

h

f ′′(x) = limh1→0

limh2→0
f (x+h1+h2)−f (x+h1)

h2
−limh2→0

f (x+h2)−f (x)
h2

h1

Take h = h1 = h2 ⇒ f ′′(x) = limh→0
f (x+2h)−2f (x+h)+f (x)

h2

By induction:

f (n)(x) = lim
h→0

1

hn

n∑
m=0

(−1)m
(

n
m

)
f (x +mh), n ∈ N

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Grünwald-Letnikov-definition [2]

f (n)(x) = lim
h→0

1

hn

n∑
m=0

(−1)m
(

n
m

)
f (x +mh), n ∈ N

Note:

(
n
m

)
= n!

m!(n−m)! , replace ”!”-terms by ”Γ”-values

Define: Dα
GLf (x) = lim

h→0

1

hα

⌈α⌉∑
m=0

(−1)m
Γ(α+ 1)

m!Γ(α−m + 1)
f (x +mh)

Podlubny, 1999:

f ∈ Cm+1
0− (R≥0) := {f ∈ Cm+1([0,∞)) & f (x) = 0 for x ≤ 0}
⇒ Dα

GLf (x) = Dα
RLf (x) = Dα

C f (x) = Dα
R f (x)

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Grünwald-Letnikov-definition [3]
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Grünwald-Letnikov-definition [4]
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Grünwald-Letnikov-definition [5]
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Grünwald-Letnikov-definition [6]
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Grünwald-Letnikov-definition [7]
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Fourier’s definition of a fractional derivative

Fourier, 1822:

f (x) =
1

2π

∫ ∫
R2

f (γ) cos(p(x − γ)) dp dγ

⇒

dnf

dxn
(x) =

1

2π

∫ ∫
R2

f (γ)pn cos(p(x − γ) +
nπ

2
) dp dγ, n ∈ N

⇝

dαf

dxα
(x) =

1

2π

∫ ∫
R2

f (γ)pα cos(p(x − γ) +
απ

2
) dp dγ, α ∈ R

... ..., Weyl, Marchaud, Riesz, pointwise Liouville-Grünwald, ... ...

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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An application: the tautochrone curve
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The tautochrone: Abel’s mechanical problem

Abel, 1823 (integral equation)

1

Γ(α)

∫ x

0

y(s)

(x − s)1−α
ds = h(x), 0 < α < 1

⇒
y(x) =

1

Γ(1− α)

d

dx

∫ x

0

h(s)

(x − s)α
ds = Dα

RLh(x)

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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PART 2

Boundary-value methods

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Lecture 9



Intro FRACT STAB BVM

Stability regions [1]
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Stability regions [2]
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Stability regions [3]
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Stability regions [4]

Theorem 1:
The angle of the boundary locus of a stability region with the real
axis at z = 0 in the complex plane is 900. This holds for all explicit
and all implicit methods.

Theorem 2:
The stability region is symmetric around the real axis in the
complex plane. This holds for all explicit and all implicit methods.
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Stability regions [5]

Properties of stability regions (explicit methods) Properties of stability regions (implicit methods)
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Stability regions [6]

EF EB

Midpoint BV−Midpoint
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Boundary-value methods [1]

History:

G Fox & Goodwin 1948, Loud 1948
G Allen & Severn 1951, Fox & Miller 1951, Todd 1952
G Dahlquist 1952, Miller 1952, Fox 1953
G Dahlquist 1963, Usmani 1965, Gautschi 1965, Olver 1967

S Carasso & Parter 1970, Cryer 1972, Olver & Sookne 1972
T Rolfes 1981
T Axelsson & Verwer 1985

P Lopez & Trigiante 1993, Amodio, Mazzia & Trigiante 1993
P Brugnano & Trigiante 1998
P Sun & Zhang 2003, Iavernaro et al 2005, Aceto & Trigiante 2007

Q Q Q Zegeling & van Spengler 2022
Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Boundary-value methods [2]
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Boundary-value methods [3]
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Boundary-value methods [4]
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A semi-stable ODE [1]

{
u̇(t) = cos(t) u(t), t ∈ [0,T ]
u(0) = 1

with exact solution u(t) = esin(t)

Note: {cos(t)}t∈R ̸⊂ SEF and ̸⊂ SEB, but ⊂ SBVmp = C \ (i R)

Method 1: Forward in time (explicit):
u0 = 1
un+1 = [1 +∆t cos(tn)]un, n = 0, 1, ...,N − 1

tn+1 = tn +∆t, N = T
∆t

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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A semi-stable ODE [2]

Method 2: Backward in time (implicit):
u0 = 1
un+1 =

1
1−∆t cos(tn+1)

un, n = 0, 1, ...,N − 1

tn+1 = tn +∆t, N = T
∆t

Method 3: Boundary-Value Method (midpoint + EB):
u0 = 1,
un+1 − un−1 − 2∆t cos(tn)un = 0, n = 1, ...,N − 1
uN − uN−1 −∆t cos(T )uN = 0

tn+1 = tn +∆t, N = T
∆t

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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A semi-stable ODE [3]

EF & spectrum of the semi−stable ODE EB & spectrum of the semi−stable ODE

Midpoint & spectrum of the semi−stable ODE BV−Midpoint & spectrum of the semi−stable ODE

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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A semi-stable ODE [4]

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

TIME

E
R

R
O

R

Comparison of EF, EB and BV; ∆T=0.1

 

 

EF

EB

BV

0 1 2 3 4 5 6 7 8 9 10
0

0.002

0.004

0.006

0.008

0.01

0.012
CONVERGENCE OF THE BV−METHOD

TIME
E

R
R

O
R

 

 

∆T=0.1

∆T=0.01

∆T=0.001

FT vs BT vs BV-method (midpoint +EB)
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A semi-stable ODE [5]

Why does this work? Consider the test equation:{
y ′(t) = λy(t) t ∈ [0,T ]
y(0) = y0

2nd-order explicit midpoint method (with BDF2 final condition):

yn+1−yn−1

2∆t = λyn, n = 1, 2, 3, ...,N − 1

3yN−4yN−1+yN−2

2∆t = λyN

tn+1 = tn +∆t, N = T
∆t

⇒ forward recurrence relation:
yn+1 − 2λ∆tyn − yn−1 = 0, n = 1, 2, ...

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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A semi-stable ODE [6]

⇒ characteristic polynomial: r2 − 2λ∆t r − 1 = 0
and two roots:{

r1 = λ∆t −
√

1 + (λ∆t)2, → |r1| < 1

r2 = λ∆t +
√
1 + (λ∆t)2 → |r2| > 1

We have a stable (forward) recurrence, if |r1,2| < 1
and a stable (backward) recurrence, if |r1,2| > 1

⇒ the above method is unstable!

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands

Lecture 9



Intro FRACT STAB BVM

A semi-stable ODE [7]

However... define the forward shift operator: Eyn−1 = yn
⇒ E 2yn−1 = Eyn = yn+1. We can rewrite/decompose the above
method (in the sense of a BV method) as

(E − r1I )(E − r2I )yn−1 = 0

or split: {
(E − r1I )zn = 0
(E − r2I )yn−1 = zn

rewritten as:{
zn+1 = r1zn (a forward recurrence for zn with |r1| < 1)
yn = r2yn−1 + zn (a backward recurrence for yn with |r2| > 1)

⇒ the full recurrence method, seen as a BV method, is
unconditionally stable!

Paul Andries Zegeling Department of Mathematics, Utrecht University, The Netherlands
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Doubling-splitting for α = 3
2 [1]
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Doubling-splitting for α = 3
2 [2]

Second-order approximation of uxxx at xi :

D3 =
1

2(∆x)3



0 −2 1 0 ... ... 0
2 0 −2 1 0 ... 0

−1 2 0 −2 1 ... 0
... ... ... ... ... ... ...
0 ... −1 2 0 −2 1
0 ... 0 −1 2 0 −2
0 ... ... 0 −1 2 0
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Doubling-splitting for α = 3
2 [3]

Boundary-value methods:
⋆ Allen & Severn 1951, Miller 1952, Fox 1953, Carasso & Parter 1970

⋆ Axelsson & Verwer 1985, Brugnano & Trigiante 1998

Boundary-value approximation:
y⃗0 = y⃗0
y⃗n+1 − 2∆tC y⃗n − y⃗n−1 = 0⃗, n = 1, ...,N − 1

y⃗N −∆tC y⃗N − y⃗N−1 = 0⃗

with tn+1 = tn +∆t, N = T
∆t .

⇒ M η⃗ = b⃗
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Eigenvalue distribution & stability regions
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EF & spectrum of the semi−stable ODE EB & spectrum of the semi−stable ODE
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A dispersive-wave equation [1]


utt = uxxx , (x , t) ∈ [0, 1]× [0, 0.3]

u(x , 0) = sin(2πx), ut(x , 0) = 0 & periodic BCs

with exact solution

u(x , t) =
1

2
[e2π

3
2 t sin(2πx − 2π

3
2 t) + e−2π

3
2 t sin(2πx + 2π

3
2 t)]

Application areas:
hydrodynamics, ‘Harry Dym equation’, potential theory, ...
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A dispersive-wave equation [2]

EF & spectrum of the dispersive wave equation EB & spectrum of the dispersive wave equation

Midpoint & spectrum of the dispersive wave equation BV−Midpoint & spectrum of the dispersive wave equation
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A dispersive-wave equation [3]

BV-method:
y⃗0 = ... (IC)
y⃗n+1 = y⃗n−1 + 2∆tC y⃗n, n = 1, ...,N − 1 (MP)
y⃗N = y⃗N−1 +∆tC y⃗N (EB final condition)

with C :=

(
O I
D3 O

)
Note: σ(C ) ⊂

√
i R ̸⊂ SEF and ̸⊂ SEB, but ⊂ SBVmp = C \ (i R)
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A dispersive-wave equation [4]

Maximum error at t = 0.3 and cpu-time in seconds:

∆x = 0.0125 BVer BVti FTer FTti BTer BTti

∆t = 0.01600 11.5146 0.02 O(105) 0.0105 0.5532 0.0199
∆t = 0.00400 0.7859 0.11 O(1019) 0.0092 0.1528 0.0310
∆t = 0.00100 0.0508 1.84 O(1071) 0.0096 O(1035) 0.1061
∆t = 0.00025 0.0056 43.71 O(1086) 0.0177 O(10104) 0.4053

Maximum error at t = 0.3:
BV-method ∆x = 0.2 ∆x = 0.1 ∆x = 0.05 ∆x = 0.025

∆t = 0.0020 0.9104 0.3628 0.2170 0.2012
∆t = 0.0010 0.8462 0.2859 0.0891 0.0561
∆t = 0.0005 0.8305 0.2648 0.0650 0.0223
∆t = 0.0025 0.8265 0.2598 0.0611 0.0160
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A dispersive-wave equation [5]
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A space-fractional heat equation [1]

Fractional order α = 3
2 & initial conditions:

−6 −4 −2 0 2 4 6 8 10 12 14
−5

−4

−3

−2

−1

0

1

2

3

X

U
(X

,0
) 

&
 U

t(X
,0

)

U(X,0)

U
t
(X,0)=D3/2U(X,0)

Initial conditions
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A space-fractional heat equation [2]

Forward in time (EF)
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A space-fractional heat equation [3]

Backward in time (EB)
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A space-fractional heat equation [4]

Boundary-Value Method (BVM); midpoint + EB final condition
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A backward heat equation [1]


ut = −uxx , (x , t) ∈ [0, 1]× [0, 0.3]

u(x , 0) = sin(πx), u(0, t) = u(1, t) = 0

with exact solution

u(x , t) = eπ
2t sin(πx)
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A backward heat equation [2]

EF & spectrum of the backward heat equation EB & spectrum of the backward heat equation

Midpoint & spectrum of the backward heat equation BV−Midpoint & spectrum of the backward heat equation
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A backward heat equation [3]

Maximum error of FTCS and BTCS at t = 0.3 and cpu-time:

FTCS ∆x = 0.1 sec ∆x = 0.05 sec ∆x = 0.025 sec

∆t = 0.02 0.91 O(10−4) 0.86 O(10−4) O(102) O(10−4)

∆t = 0.01 0.63 O(10−4) O(107) O(10−4) O(1017) O(10−4)

∆t = 0.005 4.56 O(10−4) O(1020) O(10−4) O(1042) O(10−4)

∆t = 0.0025 O(106) O(10−4) O(1038) O(10−4) O(1080) O(10−4)

BTCS ∆x = 0.1 sec ∆x = 0.05 sec ∆x = 0.025 sec

∆t = 0.02 1.20 O(10−4) 1.29 O(10−4) 1.32 O(10−4)

∆t = 0.01 0.55 O(10−4) 13.79 O(10−4) 2.98 O(10−3)

∆t = 0.005 O(10−16) O(10−4) O(1013) O(10−3) O(1010) O(10−3)

∆t = 0.0025 O(10110) O(10−4) O(1065) O(10−3) O(1054) O(10−3)
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A backward heat equation [4]

Maximum error of BVM at t = 0.3 and cpu-time:

BVM ∆x = 0.1 sec ∆x = 0.05 sec ∆x = 0.025 sec
∆t = 0.015 58.75 0.005 53.21 0.009 52.04 0.021
∆t = 0.0075 11.73 0.017 13.32 0.035 13.75 0.076
∆t = 0.00375 1.82 0.063 2.32 0.130 2.45 0.272
∆t = 0.001875 0.096 0.243 0.47 0.500 0.57 1.111
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A backward heat equation [5]
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(backward) SIR-model [1]
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(backward) SIR-model [2]
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Periodicity [1]
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Periodicity [2]

Phase plane solutions for four traditional time-integrators:
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Periodicity [3a]

Total energy for these four time-integrators:
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Periodicity [3b]

Total energy (close up):
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Periodicity [4]
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Periodicity [5]
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Periodicity [6]
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