Exercise HW6

The purpose of this exercise is to give an application of partitions of unity which illus-
trates how to pass from local to global.

For Q C R" open, we denote by C'(Q) the space of functions f : Q — R which
are partially differentiable with continuous partial derivatives d;f : Q — R, for j =
1,...,n.

(a) Show that the function ¢ : R — R defined by ¢@(x) = (x —1)*(x+1)? for |x| < 1
and by @(x) = 0 for |x| > 1 belongs to C!(R).

(b) Show that C!(R) is normal.
(c) Show that C'(R") is normal.

(d) Let {A,...,A4} be a subset of [0, 1] such that ):f?:l A; = 1. Show that for every
interval J C R and every subset {ry,...,r} CJ we have Zf-‘zl Airi € J.

(e) Let f:R" — R be a continuous function and C a compact subset of R". Show
that for each € > 0 there exists a finite cover % = {Up,Uy, ..., Ui} of R", with
Up = R"\ C, and real numbers sy, ..., s, such that

fix)—e<si< fx)+¢€
foreach 1 <i<kandall x € U;.
(f) Show that for every € > 0 there exists a C!-function g : R” — R such that

[f()—gx)[<e  (Vxel).



