
Obstruction theories

G an ode to the homological t structure got 21papers outofit

E Adams type nextweek let go of this

Problem Let ME Comodeye Is there an X Sp with

Exx M orCAG etc

Used a Lot Morava E thy as Eo sing constructed like this
BP originally constructed like this Ap str's on Kcal's

algebraicity results for spectra rigidity results in higher algebra

Solution there are inductively defined obstructions

up a Ext'É M M or Ext 1m M for E version

which vanish such exists

linearversion Toda obstruction theory

Ep version Goers Hopkins obstruction theory

Why Ext groups Whysynthetic spectra

Asseq is an obstruction theory for maps f Home E x Ext

d f Ext E X Exy are obstructions to lofting

Clues ssey comes about by saying UY UY him v44

Map ex NY him Map NX uY e

This tells us how we should proceed

M E Comodexe ModeSyne
We have 2 4 our task is to build the rest

Rak These things can be done much more generally Pstr UK
or Barkan for a formulation in terms of deformationswith
a good enough t structure

This cannot be done in Filsp this is truly_synthetic



Its
Recall The homological t Str on Syne has

X Syngo vEy x s so

X e Synco Eys X o s so and is re load

right complete but in general not ever left speed
UX connective Specifically

E ux E X

ox t To NX

Syn Comod
Eye and this sends

esolux is Ex x

Mode Syn Stable E LneModeSyn DComodexel

In fact Postnikov tower of UX is its e adoc tower

Elox Telox
11

exit axle
This is wrong for general synthetic spectra

when an object could be called axle

Clue 2E rx ek E E x t th
The k th term in the tower has more structure than a synthetic
spectrum it's a Ckt module and the reduction map is a

Cekt module map Having both of these description is useful B

To abstract this notion we need to take this into account

Rink Let MeSynd Then M gets a canonical modulestr over To CT
Moregenerally Mesynsle canonically a 7k Ce module



Def A
potential k stage is Me Modakti syn sit

1 M E Syngo hat map is obtained via
E oMCSynd so canonically a

2 CTOcekt M To M Ct module thenext ofscalars

Rink If 1 holds then 2 is equiv to CtEck M is o truncated

Write My Modakti syn for full subcat on potential lestages

Eg Potential o stage a discrete obj of Syn
k
Mo Syn Comod

Computation of 2E UX shows UX is potential k stage

Mk is not stable under 2 or I Mk has underlyingobj inSynsky

Also not closed under 0 Eg Xet for XYesyn is the
defied tensor prod 0 Y D Comod ModeSyn
ms So Mo not closed under 0 similar phenomena for Mk

Mk for ocken generally does not havefinitelimits in part notpresentable

Rak Most papers restrict to Syny in all of theirdiscussion For
clarity we keep this explicit Makes later things like parodic
obj's less confusing

Bydef Catoctin restricts to My Man
my My Mo Syn Comodexe

For fixed M E Comodexe the pullback

Lift M My Lift M Mk
CTOcetti

M Comodee m ME

turns out to be a Cle truncated space the space of Kas
Our first goal is to understand this space in part when it's
nonempty

Problem It's hard to understand Ctt modules We need to reduce it
to algebra ie to Cezdules



LDefining theobstructions
Have fibre seq 2 kce cakti eek

think Ilp ZphtnZpk

The Have a square zerostructure do citec fireCett Cet

I d d derivation classifyingCtht

Get Cta Ʃ Ct a trivialsquare to extension

Prof Modcetti Syngo Modeek Syngo

1
Modcek Syngo Modceka23kice Synco

So M e Modahti N P α d P N
with M connective

N P α P

Iff
ns.t.xisisom

For p cat Ʃ et cek projection have doop dop id

not transf it ON dydo N d P p doN E N

Observe α is an iso to x P ON N is an iso

This reformulation results in

Prop Modcekt Ne Modak s N ON h Tos aid

o category of sections of id

Eeylaststep ON N has a section N cofib it is null

Cancompute colib it 2 Crock N DOUBLE CHECK

discetcronically
a CT module



So N cofib it is null Ctock N cofib it is null as a
map of Ce modulesThis last map defines an ett of

GeekN cof.be CeOakN Ʃ teachN e

ExtÉÉÉ crocein Cece N

Co Let Me Comodeye Then M lifts to me

a ExtÉÉ Mom

vanishes for i o sk

build a tower

nXE axle

then the limit will be the syntheticanalogueof a spectrum with the desired
E homology However we want more we want to know a description

of map between such synthetic spectra too That would in particular
tell us about miqueness

0 Sp Syne is fully faithful it's normalisedcorrectlyto answer
such a question

But for Sp ingeneral NX himexck probablythesame as

This is a equiv Ass for X converges asking XT Synco

So can only hope to work with Spe M
Lemma esyn in image of Xe Synzo Cox ex

Pef Show X X E1

Prophesy is leftcomplete LneSyn Lm Model Syn is equiv

This in part requires all Postnikov towers to converge in Syn
This implies UX to be e complete for all E local Esp
This is very strong ASS convergence Requires things like E Morawa E thy

Some fixes ca pull back to specific Me Syn



Them Suppose Lnesyn is left complete Then
E local spectra like My

Retiring tt.IE Eoneteean Ebin1e sine
mad

Eg Ln Syntz is not left complete But if M EComoda is bounded
below in grading then

MyXm M3 line Mkxp M

So we stillget an obstruction theory for Ay Comodules Toda obstr
theory

E Applications

1E theory Have Elk G CAlghSp
Show all obstructions to lofting to E ring vanish

ms functor formalgroups CAlg Sp

Choficalgebacity ab.cat A sit

h Speen hD A

Proof shows that My Synech and My SynDLA have

equou htpy cats for certain k and that the original htry
cats can be recovered from the Mle for k in the same range

Separability An algebra is separable if n AOA A
admits a section of AA bimodules

Then CALM Sp CALL hsp 8 8


