10 Weyl’s law

10.1 Description of the result

Let M be a compact smooth manifold. Let g be a Riemannian metric on M and
A the corresponding Laplace operator, equipped with a minus sign so that its
principal symbol equals

In the final sessions of our seminar we will aim at understanding a proof of Weyl’s
law for the asymptotic behavior of the eigenvalues of the Laplace operator.

Our first aim will be to describe the result. For this we will look at the
eigenvalues of the Laplace operator. We define A(A) to be the set of A € C such
that

EQ) :={f e C*(M) [Af =Af}
is non-trivial. We will show that A is a discrete subset of [0, co[, that each E())
is finite dimensional and that

DreaE(N) = LA(M).

Here the summands are mutually orthogonal, and the hat indicates that the
closure of the direct sum is taken. For each A € A, we put m, := dim E(\)
and call this the multiplicity of the eigenvalue A. Let 0 < Ay < A9, < --- be an
ordering of the eigenvalues, including multiplicities. For p > 0 we define

N(p) =#{j | Aj < p} = dim@x<, E(N).
Then Weyl’s law describes the asympotic behavior of N(u), for p — oc.

Theorem (Weyl’s law) The asymptotic behavior of N(u), for  — oo is given
by

w
N(p) ~ —— vol(M)pu™?
(1) @ (M)p"'=,
where w,, denotes the volume of the n-dimensional unit ball.

Example. The simplest example is the unit circle S , with Laplace operator
—0?/00%. We know that the eigenvalues are k%, for k& € N. Furthermore, the
multiplicity of 0 is 1 and the multiplicity of the non-zero eigenvalues is 2, so that

N(p) =2|p'?] =1~ 2012,
On the other hand, n = 1, B; = 2 and vol(S) = 2, so that in this case

(2m)"

This confirms Weyl’s law for the unit circle.

vol(S) = 2.
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Second example. Let A be the spherical Laplacian on the 2-dimensional
unit sphere. Then Weyl’s law predicts that

N () ~ (277:)247w = pu.

Check this by using spherical harmonics.
Our goal is to follow the proof in a set of Lecture Notes I found on the web

[2] http://www.math.univ-toulouse.fr/~bouclet /Notes-de-cours-exo-exam /M2 /
cours-2012.pdf

The proof makes heavy use of Pseudo-differential operators depending on param-
eters, which is just within our reach. The line of reasoning is inuitively appealing.

10.2 Spectrum of the Laplacian

In this section we assume that M is a compact manifold, £ | M a complex
vector bundle, equipped with a Hermitian structure. Then we have the following
natural sesquilinear pairing I'*(E) x I'°(E) — C given by

(f,q) = /M (f(2), g(x)). dr.

Here dx denotes the Riemannian volume density on M. For each s € R this
pairing is continuous with respect to the Sobolev topology of Hy (M, E) on the
first factor, and the similar topology of H_ (M, E) on the second factor and
therefore extends to a continuous sesquilinear pairing

H,(M,E)x H_((M,E) — C.

By a local analysis, it is seen that the pairing is perfect. In particular, for s = 0
we obtain a Hermitian inner product on Hy(M, E) ~ L*(M, E) which induces
the Hilbert topology on L*(M, E) and thus turns L*(M, E) into a Hilbert space.

By compactness of M, each section f of I'">°(M, E) has a finite order as a
distribution, so that by local analysis it follows that f € H,(M,E) for some
s € R. In other words,

I~(M, E) = UsepHy(M, E) = H_oo(M, E).

Definition 1 A pseudo-differential operator P € W(E, E) is said to be self-
adjoint if

(Pf.9)=(f,Pg)
for all f,g € I™°(E).



The Laplace operator A may be viewed as a self-adjoint pseudodifferential
operator in W?(Cys, Cy/). The Hodge-Laplacian of degree p is the operator A, :
QP(M) — QP(M) given by A, = dd* + d*d. It is a self-adjoint pseudodifferential
operator in W2(APT* M, APT* M ). Moreover, these operators form prime examples
of elliptic differential operators of order 2.

In the following we assume that L is a self-adjoint elliptic operator in W¢(E, E),
where d > 0.

Lemma 2 Let s € R. Then for the above pairing, the restricted operator L :
H (M, FE) — Hy_q(M, E) is adjoint to the restricted operator Lq_s : Hyg_s(M, E) —
H (M, E).

Proof Since L is a pseudo-differential operator, L, is continuous linear, and so
is Lg_s. It suffices to show that (L,f,g) = (f, Lq_sg) for all f € H (M, E) and
g € Hy (M, E). By continuity and density, it suffices to show this equality for
all f,g € I'™°(M, E). This is an immediate consequence of the self-adjointness of
L. O

Let
Hy={f el ™ (M,E)[Lf =0}

here H stands for ‘Harmonic’. By the elliptic regularity theorem, H, C I'°(M, E).

By the results of Chapter 9, the space Hy, is finite dimensional.
We define

Hi ={f el ™™(M,E)|VYg € Hy: (fg) =0}

Lemma 3 We have
[™°(M,E) = Hi ® Hy.

The associated projection operator Pp : I'_o (M, E) — Hp, is a smoothing opera-
tor.

Proof There exists a basis 1, ... ¢, of Hy, which is orthonormal with respect to
the restriction of (-, -) to Hy. We define the linear operator 7' : I'"°(M, E) —
HL by

n

T(f) = (f.ei)e;

j=1

Then, clearly, T? = T so that T is a projection operator. Clearly kerT = Hi
and im(7T) = Hji. This establishes the decomposition. Morever, P;, = T. We
will finish the proof by showing that T is a smoothing operator. Indeed, let
K:MxM— EX(E*® Dy) be defined by

K(z,y)(v" @ (v® p)) = Z v (5(2)) (v, 5 ()Y dm(py),
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for v* € E;,v € Ey and p € Dy, Then K is a smooth section of the bundle
EX (E*® Dy) L M x M. Moreover, it follows from the definitions that, for
feTl*>®(E) and g € I'™°(E"),

(TlN)ade) = Klod® 1) = 3 ¢odn) [ () es(0)dy = () (o)

Therefore, Tx = T on I'°(M, E) and by density and continuity, we find that
Ty =T on I~(M, E). 0

Lemma 4 Let s € R. Then
H,(M, E) = (H,(M, E) N H}) & H,,

is a direct sum of closed subspaces. The restricted map Ly : Hy(M,E) —
H,_4(M, E) restricts to a topological linear isomorphism

H(M,EYNHf — H, ¢(M,E)n H}.

Proof The projection operator P, : I'"*°(M, E) — I'"*°(M, E) is smoothing,
with image Hy. It follows that the restriction of P;, defines a continuous linear
operator of Hy(M, E) with image equal to H, N Hs(M, E) = Hy,. This establishes
the given decomposition of Hs(M, E') into closed subspaces.

The map Ly : H(M, E) — H,_4(M, E) is Fredholm (see Lecture Notes, Ch.
9) hence has finite dimensional kernel and closed image of finite codimension. Ob-
viously the kernel equals H; . It follows that L restricts to an injective continuous
linear map H,(M,E) N H} — Hy (M, E).

By adjointness of L and Ls_4, the closure of im(Lg) equals the orthocomple-
ment of ker(Ls_4) in Hy 4. Since L, has closed image, we see that L restricts
to a bijective continuous linear map H(M,FE) N Hf — H,_4(M, E) N Hi. The
result now follows by application of the closed graph theorem for Banach spaces.
OJ

Definition 5 Let L € V(E, E) be self-adjoint elliptic. We define the Green
operator Gy : L*(M, E) — Hy(M, E) by

(a) Go =0 on HL
(b) on L*(M, E) N Hi, the operator Gy equals the inverse of

Lqg: HyM,E) L Hf — Ho(M,E)N Hy = L*(M,E) N Hy.

The following result shows that pseudo-differential operators naturally appear
in the theory of elliptic self-adjoint differential operators.
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Theorem 6 Suppose that L is a self-adjoint elliptic operator of order d > 0. Let
Gy be its Green operator. Then there exists a unique pseudodifferential operator
G € V4E,E) whose restriction to L>(M,E) equals Gy. This operator is self-
adjoint and satisfies

GoL=LoG=1-Pp.
In particular, it is a parametriz for L.

Proof Uniqueness follows from the fact that I'*°(M, E) is contained in L?(M, E).
Existence is established as follows. For s € R we define the continuous linear
operator G : Hy(M,FE) — Hg, 4(M, E) as follows. The operator is zero on Hy,
and on H,(M, E) N Hf it is the inverse of the continuous linear operator L4 of
Lemma 4. Since L is self-adjoint, it is readily verified that the operators Gy and
G _syq4 are adjoint to each other for the pairing (-, - ).

Each operator G is continuous linear H (M, E) — I'"°(M, E). If s,t € R,
then clearly the operators G5 and G; coincide on I'*(M, E). If in addition s < ¢
then H,(M,FE) C Hs(M, E) and we see that G, equals the restriction of G by
density of I'°(M, E) in H (M, E). It follows that there is a unique linear operator
G oo : I"°(M,E) - T"°(M,E).

On the other hand all operators G have the same restriction G, to ' (M, E).
It follows that G, : I'°(M, E) — Hs(M, E) is continuous linear for all s € R. By
the Sobolev embedding theorem this implies that G, is continuous linear from
(M, E) to itself. As G, and G_., are adjoint to each other for (-, ), it
follows that G_ is a continuous linear operator from I'"*°(M, E) to itself. We
denote this operator by GG. Obviously,

GoL=1—P,. (10.1)
By ellipticity, the operator L has a parametrix Q € W~¢(M, E). Thus, LQ = I+T
with 7" a smoothing operator. It now follows from (10.1) that
GUI+T)=GLQ = (I-P.)Q

so that G = @) — P,QQ — G'T. Now Pr() and GT are continuous linear oper-
ators I'"°(M, E) — I'>*°(M, E). By the Schwartz kernel theorem, such oper-
ators have a smooth kernel, hence are smoothing operators. It follows that
G —@Q € V"°(E,F), hence G is a pseudo-differential operator of order —d.
The remaining assertions have been established as well. 0

Lemma 7 Let L € V4(E, E) be elliptic and selfadjoint, d > 0. Let G be the
associated Green operator. Then G restricts to a compact self-adjoint operator
L*(M,E) — L*(M, E).

Proof The embedding i : Hy(M,R) — L*(M, E) is compact by Rellich’s the-
orem. The described restricted operator is the composition 70 Gg where Gy :
L*(M,E) = Hy(M,E) — Hy(M,E) is continuous linear. This establishes the

compactness. The self-adjointness is readily checked on the dense subspace
['>(M, E). O



Let L € VY(E, E) be elliptic and selfadjoint, d > 0. Then for each A € C
we the operator L — zI belongs to W4(E, E) and is elliptic, hence has finite
dimensional kernel E(L,\), which consists of smooth functions. If E(L,\) is

non-trivial, then A is called an eigenvalue for L. The set of eigenvalues is denoted
by A(L).

Theorem 8 Let L € V4(E, E) be elliptic and selfadjoint, d > 0. Then A(R)
is a subset of R which is discrete and has no accumulation points. For every
A € A(R) the associated eigenspace E(N) is finite dimensional. If Ay and Ay are
distinct eigenvalues, then E(\) L E(X\) in L*(M, E). Finally,

LQ(M7 E) - é\BAEAE()‘)y
where the hat indicates that the L*-closure of the algebraic direct sum is taken.

Proof Let G € ¥=¢(M, E) be the associated Green operator. We write A(G) for
the set of eigenvalues of G. It follows readily from the definitions that E(L,0) =
E(G,0) so 0 € A(G) if and only if 0 € A(L). Furthermore, if A € C\ {0}, then

E(G,\) = E(L,A™)

and we see that A € A(G) < X' € A(L).

By elliptic regularity, F(G,\) C T°(M,E) C L*(M,FE) and we see that
A(G) equals the set of eigenvalues of the compact self-adjoint restricted operator
Gy : L*(M,E) — L*(M, E). Moreover, E(G,\) = ker(Gy — A ). By the spectral
theorem of such operators, all assertions now follow. 0

We define the increasing function N = N, : [0, oo[— N by

N = > dmE(L,\).

AEA(L)JA<p

Then a Weyl type law for L should describe the top term asymptotic behavior
of N(u), for g — 0o. The aim of these notes is to guide the reader through the
proof of Weyl’s law for the case that L is the scalar Laplace operator A for a
compact Riemannian manifold M.

Theorem 9 Let M be a compact Riemannian manifold of dimension n, A the
associated Laplace operator and N = Na. Then

Wn

<27T)nvol(M),u”/2, (1 — 00).

N(p) ~

The symbol ~ indicates that the quotient of the expression on the left hand
side by the expression on the right-hand side of the equation tends to 1, as u — oo.



11 Reformulation of Weyl’s law

The next step in our discussion is a reformulation of Weyl’s law in terms of
functional calculus. For this we refer the reader to the text [2], Chapter 2, pages
12 -17.

12 Hilbert—Schmidt and trace class operators

12.1 Hilbert—Schmidt operators

In this section all Hilbert spaces are assumed to be infinite dimensional separable
(i.e., of countable Hilbert dimension).
Let A: H; — 15 be a bounded operator of Hilbert spaces.

Lemma 10 Let A* : Hy — H; be the adjoint of A, Then for all orthonormal
bases (e;)jen of Hy and (f;)jen of Hy we have

D Ae P = 1A f.

5=0 §=0
In particular, these sums are independent of the particular choices of bases (e;)
and (f;).
Proof Put Ay = (Aej, fi). Likewise, put Aj; = (A*f;,e;). Then Aj; = Ay

Hence,
ZI\Aesz ZIAZJ\Z ZHA*JZH2

O

Definition 11 The operator A is said to be of Hilbert-Schmidt type if for some
(hence any) orthonormal basis (e;)jen of Hy we have

o
> |l Aej|f* < oo.
j=0

The set of these Hilbert-Schmidt operators is a linear subspace of L(H;, Hs),
which we denote by Lo(Hy, Hs).

Let (e;) and (f;) be orthonormal bases for H; and Hs and let A, B : Hy — H,
be Hilbert-Schmidt operators. Then by the Cauchy-Schwartz inequality, the sum

Z Ae;, Bej) Z AZ]
J



is absolutely convergent. Clearly, it is independent of the choice of the basis (f;).
We denote the value of this sum by (A, B)ys. It is clear that (-, - )us is a positive
definite Hermitian inner product on Lo(Hy, Hy). Moreover, it is readily verified
that Lo(Hy, Hy) is a Hilbert space for this inner product. The associated norm

is given by
1Allfs = D llAe?
J

for any orthonormal basis (e;) of Hy. As this norm is independent of the choice
of basis, it follows that (-, - )ps is independent of the choice of the basis (e;).

Lemma 12 Let U; be a unitary automorphism of H;, for j = 1,2. Then for all
A € Ly(Hy, Hy) we have UyAU, € Lo(Hy, Hs). Moreover, if B € Lo(Hy, Hy) then

(UyAU,, Uy BUy) = (A, Bys.
Proof Straightforward. U

Lemma 13 On Ly(Hy, Hy), the operator norm || - || is dominated by || - ||us.

Proof Let (e;) be an orthonormal basis of Hy. For all x € Hy, we put z; = (x, e;).
Then by the Cauchy—Schwarz inequality,

1Az] < Jslll Aes ] < [l Allns:

j
The result follows. O
Corollary 14 FEvery A € Ly(Hq, Hs) is compact.

Proof Let (e;) and (f;) be orthonormal bases for H; and H,. Define the linear
operator E;; : Hy — Hy by E;j(z) = (x,e;)fi. Then Ej; is a rank one operator.
Since

A=Y AyE;
ij

in the Hilbert space Lo(Hy, Hs), it follows that A is the limit of a sequence of
finite rank operators with respect to the Hilbert-Schmidt norm, hece also for the
operator norm. Compactness follows. O

Lemma 15 If A : Hy — H, is Hilbert-Schmidt and B : Hy, — H a bounded
operator of Hilbert spaces, then BA : Hy — H is Hilbert-Schmidt. Likewise, if
C : H — H; is bounded, then AC' is Hilbert-Schmidt.

Proof The first assertion follows from the observation that
|BAej||> < || BI|*|| Ae; |

The second assertion now follows from (AC)* = C*A*, by application of Lemma
10. ]



12.2 Polar decomposition

Let D be the complex unit disk {z € C | |z| < 1}. We consider the holomorphic
function p : D — C given by p(z) = —v/1 — z. Here the principal value of the

square root is taken, so that p(0) = —1. This function has the power series
expansion
o) =S et (<), (122)
k=0

where ¢, = p*)(0)/k! is readely checked to be a positive real number for k > 1.
The radius of convergence is 1.

Lemma 16 The power series (12.2) converges uniformly absolutely on the closed
unit disk D and defines a continuous extension of p to it.

Proof It follows from the positivity of the coefficients that for every n > 1,
1+ g <-Vi-z  (0<z <)
k=1

By taking limits for x T 1 we see that this inequality remains valid for x = 1. As
this is true for all n, it follows that the series >;_, ¢ converges. Therefore, the
power series (12.2) converges absolutely for z = 1, hence uniformly absolutely on
D. This implies the continuity statement. 0

By a positive operator on a Hilbert space H we shall mean a Hermitian
operator T': H — H which is positive semidefinite, i.e., (T'v,v) > 0 for all v € H.
The above result allows us to define the square root of such an operator.

Lemma 17 Let T : H — H be a positive operator. Then there exists a unique
positive operator S : H — H such that S* = T. The operator S has the following
properties,

(a) ker S =kerT;
(b) if A€ L(H,H) then A commutes with S if and only if it commutes with T.

Proof We may assume that 7" # 0 so that ||7|| > 0. Dividing 7" by its norm if
necessary, we may arrange ||7']| < 1. Clearly, I — T is symmetric and

(I =Ty, v) = |l]|* = (Tv,v) = ol> = [T|lv]* = 0,
so I — T is positive. On the other hand,

(I = T)v,v) = (v,v) = (Tw,v) < [lv||*



and we conclude that ||I — T'|| < 1. Therefore,

S = ch(I —T)k
k=0

converges in operator norm and defines a Hermitian operator which commutes
with any operator that commutes with 7. By the usual multiplication of abso-
lutely convergent series, we see that Y, ¢xcn,—p = 0 for all n > 2. Applying this
multiplication to the power series for S we obtain

S?=cil +2coc,(I -T)=1—-(1-T)="T.

By positivity of the coefficients for S — I it follows that S — I is positive. On the
other hand, by straightforward estimation, it follows that ||S| < /][I — T < 1.
As in the above we conclude that S = I — (I — S) is positive. This establishes
existence and the commutant property.

We turn to uniqueness. Let R be a positive operator on H with square T
Then obviously, ker R C ker T'. Conversely, if v € H and Tv = 0 then (Rv, Rv) =
(T'v,v) = 0 so v € ker R. We thus see that ker R = ker T'. In particular, ker S =
ker T and we see that ker R = ker S. It follows that S = R = 0 on kerT and
R, T, S preserve (ker T)*. Passing to the latter subspace if necessary, we may as
well assume that ker 7" = 0, so that also ker .S = ker R = 0.

By the first part of the proof, R = R2 for a positive operator Ry whose kernel
is zero. Thus,

(Rv,v) = 0= (Ryv, Ryv) =0 = v =0.

Likewise, (Sv,v) = 0 = v = 0. We now infer, by positivity of S and R, that
(R+ S)(v) =0= (Rv,v) + (Sv,v) =0 = (Sv,v) =0=v=0.

Thus, R + S has trivial kernel. As this operator is Hermitian, it follows that it
has dense image.

We note that RT = R = TR so R commutes with S. It follows that S?— R? =
(S —R)(S+ R), so S— R is zero on the image of R + S which is dense. We
conclude that R = S. O

Definition 18 For T': H — H a positive operator on the Hilbert space we
define the square root v/T to be the unique positive operator on H whose square
equals T.

If A: HA — H, is a bounded linear operator of Hilbert spaces, then A*A is a
positive operator on H;.

Definition 19 In the setting just described, we define |A| = v A*A.
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Thus, |A| is a positive operator on H;. We recall that a partial isometry is a
bounded linear map U : H; — Hy of Hilbert spaces, such that U restricts to an
isometry (ker U)t — Hy. If U is a partial isometry, then so is its adjoint U*. As
the image of a partial isometry is closed, it follows that

(ker U)* = im(U*), and (imU)* = ker(U*).

Lemma 20 Let U : Hi — Hs be a partial isometry. Then U*U : Hy — H;
is the orthogonal projection onto im(U). In particular, if U is isometric, then
UU=1.

Proof Straightforward. 0

The following may be viewed as a generalisation of the decomposition in polar
coordinates for C.

Theorem 21 (Polar decomposition) Let A : Hy — Hy be a bounded operator of
Hilbert spaces. Then there exists a partial isometry U : Hy — Hy such that

A=U|A|. (12.3)
(a) The restriction of U to (ker A)* is unique and isometric with image im(A).

(b) The restriction of U to ker A is a partial isometry toim(A)*. If Uy : ker A —
im(A)* is any given partial isometry, then U emists uniquely such that
U‘kerA = UO-

(c) For any partial isometry U such that (12.3) we have |A| = U*A.

Proof We start by observing that ker |A| = ker A*A = ker A. Since |A]| is
Hermitian, the image im|A| is dense in (ker A)*.

We define the linear map U : im|A| — Hy by Ui|Alz = A(z), for x € H;.
This definition is unambiguous, since ker |A| = ker A. It follows that

(U] Alz, Ur|Alz) = (Az, Az) = (A2, z) = (Alz], Alz]),

so Uj is isometric, and uniquely extends to an isometry U, : (ker A)l — H,. The
image of Uj is closed, contains im(A) and is contained in the closure of im(A),
hence equal to the latter.

Let a partial isometry Upker A — (imA)* be given. Let U be the map
H, — H, that restricts to Uy on ker A and to U; on (ker A)L. Then U is a partial
isometry. Furthermore, it is obvious that Uo|A| = A. The first assertion and
(12.3) follow.

Given any partial isometry U’ : H; — Hy with A = U’|A| we see that
U'(JA|(z)) = Az = Ui(|A|(x)) so that U’ = U; on im(|A|) hence on its closure
(ker A)*. This implies (a). Since U’ is a partial isometry, we see that U’ must
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restrict to a partial isometry on ker A with image contained in U((ker A)*)*+ =
imU; )+ = (imA)*. This proves the first statement of (b). The second statement
of (b) has already been established above.

We finally turn to (c). Since U is isometric when restricted to (ker A)* it
follows that ker U C ker A = ker | A, hence

im|A| = (ker |A|)* C (ker U)™*.
Now U*U equals the orthogonal projection onto ker(U)*, hence

U"A = UU|A| = |A]

Corollary 22

(a) Let A: Hy — Hy a bounded operator with trivial kernel. Then there ezists
a unique isometry U : Hy — Hy such that A = U|A].

(b) Let A: H — H be a bounded self-adjoint operator. Then there ezists an
isometry U : H — H such that A = U|A|.

Proof (a) is immediate from the theorem. For (b) we note that by self-
adjointness, (ker A)t = im(A), so Uy = I is an isometry. It now follows from
Theorem 21 (b) that Uy uniquely extends to a partial isometry U : H — H such
that A = U|A|. Since ker U C ker Uy = 0 it follows that U is an isometry. O

As a converse to Theorem 21, we have the following.

Lemma 23 Let A=US with S : Hi — H,y positive and U : Hy — Hy a partial
isometry with kernel contained in ker S. Then S = |A|.

Proof From the assumption it follows that A*A = S*U*US. Now U*U is the
orthogonal projection onto (ker U)*, which contains (ker S)* = im(S). Hence
U*US = S and we see that A*A = S*S = S?%. By positivity, it follows that

S = VAA = A O

The polar decomposition behaves well with respect to Hilbert—Schmidt oper-
ators.

Lemma 24 Let A: Hy — Hs be a bounded linear operator. Then the following
statements are equivalent,

(a) A is Hilbert-Schmidt,
(b) |A| is Hilbert-Schmidt.

12



Furthermore, if the above conditions are satisfied, then
[Allas = [ |A] [[1ss-

Proof Let A= U|A| be a polar decomposition with U a partial isometry. Then
|A| = U*A. Since U and U* are bounded, the equivalence of (a) and (b) follows.

The operator norms of U and U* are at most 1, hence

[Allas = [U]A[[[as < [HAllns = [U" Allus < [[Aljus-

12.3 Operators of trace class

By an orthonormal sequence in a Hilbert space H we shall mean a sequence (e;);en
of unit vectors in H which are mutually perpendicular. Such a sequence need not
be a basis. More precisely, given such a sequence (e;) and an orthonormal basis
(fi)ien of H there is a unique isometry U : H — H which maps f; to e; for all
i € N. The sequence (e;) is a basis if and only if U is surjective.

Let A: Hi — H, be a bounded operator between Hilbert spaces.

Definition 25 The operator A is said to be of trace class if and only if for all
orthonormal sequences (e;) of Hy and (f;) of Hy we have

Z [(Ae;, f;)| < oo.

Note that we do not assume that (e;) and (f;) are bases of H; and H,, respec-
tively. If (e;) is a basis and (f;) is not, then the above estimate cannot be obtained
by extending (f;) to a basis, so that the present requirement with sequences is
stronger than the similar requirement with bases. This seems an essential feature
of the present definition.

In the literature one sees several characterisations of trace class operators.
The advantage of Definition 25 is that it allows the immediate conclusion that
the set of all trace class operators H; — Hs is a linear subspace of L(H;, Hy). It
is denoted by Li(H,, Hs).

Lemma 26 Let A: Hy — Hsy be a bounded operator of Hilbert spaces. Then A
is of trace class if and only if the adjoint A* is of trace class.

Proof Immediate from the definition. O
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The following result relates Hilbert—Schmidt operators to those of trace class.

Lemma 27 Let A: Hi — Hy and B : Hy — Hs be Hilbert—Schmidt operators.
Then for all orthonormal sequences (e;) in Hy and (g;) in Hs we have

> " [(BAei, gi)| < |Allus|| Bl us.

In particular, BA s of trace class.

Proof Let f; be an orthonormal basis of H,. Then for every ¢ we have

<BAeiagi> = <Aei>B*gi> = Z<A€i, fj><fja B*9i>-

J

By Cauchy—-Schwartz, it follows that

Z [(BAei, gi)| < (Z |<Aei,fj>|2)1/2(z [(£5 B 90) )2 < || Allms | B |-

The final estimate above follows since (e;) and (g;) can be extended to full or-
thonormal bases of H; and Hj, respectively. O

We can now give the following useful characterizations of trace class operators
by means of the polar decomposition.

Theorem 28 Let A : Hi — H, be a bounded operator. Then the following
assertions are equivalent.

(a) A is of trace class.
(b) /|A]| is a Hilbert-Schmidt operator on H;.

(¢) A equals the composition BC' of two Hilbert—Schmidt operators C' : Hy —
H3 and B : H3 — HQ.

Proof By the theorem of polar decomposition there exists a partial isometry
U : H — H, such that

A=UlA|
and such that ker U = ker A. Then |A| = U*A. First assume that (a) is valid. Let
(e;) be any orthonormal basis of (ker U)* = (ker |A])* then (e;) is an orthonormal
sequence in Hy and (Ue;) is an orthonormal sequence in Hy. We may realise (e;)

as a subsequence of an orthonormal basis (f;) of H;. Then the complement of
(e;) in (f;) consists of vectors from ker |A|. Therefore,

Z<’A‘fjafj> = Z(!A\ei,ei) = Z [(Ae;, Ue;)| < o0.

J 3

14



It follows that

D AAM AR £y = (Al £3) < oo,

J J

hence (b).

Now assume (b). Then B := U|A|'/? is Hilbert-Schmidt as well. Now A is the
composition of this operator with C' := |A|'/? and we obtain (c) with Hs = H,
and the given B and C.

The implication ‘(¢) = (a)’ has been established in Lemma 27. O

The following result explains the terminology trace class operator introduced
in Definition 25.

Lemma 29 Let A: H — H be an operator of trace class. Then there exists a
unique number tr (A) € C such that for all orthonormal bases (e;) of H we have

tr(A) =) (Aej,e;),
J
with absolutely convergent sum.
Proof By the theorem of polar decomposition, there exists a partial isometry
U : H — H such that A = U|A|. Let (e;) be any orthonormal basis of H, then

for all j we have
(Aej,e;) = (|A[V ey, |A]V2U"e;).

Since the operators |A['/2 and |A|'/2U* are Hilbert-Schmidt, the sum over j is
absolutely convergent, with value given by
D (Aesies) = (A2 AP0 s,
J

0

Corollary 30 Let A, B € L(Hy, Hy) be Hilbert-Schmidt operators. Then B*A
1s of trace class, and
tr (B*A) = (A, B)ns.

Proof Let (e;) be an orthonormal basis of H;. Then

tr (B*A) = > (Ae;, Be;) = (A, B)us.

)
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Corollary 31 Let A : Hi — Hy be an operator of trace class, and let Hs
be a third Hilbert space. Then for all bounded operators B € L(Hs, H3) and
C € L(Hs, Hy), the operators BA and AC' are of trace class.

Proof By Theorem 28 there exists a Hilbert space H and two Hilbert—Schmidt
operators A; € Lo(Hy, H) and Ay € Ly(H, Hy) so that A = Ay A;. It follows that
BA, € Ly(H, Hs) so that BA = (BA2)A, € Ly(H,y, H3). The assertion for AC
follows in a similar manner. O

For bounded normal on a Hilbert space, Hilbert—Schmidt and trace class may
be characterized in terms of their eigenvalues as follows.

Let A: H — S be a compact self-adjoint operator on a Hilbert space. By
the spectral theorem for such operators, there exists an orthonormal basis of
eigenvectors (e;). Let A; € C be the eigenvalues corresponding to this basis.
Thus, Aei = >\267J

Corollary 32 Let A: H — H be compact normal as above.
(a) A is a Hilbert-Schmidt if and only if Y, | \i]* < oc.
(b) A is of trace class if and only if >, | \i| < oo.

Proof By normality, A*e; = \e;. It follows that |Ale; = |\;|e;. Now (a) follows

in a straightforward way. We note that /|A| = \/|\i| e;. Hence, by (a) this
operator is Hilbert-Schmidt if and only if ), |\;| < co. The equivalence in (b)
now follows by application of Theorem 28 U

We will now show that for (separable) Hilbert spaces H; and Hs, the space
Li(Hy, Hy) has a natural Banach norm for which the inclusion L,(Hy, Hy) <
Lo(Hy, Hy) is continuous. We start with a lemma.

Lemma 33 Let A : H — Hjy be of trace class. Then for all orthonormal
sequences (e;) in Hy and (f;) in Hy we have

Z |(Aei, fi)] < tr (JA]).

Proof We use the polar decomposition A = U|A|. Put S = /|A|. Then A is
the product of the Hilbert—Schmidt operators US and S. It follows by Lemma 27
that

> lAes, fl < 1USluslISlus < 1UNIS s < 1S1Es = tr (5%).
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In view of the lemma, we can define the norm || - ||; on Ly(Hy, Hs) by

HA” = Ssup ’<Ael7fl>’7
(es),(fi) Z

where the supremum is taken over all orthonormal sequences (e;) in Hy and (f;)
in H,. It is readily verified that || - ||; is indeed a norm. Obviously ||A||; < tr (|A])
for all A € Li(Hy, Hs).

Lemma 34 Let A € Ly(Hy, Hy). Then
[Allr = tr|A].

Proof By the previous lemma it suffices to establish the existence of orthonormal
sequences (e;) of Hy and (f;) of Hy such that

Z |(Aei, fi)| = tr (JA]). (12.4)

For this we proceed as follows. Let A = U|A| be the polar decompostion, where
we have made sure that U is an isometry. Let (e;) a basis in H; for which
|A| diagonalizes, say with eigenvalues );. Since U* maps im(U) = (ker U*)*+
isometrically onto H; we may fix an orthonormal basis (f;) in im(U) such that
U* f; = e;, for all i € N. For each i we have

(Aei, fi) = (|Ales, U fi) = (|Alei, i) = Ai
hence (12.4). O

Corollary 35 Let A : H — H be a compact normal operator, and (u;) its
sequence of non-zero eigenvalues counted with multiplicities.

(a) If A is Hilbert-Schmid, then || H|3s = Y, |1al?;
(b) If A is of trace class, then || Ay = >, |-

Proof There exists an orthonormal basis (e;) of eigenvectors for A with Ae; =
Aie; such that (u;) is the subsequence of ();) obtained from omitting the zeros.
Now (a) follows immediately from [|A|[fs = 3 ;{Ae;, ¢;). For (b) we note that by

normality, [Ale; = |ule;. Hence [|All; = tr|A| = >, |p;| and the result follows.
U

Theorem 36 Let H, Hy and Hs be separable Hilbert spaces. Then

17



(a) Ly(Hy, Hy) C Ly(Hy, Hy) with continuous inclusion. More precisely,
[Allns < [IA[lx (12.5)
fOT all A € Ll(HhHQ).
(b) The space Ly(Hy, Hs) equipped with || - |1 is a Banach space.

(¢) The bilinear map Lo(Hy, Hy) X Lo(Ha, Hy) — Li(Hy, Hs), (A, B) — BA is
continuous. More precisely, for A € Ly(Hy, Hy) and B € Ly(Ho, H3),

[1BAlly < [|Allus]| Bllns-

(d) Let A € Li(Hy, Hy). Then the maps Ra : B — BA, L(Hy, H3) — Ly(H,, H3)
and Ly : C — AC, L(H3, H\) — Li(Hs, Hs) are continuous.

Proof We begin with (a). First, consider the case that Hy, = H; = H and
that A : H — H is a self-adjoint and positive semi-definite bounded operator.
Assume that A is of trace class, hence compact. Let (e;) be an orthonormal basis
of H consisting of eigenvectors for A, and let \; be the associated eigenvalues.
Then X := ();) is a sequence in ['(N) hence in [*(N) and it is well-known and
easy to verify that for the associated norms on these sequence spaces we have

[Allns < (1Al

This immediately implies the inequality12.5
Let now A € Ly(H,, Hy) be arbitrary. Let U|A| be a polar decomposition,
with U : H; — H; a partial isometry. Then |A| = U*A, with U* a partial
isometry, hence
[Allus = [[1Alllns < [I[[A[llx = [|Al]x-

We turn to (b). Then X := Lo(H;, Hy) is Hilbert space, X; := Li(Hi, Hy) a
normed subspace such that the inclusion map is continuous.

Let II be the set of pairs p = ((e;),(f;)) of orthononormal sequences of H;
and Hy, respectively. For such a p we define the linear map &, : X; — CY by
& (A) = (Ae;, fi). Then by definition &, is a continuous linear map from X; to
[Y(N). It follows that v, = ||&,]l1 is a continuous seminorm on X;. Furthermore,
SUp,cp Vp equals the norm || - ||} on X;.

We will now show that X; is Banach. Let (Aj) be a Cauchy sequence in
Xj. Then (Ay) is Cauchy in X hence has a limit A € X. Furthermore, for p =
((e:), (fi)) as above, &,(Ag) is Cauchy in ['(N) hence has a limit A, in I*(N).
For all 7 we have, by continuity of the maps I*(N) — C, b ~ b; and X — C,
A v (Ae;, f;) that (Ae;, f;) = (A,);. Tt follows that &,(A) = A, € I*(N). As this
is valid for every p, we conclude that A € X is trace class, hence belongs to Xj.
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It remains to be shown that A, — Ain || - ||;. Let € > 0. Then there exists N
such that s,t > N = ||As — A¢||y < e. Fix p € II as above. Then for all s,t > N
we have

||§p(As - At)||1 < €.

Now &,(A;) — &,(A) in I1(N), for ¢ — oo and by taking the limit for ¢ — co, we
conclude that
1€p(As — A1 < e, (s > N).

As this estimate holds for all p € IT we conclude that ||A; — Al < e for all s > N.
This completes the proof of (b).
Assertion (c) follows from Lemma 27 and the definition of || - ||;. For assertion

(d) we use the notation of the proof of Cor. 31 and consider the decomposition
decompose A = Ay Ay, with Ay € Ly(Hy, H) and Ay € Ly(H, Hy). Then

IBAllx < |BAs|lus||Asllus < [ B[l Azllns]| A lls-

Therefore, R4 is continuous as stated. The assertions about L4 are proved in a
similar fashion. O

13 Smoothing operators are of trace class

In this section we will show that smoothing operators with compactly supported
kernels are of trace class. We start by investigating such operators on R”, and
will then extend the results to manifolds.

Given p > 1, we denote by S(NP) the space of rapidly decreasing functions on
NP i.e., the space of functions ¢ : v + ¢,, N> — C such that for all N € N,

sw(e) = sup (1 + ) || < o

Equipped with the seminorms sy this space is a Fréchet space. The space S(ZP)
is defined similarly, with everywhere N? replaced by ZP. Obviously, through ex-
tension by zero, S(N?) can be viewed as a closed subspace of S(ZP).

Let H; and H; be Hilbert spaces, with orthonormal basis (e;) and (f;), re-
spectively. For K € S(N?), we denote by Ax the unique bounded linear operator
H, — H, determined by (Ax/(e;), fj) = K, ;.

Lemma 37 [fK € S(N?), then Ak is of trace class. The map K — A, S(N?) —
Li(Hy, Hs) is continuous linear.

Proof Let U:H; — Hy and V : Hy — H, be isometries. Put Ue; = ), Uyey
and V f; =3, Viser. Then Y, |Upi|* = 1 and Y, [Vi;|* = 1 so that by the Cauchy—
Schwartz inequality we have

> UkVil < 1.

1
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Then

D KAV, VN <D Y (Aek, fllUkiVil <)) I(Aew, )l |UiVi
k,l

i ikl i

< Kl < sn(E) Y (L4 k) N1+ 1) = Cysy(K)

k,l kL
with Cy = (3, (1 + k)™/2)2 < oo for N > 2. As this estimate holds for all
isometries U and V/ it follows that Ak is of trace class and

|Ak|1 < Cnsn(K).

The continuity statement follows. 0

Lemma 38 Letp > 1. There exists a bijection ¢ : N — ZP such that the induced
map ¢* : f+— fop is a continuous linear isomorphism S(ZP) — S(N).

Proof We consider the norm ||z||,,, = max{|z;| | 1 < j < p} on RP. For r € N,

let B(r) := {k € Z” | ||k|lm < r}. Then B(r) = (Z N [—r,r])? has (2r 4 1)?
elements. Take any bijection ¢ : N — ZP such that o({1,...,(2r + 1)?}) C B(r)
for all » € N. Then for all » € Z~ we have for all ;7 € N that

le()llm =7 = (2r =1)P <j < (2r + 1)".

Hence, for all j € N,
2l o()lm < j+1<(2r+ 1)

Let 1) denote the inverse to (. Then, by equivalence of norms
lo(lm = O +1j]), and ¢(k) = O1+ ||kn)"

for j € N, |j| = oo and k € ZP, |k| — oco. By equivalence of norms, these estimates

are also valid with || - || in place of || - ||,. It is now straightforward to check that ¢
and v induce continuous linear maps ¢* : S(Z?) — S(N) and ¢* : S(N) — S(ZP)
which are each others inverses. U

Lemma 39 Let dm a smooth positive density on R™. Then there exists an or-
thornormal basis (;) of L*(R™, dm) such that

(a) For each i € N, the function p; : R" — C is smooth.
(b) The functions {p; | i € N} are locally uniformly bounded

(c) The map f— ({f,¢:i))ien is continuous linear from C°(R™) to S(N).
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Proof The proof goes by reduction to a similar result on the n-dimensional
torus, which in turn relies on the classical theory of Fourier series.

We consider the standard density on the n-dimensional torus T = (R/Z)",
equipped with the n-fold power dt = dt; - - - dt,, of the unit density on R/Z. Thus,
for f € C(T") we have

/Tf(t)dt_/ol'--/olf(t)dtl---dtn.

For each v € Z™ we consider the function x, : T'— C given by

Xy(t) _ 627ri(1/,t>'

By the theory of Fourier series, these functions form an orthonormal basis for
L2(T). For f € C(T) and v € 2miZ" we define the Fourier coefficent f(v) =
(f,xv)r2 (the L*-inner product). From elementary considerations, involving
partial differentiation, we know that f +— f defines a continuous linear map
C>(T) — S(Z"). We now fix a bijection N — Z" j — v; which by pull-back
induces a continuous linear isomorphism S(Z") — S(N). Put e¢; := x,,. Then
the functions (e;) form an orthonormal basis of L?*(T). Furthermore, the map
f = (f(v))jen defines a continuous linear map f — f, C(T) — S(N).

To relate the asserted result for R™ to the obtained result for T, we fix an
open embedding ¢ : R™ — T, with image  :=]0, 1["+Z", whose complement has
measure zero in 1. For instance, we may take the n-fold power induced by any
diffeomorphism R ~ ]0, 1[. The pull-back ¢*(dt) of dt under ¢ is an everywhere
positive density on R™.

By positivity of the densities involved, there exists a unique positive smooth
function p : R™ —]0, 00[ such that ¢*(dt) = pdm. Thus, the pull-back under ¢
defines an isometric isomorphism

o f e fou, LA(T,dt) — L*(R™, pdm).

We define the functions ¢; : R* — C by ¢; = u'/%2*y; and claim that these
satisfy the desired properties. First of all, their L*-inner products in L?(R", dm)
are given by

(o) = [ 0D () wdm = [ 0 () () = )

from which one sees that the functions (¢;) form an orthonormal basis. Next,
they are smooth and locally uniformly bounded, and we see that (a) and (b) are
valid.

Given a function f € C*(R"), we have

(fre5) = fezdm = | (fu=?) (x;)pdm

R™ R7

= (L (fu?),xg) = (w2 0170).
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Since ¢y 0 M,,-1/2 defines a continuous linear map C°(R") — C*(T), condition
(c) follows. O

Lemma 40 Let dm and dm' be a two smooth densities on R™ and let K €
C>®(R™ x R™). Then the integral operator T : L*(R™,dm) — L*(R™, dm’) defined
by

Trf(x) == | K(z,y)f(y) dm(y)

R
1s of trace class. The map

K+ Tk, CX(R*™) — Li(L*(R" dm), L*(R", dm’))

is continuous linear. Furthermore, if dm’' = dm, then

tr (Tx) = K(z,x) dm(z).
Rn
Proof We fix an orthonormal basis (p;) for L*(R"™,dm) such that the condi-
tions of Lemma 39 such that the induced map C*(R™) — S(N), f — (f, ¢i) is
continuous linear. A similar basis (¢;) is fixed for L*(R", dm’). Then it follows
that the map
K= Kj; = (K,¢; ® ¢;)

is continuous linear C°(R™ x R") — S(N?). We note that (Tx(p;),v;) = Kj,.
By application of Lemma 37 we now see that K — Tk is continuous linear from
Ce(R™,R") to Li(L*(R™,dm), L*(R",dm')).

For the final statement, assume that dm’ = dm. Then we may take ¢; = ¢;
for all 7, so that for a fixed K € C2°(R" x R") we have

Z i pi(@)ei(y),

with convergence in L*(R™ x R"). Since K. € S(N?) and the functions ¢; are
uniformly locally bounded, the equality holds with uniform convergence over
compact sets. This implies that

Z ei@p@), (e RY),

By the Cauchy-Schwartz inequality the functions = — ¢;(x)p;(z) all have LY(R", dm)-

norm bounded by 1. It follows that the above equality holds with convergence
in L'(R",dm). This implies that integration of the sum may be done termwise.
Taking the orthonomality relations into account, we thus find

K(z,z) dm(x ZKN(SU = tr (Tx).

Rn i,
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The above lemma has the following interesting corollary. We first recall the
idea of approximation by convolution. Let ¢ € C*(R"). Given f € L*(R") we
note that ¢ * f € L*(R"). It is readily seen that C(¢) : f + ¢ * f is a bounded
operator on L?(R").

By an approximation of the identity on R™ we shall mean a sequence of
functions ¢, € C®(R"™) with ¢ > 0, fRn prdx = 1 for all & and such that
supp ¢, — {e} for k — oo. It is well known that C(pr) — [ in the strong
operator topology, i.e., pointwise.

Approximation principle. Let T : L?>(R") — L*(R") be an operator of trace
class. Let () and (¢y) be two approximations of the identity on R"™. Then

Cler)TC(y) = T in Li(L*(R™), L*(R™),  (k— o).
The proof of this principle will be given in an appendix.

Corollary 41 Let dm be a smooth density on R" and let K € C.(R™ x R"). If
the integral operator T : L*(R"™, dm) — L*(R™,dm) defined by

Trf(x):= | K(z,y)f(y) dn(y)

R n

1s of trace class then its trace is given by

tr (Tk) = K(z,z) dm(z).
R’!L
Proof We consider an approximation of the identity ¢; on R" consisting of
smooth functions. Then it is clear that (¢; := ¢; ® ;) is an approximation of
the identity on R?". It follows that the functions K; := v; * K are smooth, and
K; — K in C.(R?"). Then by the previous lemma it follows that

tr (1;) = K;(z,z) dm(z).
R’VL
The right-hand side of this equality has limit [ K(z,z) dm(x) for j — co. Thus,
it suffices to prove the claim that Ty, — Tk in Ly(L*(R",dm), L*(R", dm)).
It is readily checked that Tk, = C(p;) Tk o Cj(p)), where (o)) is the ap-
proximation of the identity given by ¢ (x) = ¢;(—z). The claim now follows by
application of the above approximation principle. O]

We now turn to smoothing operators on manifolds. Let M be a manifold
of dimension n equipped with everywhere positive densites dm and E | M as
smooth vector bundle. We equip I'.(M, E) with the Hermitian inner product
given by the formula

(f.g) = /M (f(2).9(@)) dm(z),  (f,g € T(M, E)).
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Then the completion L?(M, E) of this space is a separable Hilbert space, which
we may view as a subspace of L2 (M, E).

Let now M’ be a second manifold, of dimension n’, equipped with an ev-
erywhere positive smooth density dm’. Let £/ | M be complex vector bundle,
equipped with a Hermitian structure.

Let pry, pry, denote the projection maps from M’ x M onto M’ and M respec-
tively. We briefly write Hom(F, E’) for the vectorbundle Hom(pry E, pri E’) over
M'® M, and equip it with the naturally induced Hermitian structure. Thus, for

(r,y) € M’ x M and A € Hom(E, E')(, ) = Hom(E,, E,) we have
2 *
[A]lZ, = tr (A"A).

Let K be an L*-section of Hom(E', E). Then we define the kernel operator T :
L2(M,E) — L*(M', E') by

(Tif,g) = / (K (2.9) (4), 9(x)) dm(y), (13.6)

M
for f € L*(M,FE) and g € L*(M', E').

Theorem 42 With notation as above, let K € L*(M' x M,Hom(FE, E')). Then
the operator Ty : L*(M, E) — L*(M’, E') is Hilbert-Schmidt, and

1T s = /M K@)l dmfa) dm(y). (13.7)

Proof We select a locally finite collection (Ug) of disjoint open sets of M, so
that the union has a complement of measure zero, such that each U, has compact
closure and is contained in an open coordinate chart diffeomorphic to R™ on which
E allows a trivialisation.

Likewise, we select a locally finite collection (U) of disjoint open subsets of
M’ with similar properties relative to the bundle E’.

The characteristic functions xs = 1y, are mutually perpendicular and add
up to 1 in L (M). Similar remarks are valid for x), = 1p.. Put K,g(z,y) =
o () xs(y) K (z,y). Then K is the L*(M’' x M, E' X E)-orthogonal sum of the
functions K, 5 € L*(U), x Ug) and it suffices to prove the result for each K, s.

In other words, we have reduced to the situation that M’ = R", M = R",
E=MxCFand E' = M x C¥, and K is a compactly supported L? -function
on R™ x R™ with values in Hom(C*, C*").

By using Gramm-Schmidt orthogonalisation, we may change the trivialisa-
tions of F and E’ such that the Hermitian structure becomes the standard Her-
mitian inner products on C* and C¥'.

Let eq, ..., e, be the standard basis of C*, and e, ..., ey the similar basis of
CK. Let (Ey; | 1 <t < k,1<s<Fk)be the standard basis for Hom(C*, C¥').
We write

K=Y K"E,
st
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with scalar compactly supported functions K*' € L2 (R™). Then

1 (2, y)|I* = Z!K” z,y)|

Let (;) be an orthonormal basis for L2(R™,dm’) and t; a similar basis for
L2(R", dm). Then ¢;®e, and 1; @e; form orthonormal bases for L2(M, dm') @ C*
and L?(M,dm) @ C*, respectively. We thus see that

ITxlZs = > (T @ e i ® es) 2 am)|”

9,7,8,t
2
= Y[ | K dmdn' @
ivjysit 1V R JRY
= Z (K™, 0 @ ¢_j>L2(Rn’+n,dm/dm)|2
9,7,8,t

- Z ||K8t||L2 Rn’+n)7

where the equality follows from the fact that the functions ¢; ® w_J form an
orthonormal basis for L*(R"*", dm/dm). It follows that Tk is Hilbert-Schmidt,
and that (13.7). O

Theorem 43 With notation as in Theorem 42 let K € T'.(M'x M,Hom(E, E")).
(a) If K is smooth, then Ty is of trace class.

(b) Let M = M',E = E" and dm = dm’. Let K € T'.(M x E,End(F)) and
assume that Ty : L>(M, E) — L*(M, E) is of trace class, then

tr (Tye) = /M tr (K (z, ) dm(z). (13.8)

Proof Let (Us) be a finite open cover of pr,(supp (K') and let (x3) be a partition
of unity subordinate to it. Likewise, let (U) be a finite open cover of pr; (supp K)
and let (x.,) be a partition of unity subordinate to it. We may assume that each
U’ is diffeomorphic to R™ and that E’ has a trivialisation over it. Likewise,
we may assume that Ug is diffeomorphic to R" and that E has a trivialisation
over it. Define K, g(x,y) = xL(2)xs(y) K (x,y). Then Tk is the finite sum of the
operators T 3 = Tk, , and for (a) it suffices to show that each T, s is of trace
class. Now this follows by application of Lemma 40.

We now turn to (b) and assume that M = M’, E = E’. Then we may assume
that the covers (U,) and (Up) are equal finite covers of pr, (supp K ) Upr,(supp K)
and have the additional property that U, N Uz # 0 implies that U, U Up is
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contained in an open subset €2, g of M which is diffeomorphic to R", and such
that E allows a trivialisation over €2, g.

Define Ko 5(7,y) = Xa(2)xs(y) K (7,y). Since Tk is of trace class, and Tk, , =
M, o Tk o M,,, where M, : f + Xqf are bounded operators on L*(M, E, dm),
it follows from Corollary 31 that each of the operators T, s is of trace class. Thus,
by linearity it suffices the result for each K, g.

We will first deal with the case that U, N Us = . Then K, 4 is zero on the
diagonal of M so that the integral on the right-hand side of (13.8) vanishes.

On the other hand, we may use an orthonormal basis of L?(U,, E), one of
L*(Us, E) and a basis of L?*(M \ U, N Us). Together these form an orthonormal
basis of L?(M, E,dm). Moreover, it is clear that for each ¢ in this basis, we have
that (¢ ® (-,¢)) L K, . This implies that (T, (¢), ¢) = 0. From this we see
that tr (T, 3) = 0 in this case.

Thus, we have reduced to the situation that o = 3. This is our original setting,
with the additional assumption that M = R" that E allows a trivialisation over
M. By applying Gramm-Schmidt orthonormalisation to a choice of global frame,
we see that E allows a smooth trivialisation on which the Hermitian structure
attains the standard form. Thus, we may assume that £ = M x C*, equipped
with the standard Hermitian form of C*. Let ey,..., e, be the standard basis
for C*, and for 1 < s < k define i, : C — CF, 2z — ze, and p, : C¥ — C,
w +— wg.For 1 < s,t < k we define the compactly supported continuous function
Kt : M x M — C by

Kqi(x,y) = pso K(x,9y) o is.

Associated to this function we define the kernel operator T, : L?*(M) — L*(M)
by

Too(f)() = /M Koi(e,9) 1 (y) dm(y).

Then it is readily seen that

Ts,tf = Ds OT(it Of)'

Now f 5 is0 f is a bounded operator L?(M) — L*(M,CF). Likewise, g + psog
is a bounded operator L?(M,C*) — L*(M). It follows by application of Corollary
31 that each of the operators Ty, is of trace class. Hence, by .... we find that

tr (Ts,) :/ K (x,x) d.
M

Let now (¢;) be an orthonormal basis for L*(M,dm), then (p; ® e5 | i € N, 1 <
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s < k) is an orthonormal basis for L?(M) ® C*. It follows that

tr(Tx) = Z<T(%®es),%®es>
- i;m,sw, i) = ;tr (Tss)
_ Z /M K, o(2,2) dm(z)
_ /M tr (K (2, ) dm(x).

14 Pseudo-differential operators of trace class

Let V and W be infinite topological linear spaces, whose topologies are separable
Hilbert. This means that there exist topological linear isomorphisms S : H — V
and T : H — W, where H = [*(N) with the standard Hilbert structure. A
continuous linear map A : V. — W gives rise to a continuous linear map Apy :
H — H such that the following diagram commutes:

T
S +T
H 2 [

The operator A is said to be Hilbert—Schmidt or of trace class, if Ay is Hilbert—
Schmidt or of trace class. This definition is independent of the choice of S, T as
it should. For assume that S" and T are similar topological linear isomorphisms
H — V and H - W and A% : H — H the similarly associated map, then
Ay = (T 'TAgS™1S" with (T")7'T and S~15’ bounded endomorphisms of H.

We are now ready for the following result, for M a compact manifold of
dimension n, and £ and F vector bundles of rank k£ and [ on M.

The spaces L*(M, E) and L?(M, F) are well defined, with a Hilbert topology.

Any pseudo-differential operator P € V"(E ® Dy, F) with » < 0 defines
a continuous linear operator Py : L*(M, E) — L*(M, E). may be viewed as a
continuous

Theorem 44 Let P € U"(E,F), r <0, and let Py : L*(M,E) — L*(M, F) be
the associated continous linear operator.

(a) If r < —n/2, then Py is Hilbert-Schmidt.

(b) If r < —n, then Py is of trace class.
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Proof We first prove (a). For this it suffices to show that the kernel of Py is
in L2(M x M,EY X F). As the kernel of Py is smooth outside the diagonal, it
suffices to show that (M, o PoM,)o is Hilbert-Schmidt for any ¢ € C2°(M) with
support in an open coordinate patch over which E and F trivialize. This reduces
the result to the lemma below.

We now turn to (b). Fix s < 0 such that » < 2s < —n. Then there exists an
elliptic operator Q € W*(FE, E). The operator ) has a parametrix R € ¥V~*(E, E).
Now PQ € V" *(E, F) with r — s < s < —n/2. Hence (PQ)y is Hilbert-Schmidt.
Likewise, Ry is Hilbert-Schmidt, and we conclude that (PQ)o Ry is of trace class.
Now QR = I +T, with T a smoothing operator, hence PQR = P+ PT. It follows
that

Py+ (PT)y = (PQR)y = (PQ)oRo

is of trace class. Since PT is smoothing, (PT) is of trace class, and we conclude
that P, is of trace class. O

Lemma 45 Let P € V'(R") with r < —n/2. Then for all ¢, € CX(R™) the
operator Mo P o My, has kernel contained in L2 (R" x R™).

comp

Proof Without loss of generality we may assume that P = W,,, with p € S"(R").
The kernel Kp of P is then given by

KP<x7y) = f2p(l’,y - ‘T)

(to be interpreted in distribution sense). Since r < —m/2, it follows that =
p(x, -) is a continuous function, with values in L?(R"). It follows that Fop €
L2 (R™ R™). By substitution of variables, it follows that Kp € L2 (R" x R").

loc loc

The kernel K of M, o Po My is given by

K(z,y) = o(x)Kp(z,y)¢(y),

hence belongs to L2 (R™ x R"). O

comp

15 Appendix: approximation by convolution

In order to avoid repetitions, we first work in the general setting of a Hilbert space
H. Let U(H) denote the group of unitary automorphisms of H. We consider R™
as a group for the addition, and assume that a group homomorphism 7 : R” —
U(H),z — 7(zx) is given such that 7(0) = I.

This map 7 is said to be strongly continuous at 0 if lim,_,o7,v = v, for all
v € H. This readily seen to be equivalent to the condition that = : R* — U(H) is
continuous for the strong operator topology. Such a group homorphism is called
a unitary representation of R in H.
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Lemma 46 Assume that there exists a dense subset D C H such that

ilg(l) m(z)v=v

for all v e D. Then w s strongly continuous at 0.
Proof Let v € H. Let € > 0. There exists an element vy € D such that
llv — vol| < €/3.
There exists a > 0 such that
x € B(0;9) = ||m(x)vg — vol| < €/3.
Then for x € B(0;0) we have

[m(z)v = vl < l7(@)(v = vo)ll + [lm(2)vo — vol[ + [lvo = v]]

= ||w(x)ve — vol| + 2||vo — V|| < €.

O

The group homomorphism 7 : R™ — U(H) gives rise to the group homomor-
phism L, : R" — U(Ly(H, H)) given by

L.(z)(A) =m(x)A, (reR", A€ Ly(H,H).
Lemma 47 If 7 is strongly continuous at 0 then so is L.

Proof Let (e;) be an orthonomormal basis for H. Given i, j we define e; ® €] :
H — H by v — (v,ej)e;. Then the span I of the operators e; ® e; is a dense
subspace of Ly(H, H). Let A € F. Then it suffices to show that 7(z)A — A in
Ly(H, H), for x — 0. We may write

A=) Aje el

1,

with finite sum. Then

Im(@)A — Allfs = Y Im(2)Ae; — Aey

with finite sum. Since 7 is strongly continuous at 0, this sum tends to zero for
xz — 0. U
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Assume that 7 is a unitary representation of R™ in a Hilbert space H. Given
¢ € C.(R™), the map = — ¢(x)n(z),R" — L(H, H) is compactly supported and
continuous for the strong operator topology. We define w(yp) : H — H by the
Riemann-integral

m(p)v :/ o(x)m(x)v de.
Clearly, 7(ip) is bounded with operator norm dominated by the L!'-norm of ¢.

Lemma 48 Let () be an approximation of the identity on R™. Then for every
v € H we have
m(er)v = v, (k— o0).

Proof Fix v € H. We note that
wov—v= [ g o) do.

Let € > 0. There exists § > 0 such that ||z|| < § = ||7(x)v —v| < €¢/2. Fix K
such that & > K = supp ¢ C B(0;9). Then for k£ > K we have

(i) — o]l < /

1
or(z)||m(z)v —v)|| de < 56/ () doe < e.
B(0;6)

B(056)
0

Corollary 49 Let m be a unitary representation of R™ in H. Let (o) be an
approzimation of the identity on R™. Then for every A € Lo(H, H),
m(pr)oA— A in Lo(H, H).

Proof The representation L, of R™ in Ly(H, H) is unitary by Lemma 47. Hence
L.(pr)A — Ain Ly(H, H) by the previous lemma. Now use that L,(pr)A =
7(pr) o A. O

Corollary 50 Let 7 be a unitary representation of R in H. Let (@) and (1)
be approximations of the identity on R™. Then for all A € L1(H, H) we have

m(pr)oAom(¢y) = A in Li(H, H), (15.9)
for k — .

Proof There exist B,C € Ly(H, H) such that A = BC*. Define ¢ : =
tr(—x). Then it is readily seen that (¢)/) is an approximation of the identity on
R™. Moreover, 7()* = w(¢)). It follows from Corollary 49 that w(¢x)B — B in
Lo(H, H), and that

Cr(¢y) = (r())C*) = C* =C
in Ly(H, H). The assertion (15.9) now follows by application of Theorem 36. [
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Given x € R" we define T), : R" — R", y — y+x. Then T__, induces a unitary
map 7(z) =7, = T*, : L*(R") — L*(R"), f > foT_,. Clearly T defines a group
homomorphism R™ — U(L?*(R")).

Lemma 51 7 is a unitary representation of R™ in L*(R").

Proof We fix f in the dense subspace C.(R") of L*(R"). Then by Lemma 46
it suffices to show that 7,(f) — f in L?*(R") for x — 0. For this we first observe
that f is uniformly continuous.

Let € > 0. There exists a 6 > 0 such that |f(y — z) — f(y)| < e for all
x € B(0;0) and y € R", hence

sup |of — fl <&, ([l=]] <9).

It follows that 7,f — f uniformly for  — 0. Since supp7,f = x + supp f, it
follows that 7, f is supported in the compact set supp f + B(0;1), for ||z| < 1.
Hence, 7,f — f in L*(R") for x — 0. O

It is readily checked that for p € C.(R") and f € L*(R™) we have
Clo)f=pxf=7(0)f
We now obtain the desired approximation result in L;(L*(R™), L*(R™)).

Lemma 52 Let (¢r) and () be approzimations of the identity on R™ and let
T : L*(R™) — L*(R™) be an operator of trace class. Then

Clon)TC(x) = T in Li(L*(R"), L*(R")),
for k — .

Proof This follows from Corollary 50 applied to H = L*(R"), 7 =7 and A = T.
0]
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