LECTURE 2
Distributions on manifolds

As explained in the previous lecture, to show that an elliptic operator be-
tween sections of two vector bundles E and F,

P:T(M,E) —T'(M,F)

has finite index, we plan to use the general theory of Fredholm operators be-
tween Banach spaces. In doing so, we first have to interpret our P’s as oper-
ators between certain “Banach spaces of sections”. The problem is that the
usual spaces of smooth sections I'(M, E) have no satisfactory Banach space
structure. Given a vector bundle E over M, by a “Banach space of sections of
E”, B(M, E), one should understand (some) Banach space which contains the
space I'(M, E) of all the smooth sections of E as a (dense) subspace. One way
to introduce such Banach spaces is to consider the completion of I'(M, E) with
respect to various norms of interest. This can be carried out in detail, but the
price to pay is the fact that the resulting “Banach spaces of sections” have a
rather abstract meaning (being defined as completions). We will follow a differ-
ent path, which is based on the following remark: there is a very general (and
natural!!) notion of “generalized sections of a vector bundle E over M”, hence
a space I'gen (M E) of such generalized sections (namely the space D'(M, E) of
distributions, discussed in this lecture), so general that all the other “Banach
spaces of sections” are subspaces of I'gen (M; E). The space I'gen(M; E) itself
will not be a Banach space, but all the Banach spaces of sections which will be
of interest for us can be described as subspaces of I'gep, (M; E) satisfying certain
conditions (and that is how we will define them).

Implicit in our discussion is the fact that all the spaces we will be looking
at will be vector spaces endowed with a topology (t.v.s.’s= topological vector
spaces). Although our final aim is to deal with Banach spaces, the general
t.v.s.’s will be needed along the way (however, all the spaces we will be looking
at will be l.c.v.s.”’s= locally convex vector spaces, i.e., similarly to Banach spaces,
they can be defined using certain seminorms).

In this lecture, after recalling the notion of t.v.s. (topological vector space)
and the special case of l.c.v.s. (locally convex vector space), we will discuss the
space of generalized functions (distributions) on opens in R and then their gen-
eralizations to functions on manifolds or, more generally, to sections of vector
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18 BAN-CRAINIC, ANALYSIS ON MANIFOLDS

bundles over manifolds. Since t.v.s.’s, l.c.v.s.” and the local theory of general-
ized functions (distributions) on opens in R™ have already been discussed in the
intensive reminder, our job will be to pass from local (functions on opens in R™)
to global (sections of vector bundles over arbitrary manifolds). However, these
lecture notes also contain some of the local theory that has been discussed in
the “intensive reminder”.

2.1. Locally convex vector spaces

We start by recalling some of the standard notions from functional analysis
(which have been discussed in the intensive reminder).

Topological vector spaces

First of all, a t.v.s. (topological vector space) is a vector space V' (over C)
together with a topology 7, such that the two structures are compatible, i.e.
the vector space operations

VxV, (v,w) —v+w, CxV =V (\v)— v
are continuous. Recall that associated to the topology 7 and to the origin
0 € V, one has the family of all open neighborhoods of 0:

T7(0)={De7:0eD}.

Since the translations 7, : V' — V', y — y + & are continuous, the topology 7 is
uniquely determined by by 7 (0): for D C V, we have
(2.1) DeT <<= VYzeD 3 BeT(0)suchthat x+ B C D.

In this characterization of the opens inside V', one can replace 7 (0) by any basis
of neighborhoods of 0, i.e. by any family B(0) C 7(0) with the property that

D e€T(0) = 3 BeBsuch that BC D.

In other words, if we knows a basis of neighborhoods B(0) of 0 € V, then we
know the topology 7.

Exercise 2.1.1. Given a family B(0) of subsets of V' containing the origin,
what axioms should it satisfy to ensure that the resulting topology (defined by
(2.1)) is indeed a topology which makes (V,7) into a t.v.s.?

Note that, in a t.v.s. (V,7), also the convergence can be spelled out in terms
of a (any) basis if neighborhoods B(0) of 0: a sequence (vy,)n>1 of elements of
V converges to v € V, written v, — v, if and only if:

V' B € B(0), I3np € Zy suchthat v, —veE B Vn>ng.

Of course, this criterion can be used for B(0) = 7 (0), but often there are smaller
bases of neighborhoods B(0) at hand (after all, “b” is just the first letter of the
word “ball”). For instance, if (V,|| —||) is a normed space, then the resulting
t.v.s. has as basis of neighborhoods

B(0) ={B(0,r) :r >0},

where

B(0,r)={v eV || <r}.
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In a t.v.s. (V,7), one can also talk about the notion of Cauchy sequence:
a sequence (v, )p>1 in V is called a Cauchy sequence if:

VDeT(0) 3 np €Zy such that v, —v, € D ¥ n,m>np.

Again, if we have a basis of neighborhoods B(0) at our disposal, it suffices to
require this condition for D = B € B(0).

In particular, one can talk about completeness of a t.v.s: one says that
(V,T) is (sequentially) complete if any Cauchy sequence in V' converges to
some v € V.

Locally convex vector spaces

Recall also that a l.c.v.s. (locally convex vector space) is a t.v.s. (V,7)
with the property that “there are enough convex neighborhoods of the origin”.
That means that

Teonvex(0) := {C € T(0) : C' is convex}
is a basis of neighborhoods of 0 € V' or, equivalently:
V' DeT(0) 3 CeT(0) convex, such that C C D.

In general, l.c.v.s.’s are associated to families of seminorms (and sometimes
this is taken as “working definition” for locally convex vector spaces). First
recall that a seminorm on a vector space V' is a map p: V — [0, 00) satisfying

p(v+w) < pv) +p(w), p(iv) =[Alp(v),
for all v,w € V, A € C (and it is called a norm if p(v) = 0 happens only for
v =0).
Associated to any family

P ={pi}ier
of seminorms (on a vector space V'), one has a notion of balls:
Bl = {veVip,(v)<r, V1<Ek<n},
defined for all » > 0, i1, ...,4, € I. The collection of all such balls form a family

B(0), which will induce a locally convex topology 7p on V (convex because
each ball is convex). Note that, the convergence in the resulting topology is the
expected one:

v, — v in (V,7Tp) <= pi(v, —v) =0 Viel

(and there is a similar characterization for Cauchy sequences). The fact that,
when it comes to l.c.v.s.’s it suffices to work with families of seminorms, follows
from the following:

Theorem 2.1.2. A tw.s. (V,T)is al.c.v.s. if and only if there exists a family
of seminorms P such that T = Tp.

Proof Idea of the proof: to produce seminorms, one associates to any C' C V
convex the functional

pc(v) =inf {r > 0:2 € rC}.
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Choosingn C' “nice enough”, this will be a seminorm. One then shows that
one can find a basis of neighborhoods of the origin consisting of “nice enough”
convex neighborhoods. O

By abuse of terminology, we also say that (V, P) is a l.c.v.s. (but one should
keep in mind that all that matters is not the family of seminorms P but just
the induced topology 7p).

Remark 2.1.3. In most of the examples of l.c.v.s.’s, the seminorms come
first (quite naturally), and the topology is the associated one. However, there
are some examples in which the topology comes first and one may not even
care of what the seminorms are (see the general construction of inductive limit
topologies at the end of this section).

On the other hand, one should be aware that different sets of seminorms
may induce the same l.c.v.s. (i.e. the same topology). For instance, if Py C P is
a smaller family of seminorms, but which has the property that, for any p € P,
there exists pg € Py such that pg < p (i.e. po(v) < p(v) for all v € V), then
P and P, define the same topology. This trick will be repeatedly used in the
examples.

Exercise 2.1.4. Prove the last statement.

Next, it will be useful to have a criteria for continuity of linear maps between
l.c.v.s.’s in terms of the seminorms. The following is a very good exercise.

Proposition 2.1.5. Let (V, P) and (W,Q) be two l.c.v.s.’s and let
AV W

be a linear map. Then T is continuous if and only if, for any q € Q, there exist
D1, ---,Pn € P and a constant C' > 0 such that

q(A(w)) < C - maz{p1(v),...,pn(v)} YveW
Note that we will deal only with l.c.v.s.’s which are separated (Hausdorff).

Exercise 2.1.6. Let (V,P) be a l.c.v.s., where P = {p;}icr is a family of
seminorms on V. Show that it is Hausdorff if and only if, for v € V', one has
the imlication:

pi(v) =0 Viel = v=o.

Finally, recall that a Frechet space is a t.v.s. V with the following prop-
erties:

1. it is complete.
2. its topology is induced by a countable family of semi-norms {p1, p2,...}.

In this case, it follows that V' is metrizable, i.e. the topology of V' can also
be induced by a (complete) metric:

d(v,w) = Z L palv—w)

= 2 14 pp(v —w)’
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Example 2.1.7. Of course, any Hilbert or Banach space is a l.c.v.s. This
applies in particular to all the familiar Banach spaces such as the LP-spaces on
an open {2 C R"

LP(Q) ={f :Q — C: f is measurable ,/ lfIP < oo},
Q

with the norm
1l = ([ 17
Q

Recall that, for p = 2, this is a Hilbert space with inner product

(r9)e = /Q /3.

Example 2.1.8. Another class of examples come from functions of a certain
order, eventually with restrictions on their support. For instance, for an open
QCR" reZy and K C ) compact, we consider the space

Cr()={p: Q2 —C:¢isof class C" and supp(¢) C K}.
The norm which is naturally associated to this space is || - ||, defined by
9]l i = sup{|0°p(2)] : x € K, [o| <7}

With this norm, Cj(£2) becomes a Banach space. Note that convergence in this
space is uniform convergence on K of all derivatives up to order r.

However, if we consider r = oo, then C7(€2) should be considered with the
family of seminorms {|| - ||k, : 7 € Z4}. The result is a Frechet space. Note
that convergence in this space is uniform convergence on K of all derivatives.

Yet another natural space is the space of all smooth functions C*°(£2). A
nice topology on this space is the one induced by the family of seminorms

{ll  llxr : K C Q compact,r € Z, }.

Using an exhaustion of Q by compacts, i.e. a sequence (K,),>0 of compacts
with
Q=U,K,, K,CInt(K,+1),
we see that the original family of seminorms can be replaced by a countable
one:
{I[ - g s nyr € Z4}

(using Remark 2.1.3, check that the resulting topology is the same!). Hence
C*>°(92) with this topology has the chance of being Frechet- which is actually
the case.

Note that convergence in this space is uniform convergence on compacts of
all derivatives.

Example 2.1.9. As a very general construction: for any t.v.s. (locally convex
or not), there are (at least) two important l.c. topologies on the continuous dual:

V*:={u:V — R:uis linear and continuous}.

The first topology, denoted 7;, is the one induced by the family of seminorms

{pv}veVa where
Py VE =R, py(u) = |u(v)|.
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This topology is called the weak* topology on V* or the topology of simple
convergence. Note that u, — u in this topology if and only if u,(v) — u(v) for
allv e V.

The second topology, denoted 7j, called the strong topology (or of uniform
convergence on bounded sets) is defined as follows. First of all, recall that a
subset B C V is called bounded if, for any neighborhood of the origin, there
exists A > 0 such that B C AV. If the topology of V is generated by a family
of seminorms P, this means that for any p € P there exists A\, > 0 such that

B C By(rp) ={v eV :pv) <rp}.

This implies (see also Proposition 2.1.5) that for any continuous linear func-
tional u € V*,

pp(u) = sup{|u(v)| : v € B} < oo.

In this way we obtain a family {pg} 5 of seminorms (indexed by all the bounded
sets B), and 7; is defined as the induced topology.

A related topology on V* is the topology 7. of uniform convergence on
compacts, induced by the family of seminorms {pc : C C V* compact}.

Some explanations (for your curiosity): In this course, when dealing with a par-
ticular l.c.v.s. V, what will be of interest to us is to understand the convergence in
V', understand continuity of linear maps defined on V' or the continuity of maps with
values in V (i.e., in practical terms, one may forget the l.c. topology and just keep in
mind convergence and continuity). From this point of view, in almost all the cases in
which we consider the dual V* of a l.c.v.s. V (e.g. the space of distributions), in this
course we will be in the fortunate situation that it does not make a difference if we
use 7 or 7, on V* (note: this does not mean that the two topologies coincide- it just
means that the specific topological aspects we are interested in are the same for the
two).

What happens is that the spaces we will be dealing with in this course have some
very special properties. Axiomatising these properties, one ends up with particular
classes of l.c.v.s.’s which can be understood as part of the general theory of l.c.v.s.’s.
Here we give a few more details of what is really going on (the references below send
you to the book “Topological vector spaces, distributions and kernels” by F. Treves).

First of all, as a very general fact: for any t.v.s. V, 75 and 7. induce the same
topology on any equicontinuous subset H C V* (Prop. 32.5, pp 340). Recall that H
is called equicontinuous if, for every € > 0, there exists a neighborhood B of the origin
such that

lu(v)|<e, YveB, VueH.

An important class of t.v.s.’s is the one of barreled space, which we now recall. A
barrel in a t.v.s. V is a non-empty closed subset A C V' with the following properties:

1. A is absolutely convex: |a|A + |G]A C A for all a, 5 € C with |a| + |8] = 1.
2. Ais absorbing: V v €V, 3 r > 0 such that v € rA.

A t.v.s. V is said to be barreled if any barrel in V' is a neighborhood of zero. For
instance, all Frechet spaces are barreled.

For a barreled space V, given H C V*, the following are equivalent (Theorem 33.2,
pp.349):

1. H is weakly bounded (i.e. bounded in the l.c.v.s. (V*,7y)).
2. H is strongly bounded (i.e. bounded in the l.c.v.s. (V*,Tp)).
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3. H is relatively compact in the weak topology (i.e. the closure of H in (V*,7j)
is compact there).
4. H is equicontinuous.

Hence, for such spaces, the notion of “bounded” is the same in (V*,7;) and (V*,7;),
and we talk simply about “bounded subsets of V*. However, the notion of convergence
of sequences may still be different; of course, strong convergence implies weak conver-
gence, but all we can say about a weakly convergent sequence is that it is bounded in
the strong topology. More can be said for a more special class of t.v.s.’s.

A t.v.s. is called a Montel space if V' is barreled and every closed bounded subset
of F is compact. Note that this notion is much more restrictive then that of barreled
space. For instance, while all Banach spaces are barreled, the only Banach spaces
which are Montel are the finite dimensional ones (because the unit ball is compact only
in the finite dimensinal Banach spaces). On the other hand, while all Frechet spaces
are barreled, there are Frechet spaces which are Montel, but also others which are not
Montel. The main examples of Montel spaces which are of interest for us are: the space
of smooth functions, and the space of test functions (discussed below).

For a Montel space V, it follows that the topologies 7. and 7, are the same (Prop.
34.5, pp. 357). From the general property of equicontinuous subsets H mentioned
above, we deduce that on such H’s,

Tsla = Tolu.

(also, by the last result we mentioned, H being equicontinuous is equivalent to being
bounded). Taking for H to be the elements of a weakly convergent sequence and
its weak limit (clearly weakly bounded!), it follows that the sequence is also strongly
convergent; hence convergence w.r.t. 7; and w.r.t. 7, is the same. Note that this not
implies that the two topologies are the same: we know from point-set topology that the
notion of convergence w.r.t. a topology 7 does not determine the topology uniquely
unless the topology satisfies the first axiom of countability (e.g. if it is metrizable).

As a summary, for Montel spaces V,

1. the notion of boundedness in (V*,7;) and in (V*,7;) is the same (and coincides

with equicontinuity).
2. 7, and 7p, induce the same topology on any bounded H C V*.
3. a sequence in V* is weakly convergent if and only it is strongly convergent.

Inductive limits

As we saw in all examples (and we will see in almost all the other examples),
l.c.v.s.’s usually come with naturally associated seminorms and the topology
is just the induced one. However, there is an important example in which the
topology comes first (and one usually doesn’t even bother to find seminorms
inducing it): the space of test functions (see next section). This example fits
into a general construction of l.c. topologies, known as “the inductive limit”.
The general framework is the following. Start with

X = vector space , X, C X vector subspaces such that X = U, X,
where « runs in an indexing set I. We also assume that, for each «, we have
given:

T, — locally convex topology on X,.
One wants to associate to this data a topology 7 on X, so that
1. (X,7)is alcwv.s.
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2. all inclusions 7, : X, — X become continuous.

There are many such topologies (usually the “very small” ones, e.g. the one
containing just () and X itself) and, in general, if 7 works, then any 7/ C 7
works as well. The question is: is there “the best one” (i.e. the smallest
one)? The answer is yes, and that is what the inductive limit topology on X
(associated to the initial data) is. On short, this is induced by the following
basis of neighborhoods:

B(0) := {B C X : B — convex such that BN X, € 7,(0) for all « € I},

(show that one gets a l.c. topology and it is the largest one!). One should keep
in mind that what is important about (X,7) is to recognize when a function
on X is continuous, and when a sequence in X converges. The first part is a
rather easy exercise with the following conclusion:

Proposition 2.1.10. Let X be endowed with the inductive limit topology T,
let' Y be another l.c.v.s. and let

A: XY
be a linear map. Then A is continuous if and only if each
Aqg = Alx, : Xa =Y
18.
The recognition of convergent subsequences is a bit more subtle and, in

order to have a more elegant statement, we place ourselves in the following
situation: the indexing set I is the set N of positive integers,

XiCcXoCX3C..., , X, —closed in X;,11, 7, =Tpi1lx,

(i.e. each (X,,7,) is embedded in (X,+1,7,+1) as a closed subspace). We as-
sume that all the inclusions are strict. The following is a quite difficult exercise.

Theorem 2.1.11. In the case above, a sequence(zyp)p>1 of elements in X
converges to x € X (in the inductive limit topology) if and only if the following
two conditions hold:

1. 3 ng such that x,z,, € X,, for all m.
2. Ty — x in Xy,

(note: one can also show that (X,7T) cannot be metrizable).

2.2. Distributions: the local theory

In this section we recall the main functional spaces on R” or, more generally, on
any open {2 C R". Recall that, for K C R" and r € N, one has the seminorm
|| - ||xr on C*°(Q2) given by:

£ llr.xc = sup{|0°f ()] : @ € K, [o <7}
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£(Q): smooth functions:

One defines

E(Q) :=C>(Q),
endowed with the locally convex topology induced by the family of seminorms
{ll - llgr K CQ compact,rezy- This was already mentioned in Example 2.1.8.

Hence, in this space, convergence means: f, — f if and only if for each multi-
index a and each compact K C Q, 9% f, — 9%f uniformly on K.

As a l.c.v.s, it is a Frechet space (and is also a Montel space).

Algebraically, £(£2) is also a ring (or even an algebra over C), with respect
to the usual multiplication of functions. Note that this algebraic operation is
continuous.

D(Q): compactly supported smooth functions (test functions):

One defines

D(Q) := C°(9),
the space of smooth functions with compact support, with the following topol-
ogy. First of all, for each K C 2, we consider

Ex () :=CE(Q),

the space of smooth functions with support inside K, endowed with the topology
induced from the topology of £(€2) (which is the same as the topology discussed
in Example 2.1.8., i.e. induced by the family of seminorms {||-||x  }rez. . While,
set theoretically (or as vector spaces),

D(Q) = Uk (Q)

(union over all compacts K C ), we consider the inductive limit topology on
D(Q) (see the end of the previous section).

Convergent sequences are easy to recognize here: f, — f in D(Q) if and
only if there exist a compact K such that f, € £k for all n, and f, — f in Ex
(indeed, using an exhaustion of {2 by compacts (see again Example 2.1.8), we
see that we can place ourselves under the conditions which allow us to apply
Theorem 2.1.11).

As al.cv.s., D(Q) is complete but it is not Frechet (see the end of Theorem
2.1.11). (However, it is a Montel space).

Algebraically, D(Q2) is also an algebra over C (with respect to pointwise
multiplication), which is actually an ideal in £(€2) (the product between a com-
pactly supported smooth function and an arbitrary smooth function is again
compactly supported).

D'(Q): distributions:

The space of distributions on R™ is defined as the (topological) dual of the space
of test functions:

D'(Q) := (D(Q))"
(see also Example 2.1.9). An element of this space is called a distribution on
Q. Unraveling the inductive limit topology on D(f2), one gets a more explicit
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description of these space. More precisely, using Proposition 2.1.10 to recognize
the continuous linear maps by restricting to compacts, and using Proposition
2.1.5 to rewrite the resulting continuity conditions in terms of seminorms, one
finds the following;:

Corollary 2.2.1. A distribution on Q is a linear map
u:Cr () —C

with the following property: for any compact K C (), there exists C = Cx > 0,
r =ri € N such that

[u(@)] < Clléllgr ¥V ¢ € CF(Q).

As al.c.v.s., D'(U) will be endowed with the strong topology (the topology
of uniform convergence on bounded subsets- see Example 2.1.9)). Note however,
when it comes to convergence of sequences (u,) of distributions, the strong
convergence is equivalent to simple (pointwise) convergence. 1

In general, any smooth function f induces a distribution u s

o= | fo
R?’L
and this correspondence defines a continuous inclusion of
i:E(Q) = D'(Q).

For this reason, distributions are often called “generalized functions”, and one
often identifies f with the induced distribution u;.

Algebraically, the multiplication on £(£2) extends to a £(€2)-module struc-
ture on D'(Q)

E(Q) xD'(2) - D'(Q), (fiu) = fu,
where

(fu)(¢) = u(f9).

!Explanation (for your curiosity): When it comes to the following notions:

1. bounded subsets of D’'(),

2. convergence of sequences in D’(Q),

3. continuity of a linear map A : V — D'(f2) defined on a Frechet space V (e.g. V =
E(Y)).

4. continuity of a linear map A : V — D'(2) defined on a l.c.v.s. V which is the inductive
limit of Frechet spaces (e.g. V = D({')).

(notions which depend on what topology we use on D’'(£2)), it does not matter whether we
use the strong topology 7, or the weak topology 7; on D’(Q): the priory different resulting
notions will actually coincide.

For boundedness and convergence this follows from the fact that D(2) is a Montel space
(Theorem 34.4, pp. 357 in the book by Treves). For continuity of linear maps defined on a
Frechet space, one just uses that, because V' is metrizable, continuity is equivalent to sequential
continuity (i.e. the property of sending convergent sequences to convergent sequences) and
the previous part. If V is an inductive limit of Frechet spaces one uses the characterization
of continuity of linear maps defined on inductive limits (Proposition 2.1.10).
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E'(): compactly supported distributions:

The space of compactly supported distributions on €2 is defined as the (topo-
logical) dual of the space of all smooth functions

£'(Q) = (£()".
Using Proposition 2.1.5 to rewrite the continuity condition, we find:

Corollary 2.2.2. A compactly supported distribution on Q is a linear map
u:C*Q)—C
with the following property: there exists a compact K C Q, C >0 and r € N

such that
lu(@)] < Cllllkyr ¥V ¢ € C(Q).

Again, as in the case of D'(f2), we endow £'(£2) with the strong topology.>
Note that the dual of the inclusion D(2) — &£ induces a continuous inclusion

£(Q) — D'(Q).

Explicitly, any linear functional on C'*°(€2) can be restricted to a linear func-
tional on C2°(12), and the estimates for the compactly supported distributions
imply the ones for distributions.

Hence the four distributional spaces fit into a diagram

D——E& ,

L

5/ - - D/
in which all the arrows are (algebraic) inclusions which are continuous, and the

spaces on the left are (topologically) the compactly supported version of the
spaces on the right.

Supports of distributions

Next, we recall why £'(Q) is called the space of compactly supported distribu-
tions. The main remark is that the assignment

Q— D'(Q)

defines a sheaf and, as for any sheaf, one can talk about sections with com-
pact support. What happens is that the elements in D’(2) which have com-
pact support in this sense, are precisely the ones in the image of the inclusion
E'(Q) = D'(Q).

Here are some details. First of all, for any two opens  C €, one has an
inclusion (“extension by zero”)

D(Q) = D(®Y), [+ ],

*Explanation (for your curiosity): The same discussion as in the case of D’(2) applies also to
E'(Q). This is due to the fact that also £(Q) is a Montel space (with the same reference as for
D(Q)). Hence, when it comes to bounded subsets, convergent sequences, continuity of linear
maps from a (inductive limit of) Frechet space(s) to £'(€2), it does not matter whether we use
the strong topology 7, or the simple topology 7 on £'(Q).
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where f is f on  and zero outside. Dualizing, we get a “restriction map”,
DY) = D(Q), ur ulg.

The sheaf property of the distributions is the following property which follows
immediately from a partition of unity argument:

Lemma 2.2.3. Assume that Q = U;Q;, with Q; C R™ opens, and that u; are
distributions on €; such that, for all i and j,

uilo,n0; = Ujlone;-
Then there exists a unique distribution u on € such that
ulg, = u
for all 1.
Proof See your notes from the last lecture in the intensive reminder. O

From this it follows that, for any u € D'(Q), there is a largest open €, C
on which u vanishes (i.e. u|q, = 0).

Definition 2.2.4. For u € D'(f2), define its support
supp(u) = 2 — Q, = {x € Q : u|y, = 0 for any neighborhood V,, C Q of z}.
We say that u is compactly supported if supp(f) is compact.
Example 2.2.5. For any z € €, one has the distribution ¢, defined by
0 (¢) = ¢(x).
It is not difficult to check that its support is precisely {x}.

Exercise 2.2.6. Show that u € D'(Q2) has compact support if and only if it is
in the image of the inclusion

E'(Q) — D'(Q).
Derivatives of distributions and Sobolev spaces

Finally, we discuss one last property of distributions which is of capital impor-
tance: one can talk about the partial derivatives of any distribution! The key
(motivating) remark is the following, which follows easily from integration by
parts.

Lemma 2.2.7. Let f € C*(2) and let uy be the associated distribution.

Let 9% f € C°(Q) be the higher derivative of f associated to a multi-index
a, and let ugay be the associated distribution.

Then ugay can be expressed in terms of uy by:

uge 1(6) = (=D (9f).
This shows that the action of the operator 0% on smooth functions can be
extended to distributions.

Definition 2.2.8. Fora distribution u on 2 and a multi-index «, one defines
the new distribution 0%u on 2, by

(0%u)(¢) = (=1)"u(8%¢), V ¢ € C().
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Example 2.2.9. The distribution u; makes sense not only for smooth func-
tions on €2, but also for functions f :  — C with the property that ¢f € L'(Q)
for all ¢ € CZ°(2) (so that the integral defining wuys) is absolutely convergent.
In particular it makes sense for any f € L?(Q) and, as before, this defines an
inclusion
L3(Q) — D'(Q).

We now see one of the advantages of the distributions: any f € L2, although
it may even not be continuous, has derivatives 0 f of any order! Of course,
they may fail to be functions, but they are distributions. In particular, it is
interesting to consider the following spaces.

Definition 2.2.10. For any r € N, 2 C R" open, we define the Sobolev space
on () of order r as:

H,(Q) := {u € D(Q):0%u) € L*(Q) whenever |a| < r},

endowed with the inner product

(u, vy, = Z (0%, 0%U) 2.

laf<r

In this way, H,(2) becomes a Hilbert space.

2.3. Distributions: the global theory
The l.c.v.s’s £(Q), D(Q), D'(2) and £'(Q) can be extended from opens 2 C R"

to arbitrary manifold M (allowing us to talk about distributions on M, or
generalized functions on M) and, more generally, to arbitrary vector bundles
E over a manifold M (allowing us to talk about distributional sections of E,
or generalized sections of E). To explain this extension, we fix M to be an
n-dimensional manifold, and let £ be a complex vector bundle over M of rank

.
E(M; E) (smooth sections):

One defines

E(M; E) :=T(E),
the space of all smooth sections of E endowed with the following local convex
topology. To define it, we choose a cover U = {U;}ier of M by opens which
are domains of “total trivializations” of E, i.e. both of charts (U;, k;) for M as
well as of trivializations 7; : E|y, — U; x CP for E. This data clearly induce an
isomorphism of vector spaces

¢i : D(Ely;) — C%(ri(Us))?
(see also subsection 2.3 below). Altogether, and after restricting sections of F
to the various U]s, these define an injection
Endowing the right hand side with the product topology, the topology on I'(E)

is the induced topology (via this inclusion). Equivalently, considering as indices
~v = (4,1, K,r) consisting of i € I (to index the open U;), 1 <[ < p (to index the
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l-th component of ¢(s|y,)), K C x(U;) compact and - non-negative integer,
one has seminorms || - ||y on I'(E) as follows: for s € I'(E), restrict it to Uj,
move it to E(k;(U;))P via ¢;, take its [-th component, and apply the seminorm
|- M5 of E(rs(U3)):

1511y = 16 (slve) I
Putting together all these seminorms will define the desired l.c. topology on
I'(E).

Exercise 2.3.1. Show that this topology does not depend on the choices in-
volved.

Note that, since the cover U can be chosen to be countable (our manifolds
are always assumed to satisfy the second countability axiom!), it follows that
our topology can be defined by a countable family of seminorms. Using the
similar local result, you can now do the following:

Exercise 2.3.2. Show that £(M; E) is a Frechet space.

Finally, note that a sequence (,,)m>1 converges to s in this topology if and
only if, for any open U which is the domain of a local chart x for M and of
a local frame {si,...,s,} for E, and for any compact K C U, writing s,, =
(fL ... fR), s = (f',..., fP) with respect to the frame, all the derivatives
02(fi) converge uniformly on K to 9%(f* (when m — 00).

When E = C)y is the trivial line bundle over M, we simplify the notation to
E(M). Asin the local theory, this is an algebra (with continuous multiplication).
Also, the multiplication of sections by functions make £(M, E) into a module
over £(M).

D(M, E) (compactly supported smooth sections)

One defines

D(M,E) :=T.FE),
the space of all compactly supported smooth sections endowed with the follow-
ing l.c. topology defined exactly as in the local case: one writes

D(M,E) = Ul (M; E),

where the union is over all compacts K C M, and Ex(M; E) C E(M; E) is the
space of smooth sections supported in K, endowed with the topology induced
from E(M; E); on D(M, E) we consider the inductive limit topology.

Exercise 2.3.3. Describe more explicitly the convergence in D(M, E).

Again, when E = Cj; is the trivial line bundle over M, we simplify the
notation to D(M).

D'(M; E) (generalized sections):

This is the space of distributional sections of E, or the space of generalized
sections of E. To define it, we do not just take the dual of D(M, E) as in the
local case, but we first:
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1. Consider the complex density line bundle D = Djy; on M.? All we need to
know about D is that its compactly supported sections can be integrated

3This is the complex version of the density bundle from the intensive reminder. Here is
the summary (the complexified version of what we have already discussed). Given an n-
dimensional vector space V, one defines D, (V'), the space of r-densities (for any real number
r > 0), as the set of all maps w : A"V — C satisfying

w(A) = [A"w(E), ¥V § € A"V,

Equivalently (and maybe more intuitively), one can use the set Fr(V') of all frames of V' (i.e.
ordered sets (e1,...,en) of vectors of V' which form a basis of V). Then D, (V) can also be
described as the set of all functions

w:Fr(V)—C

with the property that, for any invertible n by n matrix A, and any frame e, for the new frame
A(e) one has

w(A(e)) = |det(A)|"w(e).
Intuitively, one may think of an r-density on V as some rule of computing volumes of the
hypercubes (each frame determines such a hypercube). For each r, D, (V) is one dimensional
(hence isomorphic to C), but in a non-canonical way. Choosing a frame e of V, one has an
induced r-density denoted

we=le"N... A€,

uniquely determined by the condition that we(e) = 1 (the e'’s in the notation stand for the
dual basis of V).

For a manifold M, we apply this construction to all the tangent spaces to obtain a line
bundle D, (M) over M, whose fiber at x € M is D,(T>M). For r = 1, D1(M) is simply
denoted D, or Dy whenever it is necessary to remove ambiguities. The sections of D are
called densities on M.

Any local chart (U, k = (xr,...,zr)) induces a frame (9/8z%), for To M with the dual
frame (dxk). for T; M, for all x € U. Hence we obtain an induced trivialization of D,(M)
over U, with trivializing section

|da A ... A dal|.
(and, as usual, the smooth structure on D is so that these sections induced by the local charts
are smooth).

An r-density on M is a section w of D,(M). Hence, locally, with respect to a coordinate
chart as before, such a density can be written as

w=feok-|(dzsA... Adzp|.

for some smooth function defined on x(U). If we consider another coordinate chart ' on the
same U then, after a short (but instructive) computation, wee see that f. changes according
to the rule:

foo = 13ac(B)[" fu o b,
where h = x'ox™ ! is the change of coordinates, and Jac(h) is the Jacobian of k. The case r = 1
reminds us of the usual integration and the change of variable formula: the usual integration
of compactly supported functions on an open 2 C R™ defines a map

/ 07 () —C
Q
and, if we move via a diffeomorphism h : Q — €', one has the change of variables formula

sz/g|Jac(h)|~foh.

Hence, for 1-densities on the domain U of a coordinate chart, one has an induced integration
map

/ :Ie(U,D|y) — C
U
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over M without any further choice, i.e. there is an integral

/M . To(D) — C.

If you are more familiar with integration of (top-degree) forms, you may
assume that M has an orientation, D = A"T*M ® C- the space of C-
valued n-forms (an identification induced by the orientation), and [}, is
the integral that you already know. Or, if you are more familiar with
integration of functions on Riemannian manifolds, you may assume that
M is endowed with a metric, D is the trivial line bundle (an identification
induced by the metric) and that [ 1 18 the integral that you already know.
2. Consider the “functional dual” of E:

EY := E* ® D = Hom(E, D),
the bundle whose fiber at € M is the complex vector space consisting
of all (C-)linear maps E, — D,.
The main point about EV is that it comes with a “pairing” (pointwise
the evaluation map)
< —,—>T(EY)xT(E) - T(D)

(and its versions with supports) and then, using the integration of sec-
tions of D, we get canonical pairings

[—,—]:T(EY)xT(E) — C, (s1,82)+ /M < 81,82 > .

We now define
D'(M; E) := (D(M, EV))*
(endowed with the strong topology). Note that, it is precisely because of the
way that EY was constructed, that we have canonical (i.e. independent of any
choices, and completely functorial) inclusions

E(M;E) — D' (M;E),

sending a section s to the functional us :=< -, s >. And, as before, we identify
s with the induced distribution wu.

When E = C);, we simplify the notation to D'(M).

As for the algebraic structure, as in the local case, D'(M; E) is a module
over £(M ), with continuous multiplication

EM) x D' (M;E) — D'(M;E)

(by sending w to fK(U) f«) which does not depend on the choice of the coordinates. For the

global integration map
/ :Te(M,D) — C,
M

one decomposes an arbitrary compactly supported density Q on M as a finite sum >, wi,
where each w; is supported in the domain of a coordinate chart U; (e.g. use partitions of

unity) and put
w= wi.

Of course, one has to prove that this does not depend on the way we decompose w as such a
sum, but this basically follows from the additivity of the usual integral.
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defined by
(fu)(s) = u(fs).

E'(M; E) (compactly supported generalized sections):

This is the space of compactly supported distributional sections of E, or the
space compactly supported generalized sections of E. It is defined as in the
local case (but making again use of EV), as

E'(M;E) = (E(M,EY))*.
Note that, by the same pairing as before, one obtains an inclusion
D(M,E) — &' (M, E).
Hence, as in the local case, we obtain a diagram of inclusions

D(M,E) —— £(M, E) .

l |

E'(M,E) ——=D'(M,E)

Example 2.3.4.

1. when E = C); is the trivial line bundle over M, we have shorten the

notations to D(M), £(M) etc. Hence, as vector spaces,
D(M) =T(M), E(M) = C*(M),

while the elements of D'(M) will be called distributions on M.

2. staying with the trivial line bundle, but assuming now that M = Q is an
open subset of R", we recover the spaces discussed in the previous section.
Note that, in the case of distributions, we are using the identification
of the density bundle with the trivial bundle induced by the section
|dzt ... dz"|.

3. when E = C%, is the trivial bundle over M of rank p, then clearly

D(M,Ch,) =D(M)P, E(M,M x Ch,) = E(M)P.
On the other hand, using the canonical identification between E* and F,
we also obtain
D'(M,CE,) =D (M)P, &'(M,CE,) = E'(M)P.

Note that, as in the local theory, distributions u € D'(M, E) can be re-
stricted to arbitrary opens U C M, to give distributions u|y € D'(U, E|y).
More precisely, the restriction map

D/(M, E) - D'(U, Ely)
is defined as the dual of the map
D'(U,EY|y) — D(M,EY)

which takes a compactly supported section defined on U and extends it by zero
outside U.

Exercise 2.3.5. For a vector bundle E over M,
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1. Show that U — D(U, E|y) forms a sheaf over M.
2. Define the support of any u € D(M, E).
3. Show that the injection

&(M,E) — D'(M, E)

identifies £'(M, E') with the space of compactly supported distributional
sections (as a vector space only!).

Exercise 2.3.6. Show that D(M, E)isdensein E(M, E), D'(M,E) and &'(M, E)
(you are allowed to use the fact that this is known for trivial line bundles over
opens in R™).

Invariance under isomorphisms

Given two vector bundles, E over M and F' over a manifold IV, an isomorphism
h between E and F' is a pair (h, hg), where hg : M — N is a diffecomorphism
and h : E — F is a map which covers hy (i.e. sends the fiber E, to Fho(z)
or, equivalently, the diagram below is commutative) and such that, for each
x € M, it restricts to a linear isomorphism between E, and Fj ().

E-"op.

| .

M——N

We now explain how such an isomorphism h induces isomorphisms between
the four functional spaces of E and those of F' (really an isomorphism between
the diagrams they fit in). The four isomorphism from the functional spaces of
FE to those of F' will be denoted by the same letter h,, while its inverse by h*.
At the level of smooth sections, this is simply

he : E(M,E) — E(N,F), h(s)(y) = h(s(hg'(y))),

which also restricts to the spaces D. At the level of generalized sections, it is
more natural to describe the map

h*:D'(N,F) — D'(M,E),
(and h, will be its inverse). This will be dual of a map
RV :D(FY) — D(EY)
defined by
hY (u)(er) = hg(u(h(er))), (ex € Ex),
where we have used the pull-back of densities, h§ : Dy po(z) — Dtz

The same formula defines h* on the spaces &'

Example 2.3.7. Given a rank p vector bundle £ over M, one often has to
choose opens U C M which are domains of both a coordinate chart (U, k) for
M as well as the domains of a trivialization 7 : E|y — U x CP for E. We
say that (U, k,7) is a total trivialization for E over U. Note that such a data
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defines an isomorphism h between the vector bundle E|r over U and the trivial
bundle x(U) x CP:

ho = K, h(es) = (k(x),T(es)).
Hence any total trivialization (U, k,7) induces isomorphisms

hir: DU, Ely) — D(k(U))P, hyr: EU, Ely) — E(K(U))P, etc.
(see also Example 2.3.4).

2.4. General operators and kernels

Given two vector bundles, E¥ over a manifold M and F' over a manifold N,
an operator from E to F' is, roughly speaking, a linear map which associates
to a “section of E” a “section of F”. The quotes refer to the fact that there
are several different choices for the meaning of sections: ranging from smooth
sections to generalized sections, or versions with compact supports (or other
types of sections). The most general type of operators are is following.

Definition 2.4.1. If E is a vector bundle over M and F is a vector bundle
over F', a general operator from E to F'is a linear continuous map

P:D(M,E) — D'(N,F).

Remark 2.4.2. Note that general operators are often described with different
domains and codomains. For instance, if F; and F> is any of the symbols &,
D, & or D' (or any of the other functional spaces that will be discussed in the
next lecture), one can look at continuous linear operators

(2.2) P:Fi(M,E) — Fo(M, F).
But since in all cases D C F; and F, C D’ (with continuous inclusions), P does
induce a general operator

Pyen : D(M,E) — D'(N, F).

Conversely, since D(M, E) is dense in all the other functional spaces that we
have discussed (Exercise 2.3.6), Pyen determines P uniquely. Hence, saying that
we have an operator (2.2) is the same as saying that we have a general operator
Pyen with the property that it extends to Fi(M, E), giving rise to a continuous
operator taking values in Fo(M, F).

On the other extreme, one has the so called smoothing operators, i.e. op-
erators which transforms generalized sections into smooth sections.

Definition 2.4.3. If F is a vector bundle over M and F' is a vector bundle

over F', a smoothing operator from E to F' is a linear continuous map
P:&(M,E)— EN,F).

We denote by ¥~>°(FE, F') the space of all such smoothing operators. When F

and F' are the trivial line bundles, we will simplify the notation to W=°°(M).

In other words, a smoothing operator is a general operator P : D(M, E) —
D'(N, F) which
1. P takes values in E(N, F).
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2. P extends to a continuous linear map from &'(M, E) to E(N, F).

A very useful way of interpreting operators is in terms of their so called
“kernels”. The idea of kernel is quite simple- and to avoid (just some) notational
complications, let us first briefly describe what happens when M = U C R™
and N =V C R" are two open, and the bundles involved are the trivial line
bundles. Then the idea is the following: any K € C°°(V x U) induces an
operator

Pg : DU) — E(V), K(¢ /Ky

Even more: composing with the inclusion (V) — D’ (V), i.e. viewing Pk as
an application

Pk :DU) — D'(V),
this map does not depend on K as a smooth functions, but just on K as a
distribution (i.e. on ug € D'(V x U)). Indeed, for ¢ € D(U), Pk(¢), as a
distribution on V, is

ureio 0= [ Pe@w= [ Klp)uw)otdyds = u(v @ o),
\%4 VxU
where ¢ ® ¢ € C°(V x U) is the map (y,x) — ¥(y)é(z)). In other words, any
K eD(VxU)

induces a linear operator

Pk :DU) = D'(V), Px(¢)(¥) = K(¢ @ )
which can be shown to be continuous. Moreover, this construction defines a
bijection between D'(V x U) and the set of all general operators (even more,
when equipped with the appropriate topologies, this becomes an isomorphism
of L.cv.s.’s).

The passing from the local picture to vector bundles over manifolds works
as usual, with some care to make the construction independent of any choices.
Here are the details. Given the vector bundles E over M and F over N, we
consider the vector bundle over N x M:

FREY = prj(F) © pra(E"),
where pr; is the projection on the j-th component. Hence, the fiber over (y,z) €
N x M is
(F' KX Ev)(y,x) =F® E; ® Do
Note that the functional dual of this bundle is canonically identified with:
(FREV)Y~2F'KE.
Exercise 2.4.4. Work out this isomorphism. (Hints: the density bundle of
N x M is canonically identified with Dy ® Das; Dy ® Dy = Hom(Dpy, D)
is canonically isomorphic to the trivial line bundle.)

As before, one may decide to use a fixed positive density on M and one on
N, and then replace FX EY by FK E* and F¥X E by F*X E.
Fix now a distribution

K eD(N x M,FREY).
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We will associate to K a general operator
Px :D(M,E) — D'(N, F).
Due to the definition of the space of distributions, and to the identification
mentioned above, K will be a continuous functions
K :D(N xM,FYXE)— C.
For 1) € D(M,FV) and ¢ € D(M, F) we denote by
Y ®¢p DN xM,F'XRE)
the induced section (y,z) — ¥(y) ® ¢(x). To describe Pk, let ¢ € D(M, E)
and we have to specify Pk (¢) € D'(N, F), i.e. the continuous functional
Pk (¢) : D(N,FY) — C.
We define
Pr(9)(¥) := K(¥ @ ¢).

The general operator Pk is called the general operator associated to the kernel

K. Highly non-trivial is the fact that any general operator arises in this way
(and then K will be called the kernel of Pg).

Theorem 2.4.5. The correspondence K — Py defines a 1-1 correspondence
between
1. distributions K € D'(N x M; F X EV).
2. general operators P : D(M,E) — D'(N, F).
Moreover, in this correspondence, one has
K e &N x M;FREY) <= P is smoothing.

Note (for your curiosity): the 1-1 correspondence actually defines an isomorphism
of l.c.v.s.’s between
1. D'(N x M; F X EY) with the strong topology.
2. the space L(D(M, E),D'(N, F)) of all linear continuous maps, endowed with
the strong topology.

Exercise 2.4.6. Let

d
P=— :£R)—ER).

Compute its kernel, and show that this is not a smoothing operator.



