
Lectures on Young Measures ∗

Erik J. Balder †

CEREMADE, Université de Paris-Dauphine
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Preface

These notes were motivated by a series of lectures which I gave in June 1994 as an invited
professor at the Centre de Recherche de Mathématiques de la Décision (CEREMADE) of
Université de Paris-Dauphine. I am very grateful to CEREMADE for having been given
this opportunity.

Much of the actual writing took place in Paris, but a trip to Vietnam, undertaken in
September 1994, provided me with an occasion to improve many details in a a second round
of work. For this reason I extend my thanks to the International Cooperation Bureau of the
University of Utrecht, the Institute of Mathematics in Hanoi and the University of Hue for
their support and hospitality. Invited lectures given in December 1994 at the Department
of Applied Mathematics II of the University of Sevilla, inspired a final round of revisions to
provide more transparency and to remove some unnecessary interdependence. I also wish to
thank Michel Valadier for kindly providing me with a number of very insightful comments
and suggestions.

It turned out to be possible to base a substantial part of the lectures on my own work
on Young measures. Nevertheless, the task of presenting the material in a coherent and
transparent fashion challenged me to come up with some fundamental refinements of the
theory. This included finding answers to questions that had been open to at least myself.
The comments in section 10 give an account of this.

A distinguishing feature of these notes is that they extend the classical narrow conver-
gence theory for probability measures to the domain of Young measures, in a very direct
and general fashion, via the auxiliary notion of K-convergence. This approach, of which a
more rudimentary version can be found in [Ba17], has Komlós’ theorem (Theorem 1.2) as
a point of departure. The major results on classical narrow convergence, recapitulated in
section 2, are then systematically expanded into results on narrow convergence for Young
measures (sections 3 and 4). This natural route leads to the first applications of the theory
to economical and game-theoretical models in section 4. For readers with a primary interest
in the application of Young measures to functional analysis and optimal control it should
be possible to skip to section 5 after the introductory section 1; certainly sections 6–8 can
then be followed with only an occasional glance at the earlier material. Some familiarity
with convex analysis and measurable multifunctions is expected from the reader, but quite
a few advanced instruments have been recalled or derived in Appendix A. The subject of
outer integration is treated separately in Appendix B.

A minor drawback of the K-convergence approach is that it fails to do full justice to
the purely nonsequential aspects of narrow convergence for Young measures, but this is a
small sacrifice in favor of directness, generality and transparency. At any rate, these lecture
notes demonstrate that most of the usual applications suffer no loss of coverage. My choice
for K-convergence also dispenses with the need for a detailed study of the approximation
of normal integrands. Consequently, I have opted to ignore the subject of measurable
regularization altogether. Extreme point considerations of Young measures, less natural for
a sequentially oriented presentation, have also been avoided. Partly because of this and
partly in view of the intended readership, no applications of Young measures to statistical
decision theory have been included either.

Heelsum, January 1995

E.J.B.
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1 Introduction

Contents: Historical remarks, introductory examples, Komlós’ theorem, Young relaxation,
functional relaxation

Young measures were originally conceived as ‘generalized curves’ by L.C. Young [Y1] in
order to complete sets of ordinary curves in the calculus of variations. Young thus general-
ized the solution concept, and this proved to be the proper response to Hilbert’s twentieth
problem, because a broad class of problems in the calculus of variations could be shown to
have solutions in the form of generalized curves. L.C. Young and E.J. McShane [Mc1] also
showed that, under suitable convexity, the existence of optimal generalized curves entailed
the existence of optimal ordinary curves. In the same decade, the development of a general
decision theory for mathematical statistics by A. Wald [Wal] led to rather related existence
results. (For instance, under certain convexity conditions essential completeness statements
were obtained that had much to do with the discovery of Young and McShane observed
above.) Nevertheless, this development of decision theory, which was substantially influ-
enced by the advent of game theory [NM] and the general theory of weak convergence of
probability measures [Pr, Var, L2], did not interact in any serious way with the calculus of
variations. Thus, the different kinds of questions that were being asked continued to mask
the fact that, in essence, these areas could be approached from one and the same theoretical
perspective. This situation did not change until the seventies. By then, the interest in clas-
sical statistical decision theory had dwindled, and in optimal control theory the theory of
relaxed controls (the continuation of Young’s theory of generalized curves) [War, Gh, Gam]
had a very limited influence, even upon the existence theory itself. However, a number of
questions concerning existence and functional relaxation, with origins in applied analysis
and mathematical economics, inspired developments on the interface of convex analysis,
variational analysis and measure theory [AP, Ro, ET]. A paper of H. Berliocchi and J.-
M. Lasry [BL] made the significance of Young measures for such questions quite patent.
This inspired the present author to a series of papers which form the foundations of these
lectures. These not only established that Young measure theory (in particular, relaxed con-
trol theory) could be merged harmoniously with the theory of statistical decision functions
and topological measure theory [Ba1, Ba2, Ba3], but led also to the discovery of several
new features, such as support properties of limit Young measures [Ba3], tensor product
continuity [Ba11], K-convergence aspects [Ba15, Ba16, Ba17], extreme point properties
[BL, Ba20, Ba21] and measurable regularization of integrands [Ba3]. In addition, new ways
were found to apply Young measures and their by-products, and some of those methods are
also discussed here.

The fundamental idea behind Young measures is that, in some sense, they form a
completion of the ordinary functions. In the completion, the ordinary functions correspond
to the Dirac Young measures (Definition 3.2). When the completion is equipped with
the narrow convergence topology (Definition 3.3), the following two major advantages over
classical modes of convergence, by their very nature restricted to ordinary functions, emerge:

i. Narrow convergence is more informative.

ii. Narrow convergence is more readily available.

Of course, such desirable properties exact a sacrifice: Narrow convergence, as a rule, is only
available for subsequences. Moreover, a practical complication may be that the limiting
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Young measure, which forms a generalized narrow limit for the (sub)sequence, is non-Dirac,
and can therefore only be connected indirectly with an ordinary function. Nevertheless, re-
striction to subsequences does not hamper existence or closure-type arguments, and the
typical non-Dirac nature of narrow limits is an immediate consequence of the greater pre-
cision achieved by narrow convergence. To illustrate these ideas, let us give an unexpected
twist to the following classical situation:

Example 1.1 (Rademacher functions) Let Ω := [0, 1] be equipped with the Lebesgue
σ-algebra A := L([0, 1]) and the Lebesgue measure λ1. Let (fn) be the sequence of
Rademacher functions fn : [0, 1]→ R, given by

fn(ω) := sign sin 2nπω.

Let (εfn) be the corresponding sequence of Dirac Young measures εfn : [0, 1] → P(R),
defined by 1

εfn(ω) := εfn(ω) := Dirac measure at fn(ω).

Observe that the fn, viewed as random variables on the Lebesgue unit interval, are inde-
pendent and identically distributed. The strong law of large numbers applies [Bi2], but this
merely gives

1

N

N∑
n′=1

fn′(ω)→ 0 in R as N →∞ for a.e. ω in Ω (1.1)

for every subsequence (fn′) of (fn) (as usual, ‘a.e.’ stands for ‘almost every’ or ‘almost
everywhere’, depending upon the context). While this implies weak convergence of (fn)
to f0 ≡ 0 (the null function) in L1

R, it is more subtle to realize that for every bounded
continuous c : R → R the compositions (c ◦ fn) also form an independent and identically
distributed sequence of random variables. The same (scalar) strong law of large numbers,
applied countably many times, 2 gives

1

N

N∑
n′=1

εfn′ (ω)⇒ 1

2
[ε1 + ε−1] in P(R) as N →∞ for a.e. ω in Ω (1.2)

for every subsequence (εfn′ ) of (εfn); here ⇒ denotes classical narrow (alias weak) conver-
gence of probability measures (see Definition 2.1). Now (1.2) is a special manifestation of
what we shall come to know as K-convergence of (εfn) to the non-Dirac Young measure δ0,
given by δ0(ω) ≡ 1

2 [ε1 + ε−1]; a fortiori, this implies narrow convergence of (εfn) to δ0 in
the sense of Young measures (see Corollary 3.14). 2

Comparison of these successive applications of the strong law of large numbers shows the
significance of Young measures for limit phenomena: in (1.1) the scores of 1’s and −1’s
registered at an arbitrary ω cancel each other out on average, but in (1.2) the Young
measure device marks those scores – as ε1 and ε−1 respectively – and averaging leaves much
clearer evidence of the values taken by the fn’s. To see why narrow convergence and K-
convergence of Young measures are typically subsequence-oriented, it is already enough to
consider the sequence (f ′n) defined by taking f ′n := fn if n is odd and f ′n := 2fn if n is
even. While (1.1) continues to hold for (f ′n), which therefore also converges weakly to 0 in

1P(R) stands for the set of all probability measures on R.
2Here the countable determination property (Proposition 2.2) is used.

4



L1
R, the more general narrow limit statement (1.2) no longer holds: the subsequence with

odd indices gives pointwise the limit 1
2 [ε1 + ε−1], but the even indices now give the different

limit 1
2 [ε2 + ε−2] in (1.2). Hence, (εf ′n) fails to K-converge and, consequently, it also fails to

converge narrowly (see Corollary 3.16).
The second advantage of Young measure convergence, easy availability, will be noticeable

when we present the rather broad notion of parametrized tightness for Young measures
and the associated version of Prohorov’s theorem (Theorem 4.7). The following rather
amazing fact will then be demonstrated: statements like (1.2) still hold in the presence of
parametrized tightness, provided that – once again – we no longer expect them to hold for
an entire sequence of Young measures, but only for a subsequence. This possibility, which
leads immediately to the notion of K-convergence for Young measures, stems basically
from replacing the scalar strong law of large numbers, as used above, by the following
deep and beautiful result of J. Komlós [K, Cha1], which can be seen as its analogue by
the renowned subsequence principle [Cha2]. Let (Ω,A, µ) be an abstract measure space
(possibly not even σ-finite), and denote the space of all integrable functions from Ω into R
by L1

R := L1
R(Ω,A, µ).

Theorem 1.2 (Komlós) Let (φn) be a sequence in L1
R such that

sup
n∈N

∫
Ω
|φn|dµ < +∞.

Then there exist a subsequence (φn′) of (φn) and a function φ∗ ∈ L1
R such that for every

further subsequence (φn′′) of (φn′)

lim
N→∞

1

N

N∑
n′′=1

φn′′(ω) = φ∗(ω) for a.e. ω in Ω.

Observe here that φ∗ is universal with respect to the possible choices of a subsequence (φn′′)
from (φn′), but that the associated exceptional µ-null set in the limit statement is allowed
to vary with the subsequence.

It is tempting to conclude this introduction by indicating, within the context of Exam-
ple 1.1, the significance which Young measures have for existence and relaxation questions,
both in problems arising in the calculus of variations and optimal control and in problems
in mechanics.

Example 1.3 (nonexistence of optimal controls) Let Ω := [0, 1] be as in Example 1.1.
The following example of an optimal control problem goes back to Bolza:

(P) : inf J(f) :=

∫
[0,1]

[yf (ω)2 + (f(ω)2 − 1)2]dω

over all f ∈ L1
R, with yf given by yf (ω) :=

∫ω
0 f(ω′)dω′. Then (P) has no optimal solution:

since J ≥ 0 and J(fn) → 0 for the Rademacher functions (fn) defined in Example 1.1, it
follows that inf(P) = 0 (observe that 0 ≤ yfn(ω) ≤ 2−n). But there cannot be f ∈ L1

R,
with J(f) = 0, since it would have to satisfy yf ≡ 0 and |f(ω)| = 1 a.e. at the same time.
In an effort to establish existence at a generalized level, one defines the Young relaxation of
(P) as the following optimization problem:

(Prel) : inf I(δ) :=

∫
[0,1]

[yδ(ω)2 +

∫
R

(x2 − 1)2δ(ω)(dx)]dω
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over all Young measures δ from [0, 1] into R, that is, over all measurable δ : Ω → P(R).
Here yδ(ω) :=

∫ω
0 [

∫
R x δ(ω

′)(dx)]dω′ (observe the systematic convexification in the control
argument and note that yδ is well-defined whenever I(δ) < +∞). Then it is easy to inspect
that the Young measure limit δ0 of Example 1.1 is the essentially unique optimal solution
of (Prel), since yδ0 ≡ 0 and I(δ0) = 0. Observe also that (εfn), which corresponds to
the minimizing sequence (fn) for (P), is not only a minimizing sequence for (Prel), but
also converges to the true and essentially unique minimizer δ0. In contrast, even though
inf(P) = inf(Prel) = 0 and (fn) was seen to have f0 ≡ 0 as its weak limit in L1

R, the
infimum of (P) is not attained. The difference can be explained as follows. The relaxed
objective I is lower semicontinuous for the narrow Young measure topology (Example 5.11),
but the original objective J fails to be lower semicontinuous for the weak topology on L1

R.
This can be ascribed entirely to the nonconvexity of the control part x 7→ (x2 − 1)2 of
the integrand. Indeed, in what may be seen as an alternative effort to remedy the lower
semicontinuity situation, the weakly lower semicontinuous hull J̄ of J turns out to be as
follows (Example 9.5):

J̄(f) =

∫
[0,1]

[yf (ω)2 + max(f(ω)2 − 1, 0)2]dω,

so (x2−1)2 is replaced by its convexification max(x2−1, 0)2. Thus, the functional relaxation
(Pfrel) of (P), defined by

(Pfrel) : inf
f∈L1R

J̄(f),

satisfies inf(Pfrel) = inf(P) = 0 and it does have the the zero function f0 as its optimal
solution. 2

Thus, Young relaxation convexifies in the variables of control-type by enlarging the class of
participating functions, whereas functional relaxation keeps itself to the original functions,
but replaces the original objective integral functional by its lower semicontinuous hull. Of
course, this causes the two types of relaxation to be rather different in general. However,
in certain frequently studied situations, such as when the intended lower semicontinuity is
weak lower semicontinuity on an L1-space, as in the above example, the latter amounts to
a convexification of the objective integrand in a control-type variable. In this case close
connections exist between the two types of relaxation, as we shall see in section 9. Most of
these lecture notes will be concerned with Young relaxation; for a systematic treatment of
functional relaxation the reader is referred to [Bu, ET, Val2].
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2 Narrow convergence of probability measures

Contents: narrow convergence, portmanteau theorem, product narrow convergence, sup-
ports, tightness, Prohorov’s theorem, Suslin spaces

Let (S, ρ) be a separable metric space 3 and let Cb(S) [Cu(S)] denote the set of all
continuous [uniformly continuous] bounded functions from S into R. Further, let B(S)
be the Borel σ-algebra on S and let P(S) denote the set of all probability measures on
(S,B(S)). In this section first some well-known results on narrow convergence in P(S) are
recapitulated [Bi1, DM]. This is followed by a synthesizing result for narrow convergence
in P(S). Via K-convergence methods, all concepts and results of this section are to be
generalized systematically into results on the narrow convergence of Young measures. 4

Definition 2.1 (narrow convergence and topology) A sequence (νn) in P(S) is said
to converge narrowly to ν0 in P(S) (notation: νn ⇒ ν0) if

lim
n

∫
S
c dνn =

∫
S
c dν0 for every c ∈ Cb(S).

Correspondingly, the narrow topology on P(S) is defined as the weakest topology on P(S)
for which all functionals ν 7→

∫
S c dν, c ∈ Cb(S), are continuous. 2

Our next result is better known in the traditional expositions on narrow convergence
[Bi1] in the form of convergence-determining classes of sets; it depends upon the separability
assumption for S and it implies that P(S) is metrizable for the narrow topology.

Proposition 2.2 (narrow convergence determination) There exists a countable sub-
set C0 of Cu(S) such that for every sequence (νn) in P(S)

lim
n

∫
S
c dνn =

∫
S
c dν0 for all c ∈ C0

implies that νn ⇒ ν0. In particular, C0 separates the points of P(S).

Proof. Let (xi) be countable and dense in S. Consider the countable collection B con-
sisting of all finite unions of open balls B(xi; r) with center xi and rational radius r > 0.
Then every open set is a nondecreasing union of sets from B. Associate to each B in B
the sequence (cB,j) in Cu(S), where cB,j(x) := φ(jρ(x,B)) with φ : R+ → R+ given by
φ(ξ) := 1 if ξ = 0, φ(ξ) := 0 if ξ ≥ 1 and φ(ξ) := 1− ξ if 0 ≤ ξ ≤ 1. The resulting collection
C0 of all such functions cB,j is countable. Let G be an arbitrary open subset of S. Then
G is a countable union of balls B(xi; ri), whence of the corresponding balls B(xi; ri − 1/j).
By the hypothesis and monotone convergence it follows easily that lim infn νn(G) ≥ ν0(G).
By Theorem 2.3 below, this gives νn ⇒ ν0. 2

The following result on narrow convergence ([As, 4.5.1],[Bi1, Theorem 2.1]) is quite
useful:

3Several definitions in this section continue to make sense when S is equipped with a more general
topology; later this observation will be used without further comments or explanation.

4In order of appearance: concepts and results from Definition 2.1 up to Theorem 2.8 are generalized in
section 3; those from Definition 2.10 up to Theorem 2.15 in section 4; finally, Theorem 2.20 is generalized
in section 5.
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Theorem 2.3 (portmanteau theorem) Let (νn) and ν0 be in P(S). The following are
equivalent:

(a) νn ⇒ ν0.
(b) limn

∫
S c dνn =

∫
S c dν0 for every c ∈ Cu(S).

(c) lim infn νn(G) ≥ ν0(G) for every open G ⊂ S.
(d) lim infn

∫
S q dνn ≥

∫
S q dν0 for every lower semicontinuous function q : S →

(−∞,+∞] which is bounded from below.

Let N̂ := N ∪ {∞} be the usual Alexandrov-compactification of the natural numbers;
observe that this is a compact metrizable space. Recall also that εn ∈ P(N̂) denotes the
Dirac measure concentrated at n, n ∈ N̂.

Corollary 2.4 (product narrow convergence) Let (νn) and ν0 be in P(S).
(i) If νn ⇒ ν0 in P(S), then νn × εn ⇒ ν0 × ε∞ in P(S × N̂).
(ii) If 1

N

∑N
n=1 νn ⇒ ν0 in P(S), then 1

N

∑N
n=1 νn × εn ⇒ ν0 × ε∞ in P(S × N̂).

Proof. Let c ∈ Cu(S×N̂). Then for any η > 0 uniform continuity implies that there exists
p ∈ N such that supx∈S |c(x, n) − c(x,∞)| < η for n ≥ p. This gives |

∫
S c(x, n)νn(dx) −∫

S c(x,∞)νn(dx)| ≤ η for n ≥ p, so (i) follows by Theorem 2.3(b). Likewise, (ii) follows
from |N−1 ∑N

n=1

∫
S [c(x, n)− c(x,∞)]νn(dx)| ≤ 2(p− 1)N−1 supS×N̂ |c|+ (N − p+ 1)N−1η

for N ≥ p and letting N go to infinity. 2

Neither Theorem 2.3 nor its Corollary 2.4 depends upon separability of S; in contrast,
the following partial extension of Corollary 2.4 does [Bi1, Theorem 3.2]:

Theorem 2.5 (product narrow convergence) Let S′ be another separable metric space.
Let νn ⇒ ν0 in P(S) and let ν ′n ⇒ ν ′0 in P(S′). Then

νn × ν ′n ⇒ ν0 × ν ′0 in P(S × S′).

Definition 2.6 (support of probabilities) The support of ν ∈ P(S) is defined by

supp ν := ∩{F : F ⊂ S, F closed, ν(F ) = 1}.

2

To study the support properties of narrow limit probability measures, the following
notion is indispensible.

Definition 2.7 (Kuratowski limes superior) The limes superior of a sequence of sub-
sets (An) of S is defined as the set, denoted by LsnAn, of all x ∈ S for which there exists a
subsequence (An′) of (An), and elements an′ ∈ An′ , such that x = limn′ an′ . 2

Observe that when all An are singletons (say An = {an}), then LsnAn is just the set of
all limit points of (an). Observe also that the Kuratowski limes superior has the following
simple form:

LsnAn = ∩∞p=1cl ∪n≥p An. (2.1)

by elementary considerations based on using the metric ρ (here ‘cl’ stands for closure).
For nonmetrizable S such a simplification is not possible (the above identity being a strict
inclusion in general).
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Theorem 2.8 (support of narrow limits) Let either νn ⇒ ν0 or 1
N

∑N
n=1 νn ⇒ ν0 in

P(S). Then
supp ν0 ⊂ Lsnsupp νn.

Proof. By Corollary 2.4 we have either νn × εn ⇒ ν0 × ε∞ or 1
N

∑N
n=1 νn × εn ⇒ ν0 × ε∞

in P(S × N̂), as the case may be. Let us apply Theorem 2.3(d) to q0 : S × N̂ → {0,+∞}
given by

q0(x, k) :=


0 if x ∈ supp νk and k <∞
0 if x ∈ Lsnsupp νn and k =∞
+∞ otherwise

Then q0 is lower semicontinuous at every point (x, k) of S × N̂; for k < ∞ this follows by
closedness of the supports, and for k =∞ by Definition 2.7 and closedness of Lsnsupp νn (by
(2.1)); observe that sequential arguments suffice by the metrizability of S × N̂. Therefore,
Theorem 2.3(c) gives

∫
S q0(x,∞)ν0(dx) = 0 in each case, since

∫
S q0(x, n)νn(dx) = 0 for all

n (see Proposition 2.18 below). So the result follows by the definition of q0. 2

Standard proofs of Theorem 2.8 can also be given, but these rely on the formula (2.1)
and are less useful for what is to follow in Theorem 2.20 below. Next, we enhance the
portmanteau theorem by slightly extending the above proof of Theorem 2.8:

Theorem 2.9 (enhanced portmanteau theorem) Let (νn) and ν0 be in P(S). The
following are equivalent:

(a) νn ⇒ ν0.
(e) lim infn

∫
S q dνn ≥

∫
S q dν0 for every function q : S → (−∞,+∞] which is lower

semicontinuous on supp ν0, relative to the set ∪∞n=0supp νn, and which is bounded from
below.

Proof. (a)⇒ (e): By Corollary 2.4, (a) implies νn× εn ⇒ ν0× ε∞ in P(S × N̂). Let q be
as stated; similar to the proof Theorem 2.8, we define a function q1 : S × N̂→ {0,+∞} by

q1(x, k) :=


q(x) if x ∈ supp νk and k <∞
q(x) if x ∈ Lsnsupp νn and k =∞
+∞ otherwise

Then it is not hard to see that the given lower semicontinuity property of q is equivalent
to q1 being lower semicontinuous on all of S × N̂. An application of Theorem 2.3(d) gives
lim infn

∫
S q1(·, n)dνn ≥

∫
S g1(·,∞)dν0; by definition of q1 the left side equals lim infn

∫
S qdνn

(use Definition 2.6), and the right side equals
∫
S q dν0 (use Theorem 2.8). Finally, the

implication (e) ⇒ (a) follows immediately (for instance, observe that (e) is stronger than
(d) of Theorem 2.3). 2

Definition 2.10 (inf-compactness) A function h : S → (−∞,+∞] is inf-compact if

{x ∈ S : h(x) ≤ β} is compact for every β ∈ R.

2

The following definitions of the classical notion of tightness are equivalent; of these, the
first is well-known (e.g., cf. [Bo, Excercise 10, p. 109]) and the second is standard [Bi1, As].
Equivalence of these two definitions is also a consequence of the more general equivalence
result in Proposition 4.3.
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Definition 2.11 (tightness) A sequence (νn) in P(S) is said to be tight if there exists an
inf-compact function h : S → [0,+∞] such that

sup
n

∫
S
h dνn < +∞.

2

Definition 2.12 (tightness) A sequence (νn) in P(S) is said to be tight if for every ε > 0
there exists a compact set Kε ⊂ S such that

sup
n
νn(S\Kε) ≤ ε.

2

The next result establishes the importance of tightness as a criterion for relative narrow
compactness [Bi1, Theorem 6.1].

Theorem 2.13 (Prohorov’s theorem) Let (νn) in P(S) be tight. Then there exist a
subsequence (νn′) of (νn) and ν∗ ∈ P(S) such that νn′ ⇒ ν∗.

Frequently, the space S must have an additional property, which we shall introduce now:

Definition 2.14 (Suslin space) A Hausdorff topological space is said to be a Suslin space
if it is the continuous image of a separable metric and complete space. 2

Note that a Suslin space is evidently separable. Many useful spaces (e.g., Euclidean spaces,
compact metric spaces, separable Banach spaces with strong or weak topology) are Suslin.
For our study of narrow convergence of Young measures the following result will be of
crucial importance.

Theorem 2.15 (necessity of tightness) Suppose that S is Suslin. Let νn ⇒ ν0 in P(S).
Then (νn) is tight.

Proof. Since S is Suslin, it follows by [DM, III.69] that each νn (viewed as a singleton) is
tight. Hence, the result holds by [Bi1, Theorem 8, Appendix III]. 2

Let τ be another – possibly nonmetrizable – topology on S. We shall write Sτ :=
(S, τ) to indicate when S is equipped with τ ; for extra safety, we shall often write Sρ,
etc., when the original ρ-topology is used on S (for instance, B(Sτ ) denotes the σ-algebra
of τ -Borel sets, and B(Sρ) denotes what used to be simply B(S)). Correspondingly, we
speak of τ -closedness, τ -compactness, τ -lower semicontinuity, etc., and these also have
sequential counterparts: sequential τ -closedness, sequential τ -compactness, sequential τ -
lower continuity, etc. The same distinction can be made for the Kuratowski limes superior:
the definition of the sequential τ -limes superior is based on formula Definition 2.7 and runs
as follows:

Definition 2.16 (Kuratowski sequential limes superior) The sequential τ -limes su-
perior of a sequence of subsets (An) of S is defined as the set, denoted by τ -LsnAn, of
all x ∈ S for which there exists a subsequence (An′) of (An), and corresponding elements
an′ ∈ An′ , such that x = τ -limn′ an′ . 2
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In contrast, the definition of the topological τ -limes superior is based on (2.1):

Definition 2.17 (Kuratowski topological limes superior) The τ -limes superior of a
sequence (An) of subsets of S is defined by

τ -LSnAn := ∩∞p=1τ -cl ∪n≥p An.

2

Definition 2.6 of the support extends immediately into the definition of the τ -support of
a probability measure. The following proposition will be of use; 5 in fact, we have already
used it in the proof of Theorem 2.8 above, where Sρ is Lindelöf.

Proposition 2.18 Let ν ∈ P(S) be carried by a set in B(Sτ ) with the Lindelöf property.
Then ν is carried by the support set τ -supp ν.

Proof. There exists B ∈ B(Sτ ), with the Lindelöf property, such that ν(B) = 1. By
Definition 2.6 (for Sτ ), the complement of τ -supp ν is the union of all τ -open sets G with
ν(G) = 0. Therefore, C := B\τ -supp ν is the union of all sets B∩G, where G ⊂ S is τ -open
and ν-null, so by the given Lindelöf property C is the union of a countable subcollection of
such sets. Therefore, C is also ν-null, which implies ν(τ -supp ν) = ν(B) = 1. 2

Corollary 2.19 Let ν ∈ P(S) be τ -tight. Then ν is carried by the support set τ -supp ν.

Proof. Tightness implies that ν is carried by a countable union of τ -compact sets, i.e., by
a set with the Lindelöf property. 2

We set the stage for future developments by synthesizing Theorems 2.3, 2.8 and 2.13
into the following result:

Theorem 2.20 (synthesis) Suppose that τ is at least as strong as the ordinary ρ-topology
on S and that B(Sτ ) = B(Sρ). Let (νn) be a sequence in P(S) such that there exists a
sequentially τ -inf-compact function h : S → [0,+∞] for which

sup
n

∫
S
h dνn < +∞.

Then there exist a subsequence (νn′) of (νn) and ν∗ ∈ P(S) such that

lim inf
n′

∫
S
q dνn′ ≥

∫
S
q dν∗

for every sequentially τ -lower semicontinuous function q : S → (−∞,+∞] which is bounded
from below. Moreover,

τ -supp ν∗ ⊂ τ -seq-cl τ -Lsnτ -supp νn.

5I thank M. Valadier for pointing out the necessity of including such a result.
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Proof. A fortiori, h is inf-compact on the metric space Sρ. Hence, (νn) is tight in P(Sρ).
So by Theorem 2.13 there exist a subsequence (νn′) of (νn) and ν∗ ∈ P(S) such that νn′ ⇒ ν∗
in P(Sρ). Now let q be as stated. Define qε : S → (−∞,+∞] by qε(x, k) := q(x, k) + εh(x),
ε > 0. Evidently, qε is sequentially τ -inf-compact on S. This implies a fortiori that qε is
inf-compact on the metrizable space Sρ. Hence, qε is certainly lower semicontinuous on Sρ.
Theorem 2.3(d) can now be applied to qε, giving lim infn′

∫
S q dνn′ + εσ ≥

∫
S qε dν∗, where

σ := supn
∫
S hdνn. By letting ε go to zero and using qε ≥ q (by nonnegativity of h), we find

the proclaimed inequality. Finally, for S × N̂ instead of S, we can apply the above lower
semicontinuity result to q0 : S × N̂→ {0,+∞}, given by

q0(x, k) :=


0 if x ∈ τ -supp νk and k <∞
0 if x ∈ τ -seq-cl τ -Lsnτ -supp νn and k =∞
+∞ otherwise

which is sequentially lower semicontinuous on Sτ × N̂. For (νn′) as above, Corollary 2.4
implies that νn′ × εn′ ⇒ ν∗ × ε∞ in P(Sρ × N̂). Therefore, the desired support property
follows similar to the way in which Theorem 2.8 was derived from Theorem 2.3(d). 2

Remark 2.21 If Sτ is a Suslin space, then the condition B(Sτ ) = B(Sρ) in Theorem 2.20
follows automatically from the fact that τ is at least as strong as the ρ-topology [Schw,
Corollary 2, p. 101]. 2

Remark 2.22 It is easy to see that when τ is a topology on S which is at least as strong
as the ordinary ρ-topology, then τ -compactness implies sequential τ -compactness, using the
fact that ρ-compactness and sequential ρ-compactness coincide, plus the fact that on any
τ -compact the τ -topology coincides with the ρ-topology. Thus, if h in Theorem 2.20 is
τ -inf-compact, it is already sequentially τ -inf-compact. 2

Remark 2.23 (i) In Theorem 2.20 the following inclusion is obvious (cf. Theorem 2.8):

τ -seq-cl τ -Lsnτ -supp νn ⊂ τ -LSnτ -supp νn ⊂ ρ-Lsnρ-supp νn.

(ii) If in Theorem 2.20 there exists a τ -compact set containing all supports supp νn,
n ∈ N, then

τ -seq-cl τ -Lsnτ -supp νn = τ -Lsnτ -supp νn

by Remark 2.22. 2
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3 Narrow and K-convergence of Young measures

Contents: Young measures, narrow convergence, semimetrizability, integrands, outer inte-
gral functionals, K-convergence, support theorem, Fatou-Vitali theorem, portmanteau theo-
rem, tensor product continuity

Let (Ω,A, µ) be a finite measure space,6 and let (S, ρ) be a separable metric space.

Definition 3.1 (Young measure) A Young measure from Ω into S is a function δ : Ω→
P(S) such that δ(·)(B) : ω 7→ δ(ω)(B) is A-measurable for every B ∈ B(S). The set of all
Young measures from Ω into S is denoted by R(Ω,A, µ;S) (or R for short). 2

Thus, a Young measure can be regarded as a measurably parametrized probability measure.
Other names for Young measures are, depending on the context: transition probabilities,
Markov kernels, randomized decision functions, relaxed control functions, etc. For some
elementary measure-theoretical properties of Young measures the reader is referred to [N,
III.2] or [As, 2.6] (see also Appendix A). To see how the present section extends results
from the theory treated in section 2, observe that when A is trivial (A = {∅,Ω}), then R
consists only of constant functions and can be identified with the set P(S) of probability
measures on S.

Definition 3.2 (Dirac Young measure) A Young measure δ ∈ R is Dirac if there exists
a function f : Ω→ S such that

δ(ω) = εf(ω) := Dirac measure at the point f(ω), ω ∈ Ω.

The function f is then a measurable function from Ω into S. In this special case δ is denoted
by δ = εf . The set of all Dirac Young measures is denoted by RD(Ω,A, µ;S) (or RD) and
the set of all measurable functions from (Ω,A) into (S,B(S)) by L0(Ω,A, µ;S) (or L0

S). 2

The fundamental idea behind Young measure theory is that, in some sense, R forms a
completion of L0

S . Indeed, by Definition 3.2 the latter set can be identified with RD; it can
thus be viewed as a subset of R. To make this completion useful, the notion of narrow
convergence of Young measures is very important.

Definition 3.3 (narrow convergence and topology) A sequence (δn) in R is said to
converge narrowly to δ0 in R (notation: δn =⇒ δ0) if for every A ∈ A and c ∈ Cb(S)

lim
n

∫
A

[

∫
S
c(x)δn(ω)(dx)]µ(dω) =

∫
A

[

∫
S
c(x)δ0(ω)(dx)]µ(dω).

Correspondingly, the narrow topology on R is defined as the weakest topology on R for
which all functionals δ 7→

∫
A[
∫
S c(x)δ(ω)(dx)]µ(dω), A ∈ A, c ∈ Cb(S), are continuous. 2

Note the difference in notation between the narrow convergences of Definitions 2.1 and 3.3
(short and long arrow respectively). In the above form, the definition of narrow conver-
gence is classical in statistical decision theory [Wal, L1]. It merges two completely different
classical modes of convergence:

6Much of what is done here immediately extends to a σ-finite measure space (Ω,A, µ).
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Remark 3.4 (equivalence) The following are obviously equivalent:
(a) δn =⇒ δ0 in R.
(b) For every A ∈ A with µ(A) > 0

[µ⊗ δn](A× ·)/µ(A)⇒ [µ⊗ δ0](A× ·)/µ(A) in P(S)

(see Theorem A.1 for the product measure notation).
(c) For every c ∈ Cb(S)∫

S
c(x)δn(·)(dx)

∗
⇀

∫
S
c(x)δ0(·)(dx) in L∞R ,

where ‘
∗
⇀’ denotes convergence in the topology σ(L∞R ,L1

R). 2

The following example implies the narrow convergence result found in Example 1.1.

Example 3.5 (periodic functions) Let (Ω,A, µ) be ([0, 1],L([0, 1]), λ1) (cf. Example 1.1).
Let f1 ∈ L1

R be arbitrary; it can be extended periodically from Ω = [0, 1] to all of R. We
define fn+1(ω) := f1(2nω). Then εfn =⇒ δ0, where δ0 ∈ R([0, 1],L([0, 1]), λ1) is given by

δ0(ω) ≡ λf11 .

Here λf1 ∈ P(R) is the image of λ1 under the mapping f1, given by λf1(B) := λ(f−1
1 (B)).

To prove this, let c ∈ Cb(R) be arbitrary, and let A be first of the form A = [0, β], β > 0.
By fn+1(ω) = f1(2nω) a simple change of variable gives∫

A
c(fn+1(ω))dω =

∫ β

0
c(f1(2nω))dω = 2−n

∫ 2nβ

0
c(f1(ω′))dω′,

and by periodicity of f1 the latter expression equals β
∫ 1

0 c(f1(ω′))dω′ = λ1(A)
∫
R c(x)λf11 (dx)

in the limit. So we have shown that

lim
n→∞

∫
A
c(fn(ω))dω =

∫
A

[

∫
R
c(x)δ0(ω)(dx)]dω (3.1)

for A = [0, β]. By subtraction, (3.1) continues to be valid for A’s of the type A = (α, β],
and, by addition, also for A’s that are a finite disjoint union of such intervals. Finally,
note that for any A ∈ A and any ε > 0 there exists A′, a finite union of intervals (α, β],
such that the symmetric difference of A and A′ has Lebesgue measure at most ε. Since
then |

∫
A c(fn) −

∫
A′ c(fn)| ≤ ε supx∈S |c(x)|, we conclude that (3.1) continues to hold for

the general case. 2

The narrow limit of a sequence of Young measures is essentially unique; this is a simple
consequence of the next result.

Proposition 3.6 (essential separation) For every δ, δ′ in R the following are equiva-
lent:

(a) For every A ∈ A and c ∈ Cu(S)∫
A

[

∫
S
c(x)δ(ω)(dx)]µ(dω) =

∫
A

[

∫
S
c(x)δ′(ω)(dx)]µ(dω).

(b) δ(ω) = δ′(ω) for a.e. ω in Ω.

14



Proof. (a) ⇒ (b): By Proposition 2.2, Cu(S) has a countable subset C0 which separates
the points of P(S). Now (a) implies that

∫
S c(x)δ(·)(dx) =

∫
S c(x)δ′(ω)(·) a.e. for every

c ∈ C0, so (b) follows easily. The implication (b)⇒ (a) is trivial. 2

The essentially sequential setup chosen for these lecture notes leads to the occasional
use of a semimetric on R, which is defined in the next result; when it is applicable, this
allows us to identify corresponding sequential and purely topological notions for the narrow
topology.

Theorem 3.7 (semimetrizability of narrow convergence) If the σ-algebra A on Ω is
countably generated, then the narrow topology on R is semimetrizable.

Proof. There exists an at most countable algebra which generates A. Let (Aj) be an
enumeration of this algebra. Let C0 =: (ci) be narrow convergence-determining on P(S), as
in Proposition 2.2. Now define

dR(δ, δ′) :=
∞∑
i=1

∞∑
j=1

2−i−j(µ(Aj) sup
x∈S
|ci(x)|)−1|Igi,j (δ)− Igi,j (δ′)|,

where the integrand gi,j is given by gi,j(ω, x) := 1Aj (ω)ci(x). It is easy to see that dR is a
semimetric on R. By [As, 1.3.11] it follows that for any sequence (δn) in R, the convergence
dR(δn, δ0)→ 0 implies that

lim
n

∫
A

[

∫
S
ci(x)δn(ω)(dx)]µ(dω) =

∫
A

[

∫
S
ci(x)δ0(ω)(dx)]µ(dω).

for every A ∈ A and every ci ∈ C0. By the given property of C0, this implies δn =⇒ δ0 (use
Remark 3.4). The converse implication is immediate. 2

The integrands (ω, x) 7→ 1A(ω)c(x) in Definition 3.3 are too simple to be of use in
optimal control theory, mathematical economics or applied analysis.

Definition 3.8 (integrands) (i) An integrand on Ω × S is a function g : Ω × S →
(−∞,+∞] such that for every ω ∈ Ω the function g(ω, ·) on S is B(S)-measurable.

(ii) A lower semicontinuous [continuous] [[inf-compact]] integrand on Ω × S is an inte-
grand g on Ω × S such that g(ω, ·) is lower semicontinuous [continuous] [[inf-compact]] on
S for every ω in Ω.

(iii) An integrand g on Ω×S is said to be integrably bounded below if there exists φ ∈ L1
R

such that g(ω, x) ≥ φ(ω) for all ω ∈ Ω and x ∈ S. 2

For outer integrals over (Ω,A, µ), i.e., integrals involving functions which may or may
not be measurable, we refer to Appendix B. From now on also the integrals of measurable
functions over Ω will follow the formula given in Lemma B.2; this coincides with a well-
known convention in measure theory, which extends quasi-integration [CV, VII.7].

Definition 3.9 (outer integral functional) Let g : Ω×S → (−∞,+∞] be an integrand
on Ω× S. For any δ ∈ R the double integral

Ig(δ) :=

∫ ∗
Ω

[

∫
S
g(ω, x)δ(ω)(dx)]µ(dω)

is well defined, provided that for each ω the inner integral of the function g(ω, ·) (which is
B(S)-measurable by Definition 3.8) over S is determined by the formula in Lemma B.2, of
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course now with δ(ω) as the measure over which integration takes place. For δ = εf ∈ RD
this simplifies into the following formula:

Jg(f) := Ig(εf ) =

∫ ∗
Ω
g(ω, f(ω))µ(dω).

2

Usually an approximation procedure is followed to study narrow convergence for the
various integrands mentioned in Definition 3.8 [BL, Ba3, Ba11]. In these lecture notes the
scope of narrow convergence is extended via the following notion of convergence, introduced
and studied in a much wider context in [Ba15, Ba16].

Definition 3.10 (K-convergence) A sequence (δn) in R is said to K-converge to δ0 in

R (notation: δn
K→δ0) if for every subsequence (δn′) of (δn)

1

N

N∑
n′=1

δn′(ω)⇒ δ0(ω) as N →∞ for a.e. ω in Ω.

2

This convergence notion is nontopological, which explains why narrow convergence is of such
importance, even though for sequences of Young measures K-convergence turns out to be a
superior tool. Observe once more that the short arrow ‘⇒’ in the defining pointwise limit
statement above denotes narrow convergence in P(S) (cf. Definition 2.1). Note also that
only the exceptional null set is allowed to vary with the subsequence (δn′), in agreement
with the observations following Theorem 1.2.

As an immediate consequence of Theorem 2.8 and the above definition we have the
following result:

Theorem 3.11 (support of K-limits) Let δn
K→δ0 in R. Then

supp δ0(ω) ⊂ Lsnsupp δn(ω) for a.e. ω in Ω.

Proof. Apply Theorem 2.8 pointwise. 2

A quite useful property of K-convergence, which is very indicative of the significance of
K-convergence for narrow convergence of Young measures, is as follows:

Lemma 3.12 (Fatou for K-convergence) Let (δn) and δ0 be in R. Then δn
K→δ0 implies

lim inf
n

Ig(δn) ≥ Ig(δ0)

for every lower semicontinuous integrand g on Ω×S which is integrably bounded from below.

Proof. Set α := lim infn Ig(δn); then there exists a subsequence (δn′) such that α =
limn′ Ig(δn′). By Definition 3.10, 1

N

∑N
n′=1 δn′(ω) ⇒ δ0(ω) in P(S) for a.e. ω. Define ψN (ω)

:= 1
N

∑N
n′=1

∫
S g(ω, x)δn′(ω)(dx) and ψ0(ω) :=

∫
S g(ω, x)δ0(ω)(dx); then lim infN ψN (ω) ≥

ψ0(ω) for a.e. ω, since g(ω, ·) fulfills the conditions of Theorem 2.9(d). An application of
the Fatou-result in Proposition B.4 gives lim infN

∫ ∗
Ω ψN dµ ≥

∫ ∗
Ω ψ0 dµ. Here the right-hand

side is equal to Ig(δ0), and the left-hand side is at most α, by Lemma B.5 and our choice
of (δn′). 2

By using Corollary 2.4 in a rather unexpected way, we obtain the following Fatou-Vitali
strengthening of Lemma 3.12:
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Theorem 3.13 (Fatou-Vitali for K-convergence) Let (δn) and δ0 be in R. Then

δn
K→δ0 implies

lim inf
n

Ig(δn) ≥ Ig(δ0)

for every integrand g on Ω× S which is such that for every ω ∈ Ω

g(ω, ·) is lower semicontinuous on supp δ0(ω), relative to ∪∞n=0supp δn(ω)

and such that there exists a uniformly integrable sequence (φn) in L1
R with

g(ω, x) ≥ φn(ω) for every ω ∈ Ω and x ∈ supp δn(ω)

for every n ∈ N.

Proof. Define δn ⊗ εn in R(Ω,A, µ;S × N̂) by

(δn ⊗ εn)(ω) := δn(ω)× εn,

etc. (see also Definition 3.22 below). Then δn ⊗ εn
K→δ0 ⊗ ε∞ in R(Ω,A, µ;S × N̂) by

Definition 3.10 and Corollary 2.4. The integrand analogue of q1, as used in the proof of
Theorem 2.9, is g1 : Ω× S × N̂→ (−∞,+∞], given by

g1(ω, x, k) :=


g(ω, x) if x ∈ supp δk(ω) and k <∞
g(ω, x) if x ∈ Lsnsupp δn(ω) and k =∞
+∞ otherwise

Just like q1 was lower semicontinuous, we have here that g1(ω, ·) is lower semicontinuous on
S× N̂ for every ω; that is, g1 is a lower semicontinuous integrand on Ω× (S× N̂). By de la
Vallée-Poussin’s Theorem A.3, the uniform integrability of (φn) implies the existence of a
function h′ : R+ → R+, convex, continuous and nondecreasing, with limξ→∞ h

′(ξ)/ξ = +∞
and

σ′ := sup
n

∫
Ω
h′(|φn(ω)|)µ(dω) < +∞.

For ε > 0 define g1,ε : Ω× S × N̂→ (−∞,+∞] by

g1,ε(ω, x, k) :=

{
g1(ω, x, k) + εh′(|φk(ω)|) if k <∞
g1(ω, x,∞) + ε lim infn h

′(|φn(ω)|) if k =∞

It is not hard to see that also g1,ε is a lower semicontinuous integrand on Ω × (S × N̂).
Moreover, the given bound g(ω, ·) ≥ φn(ω) on supp δn(ω) for each ω implies g1,ε(ω, ·, n) ≥ γε
on S for every n <∞. Here γε := infξ∈R[ξ+ εh′(|ξ|)] is a finite real number (by superlinear

growth of h′). Thus, g2,ε := max(g1,ε, γε) is a lower semicontinuous integrand on Ω×(S×N̂)
which is bounded below and has Ig1,ε(δn ⊗ εn) = Ig2,ε(δn ⊗ εn) for all n <∞. Therefore, an

application of Lemma 3.12 (with S × N̂ instead of S) gives

lim inf
n

Ig1,ε(δn ⊗ εn) ≥ Ig2,ε(δ0 ⊗ ε∞) ≥ Ig1(δ0 ⊗ ε∞),

where the last inequality follows by g2,ε ≥ g1,ε ≥ g1. Also, Ig1,ε(δn⊗ εn) ≤ Ig1(δn⊗ εn) + εσ′

by the subadditivity of outer integration (Lemma B.5). By letting ε go to zero, it follows
that lim infn Ig1(δn ⊗ εn) ≥ Ig1(δ0 ⊗ ε∞). Quite similar to the final step in the proof of
Theorem 2.9, this gives lim infn Ig(δn) ≥ Ig(δ0), this time by invoking Theorem 3.11 instead
of Theorem 2.8. 2

17



Corollary 3.14 (K-convergence implies narrow convergence) Let (δn) and δ0 be in

R. Then δn
K→δ0 implies δn =⇒ δ0.

Proof. Choose any A ∈ A and c ∈ Cb(S); define g(ω, x) := 1A(ω)c(x). Then both g and
−g are lower semicontinuous integrands on Ω × S, bounded below by a constant. So a
twofold application of Lemma 3.12 gives the the limit statement in Definition 3.3. 2

Crucial for our further analysis of narrow convergence of Young measures is the following
result (see Theorem A.1 for the notation). It is a direct consequence of the Prohorov-type
Theorem 4.7, and will be proven in section 4. The reader need not fear circular arguments:
the proofs of both Theorem 4.7 and Theorem 3.15 only involve Theorems 1.2, 2.13, 2.15
and some simple arguments.

Theorem 3.15 Let (δn) be a sequence in R such that

([µ⊗ δn](Ω× ·)/µ(Ω)) is tight in P(S).

Then there exist a subsequence (δn′) of (δn) and δ∗ ∈ R such that δn′
K→δ∗.

The next result explains the precise relationship between narrow and K-convergence in R
when the metric space S is Suslin.

Corollary 3.16 (narrow convergence in terms of K-convergence) Suppose that S is
Suslin. Let (δn) and δ0 be in R. The following are equivalent:

(a) δn =⇒ δ0.

(b) Every subsequence (δn′) of (δn) has a further subsequence (δn′′) such that δn′′
K→δ0.

Proof. (a) ⇒ (b): We have [µ ⊗ δn](Ω × ·)/µ(Ω) ⇒ [µ ⊗ δ0](Ω × ·)/µ(Ω) by Remark 3.4.
By Theorem 2.15 this implies that ([µ⊗ δn](Ω× ·)/µ(Ω)) is tight. Thus, by Theorem 3.15
for every subsequence (δn′) of (δn) there exist a further subsequence (δn′′) and δ∗ ∈ R such

that δn′′
K→δ∗. By Corollary 3.14, this implies δn′′ =⇒ δ∗. By Proposition 3.6 , it follows

that δ∗(ω) = δ0(ω) for a.e. ω. So we conclude that δn′′
K→δ0.

(b) ⇒ (a): Suppose that (a) were not true. This implies that there exist A ∈ A and
c ∈ Cb(S) such that for g(ω, x) := 1A(ω)c(x) one would have α := lim infn Ig(δn) < Ig(δ0).
Then there would be a subsequence (δn′) of (δn) such that Ig(δn′) → α. By hypothesis,

there would be a further subsequence (δn′′) with δn′′
K→δ0. Applied to this subsequence,

Lemma 3.12 would give α ≥ Ig(δ0), a contradiction. 2

Even though narrow convergence implies K-convergence for subsequences, as made pre-
cise in the above corollary, a narrowly convergent sequence does not have to K-converge as
a whole:

Example 3.17 (narrow convergence does not imply K-convergence) Consider the
sequence (fn) of Rademacher functions from Example 1.1. Define the following sequence
(f ′n) in L1

R: for each m ∈ N define f ′n := fm for 2m−1 ≤ n ≤ 2m − 1. From Examples 1.1
and 3.5 it is clear that εf ′n =⇒ δ0. It is easy to check the following: for N = 2m − 1

1

N

N∑
n=1

εf ′n(ω) =
1

2m − 1

2m−2−1∑
n=1

εf ′n(ω) +
2m−2

2m − 1
εfm−1(ω) +

2m−1

2m − 1
εfm(ω).
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By Corollary 3.14 we know that if (εf ′n) were to K-converge to some Young measure, it
would have to be δ0 ≡ 1

2 [ε1 + ε−1] a.e. But by the above expression this is not possible,
since 2m−i/(2m − 1) → 2−i for i = 1, 2, and λ1({ω ∈ Ω : fm(ω) = fm−1(ω)}) = 4−1 for all
m ∈ N. 2

Theorem 3.11 and Corollary 3.16 immediately give the following result:

Corollary 3.18 (support of narrow limits) Suppose that S is Suslin. Let δn =⇒ δ0 in
R. Then

supp δ0(ω) ⊂ Lsnsupp δn(ω) for a.e. ω in Ω.

Directly from Corollary 3.16 and the Fatou-Vitali-type Theorem 3.13 comes the follow-
ing extension of the portmanteau Theorems 2.3 [Ba11, Ba17].

Theorem 3.19 (portmanteau theorem) Suppose that S is Suslin. Let (δn) and δ0 be
in R. The following are equivalent:

(a) δn =⇒ δ0.
(b) limn

∫
A[
∫
S c(x)δn(ω)(dx)]µ(dω) =

∫
A[
∫
S c(x)δ0(ω)(dx)]µ(dω) for every A ∈ A, c ∈

Cu(S).
(c) lim infn Ig(δn) ≥ Ig(δ0) for every lower semicontinuous integrand g on Ω×S which

is integrably bounded from below.
(d) lim infn Ig(δn) ≥ Ig(δ0) for every integrand g on Ω× S such that for every ω ∈ Ω

g(ω, ·) is lower semicontinuous on supp δ0(ω), relative to ∪∞n=0supp δn(ω),

and such that there exists a uniformly integrable sequence (φn) in L1
R with

g(ω, x) ≥ φn(ω) for every ω ∈ Ω and x ∈ supp δn(ω)

for every n ∈ N.

Proof. (a) ⇔ (b): The equivalence follows immediately from the equivalence of (a) and
(b) in Theorem 2.3 and Remark 3.4.

(d) ⇒ (c) ⇒ (b): A fortiori. Note that (b) follows by applying (c) to both g(ω, x) :=
1A(ω)c(x) and g′(ω, x) := −1A(ω)c(x), with A and c as in Definition 3.3.

(a)⇒ (d): Immediate by Corollary 3.16 and Theorem 3.13. 2

Observe that (a)⇒ (d), which is by far the most useful implication of the above theorem,
constitutes a theorem of Fatou-Vitali type for narrow convergence. We can now easily
examine narrow convergence when it is restricted to the set RD of Dirac Young measures:

Definition 3.20 (convergence in measure) A sequence (fn) in L0
S is said to converge

in measure to f0 ∈ L0
S (notation: fn

µ→f0) if for every ε > 0

lim
n
µ({ω ∈ Ω : ρ(fn(ω), f0(ω)) > ε}) = 0.

2

Proposition 3.21 (narrow convergence in RD) Suppose that S is Suslin. Let (fn) and
f0 be in L0

S. Then the following are equivalent:
(a) εfn =⇒ εf0 in R.

(b) fn
µ→f0 in L0

S.
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Proof. (a) ⇒ (b): Let ε > 0 be arbitrary. Define a lower semicontinuous integrand on
Ω× S by

g(ω, x) :=

{
−1 if ρ(x, f0(ω)) ≥ ε
0 otherwise

By Theorem 3.19(c), lim infn Jg(fn) ≥ Jg(f0) = 0; i.e., lim supn µ({ρ(fn, f0) ≥ ε}) = 0.
(b)⇒ (a): We invoke Theorem 3.19(b). Let A ∈ A and c ∈ Cu(S) be arbitrary. For each

γ > 0 there exists ε > 0 such that |c(x)− c(x′)| ≤ γ whenever ρ(x, x′) < ε. Then∫
A
|c(fn)− c(f0)| ≤ γµ(Ω) + 2µ({ω ∈ Ω : ρ(fn(ω), f0(ω)) ≥ ε}) sup

x∈S
|c(x)|,

and εfn =⇒ εf0 follows. 2

Definition 3.22 (tensor product) Let (Ω′,A′, µ′) be another finite measure space and
S′ another separable metric space. Then A × A′ is the product σ-algebra on Ω × Ω′ and
µ × µ′ the product measure. Also, S × S′ is a separable metric space. The tensor product
δ ⊗ δ′ of δ ∈ R(Ω,A, µ;S) and δ′ ∈ R(Ω′,A′, µ′;S′) is defined by

(δ ⊗ δ′)(ω, ω′) := δ(ω)× δ′(ω′);

that is, (δ ⊗ δ′)(ω, ω′) is the product of the probability measures δ(ω) and δ′(ω′). Clearly,
δ ⊗ δ′, thus defined, belongs to R(Ω× Ω′,A×A′, µ× µ′;S × S′). 2

In a more rudimentary form, namely, for a trivial measure space (Ω′,A′, µ′) (for instance,
with Ω′ a singleton), the narrow convergence behavior of the tensor product used above
was already introduced in the proof of Theorem 3.13.

Theorem 3.23 (tensor product narrow convergence) Let (Ω′,A′, µ′) be another fi-
nite measure space and S′ another separable metric space. Let δn =⇒ δ0 in R(Ω,A, µ;S)
and δ′n =⇒ δ′0 in R(Ω′,A′, µ′;S′). Then δn⊗δ′n =⇒ δ0⊗δ′0 in R(Ω×Ω′,A×A′, µ×µ′;S×S′).

Lemma 3.24 For every Ã ∈ A×A′ and every ε there exist finitely many disjoint measurable
rectangles Ai × A′i in A × A′, i = 1, · · · ,m, such that the symmetric difference of Ã and
∪mi=1Ai ×A′i has µ× µ′-measure at most ε.

Proof. The algebra consisting of finite disjoint unions of measurable rectangles generates
A×A′; hence, the result follows by [As, 1.3.11]. 2

Proof of Theorem 3.23. Let Ã ∈ A × A′ and c ∈ C(S × S′), and set g(ω, ω′, x, x′) :=
1Ã(ω, ω′)c(x, x′). Since uniform limits of continuous functions are continuous, the result

obtained in Lemma 3.24 enables to just consider the case Ã = A×A′, with A ∈ A and A′ ∈
A′. We may suppose µ(A) > 0, µ′(A′) > 0. Then Ig(δn⊗δ′n) = µ(A)µ′(A′)

∫
S×S′ cd(νn×ν ′n),

where νn := [µ ⊗ δn](A × ·)/µ(A) and ν ′n := [µ ⊗ δ′n](A′ × ·)/µ′(A′) satisfy νn ⇒ ν0 and
ν ′n ⇒ ν ′0, in view of Remark 3.4. By Theorem 2.5 this gives Ig(δn ⊗ δ′n)→ Ig(δ0 ⊗ δ′0). 2

As shown by the following counterexample, Theorem 3.23 need not hold when the
measure on (Ω × Ω′,A × A′) is no longer a product measure, even when µ and µ′ are its
marginals.
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Example 3.25 Take for (Ω,A) and (Ω′,A′) the space ([0, 1],B([0, 1])). Let (fn) be the se-
quence of Rademacher functions on Ω and let (f ′n) be the sequence of Rademacher functions
on Ω′ (see Example 1.1). Equip Ω̃ := [0, 1]2 with Ã := B([0, 1]2) and with µ̃, the uniform
measure concentrated on the diagonal of [0, 1]2. By Example 1.1, we have εfn =⇒ δ0 in
R(Ω,A, µ; R) and εf ′n =⇒ δ0 in R(Ω′,A′, µ′; R), but we do not have εfn ⊗ εf ′n =⇒ δ0 ⊗ δ0

in R(Ω̃, Ã, µ̃; R2). To see the latter, apply Definition 3.3 with A := Ω̃ and c(x, x′) := xx′;
then in Definition 3.3 the limit on the left equals 1, but the expression on the right is equal
to 0. 2
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4 Relative compactness of Young measures

Contents: parametrized tightness, Prohorov’s theorem for Young measures, existence of
Bayesian Nash, Cournot-Nash and Stackelberg equilibria

This section introduces two equivalent notions of parametrized tightness for Young
measures. Tightness is shown to be a criterion for the relative compactness of sequences of
Young measures vis àK-convergence (and a fortiori sequential Young measure convergence).
As in section 3, (Ω,A, µ) is a finite measure space and (S, ρ) a separable metric space.

Definition 4.1 (parametrized tightness) A sequence (δn) of Young measures in R is
said to be tight if there exists a nonnegative inf-compact integrand h on Ω× S (cf. Defini-
tion 3.8) such that

sup
n
Ih(δn) < +∞.

2

This definition, given in [Ba3], extends earlier notions of tightness [L1, BL, JM]. In [Jaw]
it was shown to be equivalent to the following definition:

Definition 4.2 (parametrized tightness) A sequence (δn) of Young measures in R is
said to be tight if for every ε > 0 there exists a multifunction Γε : Ω → 2S , with Γε(ω)
compact for every ω ∈ Ω, such that

sup
n

∫ ∗
Ω
δn(ω)(S\Γε(ω))µ(dω) ≤ ε.

2

Proposition 4.3 (equivalence) Definitions 4.1 and 4.2 are equivalent.

Proof. First, let (δn) be tight according to Definition 4.1. I.e., there exists an inf-compact
integrand h ≥ 0 such that 0 ≤ σ := supn Ih(δn) < +∞. For each ε > 0, let Γε(ω) be the set
of all x ∈ S for which h(ω, x) ≤ σ/ε; then Γε(ω) is compact for every ω. Also, for every n

σ

ε

∫ ∗
Ω
δn(ω)(S\Γε(ω))µ(dω) ≤ Ih(δn) ≤ σ,

and this proves that Definition 4.2 holds.
Conversely, let Γm be the multifunction corresponding to ε = 3−m, m ∈ N. With no

loss of generality we may suppose that Γm(ω) ⊂ Γm+1(ω) for every ω and m (otherwise, we
could always take finite unions of the Γm). Now set Γ0 ≡ ∅ and define

h(ω, x) :=

{
2m if x ∈ Γm(ω)\Γm−1(ω), m ∈ N
+∞ if x 6∈ ∪mΓm(ω)

Then h(ω, ·) is inf-compact on S for every ω and supn Ih(δn) ≤ 6. 2

Definitions 4.1 and 4.2 clearly extend Definitions 2.11 and 2.12 respectively. We illus-
trate the usefulness of each of these definitions:
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Example 4.4 (parametrized tightness) Suppose that (fn) ⊂ L1
Rd is uniformly bounded

in L1-norm:

sup
n∈N

∫
Ω
|fn(ω)|µ(dω) < +∞.

Then the corresponding sequence (εfn) in RD is tight: simply use h(ω, x) := |x| in Defini-
tion 4.1. 2

Example 4.5 (parametrized tightness) Let (fn) and f0 in L0
Rd be such that fn

µ→f0.
Then the corresponding sequence (εfn) in RD is tight. Indeed, for any ε > 0 there exists
n0 such that µ({|fn − f0| ≥ 1}) ≤ ε for all n ≥ n0. Now choose α ≥ 1 sufficiently large to
have max1≤n≤n0 µ({|fn − f0| ≥ α}) ≤ ε. Then it is clear that supn µ({|fn − f0| ≥ α}) ≤ ε.
By Definition 4.2 the desired tightness holds for Γε(ω) := {x ∈ Rd : |x− f0(ω)| ≤ α}. 2

Remark 4.6 Let (δn) be inR. If the separable metric space S is in addition either complete
or locally compact, then the following are equivalent:

(a) ([µ⊗ δn](Ω× ·)/µ(Ω)) is tight in the sense of Definitions 2.11, 2.12.
(b) (δn) is tight in the sense of Definitions 4.1, 4.2.
Of course, (a)⇒ (b) is a fortiori. Also, (b)⇒ (a) holds by observing that Theorem 4.7

below implies that ([µ ⊗ δn](Ω × ·)/µ(Ω)) is sequentially relatively compact. Therefore,
under the additional hypothesis for S, it follows that ([µ ⊗ δn](Ω × ·)/µ(Ω)) is tight in
P(S) by [Bi1, Theorem 6.2] or [Bo, 5.5] (‘converse Prohorov theorem’). Even when S has
one of these additional properties it is still useful to have the broad parametrized tightness
criterion at our disposal, because direct verification of tightness of the form (a) is not always
easy in actual examples. 2

Theorem 4.7 (Prohorov’s theorem for Young measures) Let (δn) be a tight sequence

in R. Then there exist a subsequence (δn′) of (δn) and δ∗ ∈ R such that δn′
K→δ∗. In partic-

ular, this implies δn′ =⇒ δ∗.

Proof. Let C0 := (ci) be a countable subset of Cu(S) which determines narrow convergence
on P(S), as guaranteed by Proposition 2.2. For every i ∈ N we have

sup
n

∫
Ω
|φi,n|dµ ≤ µ(Ω) sup

x∈S
|ci(x)| < +∞,

where φi,n(ω) :=
∫
S ci(x)δn(ω)(dx). Let h be as in Definition 4.1. By Lemma B.3 there

exists for each n ∈ N a function φ0,n ∈ L1
R such that φ0,n(ω) ≥

∫
S h(ω, x)δn(ω)(dx) for

all ω ∈ Ω and with
∫
Ω φ0,n dµ = Ih(δn). Applying the Komlós Theorem 1.2 in a diagonal

procedure, we obtain a subsequence (δn′) of (δn) and functions φi,∗ ∈ L1
R, i ∈ N ∪ {0},

such that limN
1
N

∑N
n′′=1 φi,n′′ = φi,∗ a.e. for every further subsequence (δn′′) and for all

i ∈ N ∪ {0}. It follows therefore that for every such subsequence (δn′′) for a.e. ω in Ω

lim
N

∫
S
h(ω, x)

1

N

N∑
n′′=1

δn′′(ω)(dx) = φ0,∗(ω) < +∞, (4.1)

lim
N

∫
S
ci(x)

1

N

N∑
n′′=1

δn′′(ω)(dx) = φi,∗(ω) for all i ∈ N. (4.2)

Let us first consider (δn′) itself as the subsequence in question. Fix ω outside the exceptional
null set M involved in (4.1)–(4.2). Then (4.1) implies that the sequence (νN ) in P(S),
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defined by νN := 1
N

∑N
n′=1 δn′(ω), is tight in the classical sense. By Theorem 2.13, there

exists at least one convergent subsequence of (νN ) and a corresponding narrow limit ν∗ in
P(S) (these may still depend upon ω at this stage). Then (4.2) implies∫

S
ci(x)ν∗(dx) = φi,∗(ω) for all i ∈ N.

But (4.2) causes the same identity to hold for any other narrow limit point of (νN ). Since
this identity uniquely determines ν∗ (for (ci) separates the measures in P(S)), νN ⇒ ν∗
follows for the entire sequence. Define δ∗(ω) := ν∗. We conclude that

∑N
n′=1 δn′(ω)⇒ δ∗(ω)

on Ω\M . Therefore, if we define δ∗ to be equal to an arbitrary, but fixed element from
P(S) on M , it follows from Proposition A.2 that δ∗ belongs to R. The whole argument
following (4.2) can also be repeated if one starts out with an arbitrary subsequence (δn′′) of
(δn′), instead of (δn′) itself. Except for the change in the exceptional null set M , for which
the definition of K-convergence allows, nothing changes. 2

The deferred proof of Theorem 3.15, which is an immediate consequence of Theorem 4.7
and played a special role in section 3, can now be given.

Proof of Theorem 3.15. As observed before, tightness of ([µ ⊗ δn](Ω × ·)/µ(Ω)), in the
sense of Definitions 2.11–2.12 implies tightness of (δn) in the sense of Definitions 4.1–4.2.
So Theorem 4.7 gives the desired result immediately. 2

Example 4.8 Let (fn) ⊂ L1
Rd be such that supn

∫
Ω |fn|dµ < +∞. Then there exist a

subsequence (fn′) of (fn) and δ∗ in R(Ω,A, µ; Rd) such that εfn′
K→δ∗ and a fortiori εfn′ =⇒

δ∗. Moreover, for a.e. ω the barycenter f∗(ω) := bar δ∗(ω) exists; this is defined by

bar δ∗(ω) :=

∫
Rd
x δ∗(ω)(dx)

and satisfies
f∗(ω) ∈ co Lsnfn(ω).

The parametrized barycenter f∗ of δ∗, thus defined, has a modification belonging to L1
Rd . To

derive these facts, observe that (εfn) is tight inR(Ω,A, µ; Rd) by uniform L1-boundedness of
(fn) (set h(ω, x) := |x| in Definition 4.1). Hence, by Theorem 4.7 there exist a subsequence

(fn′) of (fn) and δ∗ in R such that εfn′
K→δ∗. By Theorem 3.11, this gives δ∗(ω)(Lsnfn(ω)) =

1 for a.e. ω. Also, applying Lemma 3.12 to g(ω, x) := |x| gives∫
Ω

[

∫
Rd
|x|δ∗(ω)(dx)]µ(dω) = Ig(δ∗) ≤ lim inf

n′

∫
Ω
|fn′ |dµ < +∞.

From this it follows that the inner integral on the left is finite for a.e. ω, and this implies
existence of the barycenter f∗(ω) of δ∗(ω); by Theorem A.13 and the support property of
δ∗(ω), it follows that f∗(ω) ∈ co Lsnfn(ω). The above inequality also gives

∫
Ω |f∗|dµ ≤

Ig(δ∗) < +∞ by Jensen’s inequality, so f∗ belongs to L1
Rd . 2

Example 4.9 Let (fn) ⊂ L1
Rd be such that (fn) is uniformly integrable. Then the sub-

sequence (fn′) of (fn) and δ∗ ∈ R(Ω,A, µ; Rd) of Example 4.8 are such that fn′ ⇀ f∗,
where, as in the previous example, f∗ ∈ L1

Rd is the parametrized barycenter of δ∗. Here
‘ ⇀ ’ denotes convergence in the weak topology σ(L1

Rd ,L∞Rd), i.e., it is claimed that
limn′

∫
Ω fn′ · b dµ =

∫
Ω f∗ · b dµ for every b ∈ L∞

Rd . To see this, define a continuous integrand
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gb on Ω × Rd by gb(ω, x) :=< x, b(ω) >. Then gb(ω, fn′(ω)) ≥ φn′(ω) := −‖b‖∞|fn′(ω)|,
with (φn′) obviously forming a uniformly integrable sequence. Hence, an application of
Theorem 3.13 gives

lim inf
n′

∫
Ω
fn′ · b dµ = lim inf

n′
Jgb(fn′) ≥ Igb(δ∗) =

∫
Ω
f∗ · b dµ,

and the same inequality also holds for −b instead of b. 2

Combining Examples 4.8 and 4.9 gives immediately the following result, due to Z. Art-
stein [Ar2, Proposition C] (the proof given in [Ar2] is totally different).

Proposition 4.10 (Artstein) Let (fn) converge weakly (i.e., in σ(L1
Rd ,L∞Rd)) to f0 in

L1
Rd. Then

f0(ω) ∈ co Lsnfn(ω) for a.e. ω in Ω.

Example 4.11 Let the σ-algebra A on Ω be countably generated and let Γ : Ω → 2S

be such that Γ(ω) is compact for every ω ∈ Ω. Let RΓ be the set consisting of all δ ∈
R(Ω,A, µ;S) such that δ(ω)(Γ(ω)) = 1 for a.e. ω. Then RΓ is compact for the narrow
topology. Indeed, RΓ meets Definition 4.2 immediately, so Theorem 4.7 gives that RΓ is
relatively sequentially compact, both for K- and for narrow convergence. Moreover, RΓ

is obviously closed for K-convergence; hence, it is also closed for narrow convergence. By
Theorem 3.7, this implies that RΓ is compact for the narrow topology. 2

The following continuation of Example 4.11 additionally considers tensor product con-
tinuity [Ba11] (see [BR] for an extension):

Example 4.12 (existence of Bayesian Nash equilibria) Let Ω := Πm
i=1Ωi and A :=

×mi=1Ai, where the measurable space (Ωi,Ai) is the type space [Ha] (a kind of private
observation space) of player i, i = 1, · · · ,m. Let ν on (Ω,A) be a probability measure
which is absolutely continuous with respect to the product measure µ := ν1 × · · · × νm,
where νi is the marginal probability induced by ν on Ωi. Also, let S := Πm

i=1Si be the
product of m compact metric action spaces. A strategy for player i is a Young measure
δi ∈ R(Ωi,Ai, νi;Si), 1 ≤ i ≤ m. An m-tuple δ· := (δ1, · · · , δm), δi ∈ R(Ωi,Ai, νi;Si),
1 ≤ i ≤ m, is called a strategy profile; this gives the following expected utility to player j:

Uj(δ·) :=

∫
Ω

[

∫
S
uj(ω, x)⊗mi=1 δi(ω)(dx)]ν(dω),

where uj is a ν-integrably bounded continuous integrand on Ω × S, which is A × B(S)-
measurable. Here ⊗mi=1δi ∈ R(Ω,A, ν;S) is a m-fold tensor product, obtained by applying
Definition 3.22 m times. Then there exists a strategy profile (δ∗· ) such that for j = 1, · · · ,m

Uj(δ
∗
· ) ≥ Uj(δ∗1 , · · · , δ∗j−1, δj , δ

∗
j+1, · · · , δ∗m) for all δj ∈ R(Ωj ,Aj , νj ;Sj). (4.3)

Thus, δ∗· constitutes a Nash equilibrium profile. Its existence is seen as follows. First, by
Proposition A.12 there exist countably generated sub-σ-algebras A0,i ⊂ Ai, 1 ≤ i ≤ m,
for which u1, · · · , um are A0 × B(S)-measurable; here A0 := ×mi=1A0,i (observe that the
proof of Proposition A.12 immediately extends to the present product situation). Corre-
spondingly, let Ri be the set of all Young measures from (Ωi,A0,i, νi) into Si; then Ri
is narrowly semimetrizable and compact by Example 4.11. Secondly, we observe that
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Uj(δ·) = Ivj (⊗mi=1δi), where the integrand is vj(ω, x) := uj(ω, x) dνdµ(ω). Hence, by The-
orems 3.23 and 3.19(c) (the latter being applied twice), it follows that Uj is continuous
on Πm

i=1Ri. By Ky Fan’s inequality (Theorem A.5) this gives that there exists a profile
δ∗· ∈ Πm

i=1Ri such that

χ(δ∗· , δ·)− χ(δ∗· , δ
∗
· ) ≤ 0 for all profiles δ·,

which implies that (4.3) holds for all δj ∈ Rj . Here

χ(δ′·, δ·) :=
m∑
i=1

[Ui(δ
′
·)− Ui(δ′1, · · · , δ′i−1, δi, δ

′
i+1, · · · , δ′m)].

Finally, a standard conditioning argument for the Young measures (‘existence of regular
conditional distributions’ [Bi2]), plus a standard approximation argument for L1

C(S)(Ω,A, µ),

gives that (4.3) also holds for all δj in R(Ωj ,Aj , νj ;Sj). 2

The next application is from [Ba18] (see [Ba22] for further extensions):

Example 4.13 (existence of Cournot-Nash equilibria) Let µ(Ω) = 1, let S be a
nonempty compact metric space and let u : Ω×S×P(S)→ [−∞,+∞] be aA×B(S×P(S))-
measurable utility function, such that u(ω, ·, ·) is upper semicontinuous for each ω ∈ Ω and
u(ω, x, ·) is narrowly continuous on P(S) for each (ω, x) ∈ Ω × S. Here P(S) is equipped
with the Borel σ-algebra for the narrow topology. Then there exists δ∗ ∈ R(Ω,A, µ;S) such
that for a.e. ω in Ω

δ∗(ω)({x ∈ S : u(ω, x, (µ⊗ δ∗)(Ω× ·)) = max
x′∈S

u(ω, x′, (µ⊗ δ∗)(Ω× ·)}) = 1.

The product probability µ⊗δ∗ is known in economics as a Cournot-Nash equilibrium distri-
bution. The model above extends the original one of A. Mas-Colell [Ma]; see [Ba18, Ba22]
for more details and several generalizations. The proof of the above existence result is as
follows. First, by Proposition A.12 there exists a countably generated sub-σ-algebra A0 of
A such that u is also A0⊗B(S)-measurable. By Example 4.11 the set R0 := R(Ω,A0, µ;S)
is narrowly semimetrizable and compact. Define

χ′(δ′, δ) :=

∫
Ω

[

∫
S

arctan(u(ω, x, (µ⊗ δ′)(Ω× ·))δ(ω)(dx)]µ(dω)

By virtue of Theorem 3.7 the functional χ′ is easily seen to be upper semicontinuous by
Theorems 3.19(c) and 3.23 (this argument also uses the metrizability of P(S)), while for any
fixed δ ∈ R0, χ′(·, δ) is continuous by a simple application of the dominated convergence
theorem. We can apply Theorem A.5 to the functional χ on R0×R0, defined by χ(δ′, δ) :=
χ′(δ′, δ)− χ′(δ′, δ′), and this gives the existence of δ∗ in R0 such that

χ′(δ∗, δ∗) = sup
δ∈R0

χ′(δ∗, δ).

Finally, a well-known measurable selection argument gives

sup
δ∈R0

χ′(δ∗, δ) =

∫
Ω

arctan(sup
x∈S

u(ω, x, (µ⊗ δ∗)(Ω× ·))) µ(dω),

from which the result follows (see [Ba18, Ba22] for more details). 2
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Next, we discuss an application of K-convergence to Stackelberg-type equilibria. This
kind of result has a continuum of constraints, and it would seem quite hard to find proofs
which avoid K-convergence.

Example 4.14 (existence of Stackelberg equilibria) Let µ(Ω) = 1 and let Γ : Ω→ 2S

be compact-valued. Let ul, uf be respectively an upper semicontinuous and a continuous
integrand on Ω × S (these represent utility functions for the two players). Consider the
following optimization problem

(P) : max

∫ ∗
Ω

[

∫
S
ul(ω, x)δ(ω)(dx)]µ(ω)

over all δ ∈ RΓ (see Example 4.11 for the notation) that meet the following incentive
compatibility condition: For a.e. ω ∈ Ω∫

S
uf (ω, x)δ(ω)(dx) ≥

∫
S
uf (ω, x)δ(ω′)(dx)

for a.e. ω′ ∈ Ω. We suppose that at least one δ ∈ RΓ meets these conditions (for instance,
in case Γ(ω) ≡ S one can take any constant δ for this). In this model of a Stackelberg-
type game with incomplete information, Ω stands for the space of possible types of the
second player (‘follower’), and µ represents how the first player (‘leader’) believes they
are distributed. The incentive compatibility condition can be interpreted as a condition
which forces the follower to report his/her type faithfully. Because of obvious tightness (cf.
Example 4.11), the application of the relative K-compactness Theorem 4.7 to a minimizing
sequence sequence for (P), followed by the Fatou Lemma 3.13, gives the existence of an
optimal solution (observe that the feasible set, which consists of the incentive compatible
δ’s in RΓ, is closed for K-convergence). The above model is a substantial simplification of
[Pa, Ba23], where the reader can find a much more complete and subtle account, including
quite special measurable selection arguments. 2
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5 Synthesis and applications

Contents: growth dominance properties, synthesis, fine twinning, existence of optimal re-
laxed and ordinary controls

In this section we present a synthesis of previous material which should be adequate
to understand most of the applications which are to follow, without having read all of the
preceding sections. Instead, all that is required is an understanding of the statement of
Theorem 5.5 (its proof heavily depends upon the aforegoing, of course), complemented by
an occasional glance at an earlier definition or result. In particular, Definitions 3.8 and 3.9
should be consulted for a proper understanding of the following notation:

Ig(δ) :=

∫ ∗
Ω

[

∫
S
g(ω, x)δ(ω)(dx)]µ(dω).

Also, the notions of the Kuratowski limes superior, presented in Definitions 2.7, 2.16 and
2.17, should be kept in mind.

Let (Ω,A, µ) be a finite measure space and (S, ρ) a separable metric space. Let τ
be another topology on S, possibly nonmetrizable. We begin with a growth dominance
condition from [BL], which is extended below:

Definition 5.1 (property (γ)) For functions h : Ω × S → [0,+∞] and g : Ω × S →
(−∞,+∞] we say that g has property (γ) with respect to h if for every ε > 0 there exists
φε ∈ L1

R such that

g(ω, x) + εh(ω, x) ≥ φε(ω) for all ω ∈ Ω and x ∈ S.

2

Intuitively speaking, this expresses that the negative part of g does not nearly grow as fast
as h. We cite a familiar example, associated with de la Vallée-Poussin’s Theorem A.3, which
will serve us frequently.

Example 5.2 (superlinear growth) Let S be Rd and let h′ : R+ → R+ be such that
limξ→∞ h

′(ξ)/ξ = +∞ (superlinear growth). Then g, defined by g(ω, x) := −|x|, has
property (γ) with respect to h, given by h(ω, x) := h′(|x|). 2

A growth dominance condition which is more general than property (γ) is given next:

Definition 5.3 (property (γ′)) Let (δn) be a sequence in R. For functions h : Ω× S →
[0,+∞] and g : Ω× S → (−∞,+∞] we say that g has property (γ′) with respect to h and
(δn) if for every ε > 0 there exists a uniformly integrable sequence (φn,ε) in L1

R such that

g(ω, x) + εh(ω, x) ≥ φn,ε(ω) for all ω ∈ Ω and x ∈ τ -supp δn(ω).

for every n ∈ N 2

Property (γ′) combines two different and well-known lower boundedness conditions for
integrands:
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Remark 5.4 Let h : Ω× S → [0,+∞] and g : Ω× S → (−∞,+∞] and let (δn) ⊂ R.
(i) If there exists a uniformly integrable sequence (φn) in L1

R for which g(ω, x) ≥ φn(ω)
for all x ∈ supp δn(ω), ω ∈ Ω, n ∈ N, then g has property (γ′) with respect to h and (δn).

(ii) If g has property (γ) with respect to h, then g also has property (γ′) with respect
to h and (δn). 2

One of the most useful and versatile results of these lecture notes is the following gen-
eralization of Theorem 2.20. Just as that theorem formed a synthesis of Theorems 2.3, 2.8
and 2.13, the present result synthesizes Theorems 3.11, 3.13 and 4.7. The fact that it is not
restricted to the ρ-topology on S, will be particularly relevant in the next section.

Theorem 5.5 (synthesis) Suppose that τ is at least as strong as the ρ-topology on S and
that B(Sτ ) = B(Sρ). Let (δn) be a sequence in R for which there exists a nonnegative
sequentially τ -inf-compact integrand h on Ω× S with

sup
n
Ih(δn) < +∞.

Then there exist a subsequence (δn′) of (δn) and a Young measure δ∗ ∈ R such that

lim inf
n′

Ig(δn′) ≥ Ig(δ∗) (5.1)

for every sequentially τ -lower semicontinuous integrand g on Ω×S which has property (γ′)
with respect to h and (δn). Moreover,

τ -supp δ∗(ω) ⊂ τ -seq-cl τ -Lsnτ -supp δn(ω) for a.e. ω in Ω.

Proof. A fortiori, h(ω, ·) is inf-compact on Sρ for every ω ∈ Ω; this means that (δn) is
tight in R in the sense of Definitions 4.1–4.2. By Theorem 4.7, there exist a subsequence

(δn′) of (δn) and δ∗ in R such that δn′
K→δ∗ in R. By Definition 3.10 and Corollary 2.4

this implies δn′ ⊗ εn′
K→δ∗ ⊗ ε∞. Let g : Ω × S → (−∞,+∞] and ε > 0 be arbitrary, with

the properties mentioned in the statement. In particular, let (φn,ε) be as guaranteed by
g’s property (γ′) with respect to h. We now combine essential elements from the proofs of
Theorems 2.20 and 3.13. By de la Vallée-Poussin’s Theorem A.3, there exists a function
h′ε : R+ → R+, convex, continuous and nondecreasing, with limξ→∞ h

′
ε(ξ)/ξ = +∞ and

sup
n

∫
Ω
h′ε(|φn,ε(ω)|)µ(dω) ≤ ε

(the bound ε follows by elementary normalization). Set gε := g + εh and define g1,ε :

Ω× S × N̂→ (−∞,+∞] as follows:

g1,ε(ω, x, k) :=


gε(ω, x) + h′ε(|φk,ε(ω)|) if x ∈ τ -supp δk(ω) and k <∞
gε(ω, x) + lim infn h

′
ε(|φn,ε(ω)|) if x ∈ τ -seq-cl τ -Lsnτ -supp δn(ω),k =∞

+∞ otherwise

Similar to the proof of Theorem 3.13, property (γ′) implies g1,ε(ω, x, k) ≥ γε for all ω ∈ Ω,
x ∈ S and k < ∞. Here γε := infξ∈R[ξ + h′ε(|ξ|)] is finite by the superlinear growth of h′ε.

We claim that for every ω ∈ Ω, g1,ε(ω, ·, ·) is lower semicontinuous on Sρ × N̂. Indeed, let

kj → k0 in N̂ and xj → x̄ in Sρ. Set α := lim infj g1,ε(ω, xj , kj) and suppose α < +∞ to
avoid trivialities. There exist subsequences (kj′) and (xj′) such that g1,ε(ω, xj′ , kj′)→ α in
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R. First, consider the case where k0 =∞ and all other kj ’s are finite. Then, by definition
of g1,ε(ω, ·, ·), xj′ ∈ supp δkj′ (ω) for all j′ and also h(ω, xj′) ≤ (α + 1 − γε)/ε, for j′ large
enough, by the lower bound established above. Hence, a subsequence of (xj′) τ -converges to
x̄; therefore, x̄ belongs to τ -Lsnsupp δn(ω). By the given sequential τ -lower semicontinuity
of g(ω, ·) and the definition of g1,ε, it is now easy to conclude that α ≥ g1,ε(ω, x̄,∞). For the
remaining possible cases (i.e., one with k0 < ∞ and one with kj = ∞ eventually) similar
arguments can be given, which we leave to the reader. Next, we define g2,ε := max(g1,ε, γε);

by the above, this is a lower semicontinuous integrand on Ω×(Sρ×N̂), bounded from below,
with Ig1,ε(δn × εn) = Ig2,ε(δn ⊗ εn) for all n < ∞. In a move which parallels the proof of
Theorem 2.8 and which will give the desired support properties for δ∗, we consider first the
special case g = ḡ, with ḡ :≡ 0. By Corollary 2.19 we have Iḡ1,ε(δn× εn) = Iḡ2,ε(δn⊗ εn) = 0
for every n ∈ N [because Ih(δn) < +∞ implies for a.e. ω that

∫
S h(ω, x) δn(ω)(dx) < +∞,

i.e., that δn(ω) is τ -tight (Definition 2.11)]. Hence, application of the Fatou Lemma 3.12
gives

Iḡ1,ε(δ∗ ⊗ ε∞) ≤ Iḡ2,ε(δ∗ ⊗ ε∞) ≤ εσ + ε < +∞,

with σ := supn Ih(δn). This immediately gives that ḡ1,ε(ω, ·,∞) is finite on supp δ∗(ω) for
a.e. ω, so the proclaimed support property follows by the definition of ḡ1,ε. Similarly, and
now running in line with the proofs of Theorem 2.20 and 3.13, we obtain for general g

Ig(δ∗) ≤ Ig1,ε(δ∗ ⊗ ε∞) ≤ Ig2,ε(δ∗ ⊗ ε∞) ≤ lim inf
n′

Ig(δn′) + εσ + ε,

by also using the support property of δ∗, just derived. Letting ε converge to zero gives
Ig(δ∗) ≤ lim infn′ Ig(δn′). 2

Remark 5.6 (addenda) The inequality (5.1) can be extended into

lim inf
n′

Ig(δn′ ⊗ εn′) ≥ Ig(δ∗ ⊗ ε∞) (5.2)

for every sequentially lower semicontinuous integrand g on Ω×(Sτ ×N̂) which has property
(γ′) with respect to h and (δn) (by the latter we formally mean that g has property (γ′)
with respect to h̃ and (δn), where h̃ is the inf-compact integrand on Ω×(Sτ ×N̂) defined by
h̃(ω, x, k) := h(ω, x)) To see this, one can either expand the proof of Theorem 5.5 or simply
apply Theorem 5.5 as we have it, with S replaced by S × N̂, to the sequence (δ̃n) given by
δ̃n := δn ⊗ εn, and to deduce that the corresponding δ̃∗ must be of the form δ̃∗ = δ∗ ⊗ ε∞
for some δ∗ ∈ R [one does so by taking g(ω, x, k) := c(k), c ∈ Cb(N̂), in (5.1)]. 2

In complete analogy to Remark 2.23, the following can be observed:

Remark 5.7 (i) In Theorem 5.5 for every ω ∈ Ω

τ -seq-cl τ -Lsnτ -supp δn(ω) ⊂ τ -LSnτ -supp δn(ω) ⊂ ρ-Lsnρ-supp δn(ω).

(ii) In Theorem 5.5

τ -seq-cl τ -Lsnτ -supp δn(ω) = τ -Lsnτ -supp δn(ω),

for every ω ∈ Ω for which there exists a τ -compact set containing all supports supp δn(ω),
n ∈ N. 2
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Proposition 5.8 (existence of optimal randomized decision rules) Let gm+1 be a
nonnegative inf-compact integrand on Ω×S, and let g0, g1, · · · , gm be lower semicontinuous
integrands on Ω× S, having property (γ) with respect to gm+1. Let α := (α1, · · · , αm+1) be
in Rm+1. Then the optimization problem

(P) : inf
δ∈R
{Ig0(δ) : Ig1(δ) ≤ α1, · · · , Igm+1(δ) ≤ αm+1}

has an optimal solution, provided that the feasible set is nonempty.

Proof. Let (δn) be any minimizing sequence for (P); then Ig0(δn)→ inf(P). By the m+1-
st constraint, (δn) meets the tightness condition of Theorem 5.5 (take for τ the ρ-topology).
Hence, there exist a subsequence (δn′) and δ∗ ∈ R for which the statement of Theorem 5.5
holds. It is then immediate that δ∗ is feasible and that Ig0(δ∗) = inf(P). 2

Proposition 5.9 (existence of optimal nonrandomized decision rules) Let g0 be a
nonnegative inf-compact integrand on Ω × S, and let g1, · · · , gm be continuous integrands
on Ω × S, A × B(S)-measurable, with |g1|, · · · , |gm| having property (γ) with respect to g0.
Suppose that for all β := (β1, · · · , βm) in a neighborhood of α := (α1, · · · , αm) ∈ Rm there
exists δ ∈ R such that Ig1(δ) = β1, · · · , Igm(δ) = βm and Ig0(δ) < +∞. Then for the
optimization problem

(P) : inf
δ∈R
{Ig0(δ) : Ig1(δ) = α1, · · · , Igm(δ) = αm}

there exists λ ∈ Rm such for that every δ ∈ R the following are equivalent:
(a) δ is optimal for (P).
(b) For a.e. ω in Ω

supp δ(ω) ⊂ {x ∈ S : gλ(ω, x) = min
S
gλ(ω, ·)},

where gλ := g0 +
∑m
i=1 λigi.

Proof. First, by Proposition 5.8 applied to g′2m+1 := g0 and g′i := gi, g
′
m+i := −gi,

there exists an optimal solution for (P) (observe that the constraint Ig0(δ) ≤ inf(P) + 1
can trivially be added). The nonemptiness condition clearly forms a stability condition for
the canonical perturbations of the convex optimization problem (P) in the sense of [ET,
Definition III.2.2]. Hence, there exists a Lagrange multiplier λ ∈ Rm such that

inf(P) = inf
δ∈R

Igλ(δ).

By a standard measurable selection argument, based on Theorem A.4, this gives the desired
result. 2

For applications of Proposition 5.9 to fine phase mixing in multicomponent fluid me-
chanics we refer to [BK]. There nonclassical solutions can arise, which correspond to optimal
non-Dirac solutions in Proposition 5.9. A rather similar phenomenon, where Young mea-
sures also play an important descriptive role, is found in nonlinear elasticity, in connection
with fine twinning in crystals. Instead of presenting these ideas in a detailed mechanical
model, we only discuss the following artificial example from [BK], which is rather related
to the initial Example 1.3.
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Example 5.10 (fine twinning) Let Ω := (0, 1)2 be equipped with A := L((0, 1)2) and
µ := λ2. Consider the following optimization problem

(P) : inf J(f) :=

∫
Ω

[(f2
ω1
− 1)2 + f2

ω2
]dλ2

over all f ∈ W 1,2(Ω) with f(ω1, 0) = 0 (here J represents some energy functional). Then
inf(P) = 0, but (P) does not have an optimal solution. To see the former, define f1 :
(0, 1)× (0,+∞)→ R by

f1(ω1, ω2) :=

{
ω1 min(ω2, 1) if 0 ≤ ω1 ≤ 1

2
(1− ω1) min(ω2, 1) if 1

2 ≤ ω1 ≤ 1

and extend f1(ω1, ω2) periodically with period 1 in ω1 to R × (0,+∞). Define (fn) by
fn(ω1, ω2) := n−1f1(nω1, nω2). Then J(fn)→ 0, by uniform boundedness of the gradients
of the functions fn and by (fn)ω2(ω1, ω2) = 0 for all ω2 ≥ n−1. This immediately gives
inf(P) = 0. However, J(f) = 0 for f ∈ W 1,2(Ω) would imply fω2 = 0 a.e., whence f = 0
in view of the boundary condition. In turn this would give J(f) = J(0) = 1, which gives a
contradiction. It is the highly oscillatory behavior of (fn) which in mechanical reality can
be observed to lead to twinning (with a period of at most a few atomic spacings). Quite
similar to Example 1.3, one can now formulate the corresponding Young-relaxation of (P)
and prove that δ∗(ω1, ω2) ≡ 1

2ε(1,0) + 1
2ε(−1,0) is its unique optimal solution. In some sense

this can be seen as a condensed description of the oscillatory behavior of the minimizing
sequence (fn). 2

Example 5.11 (existence of optimal relaxed controls) Let (Ω,A, µ) be the Lebesgue
unit interval ([0, 1],L([0, 1]), λ1). Let h be a nonnegative inf-compact integrand on [0, 1]×S.
Consider the optimal control problem

(P) : inf
f∈L0S

J(f) :=

∫ ∗
[0,1]

g0(ω, f(ω), yf (ω))dω + e(yf (1)),

under the constraint

Jh(f) :=

∫ ∗
[0,1]

h(ω, f(ω))dω ≤ 1. (5.3)

Here yf : [0, 1]→ Rm in AC([0, 1]; Rm) is the absolutely continuous solution of the ordinary
differential equation

ẏ(ω) = c(ω, f(ω), y(ω)) for a.e. ω in Ω,

and we use initial condition y(0) = y0. Further, c : [0, 1] × S ×Rm → Rm is measurable,
continuous in its second and third arguments and for every ε > 0 there exists ψε ∈ L1

R with

|c(ω, x, y)| ≤ εh(ω, x) + ψε(ω) (5.4)

for all ω ∈ [0, 1], x ∈ S and y ∈ Rm (hence each component function ci of c := (c1, . . . , cm)
is a continuous integrand on [0, 1]× (S ×Rm) such that ci and −ci have property (γ) with
respect to h uniformly in the variable y – rather less demanding boundedness conditions
are indicated at the end of this example). Also, g0 is a lower semicontinuous integrand on
[0, 1] × (S × Rm), and we suppose that g0 has property (γ) with respect to h, uniformly
in the variable y. Finally, e : Rm → (−∞,+∞] is supposed to be lower semicontinuous.
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Even though (P) may not have any optimal solution (see Example 1.3), the following Young
relaxation (Prel) of (P) has an optimal solution:

(Prel) : inf
δ∈R

Jrel(δ) :=

∫ ∗
[0,1]

[

∫
S
g0(ω, x, yδ(ω))δ(ω)(dx)]dω + e(yδ(1)),

under the constraint

Ih(δ) :=

∫ ∗
Ω

[

∫
S
h(ω, x)δ(ω)(dx)]µ(dω) ≤ 1, (5.5)

which is relaxed correspondingly. Here yδ : [0, 1]→ Rm in AC([0, 1]; Rm) is the absolutely
continuous solution of the ordinary differential equation

ẏ(ω) =

∫
S
c(ω, x, y(ω))δ(ω)(dx) for a.e. ω in Ω,

with initial condition y(0) = y0.
To see the existence of an optimal solution of (Prel), observe first that by (5.5) any

minimizing sequence (δn) of (Prel) is automatically tight. So Theorem 5.5 applies: let (δn′)
and δ∗ ∈ R be as stated in that theorem. We claim that sup[0,1] |yδn′ − yδ∗ | → 0. To

prove this claim, observe that by the property (γ) condition for the ci’s the collection (yδn′ )
is equicontinuous and equibounded. Hence there exist a subsequence (δn′′) of (δn′) and
y∗ ∈ C[0, 1] such that sup[0,1] |yδn′′ − y∗| → 0 (Arzela-Ascoli theorem [War]). Fix ω′ and
1 ≤ i ≤ m arbitrarily; then

yiδn′′ (ω
′) = yi0 +

∫ ω′
0

[

∫
S
ci(ω, x, yδn′′ (ω))δ(ω)(dx)]dω.

Now define

g(ω, x, k) :=

{
1[0,ω′](ω)ci(ω, x, yδk(ω)) if k <∞
1[0,ω′](ω)ci(ω, x, yδ∗(ω)) if k =∞

By the above, g is a continuous integrand on [0, 1]× (S × N̂). Hence, a twofold application
of (5.2) implies

lim
n′′

(yiδn′′ (ω
′)− yi0) = lim

n′′
Ig(δn′′ ⊗ εn′′) = Ig(δ∗ ⊗ ε∞) = yiδ∗(ω

′)− yi0,

by virtue of Remark 5.6. So we also have yδn′′ → yδ∗ pointwise. This shows that y∗ = yδ∗ ,
so the claim has been proven. We now finish by applying (5.2) to the lower semicontinuous
integrand g′ on [0, 1]× (S × N̂), defined by

g′(ω, x, k) :=

{
g0(ω, x, yδk(ω)) if k ∈ N
g0(ω, x, yδ∗(ω)) if k =∞

This proves that lim infn′′ Jrel(δn′′) ≥ Jrel(δ∗). Since (δn′′) is a minimizing sequence for
(Prel), we conclude that inf(Prel) is attained by δ∗.

In some control problems the constraints (5.3) and (5.5) do not appear explicitly. One
obvious case is the one where an inequality such as g0(ω, x, y) ≥ h(ω, x) + ψ(ω) holds for
some ψ ∈ L1

R. Provided that the problem is nontrivial (i.e., inf(P) < +∞), this yields
(5.3) for some suitable multiple of h (consider a minimizing sequence). In this way we
could use h(ω, x) := (x2 − 1)2 and ψ = 0 in Example 1.3, which is a special case of the
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present example. Let us also observe that the boundedness condition (5.4) for |c|, used
until now, could be replaced by the following condition: There exist φ ∈ L1

R, α > 0 and a
nondecreasing function χ : R+ → R+ such that

|y · c(ω, x, y)| ≤ φ(ω)(|y|2 + 1) + αh(ω, x),

and for every ε > 0 there exists ψε ∈ L1
R with

|c(ω, x, y)| ≤ ψε(ω)χ(|y|) + εh(ω, x)

for all ω ∈ [0, 1], x ∈ S and y ∈ Rm. To see that this suffices, imitate the corresponding
proof for a simpler situation in [War, p. 341], using Gronwall’s inequality.

Finally, we note that the classical situation in relaxed control theory [War] is captured
by taking a compact-valued multifunction Γ : Ω→ 2S and by defining h by

h(ω, x) :=

{
0 if x ∈ Γ(ω)
+∞ if x 6∈ Γ(ω)

In that case the constraint (5.5) for δ amounts precisely to the requirement δ(ω)(Γ(ω)) = 1
a.e. (see also Example 4.11). 2

Example 5.12 (existence of optimal controls) We continue Example 5.11 by an en-
quiry into the conditions needed to ensure the existence of an optimal solution for the
original problem (P). Let δ∗ ∈ R be the optimal solution for (Prel), found in Example 5.11.
Denote yδ∗ as y∗. Suppose that in addition to Example 5.11 the following convexity condi-
tion holds:

Q(ω, y∗(ω)) is convex for a.e. ω ∈ Ω,

where the orientor field multifunction Q : [0, 1] × Rm → 2R
m×R×R+ is given by letting

Q(ω, y) be the set of all (ξ, η, ζ) ∈ Rm ×R×R+ for which

ξ = c(ω, x, y), η ≥ g0(ω, x, y), ζ ≥ h(ω, x)

for some x ∈ S. We also suppose in addition to Example 5.11 that

g00 and h are A× B(S)-measurable,

where g00(ω, x) := g0(ω, x, y∗(ω)). From Theorem A.13(ii) and the convexity condition
above it follows directly that∫

S
(c(ω, x, y∗(ω)), g00(ω, x), h(ω, x))δ∗(ω)(dx) ∈ Q(ω, y∗(ω)) for a.e. ω in Ω.

Therefore, for a.e. ω in Ω there exists xω ∈ S with

ẏ∗(ω) = c(ω, xω, y∗(ω)),
∫
S g00(ω, x)δ∗(ω)(dx) ≥ g00(ω, xω),

∫
S h(ω, x)δ∗(ω)(dx) ≥ h(ω, xω).

By the additional measurability hypothesis, an application of the measurable implicit func-
tion Theorem A.4 gives the existence of f∗ ∈ L0

S such that the above (in)equalities also hold
a.e. for f∗(ω) instead of xω. Of course, this implies that ẏf∗ = ẏ∗ a.e. (whence yf∗ = y∗)
and that J(f∗) ≤ Jrel(δ∗) and Jh(f∗) ≤ Ih(δ∗) ≤ 1. Since inf(Prel) ≤ inf(P) is obvious
(consider δ’s in RD), it follows that f∗ is optimal for (P).
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Compared to (Prel), the extra measurability hypotheses, introduced above to arrive at
existence for (P), would seem puzzling and unaesthetical. Fortunately, there is a natural
resolution of the apparent dilemma: Following [Ba3], one can introduce so-called measurable
regularizations of the semicontinuous integrands g00 and h (in [Bu] a systematic use is made
of this device). Although this subject is not treated in these lecture notes, we mention that
one can demonstrate the existence of A×B(S)-measurable lower semicontinuous integrands
g̃00 and h̃ on Ω×S, with g̃00 ≥ g00 and h̃ ≥ h, such that Jg̃00(f) = Jg00(f) and Jh̃(f) = Jh(f)
for every f ∈ L0

S . Therefore, the additional measurability hypothesis adopted here is not
really needed. 2
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6 Applications to weak L1-convergence

Contents: Dunford-Pettis-type criteria, L1-versions of tightness, oscillation restriction, ex-
istence and well-posedness

In this section several consequences of the theory developed in previous sections will be
studied in connection with weak and strong convergence of Bochner integrable functions.
Throughout this section (E, ‖ · ‖) will be a separable Banach space. At times E is equipped
with its weak topology (w-topology), and at other times with its strong (i.e., norm) topology
(s-topology). To treat these topologies on E simultaneously, we let τ be a topology on E
that is not weaker than the w-topology and not stronger than the s-topology. Observe
already that B(Es) = B(Ew) = B(Eτ ), so that for S := E the definition of the set P(S)
and hence the Definition 3.1 of a Young measure are topology-independent.

Recall the definition of Bochner integrability [DU, War]:

Definition 6.1 (Bochner integrability) A function f : Ω → E is said to be Bochner
integrable (with respect to µ) if f is measurable with respect to A and B(E) and

‖f‖1 :=

∫
Ω
‖f(ω)‖µ(dω) < +∞.

The set of all such functions is denoted by L1(Ω,A, µ;E) (or L1
E). 2

The central result of this section is as follows; it is a direct consequence of Theorem 5.5
(see also Examples 4.8–4.9).

Theorem 6.2 Let (fn) be in L1
E uniformly L1-bounded and such that there exists a non-

negative sequentially τ -inf-compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞. (6.1)

Then there exist a subsequence (fn′) and a Young measure δ∗ ∈ R such that

lim inf
n′

∫ ∗
Ω
g(ω, fn′(ω))µ(dω) ≥

∫ ∗
Ω

[

∫
E
g(ω, x)δ∗(ω)(dx)]µ(dω). (6.2)

for every sequentially τ -lower semicontinuous integrand g on Ω×E which has property (γ′)
with respect to h and (εfn). Moreover,

τ -supp δ∗(ω) ⊂ τ -seq-cl τ -Lsnfn(ω) for a.e. ω ∈ Ω

and the parametrized barycenter f∗ of δ∗, given by

f∗(ω) := bar δ∗(ω) :=

∫
E
x δ∗(ω)(dx),

exists almost everywhere and has a modification belonging to L1
E.

Proof. Step 1. With an eye towards Remark 6.5 below, we distinguish two cases. In the
first case τ is the s-topology on S := E. Then we apply Theorem 5.5 with ρ the norm-
metric (i.e., the τ and ρ-topology coincide). In the second case τ is any other topology
(but at least as strong as the w-topology). We then apply Theorem 5.5 with ρ := dw, an
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auxiliary metric which is defined as follows: By separability of E and the Alaoglu-Bourbaki
theorem the closed unit ball U∗ of E’s dual E∗, is metrizable and compact for the topology
σ(E∗, E). Therefore, U∗ contains a countable, σ(E∗, E)-dense subset (x∗i ); we fix it and
define a metric dw on E by

dw(x, x′) :=
∞∑
i=1

2−i| < x− x′, x∗i > |.

Observe that even the w-topology on E is at least as strong as the dw-topology. Observe
also that then B(Eτ ) = B(Eρ), as required in Theorem 5.5. This can either be seen ad hoc
or as a consequence of Remark 2.21.

Step 2. We now come to the actual application of Theorem 5.5 in the two cases. By
Step 1 and (6.1), the sequence (εfn) in R satisfies precisely the conditions of Theorem 5.5.
Thus, there exist a subsequence (fn′) of (fn) and δ∗ in R such that (5.1) holds. This gives
immediately (6.2) and the proclaimed support property. Specialized to g(ω, x) := ‖x‖, the
former also yields Ig(δ∗) ≤ lim infn′

∫
Ω ‖fn′‖dµ < +∞. Therefore, the existence a.e. of the

barycenter bar δ∗(ω) follows by Theorem A.13, just as in Example 4.8. On the exceptional
null set we set f∗ equal to 0. Then f∗ : Ω→ E is clearly measurable and belongs to L1

E . 2

Remark 6.3 (addenda) The proof above shows Theorem 6.2 to be a specialization of
Theorem 5.5. By virtue of Remark 5.6, this implies that

lim inf
n′

∫ ∗
Ω
g(ω, fn′(ω), n′)µ(dω) ≥

∫ ∗
Ω

[

∫
E
g(ω, x,∞)δ∗(ω)(dx)]µ(dω)7

for every sequentially lower semicontinuous integrand g on Ω×(Eτ×N̂) which has property
(γ′) with respect to h and (εfn). Of course, this inequality remains trivially valid if (fn′) is
replaced by any subsequence (fn′′) of (fn′). 2

The following notion will frequently be used below:

Definition 6.4 (ball-compactness) A subset of E is said to be τ -ball-compact if its in-
tersection with every closed ball of E is τ -compact. 2

Observe that for the w-topology the entire space E, and all its w-closed subsets, are
w-ball-compact if E is reflexive.

Remark 6.5 If in Theorem 6.2 τ is the s-topology, then the support property for δ∗ reads

s-supp δ∗(ω) ⊂ s-Lsnfn(ω) for a.e. ω ∈ Ω,

since τ is then metrizable (cf. Definitions 2.16 and 2.17). On the other hand, if τ is not the
s-topology (but at least as strong as the w-topology), then in general one can only say in
the proclaimed support property that

τ -seq-cl w-Lsnfn(ω) ⊂ τ -LSnfn(ω) ⊂ dw-Lsnfn(ω) for a.e. ω ∈ Ω,

using Remark 5.7(i). Moroever, since a w-convergent sequence is automatically bounded
(by the Banach-Steinhaus theorem), Remark 5.7(ii) can be strengthened as follows [He]: If
for a.e. ω there exists a τ -ball-compact subset of E which contains (fn(ω)), then

τ -seq-cl w-Lsnfn(ω) = τ -Lsnfn(ω) for a.e. ω ∈ Ω.

2

7I.e., lim infn′ Ig(εfn′ ⊗ εn′) ≥ Ig(δ∗ ⊗ ε∞) in our usual notation.
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As is sometimes illustrated by results in the literature that are related to Theorem 6.2,
it is possible to use ad hoc variants of the tightness condition (6.1). Sometimes these are
more general in appearance, but still turn out to be a version of Definition 4.1. The remark
below directs attention to some instances where this occurs.

Remark 6.6 (versions of tightness) (a) For uniformly L1-bounded (fn) in L1
E such

that
(fn(ω)) is contained in a τ -ball-compact set for a.e. ω,

we have that (6.1) is fulfilled for a sequentially τ -inf-compact integrand h, as required.
Indeed, we can define

h(ω, x) :=

{
‖x‖ if x ∈ R(ω),
+∞ otherwise,

where R(ω) stands for the τ -ball-compact set containing (fn(ω)), used in the above hy-
pothesis. Obviously, τ -ball-compactness of the set R(ω) is exactly equivalent to τ -inf-
compactness of h(ω, ·), and this implies sequential τ -inf-compactness (see Remark 2.22 and
Step 1 of the proof of Theorem 6.2). Also, supn Ih(εfn) = supn

∫
Ω ‖fn(ω)‖µ(dω), so by

uniform L1-boundedness this implies the validity of (6.1).
(b) For uniformly L1-bounded (fn) in L1

E , the following condition is introduced in [Ca3,
pp. 52-53]: For each ε > 0 let there exist a multifunction Lε : Ω → 2E , containing 0 and
having τ -ball-compact values, 8 and a sequence (Ωn

ε ) of measurable subsets of Ω, such that
for every n

fn(ω) ∈ Lε(ω) for all ω ∈ Ωn
ε and

∫
Ω\Ωnε

‖fn‖dµ ≤ ε.

To see that the above condition certainly implies (6.1), we construct h as follows (similar to
the second part of the proof of Proposition 4.3). Denote Lε corresponding to ε = 3−m by Lm
and assume without loss of generality that the sequence (Lm) is pointwise nondecreasing.
Now we define

h(ω, x) :=

{
2m‖x‖ if x ∈ Lm(ω)\Lm−1(ω), m ∈ N
+∞ if x 6∈ ∪mLm(ω)

Then h(ω, ·) is τ -inf-compact on E for each ω and supn Jh(fn) < +∞. The latter fact is
immediate from the construction (observe that, by the second hypothesis,

∫
An
‖fn‖ = 0 for

each n, where An := Ω\∪m Ωn
3−m). To see the τ -inf-compactness, fix ω ∈ Ω and β ∈ R and

observe that when a sequence 9 (xk) in E satisfies h(ω, xk) ≤ β for all k, then for each k
there is mk such that ‖xk‖ ≤ 2−mkβ and xk ∈ Lmk(ω)\Lmk−1(ω). Now (mk) can be either
bounded or unbounded. In the unbounded case there is a subsequence along which the xk
converge in norm to zero. In the bounded case, infinitely many xk’s belong to Lm̃(ω) for a
certain index m̃. Since ‖xk‖ ≤ β2−m̃ for those xk’s, it is evident that (xk) has a subsequence
which τ -converges to some x∗ in Lm̃(ω). Hence, both ‖x∗‖ ≤ β2−m̃ and h(ω, x∗) ≤ 2m̃‖x∗‖,
which shows that h(ω, x∗) ≤ β. This proves that (6.1) holds.

(c) In [ACV, p. 174] a sequence (fn) in L1
E is defined to be Rτ -tight if for each ε > 0

there exist a multifunction Lε : Ω→ 2S , having τ -ball-compact values, such that for every
ε > 0

sup
n
µ({ω ∈ Ω : fn(ω) 6∈ Lε(ω)}) ≤ ε.

8In addition, these values are supposed to be convex in [Ca3].
9Sequential arguments are allowed to prove inf-compactness; for τ = w this is by virtue of the Eberlein-

S̆mulian theorem.
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Now in all applications in [ACV] this notion goes hand in hand with the uniform L1-
boundedness hypothesis. This joint appearance makes Rτ -tightness into a special version
of (6.1). To demonstrate this, we argue as follows: As before, denote by Lm the Lε that
corresponds to ε = 3−m, and assume without loss of generality that the sequence (Lm) is
pointwise nondecreasing. This time, we define h by

h(ω, x) :=

{
2m + ‖x‖ if x ∈ Lm(ω)\Lm−1(ω), m ∈ N
+∞ if x 6∈ ∪mLm(ω)

Then h(ω, ·) is τ -inf-compact on E for each ω and supn Ih(εfn) < +∞. Again, the latter
inequality follows quite simply from the construction (see the proof of Proposition 4.3),
in view of uniform L1-boundedness. To check inf-compactness, fix ω ∈ Ω and β ∈ R
arbitrarily, and let (xk) in E satisfy h(ω, xk) ≤ β for all k. Then for each k there exists
mk for which 2mk + ‖xk‖ ≤ β and xk ∈ Lmk(ω)\Lmk−1(ω). Clearly, (mk) is bounded, so
infinitely many xk’s must belong to Lm̃(ω) for a certain index m̃. For those same xk’s we
have 2m̃+‖xk‖ ≤ β, so it is evident that (xk) has a subsequence which τ -converges to some
x∗ in Lm̃(ω) (by τ -ball-compactness of the latter set). Therefore, h(ω, x∗) ≤ 2m̃ + ‖x∗‖.
Since 2m̃ + ‖x∗‖ ≤ β, we conclude that h(ω, x∗) ≤ β. So also in this case (6.1) holds. 2

Next, we discuss some Dunford Pettis-like results which follow directly from Theo-
rem 6.2. Recall [Ion, IV] that the dual of L1

E is the space L∞E∗ [E] of all E-scalarly measurable
bounded – i.e., for the dual norm – functions from Ω into E∗.

Definition 6.7 (weak convergence) A sequence (fn) is said to converge weakly to a
function f0 in L1

E (notation: fn ⇀ f0) if

lim
n

∫
Ω
< fn, b > dµ =

∫
Ω
< f0, b > dµ

for every b ∈ L∞E∗ [E]. The corresponding topology σ(L1
E ,L∞E∗ [E]) on L1

E is called the weak
topology. 2

Theorem 6.8 (weak compactness criterion) Let (fn) be in L1
E, such that (‖fn‖) is

uniformly integrable in L1
R and such that there exists a nonnegative sequentially w-inf-

compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞.

Then Theorem 6.2 applies with τ = w, and we have in addition in Theorem 6.2 that
fn′ ⇀ f∗.

Proof. By Theorem A.3, the uniform integrability hypothesis for (‖fn‖) implies the exis-
tence of a function h′ : R+ → R+, convex, continuous, nondecreasing, with limξ→∞ h

′(ξ)/ξ =
+∞ and supn

∫
Ω h
′(‖fn‖)dµ < +∞. Define h̄(ω, x) := h(ω, x) +h′(‖x‖). It is easy to verify

that h̄ is a sequentially w-inf-compact integrand on Ω×E and that (6.1) holds for h := h̄.
Of course, uniform L1-boundedness holds by the uniform integrability. By Theorem 6.2,
with τ := w, there exist a subsequence (fn′), a Young measure δ∗ ∈ R and its parametrized
barycenter f∗ ∈ L1

E with the properties as stated in Theorem 6.2. For any b ∈ L∞E∗ [E] a
w-continuous integrand gb on Ω×E is defined by gb(ω, x) :=< x, b(ω) >. Clearly, −|gb| has
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property (γ) with respect to h̄ (cf. Example 5.2), so a twofold application of (6.2), combined
with the barycentric property of f∗ pointwise, implies limn′ Jgb(fn′) = Igb(δ∗) = Jgb(f∗). By
Definition 6.7, this finishes the proof. 2

An analogue of Theorem 6.8 turns out to hold if the w-topology is replaced by the
s-topology; in a more rudimentary form, this result appears in [Jal] (see also [BGJ]).

Theorem 6.9 Let (fn) be in L1
E, such that (‖fn(ω)‖) is uniformly integrable and such that

there exists a nonnegative s-inf-compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞.10

Then Theorem 6.2 applies with τ = s, and we have in addition in Theorem 6.2 that for
every A ∈ A

‖
∫
A

(fn′ − f∗)dµ‖ → 0.

Proof. Let h̄ be defined as in the proof of Theorem 6.8; this time, h̄ is an s-inf-compact
integrand on Ω×E. By Theorem 6.2, applied with τ := s, there exist a subsequence (fn′),
a Young measure δ∗ ∈ R and its parametrized barycenter f∗ ∈ L1

E with the properties as
stated in Theorem 6.2 and Remark 6.3. Fix A ∈ A arbitrarily. Let α := lim supn′ ‖

∫
A(fn′−

f∗)dµ‖. There exists a subsequence (fn′′) of (fn′) with α = limn′′ ‖
∫
A(fn′′ − f∗)dµ‖. By the

Hahn-Banach theorem, for each n′′ there exists x∗n′′ in U∗ (the closed unit ball of E∗), such
that

‖
∫
A

(fn′′ − f∗)dµ‖ =<

∫
A

(fn′′ − f∗)dµ, x∗n′′ >=

∫
A
< (fn′′ − f∗), x∗n′′ > dµ.

As observed at the beginning of this section, U∗ is compact and metrizable for σ(E∗, E).
So (x∗n′′) has a subsequence (x∗n′′′) which σ(E∗, E)-converges to some x∗∞ ∈ U∗. We now

apply Remark 6.3 to the lower semicontinuous integrand g on Ω × (Es × N̂) given by
g(ω, x, k) := 1A(ω) < f∗(ω) − x, x∗k > (observe that g has property (γ) with respect to h).
This gives

−α = lim
n′′′

∫
Ω
g(·, fn′′′ , n′′′)dµ ≥

∫
Ω

[

∫
E
g(ω, x,∞)δ∗(ω)(dx)]µ(dω) ≥ 0,

where the last inequality comes from
∫
E g(ω, x,∞)δ∗(ω)(dx) ≥ g(ω, f∗(ω),∞) = 0, which

is a consequence of Jensen’s inequality (for g(ω, ·,∞) is convex). Since also α ≥ 0, we
conclude α = 0. 2

Theorems 6.8–6.9 can be extended by replacing the uniform integrability hypothesis by
a uniform L1

E-boundedness condition.

Definition 6.10 (w2-convergence) A sequence (fn) is said to w2-converge to a function

f0 in L1
E (notation: fn

w2

→f0) if there exists a sequence (Ap) in A, µ(Ω\Ap) → 0, such that
for every p ∈ N and every b ∈ L∞E∗ [E]

lim
n

∫
Ap
< fn, b > dµ =

∫
Ap
< f0, b > dµ

(i.e., for every p, fn |Ap⇀ f0 |Ap). 2

10In the terminology of section 4: (εfn) is tight in R(Ω,A, µ;Es).
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The following sequential relative compactness criterion for w2-convergence in L1
R is due

to V.F. Gaposhkin [Gap]. It has been rediscovered by several authors (e.g., see [BC, Sl]),
and its proof is rather elementary.

Theorem 6.11 (Gaposhkin’s biting theorem) Let (φn) be in L1
R such that

sup
n

∫
Ω
|φn|dµ < +∞.

Then there exists a sequence (Ap) in A, µ(Ω\Ap)→ 0, such that

(|φn|) is uniformly integrable over Ap for each p.

In particular, there exist a subsequence (φn′) and a function φ∗ such that φn′
w2

→φ∗ in L1
R.

It is easy to see from Examples 4.8–4.9 (applied to fn := φn) that the function φ∗ in
Theorem 6.11 coincides a.e. with the parametrized barycenter of the Young measure δ∗ in
those examples. It is also evident that weak convergence in L1

E implies w2-convergence
(take Ap ≡ Ω) and that the two notions coincide in the presence of uniform integrability.
By Theorem 6.11, the following result is obtained as a direct modification of Theorem 6.8

Theorem 6.12 Let (fn) be uniformly L1-bounded in L1
E and such that there exists a non-

negative sequentially w-inf-compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞.

Then Theorem 6.2 applies with τ = w, and we have in addition in Theorem 6.2 that fn′
w2

→f∗.

Next, we study the role which Young measures can play to differentiate between strong
and weak convergence. Recall first the formal definition of strong convergence in L1

E :

Definition 6.13 (strong convergence) A sequence (fn) in L1
E is said to converge strongly

to a function f0 in L1
E (notation: fn

L1

→f0) if

lim
n

∫
Ω
‖fn(ω)− f0(ω)‖µ(dω) = 0.

2

It is well-known that the difference between strong and weak convergence in L1
R lies in

the nonoccurrence (respectively occurrence) of persistent – i.e. continuing ‘in the limit’ –
oscillations. For instance, see [DM, II.26] for an elementary result of this nature. Likewise,
we can expect that in L1

E weak convergence will imply strong convergence if the (pointwise)
oscillations around the limit function can be restricted. One such restriction, which is also
necessary for strong convergence, is due to M. Girardi [Gi]:

Definition 6.14 (Bocce criterion) A sequence (fn) in L1
E is said to fulfill the Bocce

criterion if for every ε > 0, every A ∈ A, µ(A) > 0, and every subsequence (fn′) of (fn)
there exists B ⊂ A, µ(B) > 0, such that

lim inf
n′

∫
B
‖fn′(ω)−mB(fn′)‖µ(dω) ≤ εµ(B).

Here mB(fn) := 1
µ(B)

∫
B fn dµ. 2
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Theorem 6.15 (Girardi) Let (fn) be in L1
E. The following are equivalent:

(a) fn ⇀ f0, (εfn) is tight in R(Ω,A, µ;Es) and (fn) fulfills the Bocce criterion.

(b) fn
L1

→f0.
The following are also equivalent, provided that supn

∫
Ω ‖fn‖ dµ < +∞:

(a′) fn
w2

→f0, (εfn) is tight in R(Ω,A, µ;Es) and (fn) fulfills the Bocce criterion.

(b′) fn
µ→f0.

Lemma 6.16 Let φ∗ ∈ L1
R, φ∗ ≥ 0, be such that for every A ∈ A, µ(A) > 0, and every

ε > 0 there exists B ∈ A, B ⊂ A and µ(B) > 0, such that∫
B
φ∗ dµ ≤ εµ(B).

Then φ∗ = 0 a.e.

Proof. If for any α > 0 the set A := {ω ∈ Ω : φ∗(ω) ≥ α} would have positive measure,
then the subset B of A, corresponding to ε := 1

2α would give αµ(B) ≤
∫
B φ∗ ≤ εµ(B). This

produces a contradiction. 2

Proof of Theorem 6.15. (a) ⇒ (b): It is enough to prove that every subsequence of (fn)
– and without loss of generality we take (fn) itself for this – has a further subsequence
which converges strongly to f0. The hypothesized weak convergence fn ⇀ f0 implies the
uniform integrability of (‖fn‖) [BD, Theorem 4.1]. Hence, we may invoke Theorem 6.2
(with τ = s). Let (fn′) and δ∗ ∈ R be as assured by Theorem 6.2. Since s-tightness implies
a fortiori w-tightness, Theorems 6.8 and 6.9 both apply to (fn′). Theorem 6.8 gives that
fn′ ⇀ f∗, with f∗ the parametrized barycenter of δ∗. Since already fn′ ⇀ f0 by hypothesis,
this implies that f∗ = f0 a.e. Hence, Theorem 6.9 gives ‖mB(fn′)−mB(f0)‖ → 0 for every
B ∈ A with µ(B) > 0. Next, observe that the above also yields the uniform integrability
of (‖fn′ − f0‖). Hence, there exists a subsequence (fn′′) of (fn′) and φ∗ ∈ L1

R such that
‖fn′′ − f0‖ ⇀ φ∗ in L1

R. Let A ∈ A and ε > 0 be arbitrary, with µ(A) > 0. Let B ⊂ A be
as in Definition 6.14, corresponding to A, ε/2 and (fn′′). Then

εµ(B)/2 ≥ lim inf
n′′

∫
B
‖fn′′−f0‖dµ−

∫
B
‖f0−mB(f0)‖dµ =

∫
B
φ∗ dµ−

∫
B
‖f0−mB(f0)‖dµ,

by the triangle inequality and ‖mB(fn′′) − mB(f0)‖ → 0. Approximating f0 by simple
functions and applying Egorov’s theorem, we see easily that φ∗ meets the conditions of

Lemma 6.16. So φ∗ = 0 a.e., and this gives
∫

Ω ‖fn′′ − f0‖ dµ→ 0, i.e. fn′′
L1

→f0.
(b)⇒ (a): Both weak convergence and the Bocce criterion hold elementarily. As for the

s-tightness of (εfn), observe that the hypothesis implies εfn =⇒ εf0 by Proposition 3.21.
Therefore, µ⊗εfn/µ(Ω)⇒ µ⊗εf0/µ(Ω) in P(Es). Since Es is complete, it follows that (µ⊗
εfn/µ(Ω)) is tight by the converse Prohorov theorem [Bi1, Theorem 6.2]; so by Remark 4.6,
(εfn) is s-tight.

(a′)⇒ (b′): By Definition 6.10, the proof is a variant of the proof of (a)⇒ (b) (replace
Ω by any set Ap).

(b′)⇒ (a′): By Theorems 6.11 and 6.12, the proof is a variant of the above proof of the
implication (b)⇒ (a). 2

Observe that the Bocce criterion restricts oscillations by locally forcing certain first
moments to go to zero. A quite different way to restrict oscillations is to require that the
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values of the limit function are in some sense extreme with respect to the values taken by
the functions of the sequence [Vi]. To describe such results, the following convergence mode,
introduced in [Ba9], is useful. Observe that it is not stronger than strong convergence and
not weaker than weak convergence in L1

E .

Definition 6.17 (limited convergence) A sequence (fn) in L1
E is said to converge lim-

itedly to a function f0 in L1
E (notation: fn

lim→f0) if

lim
n

∫
Ω
g(ω, fn(ω)− f0(ω))µ(dω) = 0

for every integrand g on Ω× E such that
(i) g(ω, 0) = 0 for every ω ∈ Ω.
(ii) g(ω, ·) is w-continuous on E for every ω ∈ Ω.
(iii) |g(ω, x)| ≤ C‖x‖+ φ(ω) on Ω× E for some C ≥ 0 and φ ∈ L1

R.
(iv) g(·, f(·)) is Aµ-measurable for every f ∈ L1

E .
2

Here Aµ stands for the µ-completion of the σ-algebra A. Clearly, limited convergence
implies weak convergence in L1

E (use gb(ω, x) :=< x, b(ω) >, b ∈ L∞E∗ [E]). When E = Rd,
one can take g(ω, x) := |x| (Euclidean norm) to see that limited and strong convergence in
L1
Rd coincide (observe that in infinite dimensions this is no longer possible, since x 7→ ‖x‖ is

just w-lower semicontinuous). To see precisely how far limited convergence is removed from
strong convergence, the following equivalence, due to V. Jalby [Jal, BGJ, PV], is relevant
(since the proof is rather technical, 11 we advise the reader that this equivalence result plays
no further role below).

Proposition 6.18 (strong is limited convergence plus tightness) Let (fn) and f0 be
in L1

E. The following are equivalent:

(a) fn
lim→f0 and (εfn) is tight in R(Ω,A, µ;Es).

(b) fn
L1

→f0.

Proof. (a)⇒ (b): As noticed above, fn
lim→f0 implies fn ⇀ f0. So (‖fn − f0‖) is uniformly

integrable [BD, Theorem 4.1]. Hence, by de la Vallée Poussin’s Theorem A.3 there exists a
function h′ : R+ → R+, convex, continuous and nondecreasing, such that limξ→∞ h

′(ξ)/ξ =
+∞ and

σ′ := sup
n

∫
Ω
h′(‖fn − f0‖)µ(dω) < +∞.

By completeness of (E, ‖ · ‖), the given parametrized tightness of (εfn) is equivalent to
tightness of the sequence ([µ ⊗ εfn ](Ω × ·)/µ(Ω)) in P(Es) in the sense of Definition 2.11
(cf. Remark 4.6). Therefore, an s-inf-compact function h : E → [0,+∞], exists such that

σ := sup
n

∫
Ω
h(fn) dµ < +∞.

We define for ε > 0

gε(ω, x) := −‖x‖+ εh(x+ f0(ω)) + εh′(‖x‖).
11Actually, it contains the conerstones of an approximation of measurable lower semicontinuous integrands

that, until now, we have managed to avoid in these lectures; cf. [Ba3, Ba11, Ba14].
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Set γε := infξ∈R[ξ + εh′(|ξ|)]; this is a finite real number by the superlinear growth of h′.
The function gε(ω, ·) is s-inf-compact for every ω ∈ Ω (it is clearly s-lower semicontinuous,
and for each β ∈ R the set of all x ∈ E with gε(ω, x) ≤ β is contained the set of all x ∈ E
for which h(x+ f0(ω)) ≤ (β − γε)/ε). This implies that gε(ω, ·) is also dw-inf-compact, and
a fortiori dw-lower semicontinuous. We now define for m ∈ N

gmε (ω, x) := inf
x′∈E

[mdw(x, x′) + gε(ω, x
′)].

Then for each ω ∈ Ω the function gmε (ω, ·) is dw-continuous – whence w-continuous – by
the triangle inequality for dw. By [As, A6.6] we have limm g

m
ε = gε pointwise on Ω × E

for each ε > 0, the limit being monotone. Truncation from above does not essentially alter
this: we also have g̃mε ↑ gε on E, where g̃mε := min(gmε ,m). It is now easy to see that ḡmε ,
defined by ḡmε (ω, x) := g̃mε (ω, x) − g̃mε (ω, 0) meets (i)–(iii) of Definition 6.17. Also, (iv) of
that definition holds by combining III.39 (a result which comes essentially from applying a
celebrated projection theorem) and III.14 of [CV]. By applying Definition 6.17 to the ḡmε
and applying the monotone convergence theorem to the g̃mε , it follows that

lim inf
n

∫
Ω
gε(ω, fn(ω)− f0(ω))µ(dω) ≥

∫
Ω
gε(ω, 0)µ(dω) ≥ 0.

For α := lim supn
∫

Ω ‖fn − f0‖ dµ this immediately implies −α + εσ + εσ′ ≥ 0, and letting
ε go to zero gives α ≤ 0.

(b) ⇒ (a): A fortiori, strong convergence gives fn
µ→f0. So by Proposition 3.21 we get

εfn =⇒ εf0 in R(Ω,A, µ;Es). So [µ ⊗ εfn ](Ω × ·)/µ(Ω) ⇒ [µ ⊗ εf0 ](Ω × ·)/µ(Ω) in P(Es).
So Theorem 2.15 and Definition 4.1 imply that (εfn) is tight in R(Ω,A, µ;Es). Secondly,
the stated limited convergence follows immediately by the Lebesgue-Vitali theorem, since
the sequence (‖fn‖) is uniformly integrable. 2

The following result was originally given by A. Visintin [Vi] and subsequently refined
and extended in [Ba9, Ba17]; see also [Val4].

Theorem 6.19 (Visintin) Let (fn) be in L1
E, such that

fn ⇀ f0 in L1
E

and such that there exists a nonnegative w-inf-compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞.

Suppose that

f0(ω) is extreme point of cl co w-seq-cl w-Lsnfn(ω) for a.e. ω in Ω.

Then fn
lim→f0. Moreover, if E = Rd then already the weaker condition

f0(ω) is extreme point of co w-Lsnfn(ω) for a.e. ω in Ω.

implies fn
L1

→f0.

Lemma 6.20 Let ν ∈ P(E) be such that bar ν exists and is an extreme point of cl co supp ν.
Then ν is Dirac. Moreover, if E = Rd then the condition that bar ν exists and is an extreme
point of co supp ν is weaker and implies that ν is Dirac.
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Proof. Denote x0 := bar ν. We claim that ν is the Dirac measure at the point x0. Let us
consider the following implication for any B ∈ B(E):

x0 6∈ B implies ν(B) = 0. (6.3)

Then (6.3) certainly holds when B is closed and convex. For suppose not. First of all,
then ν(B) cannot be 1 (or else x0 ∈ B would give a contradiction). So we may define
ν1 := ν/ν(B) and ν2 := ν/(1− ν(B)). Then the decomposition ν = ν(B)ν1 + (1− ν(B))ν2

would give x0 = ν(B)bar ν1 + (1 − ν(B))bar ν2, whence x0 = bar ν1 = bar ν2. But
bar ν1 ∈ B, so this gives contradiction. So all closed balls B satisfy (6.3), and hence also
every s-open ball B. Since every s-open set of E is the countable union of s-open balls,
it follows that (6.3) holds for every s-open set, and, in particular, for the complement of
x0. Finally, the statement for the case E = Rd follows immediately from the above by
Theorem A.13(ii). 2

Proof of Theorem 6.19. It is enough to prove that every subsequence of (fn) – and
without loss of generality we take (fn) itself for this – has a further subsequence which
converges limitedly to f0. Let h̄ be defined as in the proof of Theorem 6.8. Let (fn′) and
δ∗ ∈ R be as in Theorem 6.2 (for τ := w), with the parametrized barycenter f∗ := bar δ∗,
such that supp δ∗(ω) ⊂ w-seq-cl w-Lsnfn(ω) for a.e. ω, and also with and fn′ ⇀ f∗, by
Theorem 6.8. So here f∗ := bar δ∗ = f0 a.e. By the given extremality condition, it is clear
that pointwise the condition of Lemma 6.20 holds. We conclude that δ∗(ω) = εf0(ω) for
a.e. ω. It remains to apply (6.2) to the w-continuous integrand (ω, x) 7→ g(w, x − f0(ω)),
where g is as in Definition 6.17 (this integrand has property (γ) with respect to h̄ by (iii)
of Definition 6.17). 2

A counterexample given in [Vi], combined with Proposition 6.18, suggests that Theorem 6.19
can only yield strong convergence by requiring the integrand h to be s-inf-compact; see [Ca2]
for such a result. Interesting applications of Theorem 6.19 are so-called well-posedness
results for integral functionals on an L1-space; see [Vi, Ba17]:

Theorem 6.21 (existence and well-posedness) Let g0 be a sequentially w-inf-compact
integrand on Ω× E which is A⊗ B(S)-measurable and such that

g0(ω, ·) is strictly convex on E for every ω ∈ Ω,

g0(ω, x) ≥ h′(‖x‖) + φ(ω),

where h′ : R+ → R+ is convex, lower semicontinuous and nondecreasing, limξ→∞ h
′(ξ)/ξ =

+∞, and where φ ∈ L1
R. Then the optimization problem

(P) : inf
f∈L1E

Jg0(f)

has an essentially unique optimal solution f∗ ∈ L1
E. Moreover, if inf(P) < +∞, then every

minimizing sequence (fn) of P) satisfies

fn
lim→f∗ and lim

n

∫
Ω
|g0(ω, fn(ω))− g0(ω, f∗(ω))|µ(dω) = 0.

Proof. We may suppose without loss of generality that inf(P) < +∞. Let (fn) be a
minimizing sequence. It is simple to see that the conditions of Theorem 6.2 hold for τ := w,
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given the properties of the integrand g0. Hence, applying Jensen’s inequality pointwise,
there exist a subsequence (fn′), a Young measure δ∗ and its parametrized barycenter f∗ ∈ L1

E

for which Jg0(f∗) ≤ lim infn′ Jg0(fn′) = inf(P). This implies Jg0(f∗) = inf(P). The essential
uniqueness of the optimal solution f∗ follows from the given strict convexity by a standard
argument. Next, suppose that (fm) is an arbitrary minimizing sequence, and let (fn)
be any subsequence of (fm). Then (fn) is also minimizing, and the above implies the
existence of a subsequence (fn′) and of f∗∗ ∈ L1

E such that fn′ ⇀ f∗∗ (by Theorem 6.8).
As above, it follows that f∗∗ is an optimal solution of (P), and by the essential uniqueness
of the optimal solution this implies f∗∗ = f∗ a.e. Now (6.2) applies to the integrands
gA(ω, x) := 1A(ω)g0(ω, x), A ∈ A. Since f∗ is the parametrized barycenter of δ∗, this gives
lim infn′ JgA(fn′) ≥ JgA(f∗) for every A ∈ A. Together with Jg0(fn′)→ inf(P), this implies
that (g0(·, fn′(·))) converges weakly in L1

R to g0(·, f∗(·)). So we get (fn′ , g0(·, fn′(·))) ⇀
(f∗, g0(·, f∗(·))). Also, the strict convexity of g0(ω, ·) implies that (f∗(ω), g0(ω, f∗(ω))) is an
extreme point of the epigraph of the function g0(ω, ·) for every ω ∈ Ω. Hence, we may apply
Theorem 6.19, which gives

∫
Ω |g0(ω, fn′(ω))−g0(ω, f∗(ω))|µ(dω)→ 0 for the first coordinate

(which is one-dimensional – see the comments following Definition 6.17) and fn′
lim→f∗ for

the second one. Since the subsequence (fn) was taken arbitrarily from (fm), we conclude

that (g0(·, fm(·))) converges strongly in L1
R to the function g0(·, f∗(·)) and that fm

lim→f∗. 2
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7 Applications to semicontinuity and lower closure in L1

Contents: strong-weak lower semicontinuity, strong-weak lower closure, existence of optimal
distributed and ordinary controls

In this section we shall derive generalizations of classical strong-weak lower semicon-
tinuity annex lower closure results for integral functionals. Actually, all these results are
direct consequences of Theorem 6.2, which acts as the L1-manifestation of the synthesis
Theorem 5.5. As before, let (Ω,A, µ) be a finite measure space and (E, ‖ · ‖) a separable
Banach space.

Theorem 7.1 (strong-weak lower semicontinuity) Let (fn) and f0 be in L1
E, such

that (fn) is uniformly L1-bounded, fn
w2

→f0, and such that there exists a nonnegative se-
quentially w-inf-compact integrand h on Ω× E with

sup
n

∫ ∗
Ω
h(ω, fn(ω))µ(dω) < +∞.

Then

lim inf
n

∫ ∗
Ω
g(ω, fn(ω), n)µ(dω) ≥

∫ ∗
Ω
g(ω, f0(ω),∞)µ(dω)

for every sequentially lower semicontinuous integrand g on Ω× (Ew × N̂) such that

g(ω, ·,∞) is convex on E for every ω ∈ Ω

and such that g has property (γ′) with respect to h and (εfn).

Proof. It is enough to prove that every subsequence of (fn) – which we take to be (fn)
itself without loss of generality – contains a further subsequence for which the stated lower
semicontinuity inequality holds. The conditions for (fn) entail that Theorem 6.2 applies;
let (fn′), δ∗ ∈ R and f∗ be as asserted in that theorem. By Theorem 6.12, we have in

addition that fn′
w2

→f∗ for the parametrized barycenter f∗ of δ∗. Hence, it follows here that
f∗ = f0 a.e. by essential uniqueness of w2-limits. Therefore, the desired inequality follows
directly from Remark 6.3 and a simple pointwise application of Jensen’s inequality. 2

The above formulation of the lower semicontinuity result is general enough to deal with
strong modes of convergence in an additional functional variable; this results in a quite
general lower semicontinuity result for weak-strong convergence:

Corollary 7.2 (strong-weak lower semicontinuity) Let (fn) and f0 be in L1
E, such

that (fn) is uniformly L1-bounded, fn
w2

→f0, and

(fn(ω)) is contained in a w-ball-compact set for a.e. ω in Ω.

Also, let S̄ be a metric space and let (f̄n), f̄0 in L0
S̄

be such that f̄n
µ→f̄0. Then

lim inf
n

∫ ∗
Ω
`(ω, fn(ω), f̄n(ω))µ(dω) ≥

∫ ∗
Ω
`(ω, f0(ω), f̄0(ω))µ(dω)

for every lower semicontinuous integrand ` on Ω× (Ew × S̄) such that

`(ω, ·, f̄0(ω)) is convex on E for every ω ∈ Ω,
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provided that there exists a uniformly integrable sequence (φn) in L1
R for which for every

n ∈ N
`(ω, fn(ω), f̄n(ω)) ≥ φn(ω) for all ω ∈ Ω.

Proof. It is enough to prove that every subsequence of (fn) – which we take to be
(fn) itself without loss of generality – contains a further subsequence for which the stated
lower semicontinuity inequality holds. Define α := lim infn

∫ ∗
Ω `(·, fn, f̄n)dµ; then there

exists a subsequence (fn′ , f̄n′) such that α = limn′
∫ ∗

Ω `(·, fn′ , f̄n)dµ. Since convergence
in measure implies a.e. convergence of subsequences [N, Proposition II.4.3], there exist a
further subsequence (f̄n′′) of (f̄n′) and a null set M such that f̄n′′(ω) → f̄0(ω) for all
ω ∈ Ω\M . Define g by

g(ω, x, k) :=

{
1Ω\M (ω)`(ω, x, f̄k(ω)) if k <∞
1Ω\M (ω)`(ω, x, f̄0(ω)) if k =∞

Then g is a sequentially lower semicontinuous integrand on Ω× (Ew × N̂) having property
(γ′) with respect to h and (εfn). Now apply Theorem 7.1, observing Remarks 6.6(a), 5.4
and 6.3; this gives the result. 2

As observed earlier, if E is reflexive (in particular, when E is finite dimensional) then
the above condition involving w-ball-compactness holds automatically, for then E itself is w-
ball-compact. We illustrate the usefulness of Corollary 7.2 by an application to an existence
problem for a variational problem. By use of the compactness of various Green operators
listed in [ET, VIII.3], more existence results of this kind can easily be constructed.

Example 7.3 (existence of optimal distributed controls) Let Ω ⊂ Rm be very reg-
ular open and bounded. Consider the optimization problem

(P) : inf
f∈L2

R(Ω)
J(f) :=

∫ ∗
Ω
g0(ω, f(ω), yf (ω))dω,

Here yf ∈ H1
0 (Ω) is the solution of the partial differential equation

∆y(ω) = f(ω) a.e.

Also, g0 : Ω × R2 → [0,+∞] is a lower semicontinuous integrand on Ω × R2 such that
g0(ω, ·, y) is convex for every ω and y. We suppose also that there exists γ > 0 such that
g0(ω, x, y) ≥ γ|x|2 for all y and x. Then (P) has an optimal solution. Indeed, without
loss of generality we may suppose that ι := inf(P) < +∞. Let (fn) be a minimizing
sequence in L2

R. Then (
∫

Ω |fn|2) is evidently bounded. Since the injection of the Sobolev
space H1

0 (Ω) into L2
R is compact [ET, Example 1, p. 252], the mapping f 7→ yf from L2

R

into L2
R is compact. By two successive extractions there exist a subsequence (fn′) of (fn)

and f∗ in L2
R with the following properties: fn′ ⇀ f∗ in σ(L2

R, L
2
R), and yfn′ → yf∗ in

the L2-norm. By boundedness of Ω, we have a fortiori fn′ ⇀ f∗ (i.e., in σ(L1
R, L

∞
R )),

whence fn′
w2

→f∗. Also, (yfn′ ) converges a fortiori in measure to yf∗ . So Corollary 7.2 gives
ι = limn J(fn) = limn′ J(fn′) ≥ J(f∗). Hence, inf(P) is attained by f∗. 2

Because of our use of w2-convergence, lower closure results for strong-weak convergence
of the general kind considered in Corollary 7.2 also follow from Theorem 7.1:
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Corollary 7.4 (strong-weak lower closure) Let (E′, ‖·‖′) be another separable Banach

space. Let (fn) and f0 be in L1
E and let (f ′n) be in L1

E′, fn
w2

→f0, such that

sup
n

∫
Ω

(‖fn(ω)‖+ ‖f ′n(ω)‖′)µ(dω) < +∞,

(fn(ω), f ′n(ω)) is contained in a w-ball-compact subset of E × E′ for a.e. ω in Ω.

Then there exist a subsequence (fn′ , f
′
n′) of (fn, f

′
n) and f ′∗ ∈ L1

E′ such that

lim inf
n′

∫ ∗
Ω
g(ω, fn′(ω), f ′n′(ω), n′)µ(dω) ≥

∫ ∗
Ω
g(ω, f0(ω), f ′∗(ω),∞)µ(dω)

for every lower semicontinuous integrand g on Ω× (Ew × E′w × N̂) such that

g(ω, ·, ·,∞) is convex on E × E′ for every ω ∈ Ω,

and such that g has property (γ′) with respect to h and (ε(fn,f ′n)).

Proof. By Remarks 6.6(a) and 5.4, Theorem 6.12 applies to (f ′n). Therefore, there exist a

subseqence (f ′n′) of (f ′n) and f ′∗ ∈ L1
E′ such that f ′n′

w2

→f ′∗. Now (fn′ , f
′
n′)

w2

→(f0, f
′
∗) in L1

E×E′ ,
so Theorem 7.1 applies and the result follows. 2

Example 7.5 (existence of optimal controls) In Example 5.12 we already showed that
under a convexity condition for the orientor field Q, introduced in that same example, the
original problem (P) had an optimal solution. We did so via an existence result for the
Young relaxation (Prel) of the problem (P), obtained in Example 5.11. This time, we use
Corollary 7.4 to demonstrate directly that ι := inf(P) is attained. Let (fn) be a minimizing
sequence for (P); this means that J(fn) =

∫
[0,1] ηn + e(yn(1)) → ι and that

∫
[0,1] ζn ≤ 1

for all n. Here we abbreviate ζn := h(·, fn(·)), ηn := g0(·, fn(·), yn(·)) and yn := yfn . If
ι = +∞, the result in question is trivial; so let us suppose ι < +∞. This implies

sup
n

∫
[0,1]
|(ηn, ζn)| < +∞.

The given property (γ) for the components of c is easily seen to be equivalent to −|c|
having property (γ) with respect to h. Therefore, (ẏn) ⊂ L1

Rm is uniformly integrable by
the constraint (5.3) of (P). So there exist a subsequence (ẏn′) and ξ∞ ∈ L1

Rm such that

ẏn′ ⇀ ξ∞.

In particular, for y∞ ∈ AC([0, 1]; Rm), defined by y∞(ω) := y0 +
∫

[0,ω] ξ∞(ω′)dω′, this yields

yn′(ω)→ y∞(ω) for every ω.

Hence, lim infn′
∫

[0,1] ηn′ ≤ ι′ := ι − e(y∞(1)). Let `′, `′′ : Ω ×Rm ×R2 × N̂ → (−∞,+∞]
be given by

`′(ω, ξ, η, ζ, k) :=

{
η if (ξ, η, ζ) ∈ Q(ω, yk(ω)),
+∞ otherwise

`′′(ω, ξ, η, ζ, k) :=

{
ζ if (ξ, η, ζ) ∈ Q(ω, yk(ω)),
+∞ otherwise

49



It is not hard to see that by the properties of the functions h, c and g0 the multifunction
Q has the following property, which is also referred to as property (K) [Ce]:

Q(ω, y) = ∩ε>0cl ∪z∈Rm,|y−z|<ε Q(ω, z) for every ω ∈ Ω and y ∈ Rm.

Indeed, for fixed ω ∈ Ω we can observe that when (ξk, ηk, ζk) ∈ Q(ω, yk), with (ξk, ηk, ζk)→
(ξ0, η0, ζ0) and yk → y0, then the corresponding sequence (xk) ⊂ S (xk as in the definition
of Q(ω, yk)) contains a convergent subsequence (by h(ω, xk) ≤ ζk → ζ0 < +∞ and inf-
compactness of h(ω, ·)). The rest of the proof of the above closed graph property of Q(ω, ·)
is then quite easy. In turn, this property implies that both `′ and `′′ are lower semicontinuous
integrands on Ω× (Rm ×R2 × N̂). Suppose that the convexity condition

Q(ω, y∞(ω)) is convex for every ω ∈ Ω

for Q holds. Then the convexity condition of Corollary 7.4 is satisfied. By the given
property (γ) of g0 with respect to h, the remaining condition of Corollary 7.4 is also valid.
Application of that corollary gives the existence of (η∗, ζ∗) ∈ L1

R2 such that

ι′ ≥
∫

[0,1]
`′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞)dω, 1 ≥

∫
[0,1]

`′′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞)dω.

Here we have used the obvious identities

`′(ω, ẏn′(ω), ηn′(ω), ζn′(ω), n′) = ηn′(ω), `′′(ω, ẏn′(ω), ηn′(ω), ζn′(ω), n′) = ζn′(ω).

Finiteness of the two integrals above implies that

`′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞) < +∞ and `′′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞) < +∞ a.e.

By definition of `′ and `′′ this means that

(ξ∞(ω), η∗(ω), ζ∗(ω)) ∈ Q(ω, y∞(ω)) a.e. (7.1)

and that

`′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞) = η∗(ω), `′′(ω, ξ∞(ω), η∗(ω), ζ∗(ω),∞) = ζ∗(ω) a.e.

This results in
∫

[0,1] η∗ ≤ ι′ := ι − e(y∞(1)) and
∫

[0,1] ζ∗ ≤ 1. Finally, it follows from (7.1),

by means of Theorem A.4, that there exists f∗ ∈ L0
S such that

ξ∞(ω) = c(ω, f∗(ω), y∞(ω)), η∗(ω) ≥ g0(ω, f∗(ω), y∞(ω)), ζ∗(ω) ≥ h(ω, f∗(ω)) a.e.

Since ξ∞ = ẏ∞ a.e., we conclude that f∗ meets (5.3) and satisfies J(f∗) ≤ ι. Hence, f∗ is
optimal for (P). 2

See [Ce] for a variety of existence results of the above type. See also [Ba19] for some-
what more involved lower closure and existence results for the optimal control of ordinary
differential equations with so-called recursive objective functions.
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8 Applications to lower closure without convexity in L1

Contents: finite support equivalence, chattering control, integrals of multifunctions, Fatou-
Vitali in several dimensions, closedness of attainable sets, existence of optimal controls
without convexity

In previous sections we saw that, given certain convexity conditions, barycentric func-
tions associated to Young measures can form solutions to lower closure and existence prob-
lems in L1-spaces. In the absence of such convexity, alternatives for barycentric functions
can sometimes be found. In such cases the desired solutions can actually be found by the
use of extremal representing measures from Choquet theory (this can be seen as diametri-
cally opposed to forming barycenters of Young measures). ‘Hidden’ convexity properties,
obtained by supposing the underlying measure space (Ω,A, µ) to be nonatomic and restrict-
ing ourselves to what are essentially settings capable of producing finite-dimensional vector
measures, also play a significant role in this endeavor (e.g., see [BL, Ba3, Ba21]). A more
efficient approach to such lower closure results is obtained here by using what we shall call
finite support equivalence (Theorem 8.2), followed by an application of a generalization of
Lyapunov’s theorem (Corollary A.11). This avoids the rather ponderous application of Cho-
quet theory and/or extremal properties of Young measures altogether. As in sections 3-5,
let S be a separable metric space.

Definition 8.1 (finitely supported Young measure) A Young measure δ ∈ R is finitely
supported if there exist for some r ∈ N functions s1, · · · , sr in L0

S and parametrized convex
coefficients α1, · · · , αr (i.e., in L∞R , nonnegative and with

∑r
i=1 αi = 1) such that

δ(ω) =
r∑
i=1

αi(ω)εsi(ω) for all ω ∈ Ω.

The set of all finitely supported Young measures is denoted by Rf . 2

Theorem 8.2 (finite support equivalence) Suppose that S is Suslin. Let g1, · · · , gm be
A× B(S)-measurable functions on Ω× S . Let δ ∈ R be such that

I|gj |(δ) < +∞, j = 1, · · · ,m.

Then there exists δ′ ∈ Rf such that∫
S
gj(ω, x) δ′(ω)(dx) =

∫
S
gj(ω, x) δ(ω)(dx) for a.e. ω ∈ Ω, j = 1, · · · ,m.

Proof. Fix ω ∈ Ω arbitrarily. Let q : S → Rm be defined by q(x) := (gj(ω, x))mj=1. Then
an application of Theorem A.13 gives that

∫
S q(x) δ(ω)(dx) lies in the convex hull of the

set q(S) (of course, here the actual application of Theorem A.13(ii) is to the image of the
probability measure δ(ω) under the mapping q [DM, II.12]). Since this is true for a.e. ω,
Carathéodory’s theorem plus a standard application of Theorem A.4 (cf. [CV, p. 101]) yield
the existence of m+1 functions si in L0

S and corresponding measurably parametrized convex
coefficients αi such that for a.e. ω∫

S
gj(ω, x) δ(ω)(dx) =

m+1∑
i=1

αi(ω)gj(ω, si(ω)), j = 1, · · · ,m.
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Setting δ′(ω) :=
∑
i αi(ω)εsi(ω) completes the argument. 2

Observe that the above proof also gives that the maximal cardinality of the support of δ′(ω),
equals m + 1. As a first application, we use Example 5.11 to show how chattering control
[Gam, War, Ce], i.e., relaxed control by means of finitely supported Young measures, comes
about very naturally in optimal control.

Example 8.3 (chattering control equivalence) The following relaxed optimal control
problem was studied in Example 5.11

(Prel) : inf
δ∈R

Jrel(δ) :=

∫ ∗
[0,1]

[

∫
S
g0(ω, x, yδ(ω))δ(ω)(dx)]dω + e(yδ(1)),

under the constraint Ih(δ) ≤ 1. Here yδ : [0, 1]→ Rm in AC([0, 1]; Rm) is given by

ẏ(ω) =

∫
S
c(ω, x, y(ω))δ(ω)(dx) for a.e. ω in Ω

and the initial condition y(0) = y0. For any δ ∈ R with Jrel(δ) < +∞ an application of
Theorem 8.2 to gm+1(ω, x) := g0(ω, x, yδ(ω)) and gj(ω, x) := cj(ω, x, yδ(ω)), 1 ≤ j ≤ m,
gives the existence of δ′ in Rf such that a.e.∫

S
g0(ω, x, yδ(ω)) δ′(ω)(dx) =

∫
S
g0(ω, x, yδ(ω)) δ(ω)(dx) and ẏδ′(ω) = ẏδ(ω).

By the initial condition, the latter identity gives that the trajectories yδ and yδ′ coincide
completely. Combined with the first identity, this gives Jrel(δ

′) = Jrel(δ). So (Prel) is
equivalent to the optimization of Jrel over the subset Rf of R. 2

Definition 8.4 (selectors) An integrable [measurable] selector of a multifunction F : Ω→
2R

d
is a function f ∈ L1

Rd [L0
Rd ] such that f(ω) ∈ F (ω) for a.e. ω in Ω. The set (possibly

empty) of all integrable [measurable] selectors of F is denoted by L1
F [L0

F ]. 2

Definition 8.5 (integral of a multifunction) The integral of a (possibly nonmeasurable)

multifunction F : Ω→ 2R
d
, denoted by

∫
Ω F dµ, is the (possibly empty) set of all integrals

of integrable selectors of F : ∫
Ω
F dµ := {

∫
Ω
f dµ : f ∈ L1

F }.

2

One of the principal results of this section is as follows:

Theorem 8.6 (Fatou-Vitali in several dimensions) Let (fn) in L1
Rd be uniformly L1-

bounded and such that

a := lim
n→∞

∫
Ω
fn dµ exists in Rd.

Let C be the convex cone consisting of all z ∈ Rd for which (min(fn · z, 0)) is uniformly

integrable. Then for L : Ω→ 2R
d

given by L(ω) := Lsnfn(ω):

a ∈
∫

Ω
L dµ− C0,

where C0 is the negative polar cone associated to C. 12

12I.e., C0 consists of all x ∈ Rd such that x · z ≤ 0 for all z ∈ C.
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Following [Ba21], we shall derive Theorem 8.6 from the following auxiliary result (the
use of finite support equivalence simplifies the proof considerably).

Lemma 8.7 Suppose that (Ω,A, µ) is nonatomic. Let F : Ω → 2R
d

be a multifunction
with measurable graph, and let δ ∈ R(Ω,A, µ; Rd) be such that∫

Ω
[

∫
Rd
|x|δ(ω)(dx)]µ(dω) < +∞ and δ(ω)(F (ω)) = 1 for a.e. ω in Ω.

Then ∫
Ω

bar δ(ω)µ(dω) ∈
∫

Ω
F dµ.

Proof. We apply Theorem 8.2 to g0(ω, x) := 0 if x ∈ F (ω) and g0(ω, x) := +∞ if x 6∈ F (ω),
to gj(ω, x) := xj (the j-th coordinate of x), 1 ≤ j ≤ d, and to gd+1(ω, x) := |x|. It follows
that there exists δ′ in Rf (Ω,A, µ; Rd) such that a.e. δ′(ω)(F (ω)) = 1, bar δ′(ω) = bar δ(ω)
and

∫
Rd |x|δ′(ω)(dx) =

∫
Rd |x|δ(ω)(dx). By Definition 8.1, δ′ has the form Σr

i=1αiεsi for
some r ∈ N (actually, here r = d+3 by an earlier observation, but this is of no importance).
The first of the a.e. identities just obtained implies that for a.e. ω one has si(ω) ∈ F (ω)
whenever αi(ω) > 0; thus, without any loss of generality we may suppose that all si are in
L0
F . Integrating the other a.e. identities over Ω gives∫

Ω
bar δ dµ =

∫
Ω

r∑
i=1

αisi dµ (8.1)

and ∫
Ω

r∑
i=1

αi|si|dµ =

∫
Ω

[

∫
Rd
|x|δ(ω)(dx)]µ(dω) < +∞.

The latter identity allows application of the extended Lyapunov theorem, as contained in
Corollary A.11. This guarantees existence of a measurable partition B1, · · · , Bd+2 of Ω such
that each si is integrable over Bi and

∫
Ω

∑
i αisi dµ =

∑
i

∫
Bi
si dµ. By

∑
i 1Bisi ∈ L1

F , the
desired result follows from (8.1). 2

Proof of Theorem 8.6. Let Ωna and (Āj) be as in Proposition A.7. By the hypotheses,
we have supn

∑
j µ(Āj)|an,j | < +∞, where an,j denotes the constant value which fn must

take a.e. on the atom Āj . By a suitable diagonal procedure, this implies that there exists
a subsequence (fn′) of (fn) for which a∞,j := limn′→∞ an′,j exists for every j. Let us define

F : Ω→ 2R
d

by F (ω) := Lsn′fn′(ω) ⊂ L(ω). The above implies that for every j

F (ω) = {a∞,j} for a.e. ω ∈ Āj . (8.2)

By Theorem 6.2 (see Example 4.8), there exist a subsequence (fn′′) and δ∗ ∈ R(Ω,A, µ; Rd)
such that a · z = lim infn′′

∫
Ω fn′′ · z dµ ≥

∫
Ω bar δ∗ · z dµ for every z ∈ C entirely similar to

the proof of Theorem 6.8 (or, alternatively, Example 4.9). Thus, we arrive at∫
Ω

bar δ∗ dµ− a ∈ C0. (8.3)

The support property in Theorem 6.2 also guarantees δ∗(ω)(F (ω)) = 1 a.e. By Lemma 8.7,
the established properties of δ∗ imply that

∫
Ωna bar δ∗(ω)µ(dω) belongs to

∫
Ωna F dµ. Now

by (8.2),
∫

Ω F dµ =
∫

Ωpa f∞ dµ +
∫
Ωna F dµ, where f∞(ω) := a∞,j(ω) for a.e. ω ∈ Āj (the
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atoms Āj are pairwise disjoint modulo null sets). So by Richter’s theorem (Corollary A.10)
it follows that

co

∫
Ω
F dµ =

∫
Ωpa

f∞ dµ+

∫
Ωna

F dµ =

∫
Ω
F dµ.

We conclude that
∫

Ω bar δ∗ dµ belongs to
∫

Ω F dµ. Because of (8.3), this concludes the
proof. 2

Corollary 8.8 Let (fn) in L1
Rd be such that (min(f in, 0)) is uniformly integrable, i =

1, · · · , d, and

a := lim
n→∞

∫
Ω
fn dµ exists in Rd.

Then for L(ω) := Lsnfn(ω) there exists f∗ ∈ L1
L such that

a ≥
∫

Ω
f∗ dµ.

13

Proof. The conditions imply supn
∫

Ω |fn|dµ < +∞, so the result follows directly from
Theorem 8.6 and Definition 8.5, with C = Rd

+ and C0 = Rd
−. 2

The next result should be compared with Proposition 4.10:

Corollary 8.9 Let (fn) in L1
Rd be uniformly integrable and such that

a := lim
n→∞

∫
Ω
fn dµ exists in Rd.

Then for L(ω) := Lsnfn(ω) there exists f∗ ∈ L1
L such that

a =

∫
Ω
f∗ dµ.

Proof. Again a direct application of Theorem 8.6 and Definition 8.5, this time with
C = Rd and C0 = {0}. 2

Theorem 8.6 was given in [Ba4, Ba3]. See also [BH] for comprehensive extensions of
these results to multifunctions with unbounded values, both in finite and infinite dimensions.
Corollary 8.8 is from [Ba3, Ba4], and Corollary 8.9 from [Ar2].

Example 8.10 (closedness of attainable sets) Consider again the optimal control prob-
lem (P) of Example 5.11. Suppose that the function c : [0, 1] × S × Rm → Rm has the
following semilinear structure:

c(ω, x, y) = A(ω)y + d(ω, x),

where A belongs to L1
Rm×m and d : [0, 1]×S → Rm is measurable and has as its component

functions di continuous integrands on [0, 1] × S such that di and −di have property (γ)
with respect to the inf-compact integrand h in (5.3). As in Example 8.3, we shall also
assume that g and h are measurable. By the semilinear structure of c, the trajectory yf
corresponding to the control function f ∈ L0

S , can be expressed explicitly as follows [War,
II.4.8]:

yf (ω) = Λ(ω)y0 + Λ(ω)

∫ ω
0

Λ(ω′)−1d(ω′, f(ω′))dω′.

13‘≥’ is the usual, coordinatewise partial ordering in Rd.
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Here Λ ∈ AC([0, 1]; Rm×m) is the fundamental solution, determined by Λ̇ = AΛ and Λ(0) =
m×m-identity matrix. Using Corollary 8.8, we prove that

D := {yf (1) : f ∈ L0
S ,

∫
[0,1]

h(ω, f(ω))dω ≤ 1},

i.e., the attainable set at time 1, is closed (whence compact by the properties of d). Indeed,
let yfn(1)→ a, for arbitrary (fn) in L0

S with
∫

[0,1] ζn ≤ 1 for all n; here ζn(ω) := h(ω, fn(ω)).

Evidently, there exist a subsequence (fn′) and α ∈ R such that
∫

[0,1] ζn′ → α. Define

f̄n′ ∈ L1
Rm+1 by f̄n′ := (λn′ , ζn′), where λn′(ω) := Λ(1)Λ(ω)−1d(ω, fn′(ω)). The given

growth dominance property is equivalent to −|d| having property (γ) with respect to h and
implies that (λn′) is uniformly integrable. Now

∫
[0,1] f̄n′ → (a− Λ(1)y0, α), so Theorem 8.6

(with C ⊃ Rm ×R+) gives the existence of f̄∗ =: (λ∗, ζ∗) ∈ L1
Rm+1 such that∫

[0,1]
λ∗ = a− Λ(1)y0,

∫
[0,1]

ζ∗ ≤ α and f̄∗(ω) ∈ Lsn′ f̄n′(ω) a.e.

By the latter property there exists for a.e. ω a subsequence (fn′′) of (fn′), possibly depending
upon ω, such that

lim
n′′

d(ω, fn′′(ω)) = λ∗(ω), lim
n′′

h(ω, fn′′(ω)) = ζ∗(ω).

Because ζ∗(ω) is finite, this implies for a.e. ω the existence of xω ∈ S such that h(ω, xω) ≤
ζ∗(ω), given the inf-compactness of h(ω, ·) [xω is limit point of a convergent subsequence
of (fn′′(ω))]. For the same xω we get also d(ω, xω) = λ∗(ω), by continuity of d(ω, ·). By
Theorem A.4 there exists f∗ ∈ L0

S such that

d(ω, f∗(ω)) = λ∗(ω), h(ω, f∗(ω)) ≤ ζ∗(ω) a.e.

We conclude that

yf∗(1) = Λ(1)y0 +

∫
[0,1]

λ∗ = a,

∫
[0,1]

h(ω, f∗(ω))dω ≤
∫

[0,1]
ζ∗ ≤ α ≤ 1,

which proves that D is closed. 2

Example 8.11 (existence of optimal controls without convexity) The argument
given in Example 8.10 can easily be expanded to prove the existence of an optimal solution
for (P), provided that the objective integrand g0 does not explicitly depend on y (hence
we simply write g0(ω, x), etc.). In this case, let (fn) be a minimizing sequence for (P),
i.e., such that J(fn) =

∫
[0,1] ηn + e(yn(1)) → ι := inf(P). Here ηn(ω) := g0(ω, fn(ω))

and yn := yfn . Let β := lim infn
∫
[0,1] ηn. There exist a subsequence (fn′), α ∈ [0, 1] and

a ∈ Rm such that
∫

[0,1](ηn′ , ζn′) → (β, α) and yn′(1) → a [note that (yn(1)) is bounded,
by combining the explicit represesentation for yf (1) in the previous example, (5.3) and the
fact that −|d| has property (γ) with respect to h]. Observe that β ≤ ι − e(a), by using
the lower semicontinuity of e. Now

∫
[0,1] f̃n′ → (β, a − Λ(1)y0, α), where (f̃n′) in L1

Rm+2 is

defined by f̃n′ := (ηn′ , λn′ , ζn′), with λn′ as in Example 8.10. Quite similar to the previous
example, applying Theorem 8.6 leads to the existence of (η∗, λ∗, ζ∗) ∈ L1

Rm+2 such that∫
[0,1]

η∗ ≤ β,
∫

[0,1]
λ∗ = a− Λ(1)y0,

∫
[0,1]

ζ∗ ≤ α.
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Also, a similar application of Theorem A.4 gives the existence of f∗ ∈ L0
S with

g0(ω, f∗(ω)) ≤ η∗(ω), d(ω, f∗(ω)) = λ∗(ω), h(ω, f∗(ω)) ≤ ζ∗(ω) a.e..

Combined with the above (in)equalities, this gives
∫

[0,1] g0(ω, f∗(ω))dω+e(a) ≤ ι, a = yf∗(1)

and
∫

[0,1] h(ω, f∗(ω))dω ≤ 1. Thus, f∗ satisfies the constraint (5.3) and J(f∗) ≤ ι. 2

In strong contrast to Examples 5.11, 5.12 and 7.5, the above existence result requires no
convexity properties for the orientor field Q. This is a classical subject in optimal control
theory; see [Ba5] for more involved applications, based on the same approach as given above.
When g0 has a semilinear form comparable to the one considered for c in Examples 8.10
and 8.11, the above approach can also be maintained by direct substitution of the formula
for yf as given in Example 8.10; see [Ce] for details. A more general approach to the subject
of existence without convexity can be found in [Ba20]. There c is semilinear, as above, but
g0 is semiconcave in the variable y. This approach uses a Bauer-type extremum principle
[Cho], and is based on the fact that the set RD of Dirac Young measures forms the extreme
point boundary of R. The main results in [Ba20] include the classical existence results of
this type [Ce] and generalize some recent results with semiconcave g0 (e.g., [CC, Ra]).
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9 Applications to denseness and functional relaxation

Contents: Dirac equivalence, denseness theorem, limiting bang-bang theorem, functional
relaxation in optimal control

As in sections 3–5, let S be a separable metric space. We begin this section by stating
an existence result which complements Proposition 5.8. It extends similar results in [AP,
BL, Ar1, Ba1, Ba4] for an existence result arising in economics.

Theorem 9.1 (existence of optimal nonrandomized decision rules) Suppose that
(Ω,A, µ) is nonatomic and that S is Suslin. Let gm+1 : Ω × S → [0,+∞] be an inf-
compact integrand on Ω × S, and let g0, g1, · · · , gm be lower semicontinuous integrands on
Ω×S, having property (γ) with respect to gm+1. Suppose that g0, g1, · · · , gm+1 are A×B(S)-
measurable. Then the optimization problem

(Q) : inf
f∈L0S
{Jg0(f) : Jg1(f) ≤ 1, · · · , Jgm+1(f) ≤ 1}

has an optimal solution, provided that its feasible set is nonempty.

One of the principal results of this section, from which we shall also derive Theorem 9.1,
is as follows:

Theorem 9.2 (Dirac equivalence) Suppose that (Ω,A, µ) is nonatomic and that S is
Suslin. Let g1, · · · , gm be A × B(S)-measurable integrands on Ω × S . Let δ ∈ R be such
that

I|gj |(δ) < +∞, j = 1, · · · ,m.

Then there exists f ∈ L0
S such that

Jgj (f) = Igj (δ), j = 1, · · · ,m.

Proof. We can apply Theorem 8.2 to the collection of integrands consisting of all gj and
|gj |, 1 ≤ j ≤ m. This gives the existence of si in L0

S and measurable convex coefficients αi
in L∞R , 1 ≤ i ≤ r, r ∈ N, such that δ′ :=

∑
i αiεsi satisfies

Igj (δ
′) = Igj (δ), I|gj |(δ

′) = I|gj |(δ), j = 1, · · · ,m,

upon integration over Ω. An application of Lyapunov’s theorem (Corollary A.11) yields the
existence of a measurable partition B1, · · · , Br of Ω such that each fi is integrable over Bi
and

∫
Ω

∑r
i=1 αifi dµ =

∑r
i=1

∫
Bi
fi dµ, where fi(ω) := (gj(ω, si(ω)))mj=1. Define f ∈ L0

S by
setting f(ω) := si(ω) if ω ∈ Bi. Then the desired statement holds. 2

Proof of Theorem 9.1. By Proposition 5.8 there exists δ∗ ∈ R, Igj (δ∗) ≤ 1, 1 ≤ j ≤ m,
such that Ig0(δ∗) ≤ Jg0(f) for all f that are feasible for (Q) [i.e., for which εf is feasible
for (P) – note that (P) of Proposition 5.8 is precisely the Young relaxation of (Q)]. Let
1 ≤ j ≤ m be arbitrary. Then simple manipulations involving Definition 5.1 show that
Ig−j

(δ∗) < +∞ (by Igm+1(δ∗) ≤ 1). Also, Ig+j
(δ∗) < +∞ is immediate by Igj (δ∗) ≤ 1 (see

Definition B.1), and we have trivially I|gm+1|(δ∗) ≤ 1, since gm+1 is nonnegative. Therefore,
the integrability conditions of the Dirac equivalence Theorem 9.2 hold for δ := δ∗; it follows
that there exists f∗ ∈ L0

S such that Jgj (f∗) = Igj (δ∗) for 0 ≤ j ≤ m+ 1. This immediately
gives optimality of f∗ for (Q). 2
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Alternatively, Theorem 9.1 could also be proven by an application of Corollary 8.8 [Ba4].
However, the above proof actually yields a little more, since it shows that it is already enough
to require nonemptiness for the feasible set of (P) (i.e., the Young relaxation of (Q)). The
proofs in [BL, Ba3, Ba4, Ba20] all use extreme point arguments. It is an open question
whether the results of [Ba20] can als be obtained using the equivalence Theorems 8.2 and
9.2.

Our next results show that in the nonatomic case the set RD of Dirac Young measures
is dense in R. This is a well-known feature of Young measures (e.g., see [War]). A very
general denseness result of this nature was given in [Ba6].

Theorem 9.3 (denseness theorem) Suppose that (Ω,A, µ) is nonatomic and that S is
Suslin. Let g1, · · · , gm be m measurable integrands on Ω × S, all integrably bounded from
below. For every δ ∈ R there exists a sequence (fn) ⊂ L0

S such that εfn =⇒ δ and for every
n

Jgj (fn) = Igj (δ) for all 1 ≤ j ≤ m with Igj (δ) < +∞.

Proof. Choose any δ ∈ R. By the fact that P(S) is separable and metrizable for the narrow
convergence topology [DM, III.60], Proposition A.2 implies that the σ-algebra generated by
δ is countable. In conjunction with Proposition A.12 this shows that there is a countably
generated sub-σ-algebra A0 such that δ belongs to the set R(A0) of Young measures from
(Ω,A0, µ) into S, and such that all gj areA0×B(S)-measurable, and (Ω,A0, µ) is nonatomic.
Let gi,j(ω, x) := 1Aj (ω)ci(x) be as in the proof of Theorem 3.7, but this time with (Aj)
being an enumeration of the algebra that generates the sub-σ-algebra A0. Let n ∈ N be
arbitrary. Without loss of generality we shall suppose that Igk(δ) < +∞ for all k (rather
than omitting indices for which this does not hold). By integrable boundedness from below
of the gk’s, this entails I|gk|(δ) < +∞ for all 1 ≤ k ≤ m. By Theorem 9.2 there exists
fn ∈ L0

S such that

Jgi,j (fn) = Igi,j (δ), 1 ≤ i, j ≤ n, Jgk(fn) = Igk(δ), 1 ≤ k ≤ m.

From the definition of dR(A0) it follows easily that dR(A0)(εfn , δ)→ 0. By Theorem 3.7 this
gives εfn =⇒ δ in R(A0) and Jgk(fn) = Igk(δ) for 1 ≤ k ≤ m. It remains to show that
εfn =⇒ δ in R: Let A ∈ A and c ∈ Cb(S) be arbitrary. Denote by φA a version of the
conditional expectation of 1A with respect to A0 and µ. Denoting g(ω, x) := 1A(ω)c(x)
and g′(ω, x) := φA(ω)c(x), one obviously has Jg(fn) = Jg′(fn) for all n and Ig(δ) = Ig′(δ).
Therefore, the convergence result follows immediately by Definition 3.3. 2

The next result extends a limiting bang-bang result from [Val1].

Theorem 9.4 Suppose that (Ω,A, µ) is nonatomic. Let F : Ω → 2R
d

be a multifunction
with measurable graph and let δ ∈ R(Ω,A, µ; Rd) be such that∫

Ω
[

∫
Rd
|x|δ(ω)(dx)]µ(dω) < +∞ and δ(ω)(F (ω)) = 1 for a.e. ω.

Then there exists a sequence (fn) ⊂ L1
F such that fn ⇀ bar δ in L1

Rd.

Proof. The integrability hypothesis is equivalent to having
∫
Rd |x|ν(dx) < +∞, where the

finite measure ν on (Rd,B(Rd)) is given by ν := [µ ⊗ δ](Ω × ·). Hence, by de la Vallée-
Poussin’s criterion (Theorem A.3) there exists a function h′ : R+ → R+, convex, continuous
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and nondecreasing, such that limξ→∞ h
′(ξ)/ξ = +∞ and

∫
Rd h′(|x|)ν(dx) < +∞. Define

h(ω, x) := h′(|x|); then the previous inequality can be reformulated as Ih(δ) < +∞. Let gF
be the lower semicontinuous integrand on Ω×Rd given by

gF (ω, x) :=

{
|x| if x ∈ F (ω)
+∞ otherwise

Then IgF (δ) < +∞ is obvious. By Theorem 9.3 there exists a sequence (fk) in L0
Rd such

that εfk =⇒ δ, Jh(fk) = Ih(δ) and JgF (fk) = IgF (δ) for all k. By the last identity we
have fk ∈ L1

F for all k. Also, the first identity implies that (fk) is uniformly integrable. So
Example 4.9 implies the existence of a subsequence (fn) of (fk) with fn ⇀ bar δ. 2

Finally, we use Theorem 9.3 to take a fresh look at M. Valadier’s improvement [Val2] of
the main functional relaxation result in the textbook of I. Ekeland and R. Temam [ET, IX]
(see also [E, BL]). Although the presentation is limited to the simple dynamical system of
Example 5.11, the method clearly applies to the dynamical system used in [ET, Val2] as
well.

Example 9.5 (functional relaxation in optimal control) We reconsider the original
control problem (P) of Example 5.11 and determine, under some extra assumptions, the
precise nature of the lower semicontinuous hull of the objective functional J . These extra
assumptions are as follows: we take S := Rm, c(ω, x, y) := x, e = 0 and we suppose
that the constraint (5.3) is no longer explicitly present. Instead, we require the following:
there exists h′ : R+ → R+, convex, lower semicontinuous and nondecreasing, such that
limξ→∞ h

′(ξ)/ξ = +∞ and

h(ω, x) +ψ(ω) ≤ g0(ω, x, y) ≤ αh(ω, x) +χ(|y|) +ψ′(ω) for all (ω, x, y) ∈ [0, 1]×Rm×Rm,

where h(ω, x) := h′(|x|), ψ and ψ′ belong to L1
R, α is a constant and χ : R+ → R+ is a

nondecreasing function. The objective functional J of (P), defined on L1
Rm , is given by

J(f) :=

∫ ∗
[0,1]

g0(ω, f(ω), yf (ω))dω.

As usual, let Jh(f) :=
∫

[0,1] h(ω, f(ω))dω; observe that Jh(f) = +∞ implies J(f) = +∞.
For each ω ∈ Ω, y ∈ Rm, let g∗∗0 (ω, ·, y) be the Fenchel biconjugate of the function g0(ω, ·, y)
on Rm. Then we shall show that the lower semicontinuous hull J̄ of J : L1

Rm → (−∞,+∞],
with respect to the weak topology σ(L1

Rm ,L∞Rm), is given by

J̄(f) = J ′(f) :=

∫ ∗
[0,1]

g∗∗0 (ω, f(ω), yf (ω))dω.

To see this, begin by observing that J ′ is weakly lower semicontinuous. This follows from
Corollary 7.2 and the obvious continuity of the mapping f 7→ yf (ω) for each fixed ω ∈
[0, 1] (observe that yf (ω) =

∫ω
0 f(ω′)dω′). Therefore, it follows immediately that J̄ ≥

J ′. To show the converse, let us fix an arbitrary f0 ∈ L1
Rm . Because of the inequality

J̄(f0) ≥ J ′(f0) we may suppose without loss of generality that J ′(f0) is finite. This implies
g∗∗0 (ω, f0(ω), yf0(ω)) < +∞ for a.e. ω. Also, by lower semicontinuity and convexity of h′ we
have

g∗∗0 (ω, x, yf0(ω)) ≥ h′(|x|) + ψ(ω). (9.1)
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Thus, for a.e. ω we may apply Corollary A.15 to g0(ω, ·, yf0(ω)), which gives the existence
of νω ∈ P(Rm) such that

g∗∗0 (ω, f0(ω), yf0(ω)) =

∫
Rm

g0(ω, x, yf0(ω))νω(dx),

and such that bar νω exists and equals f0(ω). By Theorem A.13(ii) and Carathéodory’s
theorem (see the proof of Theorem 8.2) it follows that for a.e. ω there exist m + 2 points
si,ω and convex coefficients αi,ω, 1 ≤ i ≤ m+ 2, such that

g∗∗0 (ω, f0(ω), yf0(ω)) =
m+2∑
i=1

αi,ωg0(ω, , si,ω, yf0(ω)), f0(ω) =
m+2∑
i=1

αi,ωsi,ω.

By an application of Theorem A.4 we may suppose without loss of generality that the
functions si : ω 7→ si,ω and αi : ω 7→ αi,ω are A-measurable. Set δ′ :=

∑
i αiεsi (a.e.); then,

just as in Example 8.3, the above implies yδ′ = yf0 and Igm+1(δ′) = J ′(f0) < +∞, where the
integrand gm+1 on [0, 1]×Rm is given by gm+1(ω, x) := g0(ω, x, yf0(ω)). Secondly, we also
have trivially that Jḡ(δ

′) = 0 < +∞, where ḡ(ω, x) := 0 if x ∈ {si,ω : 1 ≤ i ≤ m + 2} and
ḡ(ω, x) := +∞ otherwise. Thirdly, it follows by (9.1) that Ih(δ′) is finite. Since Ih(δ′) =∫
Rm h′(|x|)ν ′(dx) for ν ′ := µ⊗δ′(Ω×·), it follows by de la Vallée-Poussin’s Theorem A.3 that

there exists h′′ : R+ → R+, convex, continuous and nondecreasing, with limξ→∞ h
′′(ξ)/ξ =

+∞, such that Ih̃(δ′) :=
∫
Rm h′′(h′(|x|))ν ′(dx) < +∞. Here h̃(ω, x) := h′′(h′(|x|)). We now

invoke the denseness Theorem 9.3, which yields the existence of a sequence (fn) in L0
Rm

such that εfn =⇒ δ′ and with Jgm+1(fn) = Igm+1(δ′), Jḡfn) = Iḡ(δ
′), and Jh̃(fn) = Ih̃(δ′) for

all n ∈ N. Of course, the first of these identities implies Jgm+1(fn) = J ′(f0) for all n. The
second one implies that fn(ω) ∈ {si,ω : 1 ≤ i ≤ m+ 2} a.e. for each n, and by Theorem A.3
the third one implies that (h′(|fn(·)|)) is uniformly integrable. A fortiori this implies that
(fn) is uniformly integrable (by the reverse implication in Theorem A.3, which remains
valid for h′ lower semicontinuous), so by Example 4.9 we get existence of a subsequence
(fn′) with fn′ ⇀ bar δ′; in other words, fn′ ⇀ f0. To conclude the proof of the identity
J̄ = J ′ it is now enough to demonstrate the inequality lim infn′ J(fn′) ≤ J ′(f0). By virtue
of the identity Jgm+1(fn′) = J ′(f0), already shown to hold for all n′, it remains to prove
that

lim inf
n′

∫
[0,1]

[g0(ω, fn′(ω), yfn′ (ω))− g0(ω, fn′(ω), yf0(ω))]dω ≥ 0.

We do this by applying the Fatou-Vitali lemma. Observe that

lim inf
n′

g0(ω, fn′(ω), yfn′ (ω))− g0(ω, fn′(ω), yf0(ω)) ≥ 0 for a.e. ω,

since all values fn′(ω) lie in {si,ω : 1 ≤ i ≤ m+ 2} and g0(ω, si,ω, ·) is lower semicontinuous
for every 1 ≤ i ≤ m+ 2. Also, εfn′ =⇒ δ′ implies sup[0,1] |yfn′ − yδ′ | → 0 by Example 5.11.
Therefore, for n′ sufficiently large χ(yn′(ω)) ≤ χ(sup[0,1] |yf0 | + 1). Finally, as we already
observed, the sequence (αh′(|fn′ |)) is uniformly integrable. So the Fatou-Vitali lemma can
indeed be applied and we are done. 2

In particular, the above example applies to the situation of Example 1.3, which explains
our remarks in section 1 on the subject of functional relaxation.
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10 Comments

Global comments

The fundamental choice to use K-convergence to extend classical narrow convergence
results systematically from the domain of probability measures to that of Young measures,
lends these lecture notes a unique form. This contrasts with earlier expositions, such as [Y2,
Mc2, War, BL, Ba3, Val3, Val5], which are also considerably less general in several respects
and leave several of the subjects and applications discussed here untreated. Not discussed
in the text is the following functional-analytic interpretation of Young measures in terms of
abstract L∞-spaces: Let Ŝ be a compactification of S. One identifies the set R(Ω,A, µ;S)
of Young measures as a subset of the space L∞(Ω,A, µ;M(Ŝ)), viz., the abstract L∞-space
of C(Ŝ)-scalarly measurable functions from Ω into M(Ŝ), the set of all bounded signed
measures on Ŝ. Since L∞M(Ŝ)

is the dual space of L1
C(Ŝ)

, the Alaoglu-Bourbaki theorem,

combined with tightness – serving to undo the effects of the compactification – easily implies
the topological version of the Prohorov-type theorem. Theorem 4.7 itself, i.e., the sequential
version, then follows by a standard conditional expectation argument. For compact S this
approach was started by J. Warga [War] and for S locally compact and Polish it was
pursued by C. Castaing, H. Berliocchi and J.M. Lasry, who used Alexandrov’s one point
compactification (see [BL, p. 179-180]) and who extended the scope of Young measure theory
considerably by showing how integral functionals with lower semicontinuous (measurable)
integrands could be included in the theory. In [Ba1, Ba2, Ba3] their treatment was expanded
to a metrizable Lusin space S, using Hilbert cube compactification. Subsequently, this
approach was further extended to the case of a completely regular Suslin space S [Ba14].
(See also [JM] for an independent treatment of the case where S is Polish.) These lecture
notes continue this development by dealing with a separable metric space S and allowing
stronger topologies on S in the principal results (as explained in the main text, this includes
the case where S is completely regular and Suslin). As an aside, let it be observed that
a considerable shortcut is available in case the underlying measure space is topological
in nature (but direct contact with classical measure theory is then lost of course). The
shortcut can be achieved by use of the Scorza-Dragoni theorem (a Lusin-type theorem).
The direct objects of study then become the product measures on the topological space
Ω × S (cf. Theorem A.1), for which the classical narrow convergence theory is directly
available. Results in this vein were obtained by L.C. Young [Y2], E.J. McShane [Mc2], and
H. Berliocchi and J.-M. Lasry [BL].

Section 1

A particularly elegant and comparatively short proof of Komlós’ Theorem 1.2 by martin-
gale arguments can be found in [Cha1]. For extensive background information on Komlós’
theorem, especially on the influence which it has had on the so-called ‘subsequence princi-
ple’, the survey paper [Cha2] should be consulted.

Section 2

The pertinent credits and references for the classical material in this section can be found
in P. Billingsley’s textbook [Bi1]. Definition 2.12 and Theorem 2.13 go back to Yu.V. Pro-
horov, with later extensions by V.S. Varadarayan and L.M. LeCam [L2]. Theorem 2.15 is
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due to L.M. LeCam [L2] (with input from S. Ulam and P.-A. Meyer); observe that without
the Suslin assumption this result still holds for a sequence of Radon probability measures on
the metric space S. The use of the Alexandrov-compactification N̂ in these considerations,
which is a recurring technical trick in these notes, was introduced in [Ba4]. The precision
reached for the support in the synthesizing Theorem 2.20, by using sequential closures,
seems new (the same comment applies to Theorems 5.5 and 6.2).

Section 3

Definition 3.1, the classical definition of a transition probability, was not studied as
such by L.C. Young [Y1, Y2]. In contrast, Young’s generalized curves started out as lin-
ear continuous functionals, which correspond to product measures on Ω × S – by Riesz’s
representation theorem – with one marginal fixed (i.e., equal to µ). In statistical decision
theory, however, the notion of a statistical decision function [Wal, L1, Fe] had precisely the
form of a transition probability, and also the narrow convergence Definition 3.3 arose in this
area [Wal, L1]. Definition 3.10 of K-convergence was introduced in [Ba16] for quite general
scalarly measurable functions, including transition probabilities. Outer integral functionals
for Young measures, and the concomitant notion of measurable regularization were intro-
duced in [Ba3, Ba7]. Theorem 3.13 was given in [Ba17]; a flaw in the proof there has
been corrected by giving an entirely new proof here. Support properties of narrow limits of
Young measures, as given in Corollary 3.18, were first studied in [Ba3], and [Ba17] contains
the first version of Theorem 3.11. Theorem 3.15, a corollary of the relative K-compactness
Theorem 4.7, was first given in [Ba16, Ba17] for S Polish. The present extension to the
metrizable Suslin case is new; the same holds for Corollary 3.16. In view of the comment
above about the significance of Theorem 2.15, it would have been possible to replace the
Suslin condition for S systematically by a restriction to Young measures mapping into the
Radon probability measures on the separable metric space S. However, to vary the assump-
tions on S seemed more natural than to vary the set of Young measures itself (besides, S has
to be Suslin anyway when measurable selections are considered). The counterExample 3.17
is new. The Young measure portmanteau Theorem 3.19 has many fathers; it contains ele-
ments that can be traced back to at least H. Berliocchi and J.-M. Lasry [BL] and A.D. Ioffe
[Iof]. Theorem 3.23 was first given in [Ba11]; the proof given here is particularly simple.

Section 4

Definition 4.1 was introduced in [Ba2, Ba3]; this extends earlier versions of tightness,
given by L.M. LeCam [L1] and H. Berliocchi and J.-M. Lasry [BL] for instance. Defini-
tion 4.2 and the equivalence Proposition 4.3 are due to M. Valadier and A. Jawhar [Jaw].
The Prohorov-type Theorem 4.7 for K-convergence was first given in [Ba16] (for S com-
pletely regular Suslin); Prohorov-type theorems for narrow convergence (both sequential
and nonsequential) can be found in [L1, BL] (for S locally compact Polish), in [JM] (for S
Polish), and in [Ba1, Ba3, Ba14] (for S metrizable Lusin and S completely regular Suslin
respectively). Metrizability of S in Theorem 4.7 might seem retrogressive, in view of [Ba16];
yet this is not the case, because of the novel observation made in Theorem 5.5. To see the
relation with [Ba16, Ba14] precisely, observe that Theorem 5.5 applies to a completely reg-
ular Suslin space (S, τ), since such a space always has a weaker metrizable topology (quite
related to the weak metric dw used in section 6) for which it is still Suslin. A different,
somewhat related tightness criterion has been given by C. Castaing [Ca1]. Proposition 4.10
is due to Z. Artstein [Ar2].

62



Section 5

The growth dominance property (γ) has its roots in the classical notion of coercivity in
the calculus of variations; the form presented is as in [BL] and owes much to R.J. Aumann,
M. Perles and L. Shapley [AP]. The more general property (γ′) is introduced here for the
first time. Theorem 5.5 forms a synthesis of material whose history has been described in
the above comments regarding section 4; e.g., see [Ba14]. Proposition 5.8, with origins in
[AP], comes from H. Berliocchi and J.-M. Lasry [BL] (in first instance, for locally compact
Polish S – but already the result for Euclidean S happens to be equivalent to the one with
S Suslin; see [Ba4] and section 8).

Section 6

Definitions 6.1 and 6.7 are classical [DU]. Theorem 6.2 is a specialization of Theorem 5.5
to an L1-setting; forerunners can be found in [BL, Ba3, Ba8]. Compactness criteria like
Theorem 6.8 go back to N. Dunford and B.J. Pettis. The connection with Prohorov-type
narrow compactness criteria for Young measures was first made by H. Berliocchi and J.-
M. Lasry [BL] (for finite-dimensional E) and later in [Ba8] (for a reflexive Banach space
E) and [BH]. Of course, extensions of the Dunford-Pettis criterion have also been obtained
without Young measures (and much earlier); without any attempt to be fair or exhaustive
(and disregarding the related work in Orlicz spaces), I would mention [DU, CV, Ca3, ACV,
Ba16] and their references. As indicated in the main text, Theorem 6.9 originated with
V. Jalby [Jal], who proved s-relative compactness of the sequence (

∫
A fn′) for each A. The

present formulation refines this result, and its proof is completely new Definition 6.10 is from
[BC]; here the main idea, as expressed by Theorem 6.11, is due to V.F. Gaposhkin [Gap].
Definition 6.14 of the Bocce criterion is due to M. Girardi [Gi]. Definition 6.17 of limited
convergence is was first given in [Ba9]. Theorems 6.19 (and 6.21 as well) originated with
A. Visintin, and was subsequently improved in [Ba9, Ba17]; the present version continues
these improvements further. See [Val4] for more details.

Section 7

The lower semicontinuity Theorem 7.1 has a long history, which goes back to L. Tonelli
[ET, Ce]; versions of this result can be discerned in the work of L.C. Young and E.J. Mc-
Shane as well. Also H. Berliocchi and J.-M. Lasry [BL] proved similar results by means
of Young measures. All the above authors suppose that the Banach space E is finite-
dimensional. The first version of the lower semicontinuity result Theorem 7.1 in infinite
dimensions appears to have been given in [BO] (for a reflexive Banach space E), and the
first lower closure result of this type seems to have been given in [Ba8] (also with E reflex-
ive). The use of w2-convergence to unify lower closure and lower semicontinuity results, as
in Corollaries 7.2 and 7.4, was suggested in [Ba3, p. 588] and worked out in [Ba13].

Section 8

The gist of Theorem 8.2 can be found in many works on optimal control (e.g. [Ce]).
The Fatou-Vitali Theorem 8.6 in several dimensions is essentially as in [Ba4, Ba3] (see also
Corollary 8.8); the present version is from [Ba21]. Lemma 8.7, the main tool section 8,
is from [Ba21], where one can find a more complicated proof, based on using Choquet-
type representations of Young measures. The original Fatou result in several dimensions
of D. Schmeidler [Schm] is subsumed by Corollary 8.8. Corollary 8.9 is due to Z. Artstein
[Ar2].

Section 9
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The existence Theorem 9.1 was originally given by R.J. Aumann and M. Perles [AP]
(without using Young measures). Their result inspired H. Berliocchi and J.-M. Lasry [BL]
and the present author [Ba1, Ba4] into proofs which use Young measures. A different
approach, which avoids Young measures and is more in the spirit of [AP], was given by
Z. Artstein [Ar1]. The denseness Theorem 9.3 is classical in Young measure theory and
goes back to approximation arguments of L.C. Young. See J. Warga’s textbook [War] for
several applications (with S compact) and see [Ba6] for a very general topological version.
The limiting bang-bang Theorem 9.4 generalizes a result of M. Valadier [Val1]. The method
of proof is new. Although only stated for a concrete example, the relaxation Example 9.5,
which goes back to work by I. Ekeland [E] and H. Berliocchi and J.-M. Lasry [BL], improves
upon [Val2] in one significant aspect: it only needs lower semicontinuity in the state variable.
The proof contains several new elements, not in the least its use of Theorem A.14 and its
application of Theorem A.3 to certain marginal measures (this simplifies earlier proofs given
in [BL, ET, Val2, Val1]).

Appendix A

All results are known, except for Theorem A.14 and its corollary. To my own great
surprise I have not been able to locate references for Corollary A.11, apart from [Ba21,
Proposition 3.2] and an unproven statement in [Fl, Proposition 2.4] (for finite-dimensional
Ω). The proof given in [Ba21] deduces Corollary A.11 from the analogue of Lemma 8.7
(which in turn is proven by a Choquet-type representation for Young measures that is not
discussed here). This is much more complicated than the the proof given here. Theo-
rem A.14 appears not to have appeared before (I have left it unpublished for a long time –
the proof uses a duality/perturbation scheme with compactifications in the spirit of [Ba10]).
It is remarkable that the connection of such a result with duality was apparently not made
in [ET] (a textbook on duality theory).

Appendix B

The results in this appendix ought to be well-known; I was simply unable to find a
suitable reference for all the results on outer integration used in the main text.

E.J.B.
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A Auxiliary results

We recall and derive some results from measure theory and convex analysis which play a
role in the main text. Our first result is a Fubini-type theorem from [N, III.2] (see also [As,
2.6]). As in the main text, (Ω,A, µ) is a finite measure space, S a separable metric space
and (E, ‖ · ‖) a separable Banach space.

Theorem A.1 (Fubini-Tonelli) For any δ ∈ R(Ω,A, µ;S) the formula

[µ⊗ δ](A×B) :=

∫
A
δ(ω)(B) µ(dω)

defines a unique product measure µ⊗δ on (Ω×S,A×B(S)). Moreover, for every A×B(S)-
measurable function g : Ω× S → [0,+∞]

ω 7→
∫
S
g(ω, x)δ(ω)(dx) is A-measurable

and ∫
Ω×S

g d(µ⊗ δ) =

∫
Ω

[

∫
S
g(ω, x)δ(ω)(dx)]µ(dω).

Proposition A.2 Let δ : Ω→ P(S). The following are equivalent:
(a) δ ∈ R(Ω,A, µ;S).
(b) δ is measurable with respect to A and the narrow Borel σ-algebra on P(S).

Proof. (a)⇒ (b): For every c ∈ Cb(S) the mapping ω 7→
∫
S c(x) δ(ω)(dx) is A-measurable

by Theorem A.1. Since P(S) is separable and metrizable for the narrow convergence topol-
ogy [DM, III.60], (b) follows elementarily.

(b)⇒ (a): For any open set G ⊂ S there exists a nondecreasing sequence (cn) in Cb(S)
such that limn cn(x) = 1G(x) for every x ∈ S [As, A6]. Hence, δ(·)(G) is A-measurable by
an application of the monotone convergence theorem. Since finite intersections of open sets
are open, (a) follows by an application of a σ-additive class result [As, 4.1.2]. 2

We frequently use the following classical criterion for uniform integrability [DM, II.22]:

Theorem A.3 (de la Vallée-Poussin’s criterion) Let (φn) in L1
R. The following are

equivalent:
(a) (φn) is uniformly integrable.
(b) There exists a function h′ : R+ → R+, convex, continuous and nondecreasing, such

that limξ→∞ h
′(ξ)/ξ = +∞ and

sup
n

∫
Ω
h′(|φn(ω)|)µ(dω) < +∞.

The following implicit measurable function result is taken from [CV, Theorem III.38].

Theorem A.4 (implicit measurable selection) Let (U,U) be a measurable space, S a
Suslin space, and Θ : Ω→ 2U a multifunction whose graph

gph Θ := {(ω, u) ∈ Ω× U : u ∈ Θ(ω)}

belongs to A×B(U). Let g : Ω×S → U be measurable with respect to A×B(S) and U such
that g(ω, S) ∩ Θ(ω) 6= ∅ for a.e. ω. Then there exists f ∈ L0

S such that g(ω, f(ω)) ∈ Θ(ω)
for a.e. ω in Ω.
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Ky Fan’s inequality is as follows [AE, Theorem 5, p. 330]:

Theorem A.5 Let K be a compact convex subset of a topological vector space and let χ :
K×K → R be such that (i) χ is lower semicontinuous, (ii) χ(·, z) is lower semicontinuous
for every z ∈ K and (iii) χ(z′, ·) is concave for every z′ ∈ K. Then there exists z∗ ∈ K
such that

sup
z∈K

χ(z∗, z) ≤ sup
z∈K

χ(z, z).

Next, we give some Lyapunov-type results which lead up to the instrumental Corol-
lary A.11.

Definition A.6 (atom) An atom of (Ω,A, µ) is a set A ∈ A, µ(A) > 0, for which there
exists no B ∈ A, B ⊂ A, such that 0 < µ(B) < µ(A). 2

Note that as atoms we only accept nonnull sets. It is elementary to check that any A-
measurable function must be a.e. constant on any atom of (Ω,A, µ).

Proposition A.7 (decomposition property) There exists an at most countable collec-
tion (Āj) of atoms of (Ω,A, µ), such that Ωna := Ω\ ∪j Āj contains no atoms.

Proof. For each i ∈ N there can be at most i atoms whose µ-measure is at least µ(Ω)/i.
This gives the desired collection (Āj). 2

If Ω = Ωna then (Ω,A, µ) is said to be nonatomic. The most important property of
nonatomic measure spaces is as follows [CV, p. 118 ff.].

Theorem A.8 (Lyapunov’s theorem) Let q ∈ N and let f ∈ L1
Rq . If Ω is nonatomic,

then

C := {
∫
A
f dµ : A ∈ A} = {

∫
Ω
fα dµ : α ∈ L∞R , 0 ≤ α ≤ 1}.

Corollary A.9 Let m, r ∈ N, let f1, · · · , fr be functions in L1
Rm and let α1, · · · , αr be

nonnegative functions in L∞R , with
∑r
i=1 αi(ω) = 1 for all ω. If Ω is nonatomic, then there

exists a measurable partition B1, · · · , Br of Ω such that∫
Ω

r∑
i=1

αifi dµ =
r∑
i=1

∫
Bi

fi dµ.

Proof. We use induction for r. For r = 1 the result holds trivially. Suppose it is true
for r = k − 1. Denote

∑k−1
1 α′ifi by g, where α′i(ω) := αi(ω)/(1 − αk(ω)) if αk(ω) < 1

and α′i(ω) := 0 if αk(ω) = 1. By Theorem A.8, there exists A ∈ A for which
∫
A(g, fk) =∫

Ω αk(g, fk). This gives
∫

Ω\A g =
∫

Ω(1 − αk)g, so now the result follows by the induction
step applied to the functions fi1Ω\A. 2

Consequently, the following result is immediate:

Corollary A.10 (Richter’s theorem) Let F : Ω → 2R
d

be an arbitrary multifunction.
If Ω is nonatomic, then the set

∫
Ω F dµ is convex.

The next result is [Ba21, Proposition 3.2], which extends Corollary A.9: the important
fact to observe is that the participating functions are no longer supposed integrable.
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Corollary A.11 (extended Lyapunov theorem) Let m, r ∈ N, let f1, · · · , fr be func-
tions in L0

Rm and let α1, · · · , αr be nonnegative functions in L∞R , with
∑r
i=1 αi(ω) = 1 for

all ω, such that ∫
Ω

r∑
i=1

αi|fi| dµ < +∞.

If Ω is nonatomic, then there exists a measurable partition B1, · · · , Br of Ω such that∫
Ω

r∑
i=1

αifi dµ =
r∑
i=1

∫
Bi

fi dµ.

Proof. Define for every p ∈ N the set Ωp to consist of all ω for which maxi |fi(ω)| belongs
to (p, p−1]. Then the Ωp are disjoint and on each Ωp we can apply Corollary A.9. For each
p this gives the existence of a measurable partition B1,p, · · · , Br,p such that∫

Ωp

r∑
i=1

αifi =
r∑
i=1

∫
Bi,p

fi.

Hence, the result follows by∫
Ω

r∑
i=1

αifi =
∑
p

∫
Ωp

r∑
i=1

αifi =
r∑
i=1

∫
∪pBi,p

fi,

since for each i the Bi,p are disjoint. 2

The following result forms a trick to reduce arguments involving at most countably
many product measurable sets or functions to a marginally countably generated situation;
cf. [CV, p. 78] and [Val1, Appendix].

Proposition A.12 Let (U,U) be a measurable space and let g : Ω × U → [−∞,+∞] be
A×U-measurable. Then there exists a countably generated sub-σ-algebra A0 of A such that
g is also A0 × U-measurable. Moreover, if (Ω,A, µ) is nonatomic, then A0 can be chosen
in such a way as to make (Ω,A0, µ) nonatomic.

Proof. If g = 1G, G ∈ A × U , then it suffices to observe that the union of all σ-algebra’s
A0 × U , A0 a countably generated sub-σ-algebra of A, is a σ-algebra which must coincide
with A× U . The usual approximation by a sequence of simple functions then finishes the
argument for general g. In addition, if A is nonatomic, then let (Āj) be an enumeration of
the atoms of A0, just as in Proposition A.7. By nonatomicity of A, for each m ∈ N each
A0-atom Āj can be partitioned as Āj = ∪mi=1B

m,j
i , with µ(Bm,j

i ) ≤ µ(Āj)/m, 1 ≤ i ≤ m.

Now let A1 be the σ-algebra generated by A0 and all Bm,j
i . Suppose that A is an atom

of A1. Of course, we can only have µ(A ∩ (Ω\ ∪j Āj)) > 0 if µ(A) = µ(A ∩ (Ω\ ∪j Āj)).
But this implies that, modulo a null set, the A1- and A0-atom A is contained in Ω\ ∪j Āj ,
which is the nonatomic part of (Ω,A0, µ) (cf. Proposition A.7). Therefore, it follows that
µ(A ∩ (Ω\ ∪j Āj)) = 0, i.e., A is essentially contained in ∪jĀj . Hence, for every m ∈ N

there must be j and i, 1 ≤ i ≤ m, with µ(A ∩ Bm,j
i ) > 0. But since A is an atom this

implies then µ(A) = µ(Bm,j
i ) ≤ µ(Āj)/m ≤ µ(Ω)/m. So µ(A) = 0, in contradiction to our

Definition A.6. 2

The following well-known property of barycenters is frequently used in the main text.
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Theorem A.13 (barycenters and convexity) Let ν ∈ P(E) be such that
∫
E ‖x‖ν(dx) <

+∞.
(i) If C ⊂ E is closed and convex with ν(C) = 1 then

bar ν :=

∫
E
x ν(dx) lies in C.

(ii) If E = Rd and if C ⊂ Rd is convex – possibly nonmeasurable – with outer measure
ν∗(C) = 1 then

bar ν :=

∫
Rd
x ν(dx) lies in C.

Proof. From elementary facts about Bochner integration it follows that bar ν is well-
defined. Part (a) follows directly from the Hahn-Banach theorem [War, I.6.13], and part
(b) is proven by induction for the dimension of E (see [Pf, Lemma] and [Fe, Lemma 3,
p. 74]). 2

The next series of results generalizes a well-known result from Choquet analysis; the
main proof, which depends upon a duality-perturbation scheme using compactifications, is
quite in the spirit of [Ba10].

Theorem A.14 (barycenters and convexification) Let q : E → (−∞,+∞] be lower
semicontinuous and such that dom q∗ := {q∗ < +∞} is nonempty. Let q∗∗ be the Fenchel
biconjugate of q. Then for every x0 ∈ E with q∗∗(x0) < +∞ there exists ν ∈ P(E) such
that

q∗∗(x0) = sup
x∗∈dom q∗

∫
E

[q(x)+ < x0 − x, x∗ >]ν(dx).

Proof. It follows immediately from the definition of biconjugate that

−q∗∗(x0) = inf
x∗∈dom q∗,α∈R,<·,x∗>+α≤q

[− < x0, x
∗ > −α].

Let Ê be the Hilbert cube compactification of E [Cho, 6.3]; then we may identify E as a
subset of Ê. Since (E, ‖ · ‖) is a Polish space, E is a Gδ-set in Ê; hence we get E ∈ B(Ê)
after identification; cf. [DM, p. 118]. Consider for ĉ ∈ C(Ê) the perturbed optimization
problem

(Pĉ) : inf
x∗∈dom q∗,α∈R,<·,x∗>+α≤q−ĉ|E

[− < x0, x
∗ > −α].

Define p(ĉ) := inf(Pĉ). Since dom q∗ is supposed nonempty, there exist x̄∗ ∈ E∗ and ᾱ ∈ R
such that q ≥< ·, x̄∗ > +ᾱ on E. This gives p(ĉ) ≤ − < x0, x̄

∗ > −ᾱ + supÊ |ĉ| for all

ĉ ∈ C(Ê), so p is certainly continuous and finite at the origin (note that p(0) = −q∗∗(x0) >
−∞). In the terminology of [ET], this means that (P) is stable for the chosen perturbation
scheme. The corresponding dual problem is

(P∗) : sup
ν̂∈M(Ê)

−p∗(ν̂),

by the Riesz representation theorem [DM, III.35]. Here M(Ê) stands for the set of all
bounded signed measures on the compact and metrizable space Ê. Let us calculate p∗; we
have

p∗(ν̂) = sup
ĉ∈C(Ê),x∗∈dom q∗,α∈R,<·,x∗>+α≤q−ĉ|E

[

∫
Ê
ĉ dν̂+ < x0, x

∗ > +α].
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We now claim that p∗(ν̂) = +∞, unless there is a probability measure ν ∈ P(E) such
that ν̂(·) = ν(E ∩ ·). If this is true, then (P∗) is equivalent to an optimization problem
over P(E). Indeed, if ν̂(Ê\E) 6= 0 then p∗(ν̂) = +∞, and if ν̂ is negative, then there
exists a nonpositive ĉ ∈ C(Ê) with

∫
Ê ĉ dν̂ > 0. Then taking positive multiples of ĉ shows

p∗(ν̂) = +∞. Continuing, if ν̂(Ê\E) = 0 and if ν̂ is nonnegative, then

p∗(ν̂) = sup
x∗∈dom q∗,α∈R

[

∫
E

(q(x)− < x, x∗ > −α) ν̂(dx)+ < x0, x
∗ > +α]. (A.1)

This follows from defining (ĉn) ⊂ C(Ê) by

ĉn(x̂) := inf
x∈E

[nρ̂(x, x̂) + q′(x)],

where q′ := q− < ·, x∗ > −α is lower semicontinuous and bounded from below and where ρ̂
stands for any choice of a metric on Ê. For then the proof of [As, A6.6] can be mimicked
completely to give ĉn ↑ q on E, so (A.1) follows by the monotone convergence theorem.
Clearly, (A.1) implies that if ν̂(Ê\E) = 0 and if ν̂ is nonnegative, then p∗(ν̂) = +∞,
unless ν̂(E) = 1. Now the claim follows from the resulting simplification of (A.1). Finally,
it remains to apply the duality-stability result of [ET, Proposition 2.2, p. 51]; this gives
inf(P) = max(P∗), so the result follows. 2

Corollary A.15 Let q : E → (−∞,+∞] be such that q+ < ·, x∗ > is inf-compact for every
x∗ ∈ E∗. Then for every x0 ∈ E with q∗∗(x0) < +∞ there exists ν ∈ P(E) such that

q∗∗(x0) =

∫
E
q(x)ν(dx)

and such that
∫
E | < x, x∗ > |ν(dx) < +∞ and

∫
E < x, x∗ > ν(dx) =< x0, x

∗ > for every
x∗ ∈ E∗.

Proof. By the given inf-compactness property, q+ < ·, x∗ > attains its minimum over E
for each x∗ ∈ E∗. Hence, dom q∗ = E∗. Therefore, the probability measure ν furnished by
Theorem A.14 satisfies for each x∗ ∈ E∗∫

E
[−q∗(0)+ < x0 − x, x∗ >]ν(dx) ≤ q∗∗(x0) < +∞;

observe that this implies
∫
E max(− < x∗, x >, 0) ν(dx) < +∞.14 Replacing x∗ by −x∗,

we see that
∫
E | < x, x∗ > |ν(dx) < +∞ for every x∗ ∈ E∗; the stated property of ν now

follows easily from the identity in Theorem A.14 by taking scalar multiples. 2

14As everywhere else, the integration convention from Lemma B.2 is in force.
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B Outer integration

Definition B.1 (outer integration) Let ψ : Ω→ [−∞,+∞] be arbitrary (possibly non-
measurable). Then the outer integral

∫ ∗
Ω ψ dµ is defined by∫ ∗

Ω
ψ dµ := inf{

∫
Ω
φ dµ : φ ∈ L1

R, φ ≥ ψ on Ω},

where the infimum over the empty set is set equal to +∞. 2

Lemma B.2 (outer and ordinary integration) Let ψ : Ω → [−∞,+∞] be A-measur-
able. Then ∫ ∗

Ω
ψ dµ =

∫
Ω
ψ dµ :=

∫
Ω
ψ+ dµ −̇

∫
Ω
ψ− dµ,

where ψ+ := max(ψ, 0), ψ− := max(−ψ, 0) and −̇ is as ordinary subtraction, but with the
additional convention (+∞) −̇ (+∞) := +∞.

Proof. If
∫

Ω ψ
+ = +∞, the result is immediate (the infimum in Definition B.1 is then

taken over the empty set).
So suppose

∫
Ω ψ

+ < +∞. Note that
∫

Ω φ ≥
∫

Ω ψ for every φ participating in the infimum
in Definition B.1. Hence,

∫ ∗
Ω ψ ≥

∫
Ω ψ. Now if

∫
Ω ψ
− < +∞, then ψ ∈ L1

R, so Definition B.1
implies that

∫ ∗
Ω ψ ≤

∫
Ω ψ, which finishes the argument. And if

∫
Ω ψ
− = +∞, then an obvious

argument with the sequence φn := ψ+ −min(ψ−, n) shows that
∫ ∗
Ω ψ = −∞ =

∫
Ω ψ. 2

Lemma B.3 (attainment outer integral) Let ψ : Ω → [−∞,+∞] (possibly nonmea-
surable) and φ ∈ L1

R be such that ψ ≥ φ on Ω and
∫ ∗

Ω ψ dµ < +∞. Then there exists
φ̃ ∈ L1

R, φ̃ ≥ φ, such that
∫
Ω φ̃ dµ =

∫ ∗
Ω ψ dµ.

Proof. By Definition B.1 there exists a sequence (φk) in L1
R such that φk ≥ ψ and∫

Ω φk ≤
∫ ∗

Ω ψ+ k−1 for all k. Define φ̃ := infk φk; then φ1 ≥ φ̃ ≥ ψ ≥ φ (hence φ̃ ∈ L1
R) and∫

Ω φ̃ ≤
∫ ∗

Ω ψ. The converse inequality is trivial. 2

Proposition B.4 (Fatou-Vitali for outer integrals) Let (ψn) be a sequence of (pos-
sibly nonmeasurable) functions ψn : Ω → [−∞,+∞] such that there exists a uniformly
integrable sequence (φn) in L1

R for which for every n ∈ N

ψn(ω) ≥ φn(ω) for all ω ∈ Ω.

Then

lim inf
n

∫ ∗
Ω
ψn(ω)µ(dω) ≥

∫ ∗
Ω

lim inf
n

ψn(ω)µ(dω).

Proof. By Lemma B.3, for each n there exists φ̃n ∈ L1
R such that φ̃n ≥ ψn ≥ φn and∫

Ω φ̃n =
∫ ∗

Ω ψn. By uniform integrability of (φn), the classical Fatou-Vitali lemma [As, 7.5.2]
applies. This gives

lim inf
n

∫ ∗
Ω
ψn = lim inf

n

∫
Ω
φ̃n ≥

∫
Ω

lim inf
n

φ̃n.

Since lim infn φ̃n ≥ lim infn ψn, Definition B.1 gives
∫ ∗

Ω lim infn φ̃n ≥
∫ ∗

Ω lim infn ψn. Since
lim infn φ̃n is A-measurable, Lemma B.2 applies, and the result follows. 2
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Lemma B.5 (subadditivity outer integration) Let ψ,ψ′ : Ω → [−∞,+∞] be arbi-
trary (possibly nonmeasurable). Then∫ ∗

Ω
ψ dµ +̇

∫ ∗
Ω
ψ′ dµ ≥

∫ ∗
Ω

(ψ +̇ ψ′)dµ,

where +̇ is defined just as ordinary addition, but with (−∞)+̇(+∞) := +∞ as an additional
convention.

Proof. If either term on the left is equal to +∞, the result is trivially true. So suppose
that

∫ ∗
Ω ψ dµ < +∞ and

∫ ∗
Ω ψ
′ dµ < +∞ (hence both ψ and ψ′ are a.e. not equal to +∞).

By Definition B.1, there exist sequences (φn) and (φ′n) in L1
R such that

∫
Ω φn →

∫ ∗
Ω ψ and∫

Ω φ
′
n →

∫ ∗
Ω ψ
′, with φn ≥ ψ and φ′n ≥ ψ′. But then simple work with (φn + φ′n) gives the

inequality immediately. 2

Lemma B.6 Let ψ : Ω→ [−∞,+∞] be arbitrary and let φ ∈ L1
R. Then∫ ∗

Ω
(ψ + φ)dµ =

∫ ∗
Ω
ψ dµ+

∫
Ω
φ dµ.

Proof. An elementary consequence of Definition B.1. 2
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[Bo] Bourbaki, N. Intégration, Chap. IX. Hermann, Paris, 1969.

[BC] Brooks, J. and Chacon, R.V. Continuity and compactness of measures. Adv. in Math.
37 (1980), 16-26.

[BD] — and Dinculeanu, N. Weak compactness in spaces of Bochner integrable functions
and applications. Adv. in Math. 24 (1977), 172-188.

[Bu] Buttazzo, G. Semicontinuity, Relaxation and Integral Representation in the Calculus
of Variations. Pitman Research Notes in Math. 207, Longman, Harlow (Essex), 1989.
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