On subdifferential calculus — highlights 3

Let f,91,-+,9m : R" — (—00,+00] be convex.
Let S C R" be convex. Let

Z={x eSS qi(x) <0, -, gnlr) <0}
Consider the convex optimization problem:
(P) f f(x).
Fixz € Z. Let I(z) .= {i : g;(x) = 0}.
List of abbreviations used below:
REG = reqularity means
T € int dom f N Njerzint dom g;.
CS = complementary slackness means
wgi(z)=0fori=1,---.m
NLI = normal Lagrange inclusion means

0€df(z)+ Z w:0g(z
iel(z
LI = Lagrange inclusion means
0 e anf —|‘ Z uzagz
iel(z
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(hence NLI means: LI with ug = 1).
OAP = obtuse angle property means:

n'(x —z) <0forallz € S(& 7 € Ng(2)).

Theorem 3.1: (i) Sufficient for optimality:
ElaeRT,ﬁeRnCSa NLI, OAP =1z optimal.
(2¢) Necessary for optimality: if REG then

f Optlmal :> HUOE{O,l},UERT,UERn,(UO,U)%(O,O)CS7 LI, OAP

Remark 3.2: NLI = MP. Conversely, MP =
NLI if z € int dom f N Njcpzint dom g; N S. Here
MP = minimum pm’ncz’ple'

T € argmin, o[ f(x) + Z w;g;(x

Remark 3.3 (Slater’s constraint qualifica-
tion): If J3¢5V,g:(7) < 0, then in Theorem 3.1(¢7)
LI is always NLI, i.e., ug = 1.

Proof of Theorem 3.1. Write I := I(z). (¢) By
Remark 3.2 and CS:

xESf + Z uzgz

el
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Hence, for any x € Z we have

f@) 2 @)+ wgla) > f(a).

S0 T is optimal.
(2¢) Consider the auxiliary optimization problem

(P") inf ¢(x),
r€eS
where ¢(x) = max|f(x) — f(Z), maxi<i<m gi(2)].
Then 7 is also optimal for (P") By small KKT Thm. 2.10

and Remark 2.11 4, with OAP and with —n €
0¢(z). By D-M Theorem 3.1 this gives

—n € 0p(Z) = co(0f(T) UU;e10g;(T)).
Thus, there are u; > 0 with } ;g ui = 1 and
S € 0f(Z), & € 0gi(), © € I, with

N = Z ui&;.
ie{0}ul
Case 1: ug = 0. Then set u; := u; for 1 € {0} U [
and @; := 0 otherwise. Note: w # 0 by >, ., u; = 1.
Also set n :=n.
Case 2: ug # 0. Then ug > 0, so set @; = u;/uyg

for i € {0} U T and w; := 0 otherwise. Also set
n:=n/uy. QED

Consider additionally: a p X n-matrix A and b €
R?. Define L := {x : Az = b}. Consider the convex
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programming problem

(P) mf {f(x) : 1(2) <0,- -+, gm(x) <0, Az—b = 0}.
re

In previous notation:

(P) inf f(z).

reZNL

Fixze ZNL. Let I(z) :={i:g(x) =0}

“Convex” KKT theorem — inequalities and
equalities

Corollary 3.5 (i) Sufficient for optimality:
Jaer? verr 7ernCS, NLI’, OAP =- 7 optimal.
(77) Necessary for optimality: if REG’ then

T optimal = g c0,1},.aer™ 7eR™ (ag,a)£(0,0CS, LI, OAP.

Here REG’ means

T € int dom fNN;epz)int dom g; and int SNL # (.

NLI’ = normal Lagrange inclusion means

0€of(x —|—Zuﬁgz )+ Ao+
iel(z

LI’ = Lagrange mcluszon means

0 € ugdf(x) + Z w;0g;(Z) + +AD + 7.

iel(z



Proof. Claim: dxr(z) = im A". Now

n € OXL(T) € Vo Atr—z)=07 "z —7) =0
Son € dxr(z) & n e ((im A1)+, Hence
n € 0x(z) & neim A"

Observe

(P) inf {f(x):gi(x) <0,---, gm(x) <0},

xeSs’
where S” := SN L. Thus, parts (¢) and (i¢) follow by

Theorem 3.1, but now 77 as in Theorem 3.1 is replaced
by n" € 0xg. From M-R Theorem:

Oxg () = Oxs(z) + Oxr(2),

because of int S N L # (). Therefore, n' = 7+ n,
with 7 € Oxg(z) (i.e., OAP) and n € dx.(z). By
above

Jgermn = Alo.

QED



