
Goal Motivate explain someconstructions
ThosewhowereinBonnmight recognise
someideasfrom

Williams talk I wouldsay
William's ideas aregeneralisationsofthese

IenealAdamssseq.se

Def E stable so cat A ab.cat
A homological functor is h A sit

Y Z cofib h x h Y hCZ2

Let A be equippedwith a auto equiv i A A

ahyhom.glpns
atheo

g
e A 13 is homological functor h together

h EX 4 7913

Eg A grab Cis is grading shift ME May
Then Eesp yieldshgly thy Ext Sp grab

Def A homological functor h C A is adopted if
1 A has enough injectives

2 I A injective XI C sit if exists then

Xie Homa he 1 I 4 5m L
3 h XI I

Rak ID 2 is usually formal Brown representability
131 is very not formal that's where the content is

Idea h adapted means E has an h ASS whoseE page is
computed by Exta

Eg A CAlgSp Then I Moda Mody is adopted

If I injective then by Brown JXI as in 2 But

TinXI CEA XII Hom A Cn I In

So XI I Resulting ASS is the Ext ssey
o Adaptedness can be destroyed by precomposing with other

functors



Eg Itp is Sp Mod Sp grVeet
p

Then Ipe grveaty.is injective and Ip is injective lift
Homep H x Ip Ap H X Ip x p

By Hy Ip Ip A is very different from Ip Ip
H X Ip as Ip us does not remember enough
Need to add information ms Ax comodules

Sp Mod Sp

Hills grut.fi

The E Adams type Then Exc Sp comodexe is adapted

This leads to the E ASS as before this is not nec theonefrom

Then Let h C A be homological factor Then I adapted H C B
together with an exact functor B A and

c B

d
A

Moreover B is comonadic over A for a left exact comonad

Eg Comoda Comod CgrVect
p for C V Ax 0

Rink This B H is unique if it exists adaptedhighythy's forma poset

The proof does not help in finding an explicit B in practise

Later can build a synthetic category Synn e when h adopted

Synthetic moduls Take it slow split it up into two steps

A CAly Define synthetic cat for the Ext seq forMody
ssnacmodas

PShdg.freEheemtgeniipresheaves m
preservingfiniteproducts



Think Syn Mody is associated to adopted Ty Mod ModygrAbL

Gets t structure use levelwise t str using standard one on Sp
The

syn Mody Pshz Mod Set becausewe're looking at

PShz Modiff Ab
2 profes presheaves

they s Psh hMod Ab hMod Mod grab

2 teeth of
Mod grab

Def v Moda Syn Mody is M Map M

Here uses Psh Moff S PSh mod Spy PshzModf Sp
Then w lads in Syn Have

Mody Syn syn Moda grab is É hfh I I
But PShzMod Sp DCA I alreadyshowedhoweverythingcan

bedone in termsof the
Ep v is fully faithful

Preet fullyfaithful ModffbyYoneda But also preseEEIFEi.ee

E Synthespectra

We essentially have to modify the previous setting to make itadopted

8
thisis adopted Sp Mode cm thePETE's T.ESif E AdamstypemyComotdE

E
Model structured

Let E be htpy assoc ring sp

Def Eff SEE this.gree assEEepimiYt Ee1ag
Def Syne PShe SpFPSp fullsubcat on those I sit

with y4tEZ F Z FLY FXx 4 Z cofib.se
cofob seqofspectre inSpÉP



It's very convenient to be able to phrase this in the languageof sheaves

Make SpÉP a site a cover of P is Q P single map with
E Q Exp surj sheafconototion.is

ThenCPstragowsko F a sheaf for this topology

Rak we really have a functor Algasp es.est Ffiio
a functor SyncSp Alghsp Prt infact havebothadjoints

them Goerss Hopkins A T Hopf algebroud of Adams type Then

Comod Ap She Comodfin Set coverings are surjections

TheCPstragowski Let E be Adams type Then fAI.SI IEstShfComodEiESet ShtSPÉT S
yfortheseEd.netinduced by Ext Spt ComodIIE understand Syneasdefined
like this

Byt sheaves of spectra are different

Shz Comodffe Spl Stable
eye ModelSyneSp

Algebra can only reconstruct the E page butthisinclusionis
subtle

Still have She 5 Shel Spo She Sp so candefine

Def v Sp SyneSp X Map X

This is fully faithful bythe same argument

Turns out hypercomplete VE local hypercomplete receivingnomapsfrom 0 conn

Essentially in BHS App.CI butthisslightly different perspective

syne
willbein Barkan un

Thy Thos is monadic Syne is generated under colmotsby 3ns
If this happens we saySyne is cellular Lawson BarkanUN

Remains to identify the monad on FilSp Can identify o 2 but weneed
to identify this as at Eagalg For that need lots of structure on E

Prp If E is Eco and E ASSIS con cord thenSyne Modassels FilSp Eg.MU



c.am men
sit C Dzo

A Grothendieck prestable D cat is a prestable one that's presentable and
where filtered colimots are left exact

If C is prestable and C Dzo then notion of n truncated obj inC
agrees with the t structure one on D Can D En
write C Co Right complete t str D SpDzo Sp E

Prototheorem if A ab.cat E prestable then

F Dala E Fun A E 1

To makeprecise need some hypotheses

Im D A E Im A E finite limits PIT
LFun Do A E Ltm A E I Grothendieck

LIu D A E Ltm A E 1 Esthded SAGE.s.t.mg

A DIA o connective objects hypercompletion

Construction Patchkora Pstragowski For stable compactlygenh E A adapted A Grothendieck abelian h pres arbitrarysums

ms C h stable o cat with right complete t str
i e 5,69h

ms Dleh esh Ex con maybeshout

Similar properties as Syne but notably thfesme
1 no monoidal str ingeneral

2 t str slightly less structured in general there's no object sit
coconnectivity is measured by Tx Xo

I

Still
jape hl A and even

So t str.htpygroup.is homology withvalues

In fact it's the universal such pair



Ethin If E is Groth Prestable then
to

IE 6 A E
exact colinpres Eats a

prestable
enhancement

Construction idea is forSyn the equiv ShespffSet Comodexe waskey
To generalise this would need to find a suitable version ofthismoregen

Universal case A Pshs CwSET think ridiculous enlargement of
and h X e preserves by compactness

Then define Dce h PSh CwSp
compactlygena.se h E A quotient PSh218 Ab K

localusing subcat K

Lift K to PSHESp take smallest loc subcat
containing K Psh E

Then define D C h Psh E Sp C

Syntheticspectro drivedcat

Consider Exc1Sp Comodeye me sp Exc1 rather

Prof Syne Sp Ind Thick IP PespE but sj Ñ DB

SE has monoidal str Give them a

I

declaring to be symmetric monoidal on PeSpef Then Ind cat
also gets a mon Str and this is equiv to SE 0
Sometimes this becomes simpler if E is a field then simply

Syne D Sp Ex

In part such equiv's give Syne a new univ property

Variant version of E ASS defined via E By categorical constr thee
not de it Tests iiSignaladaptedgiving rise to

this But

If Pesff then Exta ICP F X ExtE E EP Exx


