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ABSTRACT

We study the action of standard intertwining operators on H-fixed generalized vectors in the mini-
mal principal series of a reductive symmetric space G/H of Harish—Chandra’s class. The main re-
sult is that — after an appropriate normalization — this action is unitary for the unitary principal
series. This is an extension of previous work under more restrictive hypotheses on G and H.

The present result implies the Maass—Selberg relations for Eisenstein integrals of the minimal
principal series. These play a fundamental role in the most-continuous part of the Plancherel de-
composition for G/H.

INTRODUCTION

Let G be a connected real semisimple Lie group with finite center (or, more
generally, a group of Harish—Chandra’s class), o an involution of G and H an
open subgroup of the group G of fixed points for 0. Moreover, let # be a Cartan
involution of G commuting with o. In the Plancherel decomposition of
L*(G/H), the most-continuous part is built from the minimal principal series
for G/H. This is a series of parabolically induced representations m ) =
Ind$(¢ ® A® 1), where P = MAN is a minimal o6-stable parabolic subgroup
of G with the indicated Langlands decomposition, £ a finite dimensional uni-
tary representation of M and A € e the space of complex characters v of 4
with ov = —v. Let C7°(P: £: A) denote the space of generalized sections of
the homogeneous vector bundle in which ¢ ) is naturally realized. Then the
subspace C (P : £ : \) of H-fixed generalized sections, also called the space
of spherical vectors for m¢, , governs the contribution of ¢  to the Plancherel
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decomposition. In the theory an important role is played by the standard in-
tertwining operator

A(Q:P:E:X): CT®(P:E€:A) > C™™(Q:€: ),

with O a parabolic subgroup associated to P (i.e., its Langlands M, A-parts
are the same). By equivariance the standard intertwining operator maps the
spherical vectors for 7p ¢ to those for mg ¢, ».

In [1] we established the existence of a finite dimensional Hilbert space V(€)
and a linear map

JPEN:V(E) > CP:£: N,

depending meromorphically on \ € age and bijective for generic A € agc- We
also established the existence of a unique endomorphism B(Q: P:&: A) of
V(£), depending meromorphically on A € aje, such that the following diagram
commutes:

Co(P g N ACTEN | cosog e
(1) jmé:% L(Q:&/\)
v LTENL

Note that B(Q : P : £ : A) thus essentially describes the action of the standard
intertwining operators on the spherical vectors of the representations of the
minimal principal series. In [1] we proved the following formula, where the
suffix * indicates the adjoint of an endomorphism of the Hilbert space V' (£):

(2) B(Q:P:£:-X)"=B(P:Q:£:)).

For part of the argument leading to this formula we needed the restrictive as-
sumptions that H = G7, the full fixed point group, and that all Cartan sub-
groups of G are abelian. The main result of the present paper is that (2) holds
without restrictions on G, H.

The main difficulty in the proof is caused by the fact that the group G. N P
need not be connected. Therefore a major part of the present paper is devoted
to the description of connected components of parabolic subgroups and the
action of o on them.

The formula (2) plays a fundamental role in the harmonic analysis on G/H,
since it lies at the heart of the Maass—Selberg relations for Eisenstein integrals
related to the minimal principal series, see [2]. These Maass—Selberg relations
in turn play a fundamental role in normalizations of Eisenstein integrals, see
[4], and in the most-continuous part of the Plancherel decomposition for G/H,
see [5].

The main result of this paper was (implicitly) announced some time ago in
the survey paper [6] (cf. Theorem 11). In recent work ([7]) J. Carmona and
P. Delorme have established Maass—Selberg relations in the more general
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context of Eisenstein integrals for non-minimal o6-stable parabolic subgroups,
following a completely different method, involving the idea of truncation of
eigenfunctions. The results of the present paper can now also be obtained by an
application of the result of Carmona and Delorme (use the ideas of [2], Lemma
15.1 and Cor. 15.3).

It is my pleasure to thank Jacques Carmona, Patrick Delorme, Hans Duis-
termaat, Henrik Schlichtkrull and David Vogan for some stimulating con-
versations about the contents of this paper.

{. THE MINIMAL PRINCIPAL SERIES

Throughout this paper G will be a group of Harish—Chandra’s class, o an in-
volution of G and H an open subgroup of the group G of fixed points for . Let
0 be a Cartan involution of G commuting with . We denote the associated in-
finitesimal involutions of g, the Lie algebra of G, by the same symbols. Let @ =
f® b = § @ g be the associated decompositions into +1 and —1 eigenspaces for
6 and o, respectively. Then § is the Lie algebra of H. In general we adopt the
convention to denote Lie groups by Roman capitals and their Lie algebras by
the corresponding lower case Gothic letters.

We extend the Killing form on [g, g] to an invariant non-degenerate bilinear
form B on g that is negative definite on ¥, positive definite on p, and invariant
under o.

Let ay be a maximal abelian subspace of pNq. Then X := X(g,a4) is a
{possibly non-reduced) root system. By a o-parabolic subgroup of G we will
mean a parabolic subgroup that is invariant under the composition . If Pis a
o-parabolic subgroup and P = MpApNp its Langlands decomposition, then
Mp and Ap are both o- and é-invariant, and ¢ P = #P is the opposite P of P. We
write Myp = MpAp, Ap, = Ap N H, and

Apg={a€ Aploa=a'}.

Then Ap ~ Apn x Apq. Via the associated direct sum decomposition ap =
apn @ apq we identify the complexified dual aj ¢ with a subspace of az.

Let P(A4,) denote the set of minimal o-parabolic subgroups that contain
Aq = expagy. The components Mp and Ap are independent of the particular
choice of P € P(A4y). We therefore write M and A4 for these components.
Moreover, Apg = Aq. We write M| = M A in accordance with the notations in-
troduced before. Let X(P) denote the set of roots of aq in np. Then P +— X(P)
defines a one-to-one correspondence from P(A4,) onto the set of positive root
systems for X. The Weyl group W = W (g, aq) associated with the root system is
naturally isomorphic with Ng(ag)/Zk(aq), the normalizer modulo the cen-
tralizer of ng in K.Via conjugation it acts freely and transitively on the set P(A4,).

The group Nk(aq) normalizes M, and naturally induces an action of W on
the set My, of (equivalence classes of) irreducible finite dimensional unitary
representations of M. Let My be the subset of £ € My, for which there exists a
w € W such that w& possesses a non-trivial M N H-fixed vector.
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If P € P(Ag), then the element pp = 1tr(ad(-) | np) of aj vanishes on apy
hence defines an element of aj. If £ € My, let H¢ be a fixed Hilbert space on
which £ is (unitarily) realized. If in addition A € Agc then we define

3) C(P:€&:N)

to be the space of generalized functions f : G — H, transforming according to
the rule:
f(manx) = a**P7¢(m) f(x)

forx € G,me M,a € A, n € Np. We equip this space with the restriction of the
right regular representation R of G. The Harish—Chandra module associated
with the induced representation thus defined is denoted by Ind5(¢ ® A @ 1). The
series of representations Ind$ (€ ® A ® 1) with € € My, A € agc is called the
(minimal non-unitary) principal series for G/H.

In the following we shall describe the space C~°(P : £ : \) of H-fixed ele-
ments in (3). Let Wxnp denote the canonical image of Nxnnu(ag) in W. Fix a
set W of representatives for the quotient space W/Wxng in Ng(aq). Then the
map w— PwH defines a one-to-one correspondence from W onto the set of
open H-orbits on P\G. If j is an H-fixed element of (3), then j is a smooth
function on every open H-orbit. Therefore j(w) is a well defined element of H,.
In fact one readily verifies that j(w) is w(M N H)w™!-fixed. Thus we have a well
defined evaluation map ev,, : j— j(w) from the space of H-fixed elements in (3)
to V(€,w) := (He)"M"H » Equip V(&, w) with the restriction of the Hilbert
structure of He, and define the formal direct sum of Hilbert spaces:

(4) V)= @ V(Ew).
wew

Then the direct sum ev of the evaluation maps ev,,, w € W, defines a linear map
ev: C™®(P: &: N = V().

From [1], Corollary 5.3 and Theorem 5.10, we recall that for generic A € ac’l‘c the
map ev is a bijection. Here and in the following we will say that a statement
holds for generic A € ag if it holds for A in the complement of a countable
union of complex hyperplanes of a;c.

The inverse to ev is given by the following result of [1]. For its appropriate
formulation we need the compact picture of the induced representation
Ind$(6 ® A® 1). In view of the decomposition G = PK, the restriction map
ff ] K induces a bijection from (3) onto the space

(5) C™(K:§)

of generalized functions f:K — H, transforming according to the rule:
f(mk) =&m) f(k) for all me Ky:=KNM and k€ K. If s €N, then by
C*(K : £) we denote the subspace of (5) consisting of the s-times continuously
differentiable functions. This space carries a Banach topology since K is com-
pact. If s € N, then by C (K : £) we denote the subspace of (5) consisting of
the generalized functions of order at most 5. Being the dual of C$(K : £Y), this
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space carries a Banach topology as well. Let {2 C aj¢ be an open subset, then a
function ¢ : 2 — C (K : £) will be called holomorphic if for every Aq € {2
there exists an open neighborhood 2y of Ao in {2 and a constant s € N such that
o(£20) C C*(K : §) and ¢ | 2, is a holomorphic map from (2 into the Banach
space C (K : £). A partially defined C (K : £)-valued function on {2 will be
called meromorphic if for every Ay € {2 there exists a holomorphic C valued
function ¢ in a neighborhood of A such that 1 is holomorphic on this neigh-
borhood. The following result is essentially [1], Theorem 5.10.

Proposition 1.1. Let P € P(Ay), £ € My,. Then there exists a unique mero-
morphic function j(P : € : -) : ate — V(€)" ® C(K : §) such that
(@) j(P:€: N e C™=(P:&: N foralln € V(€) and for generic A € aje;
(b) for generic A € a:c we haveev o j(P: & : A) = Iy,

2. INTERTWINING OPERATORS

Let P, Q € P(Aq). We recall that for generic A € a¢ the standard intertwining
operator from Indg(ﬁ ®A®1) to Indg(g ® A® 1) uniquely extends to a
(equivariant) continuous linear map

A(Q:P:E:XN):C®P:E: M) = CT(Q: & N).

In a suitable sense (cf. [1], §4) the intertwining operator depends meromor-
phically on A € ajc. By equivariance it maps H-fixed elements to H-fixed ele-
ments. We recall from [1], Proposition 6.1, that there exists a unique End(V'(£))-
valued meromorphic function B(Q : P: ¢ : -) on ;¢ such that the diagram (1)
commutes for generic A € a . From Proposition 1.1 (b) and the commutativity
of diagram (1) we see that the endomorphism B is also given by

(6) B(Q:P:£:X)=evo A(Q:P:£:A)oj(P:&:A).

The following result, which is the main result of this paper, was proved in [1]
under the restrictive hypotheses that all Cartan subgroups of G are abelian and
H equals the full group G of fixed points for o in G. If Bis an endomorphism of
V(€), let B* denote its adjoint with respect to the Hilbert structure defined
above.

Theorem 2.1. Let P, Q € P(Aq). Then we have the following identity of End V' (£)-
valued meromorphic functions on aie :

B(Q:P:¢(:=)N)"=B(P:Q:£: ).

We will reduce the proof of this theorem to a particular case. The following
lemma provides a first step in this reduction.

Lemma 2.2. Let Hy, H; be open subgroups of G° such that Hy C H,. If Theorem
2.1 is true with H = H,, then it is also true with H = H,.
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Proof. We assume that Theorem 2.1 holds for H = Hy. For k = 1,2, put Wy =
Wknm,. Let p: W/W, — W/W, be the natural projection map. Each of its
fibers has [ : W] elements.

Let W, be a set of representatives for W/W, in Nx(aq). For each w, € W,
and every s€p~!(w,) we select a representative wi(s) € woNgnp,(aq) C
Nk(aq) for s. Let py; : Wi — W, be the map corresponding to p. Then the
above choice comes down to

v € po1(V)Ngnm,(aq) for each ve Wi

Note that by [1], Remark 6.5, the choice of representatives does not affect the
validity of Theorem 2.1.

Now that compatible choices for Wy, W, have been made, let for k = 1,2 the
objects Vi (), evi, ju(P:&: X), Be(Q: P: & A) be defined as before, but with
H, in place of H.

For k=1,2, let F(W, He) denote the space of functions Wi — He,
equipped with the direct sum Hilbert structure. Define the map i : Vi (§) —
F(Wr, He) by ix(n)(w) = n for w € Wy. Then i is an isometry from Vi(§) into
F (W, He). Via this isometry we shall view Vi () as a subspace of F (Wi, He).

Let p3, : F(Wa, He) — F(Wh, He) be defined by pull-back: p5,¢ = o pai.
Since each fiber of py; has [W, : W] elements, it follows that [W; : W] 2p} is
an isometric embedding. One readily checks that p3;maps V>(€) into V;(€). Let
i12 be the restriction of p3, to ¥>(£), then it follows that

(7) ity 0 it = [Wa: Willy,g).-

Let 1: C™>°(P:&: )\)HZ — C™®(P:E&: )\)H‘ be the inclusion map. Then one
readily checks from the definitions that ev; o I1; = ij> o ev, and that

JIP:E: XN oipp=Inop(P:&:A) on W(E).

Combining the last two formulas with (6) we infer that for all P, Q € P(A44) we
have:

(8) Bi(Q:P:&:Noip=ippoB(Q:P:E:A)

Taking adjoints of both sides of (8), applying i1, to the right and using (7) we
obtain:

o) {[Wz CWABNQ:P:£:A) =i} 0B (Q:P:£: M) oiy

=ij;oBi(P:Q:&:—X) oy,

the last equality being a consequence of the hypothesis. In view of (8) with
Q, P & Areplaced by P, Q,&, —), it follows that the right hand side of (9) may
be rewritten as

iy oi1oBy(P:Q:P:£: =)= [Wo: Wi]|By(P:Q:P:£: =)
Hence Theorem 2.1 holds for H = Hyaswell. O
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Reduction of the proof of Theorem 2.1 to a particular case. Before we proceed
with the proof of Theorem 2.1, we discuss its reduction to a particular case that
we did not succeed to handle in full generality in [1}.

As we mentioned above, Theorem 2.1 was proved in [1] under the two as-
sumptions that all Cartan subgroups of G are abelian and moreover that
H = G°. The first of these assumptions was used to ensure that M = M, F, with
F a finite abelian subgroup. This fact was used at precisely two places in [1]:
Lemma 54 and Lemma 6.16. The last assumption was not explicitly men-
tioned, but used in the proof of Lemma 6.16.

The first part of the proof of Theorem 2.1 consists of a reduction to the o-split
rank one case, i.e., dim ag = 1. This reduction does not rely on any of the as-
sumptions mentioned above, and can therefore be used in the present situation
as well. Thus it suffices to prove Theorem 2.1 with Q = P in case dim a4 = 1. If
X = 0 then ag is central in G, and there is nothing to prove. Therefore we may,
and will, assume that X # (. Then the Weyl group W has order two, so that
W/ Wk g has either one or two elements. The proof in [1] of Theorem 2.1 in the
latter case does not make any use of the assumptions mentioned above, and is
valid without change in the present situation. Thus it remains to prove Theorem
2.1 in the case that dim ag = 1 and |W/Wknu| = 1. Moreover, by Lemma 2.2
we may in addition assume that H is connected. We call the resulting case,
where these three assumptions are fulfilled, the reduced case. The proof of
Theorem 2.1 in the reduced case will be given in Section 8.

3. CONNECTED COMPONENTS OF PARABOLIC SUBGROUPS

This section is independent of the rest of the paper. Its purpose is to give a
characterization of the possible connected components of parabolic subgroups
of G when G is a connected group of Harish—Chandra’s class.

Let ag be a maximal abelian subspace of p, let Xy be the system of roots of g
in g and let X' § be a choice of positive roots for this system.

Let Py = MpAoNy be the minimal parabolic subgroup of G associated with
the pair (ag, X'{), and let P be any parabolic subgroup of G containing Py. In
this section we shall write P = MAN for its Langlands decomposition, and
M] = MA. Let

ZOMZ:{QEE()IC!:OOH(I}.

Then Yy equals the system of roots of ag in the centralizer 11 of a in g.
Moreover, X := Xom N X is a choice of positive roots for this system.

Finally, we put Xy(P) := 2§\ Zom. Then Xy(P) equals the set of roots of ag
in n. Let ny = ng Nm. Then

Ng = My G n.

Let So, Som denote the sets of simple roots of ' and X}, respectively. Then it
is well known that

(10) Som = So N Lom-
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Let Wy, Wom denote the Weyl groups of the root systems Xy and Xy, respec-
tively. Then we have natural isomorphisms:

Wo =~ Nk(ao)/Zk(a0), Wom ~ Nxnm(ao)/Zknm(ao).

The following lemma is crucial for the purposes of this section. We recall that
by the Bruhat decomposition the map s— NysP induces a bijection from
W/ Wowm onto the set No\ G/ P of Ny-orbits on G/P. Let

MWo={ve WIU(Z(_;—M) C Za—}

Then it is well known that the multiplication map m Wy x Wom — W is a bi-
jection. Hence the map s +— NysP defines a one-to-one correspondence from
M W onto Np\G/P.

Lemma 3.1. Let w € Nk (ag) be a representative for s € Wy, Then the orbit NywP
on G/ P has dimension one if and only if s € s, Wom, with a € Sy a simple root such
that

(@) dimg, =1;

(b) o & Zom.

Remark 3.2. Note that (a) implies that 2a: ¢ Y.

Proof. If o € Sy satisfies (b) then s, € MWy We therefore assume that
s € M Wy; then it suffices to show that NysP has dimension 1 if and only if s = s,
with a € S such that (a) and (b) hold. Let w be a representative of s in Ng(ag).

Recall that P has Lie algebra m; + 1. By a standard computation of differ-
entials one therefore readily checks that the orbit NosP has dimension one if
and only if

dimng/ne NAd{(w)(ny +n)] =1,
which in turn is equivalent to
(11) dim[ng/nog NAd(w)(fim + iy + n)] = L.
The hypothesis on s implies that g N Ad(w)(itym) = 0, hence (11) is equivalent

to the assertion that ng N Ad(w)(119) = 1o N Ad(w)(my + 1) has codimension 1
in no. Since Ad(w) leaves 1y + fig invariant, the latter assertion is equivalent to

(12) dlm[ﬁo N Ad(W)II()] = 1.
From (12) it follows that s is a Weyl group element of length 1, hence s = s, with
a € Sp. This implies that iy N Ad(w)1tg = g_, + d_,,, hence (a). Moreover, (b)
follows from the hypothesis that s € v Wy.

Conversely assume that o € Sy satisfies conditions (a) and (b) and put s = s,,.

Then s € Wy Moreover, ity N Ad(w)1y = g_, + g_,,, and from (a) and Re-
mark 3.2 it follows that the latter space has dimension 1, whence (12). O

If P is a parabolic subgroup of G containing Py, we write Tp for the set of roots
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a € 8) such that conditions (a) and (b) of Lemma 3.1 are fulfilled. If Q is an-
other such parabolic, then P D Q = Tp C Tp. Put

(13)  To=Tp ={acS|dima=1}

Then in particular we have Tp C T).
For every a € Ty, let H, € ag be the element orthogonal to ker o determined
by a(H,) = 2. We define

gla)=q_, ®RH, ® q,.

Obviously g(«) is a #-invariant subalgebra of g. Since g, is one-dimensional,
this subalgebra is isomorphic to s/(2,R). We fix once and for all an element
X, € g, such that [X,,,0X,] = —H,. Since g, is one-dimensional, there are two
possible choices of X,, which differ by a minus sign.

Put X_, = —60X,. Then the triple H,, X., X _, is a standard s/(2, R)-triple.
Let i, : s/(2,R) — g(«) be the Lie algebra isomorphism defined by

l 0 01 0 0
(14) (0 _l>r—>Hm (0 0)|—~>XG, (1 0>b—>Xa.

Then the pull-back of 4 by i, is the standard Cartan involution X — — X! of
sI(2,R).
For every a € T, we define

(15) W, = €Xp (% (Xa + 0Xa]> and  f,=wl

Then w,, is a representative of the simple reflection s, in Nx(ag), and f,, is con-
tained in My, the centralizer of ag in K.
Let Fy be the group generated by the elements £, (o € Ty). Then Fy C M.

Lemma 3.3. The group Fy is a finite subgroup of My. Moreover, Ad(Fy) is abelian,
consists of quadratic elements, and centralizes my.

Proof. Let G¢ be the connected complex automorphism group of the com-
plexification g¢ of g. Then Ad(G) is a subgroup of G¢. The Lie algebra of G¢ is
naturally isomorphic with the complexification (adg).

Fix a € Ty. Let j, : 51(2,C) — (adg)c be the complex linear extension of the
monomorphism ad o i,. Since SL(2,C) is simply connected, j, lifts to a Lie
group homomorphism j, : SL(2,C) — G¢. Let f be minus the identity matrix
in SL(2, C). Then using (14) one readily sees that j,(f) = Ad(f,). From f2 = I
it now follows that Ad(f,)* =1. Let F = {k € Ad(K)|k? =TI}. Then it is
known that

F = Ad(K) Nnexp(iadayg);

hence F is a finite abelian group that centralizes ntq (cf. [9], p. 435, Exercise A3).
Since Ad maps the generators of Fy into F, it follows that Ad(Fy) C F, and all
assertions follow. O
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For every a € Tp we define the smooth curve ¢, : [-7/2,7/2] — G/P by
(16) cals) = wy exp[s(Xo + 0X,)] P.

Then c,(—7/2) = ePand ¢, (n/2) = w2 P = f, P = eP, hence ¢, is aloop in G/P
based at eP. Its class in the fundamental group I1,(G/ P, eP) of G/P relative to
the base point eP is denoted by [c,].

Lemma 3.4, The fundamental group II,(G/ P, eP) is generated by the classes [c,],
a € Tp.

Proof. The manifold G/P is equipped with the structure of CW-complex whose
cells are the orbits for the natural Ny-action. Let X} denote the union of the
closures of the one-dimensional cells, that is (Lemma 3.1):

Zi= U cl{Now,P).
acTp
Then the inclusion map 7 : Xy — G/P induces a surjective homomorphism of
groups i, : I1) (X, eP) — II,(G/P,eP). We will finish the proof by showing that
the loops ¢, are all contained in Xy, and that IT, (X, eP) is the free group gen-
erated on the classes of the loops ¢,, @ € Tp.

For « € Tp, let G(a) be the analytic subgroup of G with Lie algebra g(a);
recall that the latter algebra is isomorphic to s/(2, R). The group P(a) = GNP
is a (minimal) parabolic subgroup of G(a); hence G(a)/P(a) is a circle, and the
inclusion map G(a) — G induces an embedding o, : G(a)/P(e) — G/P. The
image of o, is denoted by S,. By a straightforward SL(2,R) computation it
follows that the class of ¢, generates II;(S,, e) ~ Z. We will finish the proof by
showing that the spheres S,, @ € Tp, form a bouquet with basepoint eP and
union X.

If € Tp, then S,\{eP} equals the image under o, of G(a)/P(a) minus the
origin e P(a). The Bruhat decomposition of G(a)/P(a) consists of the two cells
eP(a) and N(a)w,P(a), where N(a) = exp(g,) is the unipotent radical of
P(a). We conclude that S,\{eP} = o4(N(a)w,P(a)) = N(a)wo P. Thus if
a, B € Tp and the spheres Ss, Ss have a point besides eP in common, then
N(a)woa PN N(B)wgP # 0, hence Nowo P N Nowg P # 0, from which it follows
that s, Wom = sgWom, hence s, = sg. O

Remark 3.5. The above discussion is in [8], p. 335. It suggests the natural
question whether the relations between the [c,] can be determined explicitly in

terms of root data, thus providing an explicit presentation of I1;(G/P,eP).
Recently this question has been answered completely in [14].

We finish this section by a characterization of the connected components of P
that will be of crucial importance later on.

Lemma 3.6. Let P, denote the identity component of P. Then P = FpP,.
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Proof. Consider the natural covering p : G/P. — G/P. The group I1,{G/P,eP)
acts in a natural way transitively on the fiber p~!(eP). We shall describe this
action in terms of the generators [c,), @ € Tp. Fix a € Tp and xP, € p~!(eP)
(i.e., x € P). Then by the unique lifting theorem for curves there exists a unique
curve é, : [-n/2,7/2} — G/P, with é,(—n/2) = xP, and p o ¢, = ¢,. From (16)
one sees that the lifting is given by:

é4(8) = w, exp[s(Xa + 0X,)]xP..
The action of [c,] on x P, is now given by [c,|xP, = ¢q(7/2), hence
[ca] xP, = wije = f,xP,.

Since the [¢,] generate II;(G/ P, eP), it follows that the action of II,(G/P,eP)
on the fiber p ~!(eP) preserves the image Fp P, of Fp in G/ P, (which is obviously
a subset of the fiber). By transitivity of the action it now follows that Fp P, =
p~!(eP), whence P = FpP,. O

4. LIFTING OF INVOLUTIONS

In this section we assume that G is a connected group of Harish—~Chandra’s
class. An involution of the Lie algebra g need not lift to the group G; it does
however lift to a finite covering of G (which is again of Harish—Chandra’s
class), provided a natural condition is fulfilled. More generally we shall for-
mulate a result for finite groups of involutions of g. Note that such groups are
necessarily abelian.

Lemma 4.1. Let G be a connected group of Harish—Chandra’s class and let L be
the lattice in the center of q consisting of X € center(g) with exp X = e. More-
over. let T be a finite group of involutions of g such that

(17) span[ N T(L)] = center(gq).
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Then there exists a finite covering group G' of G such that every 7 € T lifts to G'.

Proof. First assume that the result holds in the case that G is abelian as well as
in the case that G is semisimple. In the second half of the proof we will establish
these partial results; we start by showing that the general result follows from
these partial results.

Let g = g; & ¢ be the decomposition of g into its semisimple part and its
center, respectively. Let Gy, C be the analytic subgroups of G with Lie algebras
q, and ¢, respectively. Then obviously G = G;C. The groups G and C are con-
nected closed subgroups of Harish—Chandra’s class; moreover, G, is semi-
simple and C is commutative. By the hypothesis we may select finite coverings
p1: G| — Gy and p; : C’ — C such that for every 7 € 7 the involutions 7{g,
and 7]c lift to involutions 7| of G| and 7; of C’, respectively. Then the group
G’ = G| x C’ has Lie algebra q; @ ¢ =g and the involution 7 lifts to the
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involution 7/ =7/ x 7, of G’. Moreover, the group homomorphism p:
G| x C' — G, (g,¢) — pi1(g)p2(c), is a local difftomorphism onto G, hence a
covering of G. Its kernel consists of the set of elements (g,¢) € G| x C’ such
that p;(g)p2(c) = e, or equivalently such thatg € p;'(G1 N C), ¢ € p; ' (G1 N C)
and pi(g)p2(¢) = e. Now G| N C is finite and p; and p, are finite coverings,
hence ker p is finite and we see that p is a finite covering.

It remains to prove the result in the cases that G is abelian or semisimple. We
first discuss the case that G is abelian. Then exp : g — G is the universal cover-
ing. Let L be the kernel of exp, then by the assumption (17) we have that Ly =
N,e7 7(L) is a spanning discrete subgroup of g; hence it is a sublattice of L of
full dimension. This implies that the natural map p : G' = q/Ly — G is a cov-
ering homomorphism which is finite since g/Lg is compact. If 7 € 7, then Ly is
7-stable, hence the map 7 factorizes to an involution of G’, which is the lifting
of 7.

We finally turn to the case that G is semisimple. Being of Harish—Chandra’s
class, G has finite center Z(G). By [10], Theorem 3.1 and the remark before
Theorem 3.7, there exists a maximal compact subgroup K of Aut g containing
7. Let K be the preimage of K under Ad : G — Aut(g). Then K is maximally
compact in G and its Lie algebra f is T-stable, i.e., invariant under every 7 € 7.
Let f; be the semisimple part of f, and c¢ its center. Let K, C be the associated
analytic subgroups of G, respectively. Let A be the lattice of X & ¢ such that
exp X = e, and let A° be the lattice of X € ¢ such that e2¢¥ = I (this is the A for
the adjoint group Ad(G)). Then A C Ap. We will show that

(18) span[ N 7-(/1)] =C.

7T
To see that this holds, let g = g; & - - - ® g, be the decomposition of g into its
simple ideals. Put f; = g; Nfand ¢; = g; N c. Then we have decompositions f =
Lo -df,andc=1¢; @ & c,. Here each ¢ is either 0 or 1-dimensional. For
1 <j <mn,let A; be the lattice of X € ¢; withexp X = e, and let /1? be the lattice
of X € ¢; such that e2X — J Then A; C A?, and since dim¢; < 1, there exists a
strictly positive integer p; such that 4; = ijg.
We obviously have
ADAI@"‘@Am

and similarly A° > A @ --- ® A°. On the other hand, if X € A° write X =
X1+ ---+ X,, with X; € ¢;, and fix 1 < k < n for the moment. Then e*d¥ =7
on gy and €24 = J on g for j # k. Hence ¢*3* = I on q;. Thus X; € A9 for
each 1 < k < n. Hence:

A=A oA

Let p be a common multiple of the p;, 1 < j < a. Then it follows that A; =
pj/l? D) pA?. Hence

ADpA°.

Now the lattice A° is invariant for every automorphism of g that leaves f in-
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variant, hence for every 7 € 7. This implies that the space on the left-hand side
of (18) contains pAO hence equals c.

The result having been established already for the commutative case, it fol-
lows from the claim that there exists a finite covering homomorphism p; =
C’ — C such that for every 7 € T the restriction 7, = 7|c lifts to an involution
7, of C'. Let p; : K — K, be the universal covering. It is finite since Kj is
compact semisimple. Moreover, for every 7 € 7 the involution 7, = 7|f; has
a lifting to an involution 75 of K;. Now the map p:K/x C'— G,
(k,c) — p1(k)p2(c), is a finite covering by the same argument as in the first part
of the proof. Moreover, for every 7 € 7 the map 7| x 7, is a lifting of 7|f to the
finite covering group K x C’. By the Cartan decomposition there exists a finite
covering G’ — G which over K is isomorphic to K/ x C’ — K. By the above
every 7 € T liftsto G'. 0O

Recall the definition of Ty from (13). We will end this section by attaching an
involution to each root of 7.

Lemma 4.2. If o € Ty, then there exists a unique automorphism 7o : § — @ such
that

(a) 7o =1 onmpy+ ayg;

(b) 7o =T onggforall B € So\{a};

(€) 7, = —1ong,.

The map 7, is an involution that commutes with 6 and with Ad(My). Finally. 7,
lifts to some finite covering group of G.

Proof. Let t be a maximal torus in my, then §) = t ® a4 is a Cartan subalgebra
of g. We denote the root system of § in gc by A. Let A™ be a system of positive
roots compatible with X", and let @ be the associated fundamental system. Let
Ay be the set of roots in A with zero restriction to ag, and let A, be its com-
plement. Then Ay may be naturally identified with the root system of t in m¢.
Moreover, restriction to ao induces a surjective map ry : A, — Xy, Put &y =
PN Agand &, = &N A,. Then &y is a fundamental system for Ag, and ro maps
@, onto Sy. Since dim g, = 1, the set ro‘1 (@) consists of a unique & € A;, which
belongs to &;. It follows that Sp\{«} equals the image of &\ {&} under ry. Let 7
be an automorphism of g; we denote its complex linear extension to g¢ by the
same symbol. If 7 satisfies conditions (a)—(c), then by the above observations it
follows that

(i) 7 =1 on b and on the root spaces (gC)w v € d\{a};

(ii) 7= —I on (g¢);.

The automorphism 7 is uniquely determined by the properties (i) and (ii); this
establishes uniqueness.

To establish existence we observe that, by Weyl’s theorem, there exists a
unique automorphism 7 of g¢ satisfying (i) and (ii). The automorphism is the
identity on
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f)C® Z (gC)'y'

TE A

This space is the centralizer of ag in g¢, hence equals (g + ag)¢.
On the other hand, if 3 € Sy, then

(19)  (8p)c= 2 (gc),

yery(8)

If 8 # a, then ry!(3) consists of roots in A contained in a set of the form
B + span(®y) with 3 € &;\{&}. It follows from condition (i) that 7 = I on (19).
If 3= a, then ry 1(8) = {&} and it follows from (ii) that 7 = —I on gg. Thus in
all cases it follows that 7 leaves the real subalgebra gg invariant. Any auto-
morphism of g¢ that leaves mg, ag and g5 (8 € Xy) invariant, leaves the root
spaces §_g (B € Xy) invariant as well. Hence 7 leaves the real subalgebra g
invariant. Moreover, in the above argument we have seen that 7, := 7 satisfies
conditions (a)-(c). This establishes existence.

To establish the final assertion, note that Taz = I on B¢ and on all the root
spaces for the simple roots in ¢. Hence 7.2 = I. If m is an element of My, then
Ad(m) leaves m, ag and every root space g (§ € Xy) invariant. It follows that
Ad(m) o7y = 7, 0o Ad(m) on mo + ag and on all gg, 8 € Sp. This implies that 7,
commutes with Ad{M,). Finally, we notice that from (a)-(c) it follows that
7. = €(8)1 on gz, B € Sy, where e(3) = | if 8 # «, and where ¢(o) = —1. It now
follows that 7,00 =601, on m( + ag and on every root space gg (3 € Sp).
Hence 7, commutes with 6.

By (a) we have that 7, = I on the center of g. Hence the final assertion fol-
lows by application of Lemma 4.1. O

5. SOME RESULTS ON o-PARABOLIC SUBGROUPS

In this section we assume that G is a group of Harish—Chandra’s class. We se-
lect a maximal abelian subspace ag of p containing a4 and put 4y = expag and
My = Zg(ao).

Let Y4 be the set of roots a € ¥y = (g, ag) such that a|ag # 0. Let Xpm be
the complement of Xyq in . Then we may naturally identify YoM with the root
system of ay in m;, the centralizer of aqin g.

Restriction to aq induces a surjective map from Zyq onto X, the root system
of aq in g. We select a positive system X for £ and a compatible system £ of
positive roots for 2, i.e., if @ € Zoq, thena € f & alag € ZT. Let nbe the
sum of the positive root spaces for %, and put N = expn and M, = Zg(ay).
Then P = M N belongs to P(Aq) (cf. Section 1). Let P = MAN be its Lang-
lands decomposition. Then ag = angq.

Lemma 5.1. If a € Yoy thenq, C b.

Proof. From ca = « it follows that o leaves g, invariant. Suppose that X €
ga Na. Then a4 centralizes X. Hence X — 0X belongs to p N q and centralizes
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aq. Since ag is maximal abelian in b N g, it follows that X — 68X € a,. This im-
plies that ag centralizes X — #X, hence X = 0. We conclude that g, N g =0,
whence the result. O

Let m, be the non-compact part of m, i.e., the smallest ideal in mt containing
m N p. Then M, the corresponding analytic subgroup of M, is invariant under
both ¢ and #. Moreover, M, is a closed normal subgroup, and the quotient
M /M, is a compact Lie group.

The following lemma is well known.

Lemma 5.2, Leté € Mq,. Then E=1lon M,.

Lemma 5.3. The non-compact part my, of mequals the subalgebra of m generated
by agm = ag N m and the root spaces G, « € oM.

Proof. Let b denote the subalgebra generated by agpy = agnm and g,., a €
Zom. Then mt = my + b and since niy centralizes ag and normalizes the root
spaces g,, we see that the algebra b is an ideal in m. Moreover, from p C
g+ Z”ego Q. 1t follows that m N p C v. Hence m, C v.

To see that the converse inclusion also holds, let X € q,,, « € Xym. Then
X —0X e mnp Cm,. Select H € agy such that a(H) = 1. Then X +6X =
[H,X — 0X] belongs to m, as well, since m, is an ideal; we conclude that X €
nt,. Hence g, C m, for every a € Yyp and it follows that b C m,,. DO

Corollary 5.4. The non-compact part M, of M is contained in (M N H),.

Proof. We have that agy C ag N'h. Moreover, g, C §) for every a € Yym, by
Lemma 5.1. From the previous lemma it now follows that m, C mnNf. O

Let sp € Aut(ag) be the longest Weyl group element for the root system Xy,
relative to the system Xy, := Zom N X, of positive roots.

Corollary 5.5. The Weyl group element sy has a representative in M, N K.
Proof. This is an easy consequence of Lemma 5.3. O

We now fix a representative vy of s in M, N K. Note that by Corollary 5.4 we
have
mwm e (MNHANK),.

Note also that by Lemma 5.2 we have that
&vMm) =1 forevery &€ M.

Let Wom be the centralizer of aq in Wy. The elements of Wom normalize the
decomposition ay = aon @ aq, hence commute with o and 4. In particular, sy

331



commutes with ¢, 6, hence the automorphism syo6 of ag is an involution. If ¢
is an automorphism of a, we denote its inverse transpose { — o ¢!, al — aj
by the same symbol. The accordingly defined involutions o,6,sm of aj ob-
viously leave Xy invariant.

Lemma 5.6. The involution smof of aj leaves the sets Xoq, Zom, Zi, So, Soq, Som
and Tp invariant.

Proof. If o € Xy, then syofalay = alag, since smof centralizes ag. Hence
smof leaves the sets Xoq and Z‘a:l invariant. On the other hand, if « € Xj},, then
smofa = —sma € Iy, and we see that syof leaves gh, and Loy invariant.
Since Ty = Zgy U Xy, it follows that syo6 leaves X invariant. It is now ob-
vious that Sy, Soq, Som are invariant as well. Finally, let a € Tp, and put § =
smofa. Then a € So\Lom = Soq, hence § € Syq, and it follows that S e
So\Zom. Moreover, g3 = Ad(vm)o6g,, hence dimgs = dimg, =1, and we
concludethat € Tp. O

Finally, we define the compact part m, of m to be the orthocomplement of m,
in 1, with respect to B (cf. Section 1). Then m = m, @ m, as a direct sum of Lie
algebras.

Lemma 5.7. The compact part m of m is contained in my.
Proof. This is an immediate consequence of Lemma 5.3. O

6. INVOLUTIONS OF THE ROOT SYSTEM X,

We retain the assumptions and notations of the previous section. We shall need
the following lemma relating the set S of simple roots for X't with the set Sy of
simple roots for £". Recall that Sy = Som U Soq (disjoint union). Recall also
that P € P(4q) and X(P) = X*. Moreover, Tp is a subset of Sp which is dis-
joint from Sgm, hence Tp C Soq.

Lemma 6.1. There exists a permutation ¥ of Soq of order at most two such that for
every o € Soq we have o8 € ¥(a) + NSom. Let rg : Xoq — X be the map induced
by restriction to aq. Then ro maps Soq onto S. Moreover, its fibers are precisely the
orbits of the permutation 9.

Proof. See[13]. O

In the rest of this section we assume that aq is not central in g (so that X' # 0)
and that dimaq = 1. Then S has one element, hence by the above lemma Syq
has either one or two elements. It follows that T has at most two elements.
We recall that sp denotes the longest Weyl group element of the root system
Yom (relative to Sym) and that vy is a representative of sy in (My NK N H),. It
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I commutes

follows that the conjugation map Ad(vm): G — G, x — vmxUy
with both o and 6.

If S is a system of simple roots for a root system R, we shall write D(S) for
the associated Dynkin diagram; moreover, for brevity of speech we identify
simple roots in S with the associated vertices in D(S). If S; C Sthen D(S,) is the
Dynkin diagram that arises from D(S) by omitting the roots from S\S;. If ¢ is
an automorphism of the root system R which leaves S invariant, then ¢ induces
an automorphism of the Dynkin diagram D(S), which we denote by ¢ again. If
S; C S is invariant under ¢, then the automorphism ¢ of D(S) restricts to an
automorphism of D(S;).

In particular, it follows from Lemma 5.6 that spef induces involutions on
D(So) and D(SOM).

Lemma 6.2. The involution s\yo8 leaves the connected components of the Dynkin
diagram D(Som) invariant.

Proof. Use that spjo6 = —spyon Somqe. O

We recall from Lemma 5.6 that the involution smo6 leaves the sets Tp C Soq C
So invariant. The purpose of the following three lemmas is to distinguish cases,
depending on the action of spo@ on Tp.

Lemma 6.3. Assume that Tp contains a fixed point for smo8. Then Syq consists of
precisely one element. In particular Tp = Syq.

Proof. Let o € Tp be fixed under spmof. Then ofa = smqa. Elements of Wym
leave the set o + Z Sy invariant; hence ofa € a + ZSom. On the other hand
we have ol € ¥(a) + NSym, where # is the permutation of Syq defined in
Lemma 6.1. By linear independence of the elements of Sy it follows that ¥(a) =
«. The desired result now follows from the last assertion of Lemma 6.1. [0

Before proceeding we prove a lemma that will be useful at a later stage.

Lemma 6.4. Let the assumptions of Lemma 6.3 be fulfilled, and let o € Spq. Then

the involution T, of g, defined in Lemma 4.2, is trivial on m and commutes with
Ad(vm) and o.

Proof. The subalgebra m, is generated by ao N m and the root spaces -,
where v € Som. Since Sgy N Tp = B, it follows that 7, = I on m,. Since 7, is
trivial on mg and mg O m. by Lemma 5.7, it follows that 7, = I on nt. Hence 7,
commutes with Ad(M,), and in particular with Ad(vm). Since 7, commutes
with 6 as well, it suffices to show that 7, commutes with ¢ := Ad(vm)o6. Now ¢
leaves nty and ag invariant, commutes with 8, and permutes the roots of Sy. By
the hypothesis it follows that Yo = «. It now easily follows that o 7, = 7, 0 ¢
on g @ ag and on every gz, 8 € Sp. Hence ¢ and 7, commute. O
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Lemma 6.5. Assume that Tp contains a root o such that o and 3 := syofa are in
different connected components of the Dynkin diagram of Sy. Then Syq = {a, B}
and o and (3 are isolated vertices in the Dynkin diagram of Sy.

Proof. From the hypothesis it follows that o 1 3. Since Syq contains 7, and
consists of at most two elements we must have Soq = {@, 3}, hence Som =
So\{a, B}. Now suppose that y € Sop and y [ . Then smo6y £ 3, hence yand
smofv are in different connected components of the Dynkin diagram of Sp,
contradicting Lemma 6.2. We conclude that « is isolated. By symmetry in the
argument [ is isolated as well. [

If D is a Dynkin diagram, and «, 3 are simple roots in the same connected
component of D, then there exists a sequence of mutually different simple roots
0, - - - »¥n In D such that

(@) a="0,8="n

(b) v Lv41 for 0<j<n

Since a Dynkin diagram cannot contain a closed circuit, the above sequence is
unique. We call it the sequence of roots in D connecting « and 5.

Lemma 6.6. Let o € Tp, and assume that the root § = syofa is different from o,
but contained in the same connected component of D(Sy). Then the sequence vy =
&, ..., =0 (n>1) of roots in D(Sy) connecting « and 3 has the following
properties.

(@) smo8y; =yn—jforall0 < j <m,

(b) the Dynkin diagram D(~y) = D({~; I 0<j<n})isof type A1, ie.,itis
of the following form:

@ =" TN Vo1 Tn =B

(©) v € Som forall 0 < j < m;
(d) the Dynkin diagram D(v) equals the connected component of D(Sy) con-
taining o (and j3).

Proof. By applying smof to the sequence y; we obtain a sequence svofy;
connecting 3 and «a. Condition (a) follows by uniqueness of the connecting
sequence.

Suppose that +; and +; ;1 are connected by a multiple link. Then so are their
respective images ~,_; and v,_;_ under smof. Since a connected Dynkin
diagram can contain at most one pair of roots connected by a multiple link, it
follows that j + 1 = n — j. Hence smo#vy; = ;4 1, from which we see that y; and
~j+1 have equal length, contradicting the assumption that they are connected
by a multiple link. Thus we see that all pairs v;,v;41 are connected by a single
link, and (b) follows.
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Since Sy, consists of at most two elements we must have Sp\{«, 3} C Som.
Hence the sequence satisfies condition (c).

Suppose now that (d) does not hold. Let v € S be any root different from the
~y; such that v Y ~; for some 0 < k < n. Then v and smo6~ are in the same
connected component of the Dynkin diagram of Sy, hence these roots are
connected by a sequence of roots from Son. If & = 0 or k = n this would imply
the existence of a closed circuit in the Dynkin diagram of Sy which is im-
possible. Hence 0 < k < n (and in particular » is at least 2). From the assump-
tion on v it follows that sy o6+ is not perpendicular to v, _ ;. By inspection of all
possible connected Dynkin diagrams we now see that k = n — k, hence nis even
and at least two, and k = n/2. Again by inspection of all Dynkin diagrams we
see that eithern =2 orn =4

If n = 2, then the full connected component of the Dynkin diagram of S
must be of type D), with / > 4. Put 73 = v and let v;, 4 < j < [, be determined
by the requirement that the ~;, 0 < j </ — 1, are mutually different, and that
vi £ yj1 forall 3 < j<1—1;seefigure L.

Vi1

Yi-2

3

a =Y T Y2 = p
Figure 1.

Then obviously syof fixes the roots ; with j ¢ {0,2}. But these roots con-
stitute a connected component of the Dynkin diagram of Sgum, and spof acts
on them as minus the associated longest Weyl group element. This contradicts
the fact that in the root system A4;_, the longest Weyl group element does not
equal minus the identity.

It follows that we must have n = 4. By inspecting all possible Dynkin dia-
grams we then see that the connected component of the Dynkin diagram of Sy
containing « is of type Eg and consists of the roots 7y, . . ., 74, v (see figure 2).

v

a=%% M T T3 Ya=p8

Figure 2.
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The subdiagram consisting of the roots ~1,~vz2,73, is of type D4. Now spob
induces an automorphism of this subdiagram which on the one hand is not the
identity, and on the other hand equals minus the associated longest Weyl group
element. The latter commutes with all automorphisms of the diagram hence
must be the identity, contradiction.

Thus we see that the assumption that (d) does not hold leads to a contra-
diction. O

Corollary 6.7. Let o, 3 € Tp be as in Lemma 6.6. With the notations of that
lemma let I' = X Nspan{vy;,0 < j < n}. Then:

(a) foreveryy € I we havedimg.,, = 1;

(b) the Lie subalgebra g(I") of @ generated by the root spaces g, € I', is an
ideal isomorphic to sl(n + 2, R);

© oba=y+ - +v-1+0;

(d) the Lie subalgebra generated by the space Q,, and its images under 0,0, 00 is
isomorphic to s1(3, R);

(e) forallf € Fpwehave f?> € H,.

Proof. Let v € I' be an indivisible root. Then « belongs to the reduced root
system spanned by simple roots of D(). This root system is of type 4, 1, hence
« is Weyl conjugate to a. It follows that dimg., = dimg, = 1. Moreover, since
2a0 & Xy, it follows that 2+ is not a root. Hence all roots in I" are reduced and of
multiplicity one, and (a) follows.

Since D(y) is a connected component of D(Sy), all roots from Xy\I” are or-
thogonal to I. Hence g(I) is an ideal. Since all roots in I" are reduced and of
multiplicity 1, it follows that g(I") is the normal real form of the complex simple
algebra of type 4, ;. Hence g(I') ~ sl(n + 2, R).

Now that (a) and (b) have been established, it follows by a straightforward
computation in sl(n + 2,R) that sy =8+v + -+ + v, But 00 = s 3 and
(c) follows.

To establish assertion (d), put v = gfa. Then ~y + « is the longest root of the
root system I. Hence the root system R generated by o« and - consists of
a, 7y, a + v and their inverses: it is therefore of type A4,. Since R is o- and #-in-
variant and consists of roots of multiplicity one, (d) follows.

To establish the last assertion we note that from (b) it follows that («, 06a) =
(o, 7). Put a1 = o, ap = obla; then from (d) it follows that g4, g_,, (j=1,2)
generate a subalgebra 3 of g that is stable under ¢ and ¢ and isomorphic to
s/(3,R). Let S be the corresponding analytic subgroup of . Since SL(3, R) has
trivial center and a universal cover which is twofold, it follows that .S is iso-
morphic to either SL(3, R) or its double cover. It follows that the center Z(.S) of
S has at most two elements. Now S is invariant under ¢, and so is its center
Z(S).We claim that Z(S) C H,. This is obvious if Z(S) consists of one element.
In the remaining case o fixes the neutral element of Z(S); hence it must also fix
the second element. Hence Z(S) C S°. But in this case the group S is simply
connected; hence S? is connected (see [3]) and the claim follows.
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Let F(S) be the subgroup of S generated by the elements f, , j = 1,2. Then
by a straightforward computation in SL(3, R) we see that /2 € Z(S) for every
f € F(S); hence f2 € H,forall f ¢ F.

To finish the proof we distinguish between the casesn = landn > 1. Ifn = 1
then Fp = F(S) and (e) follows.

If n > 1then @ L 3, hence f, and f3 commute. Since the latter elements gen-
erate Fp, it follows that Fp is abelian, and it suffices to show that f? € H, for
f € { fa,f3} By symmetry in the roles of o and g it suffices to show that f* €
H.,. But this follows from the above since f, € F(S). O

7. THE AUTOMORPHISM 7

The purpose of this section is to construct a special automorphism 7 of g that
will be needed in the proof of the main result in the reduced case, which will be
given in the next section.

We keep the assumptions and notations of the previous section. In particular
we assume that a, has dimension one and is not central in g. Thus X' is non-
empty. We recall that Q — X(Q) defines a bijection from P(A44) onto the col-
lection of positive systems for X' = ¥(g,aq). Let P € P(A4,) be determined by
Y(P)= X" andlet P = MAN be its Langlands decomposition. Then P(A4,) =
{P,P}, and any Q € P(4,) has the Langlands decomposition

(20) Q= MAN,.

Put 2o = QH,, and let the real analytic maps agp : {29 — Aq and mg : 2p —
M /M N H, be defined by

X € Noag(x)mg(x)H, (x € f2p).

If ¢ is an automorphism of g mapping iy onto 1y, then its restriction to Mg
lifts to an isomorphism between the associated simply connected nilpotent
groups, which we denote by the same symbol ¢ : Ng — Ng. Let the Haar
measures of the nilpotent groups Ng, N be normalized as in [11], Section 4
(see also [1], p. 370). Finally we write C¥(M N H\M /M N H,) for the space
of bi-(M N H,)-invariant real analytic functions on M.

Proposition 7.1. There exists an automorphism T of the Lie algebra g with the
following properties:

(a) T commutes with o,0 and Ad(vy );

{(b) T leaves the subspaces g, a, aq and W invariant, and T = —I on ag; more-
over, if Q € P(Ay), then

(¢) T maps ngonto ny;

(d) the lifted isomorphism T : Ng — N satisfies 7*(dng) = dng;

(e) the lifted isomorphism T maps Ng N £2g info N N 2, and for every func-
tionp € C*(MNH\M/M N H,)and alli € No N 2¢ we have:

p(mg(Th)) = p(mg(R)™").
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In the proof of this proposition we need the following lemma. Let M, and M,
be the analytic subgroups of M with Lie algebras nt, and m,, respectively.
Moreover, let Zy (M. ) denote the centralizer of M, in M.

Lemma 7.2. Let o € C¥*(M NH\M/M N H,). Then:
@ plom) =p(m™") (me M.);
(®) p(my) = p(ym) =p(m) (meM, y € My);
© o(fm) =o(mf) (me M., € Zy(M.)).

Proof. (a) By analyticity of ¢ it suffices to prove the equation for m in a
neighborhood of e in M,. Thus, it suffices to prove the equation for m = exp Xh
with X e mn g, h € H,, and in fact we may as well assume that 4 = e by the bi-
H-invariance of . But for such m we have m ~! = om and the equation follows.

For the remaining assertions we note that the natural map KNM —
M /M N H, is surjective. By the Peter-Weyl theorem it is therefore sufficient to
prove (b) and (c) for a function ¢ of the form

1) p(m) = (n1 [ &m)na),

with £ € My, and with M, 72 vectors in H, that are fixed under {(M N H,). For
such a function ¢ the assertion (b) follows by application of Lemma 5.2.

For assertion (c) we first note that M, = M. M,. Let me M, and f €
Zy(M,). Write m = xy with x € M, y € M,. Then f centralizes m., hence
normalizes the complementary ideal m, of m, and we see that f ~!yf € M,. In
view of (b) it now follows that

o(fm) = o(fxy) = p(xf) = p(xff yf) =p(mf). O

Proof of Proposition 7.1. It follows from Corollaries 5.4 and 5.5 that ao{vy) =
vM, hence o commutes with Ad(vy). It is now immediate that the properties
(a)—(d) are all satisfied if 7 is replaced by any of the automorphisms o, 6. Since
um € (M NK),, the automorphism Ad(vm) centralizes a and normalizes the
spaces 1 and 11, the action on the two latter spaces being by maps with de-
terminant 1. Thus we see that (a)—(d) are also fulfilled with o o Ad(vy) in place
of .

It remains to find an automorphism satisfying condition (e) in addition. For
this we treat the case Tp = 0 and the cases distinguished in Lemmas 6.3, 6.5, 6.6
separately.

Case (a). Assume that Tp = ). Then M = Mp is connected by Lemma 3.6. We
put 7 = ¢. Then obviously o maps Ng N £2g onto Ny N 2,5 and if 7 € Np N 2
then mg(7n) = Tmg(n) = omg(#). From Lemma 7.2 (a) we now see that 7 sat-
isfies (e).

If we are not in case (a), then 7Tp # (), and we distinguish between the case
that smof has a fixed point in Tp (case (b)), and the remaining case that this is
not so (case (c)).
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In the latter case T consists of two different roots « and 3, and 3 = smofa.
We split this case in the subcases that either « and /3 are in different connected
components of the Dynkin diagram of S, (case (cl)), or these roots are in the
same connected component of the Dynkin diagram (case (c2)).

Case (b). Assume that sy;o6 has a fixed point « in 7Tp. Then by Lemma 6.3 we
have Spq = Tp = {a}. The root space g, has dimension 1 and is invariant under
the automorphism ¢ = Ad(vm)o6. Thus ¢ acts by a scalar ceRon gq,. On
the other hand, since v, centralizes ay it follows that vy, € My, hence o =
Ad(um ) acts by the scalar +1 on g,. Hence ¢ = +1 and it follows that ¢ =
—(—1)" for some € € {0,1}. We define 7 = 7{Ad(vm)o. Before proceeding we

note that with this definition:
(22) T=—0 on Q.

Combining the discussion at the beginning of this proof with Lemma 6.4 we see
that conditions (a)—(d) are fulfilled. We claim that (e) is fulfilled as well.

One readily sees that it suffices to prove this for any finite covering group of
G. In view of Lemma 4.1 we may therefore as well assume that the involutions o
and 7, of g lift to involutions of the group G. This will be assumed from now on.

Since T leaves a invariant by condition (b), its lifting 7 leaves M invariant. By
condition (a) the map 7 leaves M N H, invariant, hence induces a diffeomor-
phism of M /M N H,, which we denote by T again. From (b) and (c) we see that 7
maps {2g onto {25, and that for all x € {29 we have:

my(Tx) = Tmg(x).
Therefore it suffices to prove that for any ¢ € C*(M N HA\M /M N H,) and all
i € No N 2y we have

p(Tmg(R)) = p(mo(R)™).
For this it suffices to show that for all m € M we have:

(23)  plrm) = p(m™").

By real analyticity and bi-(M N H,)-invariance of ¢, and in view of the fact that
M = FpM, by Lemma 3.6, it suffices to establish (23) for m = fexp X, with f &
Fpand X e mnq.

In the present case Fp is the group generated by f, = exp(X, + 60X, ). where
X, € g, is chosen as in (14). Using (22) and the fact that 7 commutes with § we
see that

fa = exXP(r(Xo + 0Xa)) = exp(—6X,, ~ Xo) =/, "

It now follows that 7(f) = f ! for all f € Fp.
On the other hand, for X € m N q we have that

T{exp X ) = exp(7X) = exp(t Ad(vm)oX ) = vmexp(—T7, X )1
Since 7, = 1 on m by Lemma 6.4, it follows that

7(exp X) = vm exp(—X ) vy
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Combining these observations we obtain, for f € Fp, X € m N g, that
7(fexpX) =f"lum exp(—X) vy

Note that f centralizes my by Lemma 3.3, hence m. by Lemma 5.7. Moreover,
vMm € My. Hence for p € C¥(M N H\M/M N H,) we have, by Lemma 7.2:

o(r(fexp X)) = o(f 'vmexp(—X )vy') = p(umexp(—=X)f 1)
= p(exp(—-X) 7).

We thus see that (23) holds for m = fexpX with f ¢ Fp, X € mng. This
completes the proof in case (b).

Case (c1). In this case we put 7 = 0. Then 7 satisfies all properties (a)—(d), and
it remains to establish property (e). Since o maps g = NoAMH, onto 29 =
NoAMH,, it follows that for all i € Ny N 2y we have:

my(Th) = Tmg(R) = omy(7).

Hence it suffices to show, for every ¢ € C*(M N H\M/M N H,), that the
identity

(24)  @(om)=pm™)

holds for m = my(n).

By Lemma 6.5 we have that Tp = Soq = {a, 3} with «, 3 isolated vertices in
the Dynkin diagram D(S,). From this and the fact that 20,28 ¢ Xy (cf. Re-
mark 3.2) it follows that 202 = Soq = {a, B}. Moreover, su centralizes the
roots «, 3, and we conclude that 8 = ofc.

Let g(Tp) be the Lie subalgebra of g generated by the root spaces g, v €
Tp. Then g(7p) is invariant under the involutions o and 8. Now o + 3 is not a
root, and it is immediate that g(7Tp) = g(a) ® a(3) as Lie algebras; here we
have written g(v) for the Lie algebra generated by g,,g_., for y € {a, 8}. Select
Xa € 8o asin (14); thus H,,, X, X_, = —0(X,,) is a standard s/(2, R)-triple. Put
X3 = 00X,. Then Hy, X3, X_p are the respective images of H,, X,, X_, under
of. Let i, ig be the associated embeddings of s/(2, R) into g defined as in (14).
Then i, x ig is an isomorphism from 3§ :=s/(2,R) x s/(2,R) onto g(7p); the
respective pull-backs ¢*,0* of o and € under this isomorphism are given by
9*(X,Y) = (—X',—Y") and o*(X, Y) = (¥, X).

Since g(a) and g(3) commute, it follows that £, and f; commute. Hence Fp
is commutative. Put U = X, + X3. Then U and U are o-stable, and hence
Jofp = exp(m(U + 8U)) belongs to H,. Moreover, o(f,) = f3 and o(f3) = fa
Thus we see that fo(f) € H, if f is any of the generators f,,, f; of Fp. Since Fp is
commutative we infer that fo(f) € H, for all f € Fp. Let now f € Fp. Then
o(f)" =f(o(f)f)"" € f(H.NF). From this we see that (24) holds for every
m € Fp. It therefore suffices to show that mg maps NQ N $2¢g into Fp/Fp N H,.

In the above we inferred that ZJ[; = {a, B}, hence Ny and Ny are contained
in the analytic subgroup G(Tp) of G with Lie algebra g(Tp). It follows
that my maps No N2y into M NG(Tp)/H,NG(Tp). Since M NG(Tp) C
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MyN G(Tp) C Fp it follows that mg maps NoN 2y into Fp/FpN H.. This
completes the proof of (e) in case (cl).

Case (c2). This is the case occurring in Lemma 6.6. We define 7 = 6. Then
obviously 7 satisfies conditions (a)-(d). We will finish the proof by showing
that 7 satisfies condition (e) as well. Since § maps 25 = NoAMH, onto 2y =
NoAMH,, it follows that for all 7 € Ny N £2p we have:

mg(Th) = Tmg(h) = Omg(h).
Hence to prove (e) it suffices to show that for all 7 € NQ N 29 we have:
(25)  Omg(A) € mp(A) (M N H,).

In the following we shall use the notations and conclusions of Lemma 6.6 and
Corollary 6.7. From g(I') ~ si(n + 2, R) it follows that

Q') =ap(I") @ GBF Qs

where ao(I") is the ((n + 1)-dimensional) vector sum of the lines (kery;)*, 0 <
J < n. We note that ag C ag(I), hence

ag(I") = aon(I") @ aq,

where agn(I") = ao(I") N'h. Moreover, Zyq = {a € X | alag # 0} is contained
in Xo(I"). Hence for Q € P(A4,) we have that Ng, No C G(I"), where the latter
denotes the analytic subgroup of G with Lie algebra g(I").

Let M,(I") = M, N G(I"). Then M;(I") is the centralizer of aq in G(I"), and
we see that Q(I") = M (I") Ny is a minimal o-parabolic subgroup of G(I").
Moreover, we readily see that Q(I') = QN G(I).

Let H(I') = HN G(I"). Then H(I") is an open subgroup of G(I")’. The root «
restricts to a root v of aq in g(I"). Let g(I"), be the associated root space. If X €
a,\{0}, then X + 00X is a non-trivial oé-stable element of g(I"),. Hence
Z(g(I)7?, aq) # 0 and it follows that the set 2y := Q(I')H(I"), is open and
dense in G(I") (use [1], Appendix B). This implies that Ny N 2y is open and
dense in Ng N 2.

Next we observe that
(26) m(MND=a(lH® P g,

yEI'N Xom
Let M(I") be the Langlands M of Q(I"). Then m(I") is contained in the ortho-
complement of ag in my(I"), with respect to B. From (26) we now see that
m(I") C H(I'), in view of Lemma 5.1. Hence M(I"), C H(I"),, and by Lemma
3.6 the inclusion Fp — M (I") induces a surjective map from Fp onto the dis-
crete space M(I")/M(IYNH(I'),.
Let mopy : Rory — M(I')/M(I") 0 H(I"), be the map defined by

X € NQAme(p)(x)H(F)e.
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Then by compatibility of decompositions it is obvious that for i € Ng N 2¢(r)
the element mgry(7) € M(I")/M(I') N H(I'), has canonical image mg(#) in
M /M N H,. 1t follows that mg(Ng N £29(r)) is contained in the canonical image
of Fpin M/M N H,. By density and continuity it finally follows that for every
i € Ng N 2 there exists a f(7) € Fp such that

mo(f1) = f(7)(M N H).
Hence
Omo(A) = f(ARYM N H,) = f(7)" (M N H,) € my(A)" (M N H,),

from which (25) follows. O

For Q € P(A4y), let hg : G — A be the real analytic map defined by
(27) X € NQhQ(X)MQK (x € G).

Then we have the following consequence of Proposition 7.1.

Lemma 7.3. Let 7 be an automorphism of g satisfying conditions (a)—(e) of
Proposition7.1. Moreover, let Q € P(Ag). Then for every v € a’&c andallni € Ng
we have:

(28) ho(th)" = ho(n)™".
Moreover, for every i € age andallii € Ng N 29 we have T7i € N N 2g and

(29) ag(tR)" = ag(n)™".

Proof. It suffices to prove the assertions for any covering group of G to which o
has a lifting. By replacing G by a suitable finite covering we may as well assume
that both o and 7 have a lifting from g to G (use Lemma 4.1).

The automorphism 7 of G commutes with & by condition (a) of Proposi-
tion 7.1 and therefore stabilizes K. Moreover, T preserves a, hence M and M. It
maps Ng onto No. Thus if 7 € N then from 7 € Nohg () MK it follows that
Th € NoThg(f) MK, and we conclude that hy(7#) = Tho(n). Since 7 = —I on
a4 this implies (28).

The automorphism 7 of G commutes with o as well, hence leaves H, in-
variant. It therefore maps the decomposition 29 = NoAMH, onto §2; =
NoAMH,. The assertion (29) now follows by an argument similar to the one
above. 0O

In the proof of the main result in the next section, a key role is played by the
following corollary.

Corollary 7.4. Let 7 be an automorphism of g satisfying conditions (a)—(e) of
Proposition 7.1, and let Q € P(A4g). Let £ € M, and assume that my, 13 € ’H'g.
Then for all \,v € a}c and all i € Ng N 20 we have
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(30) {(hQ(ﬁ)”aQ(ﬁ)A*V”QE(mQ(fl))nl»772>
= (n1, ho(rh) “ag(ta) e (my(Th)ny).

Proof. By unitarity of £ the expression in the left-hand side of (30) equals

(31) ho() ag(R)*~" 72 (ny, &(mo(R)) ™' n2).

The function ni— (n,&(m)n,) belongs to C*(M N HAM/M N H,). Applying
Proposition 7.1 and Lemma 7.3 we may therefore rewrite (31) as

ho(rR) Y ag(th) Ve (ny. E(mg(Th))n2).

which in turns equals the right-hand side of (30). O

8. PROOF OF THE MAIN RESULT IN THE REDUCED CASE

In this section we work under the same assumptions as in the previous one.
Thus aq has dimension one and is not central in q. Moreover, P is a minimal
o-parabolic subgroup containing 44. Thus P(44) = {P, P}.

We assume that the group H is connected. Then §2p = QH, = QH for every
Q¢ P(Aq).ﬁ

Let £ € My, be fixed from now on. In the course of this section we shall prove
the following result.

Proposition 8.1. Let 71,12 € HY'"". Then
(B(P:P:&: Nm,m) = (m, B(P: P:€&: =\)n2)

as an identity of meromorphic functions of A € Qe

Before beginning with the proof of this proposition we will first derive Theo-
rem 2.1 from it.

Proof of Theorem 2.1 in the reduced case. Assume in addition that |W/ W y|=
1. Then we are in the reduced case where Theorem 2.1 still needs to be proved. In
this case the direct sum (4) has one term, so that V(£) ~ ’Hé‘mH. The above
proposition therefore implies Theorem 2.1 with Q = P. This is sufficient since
P(Aq) = {P,P}. DO

To explain the idea of the proof of Proposition 8.1, we will first discuss a se-
quence of equalities that hold in a formal sense. Later these equalities will be
interpreted by means of a meromorphic continuation.

Let pry : V(&) — H?’mH be the projection onto the w = 1 component in the
decomposition (4). Let Q € P(4y), n € Hé‘mH. Our first goal is to obtain a
formal expression for pryo B(Q: Q:&: A)n. Using [1], Theorem 5.10 and
Proposition 6.1, we obtain that

(32)  prioB(Q:Q:E:Nn=evioA(Q:Q:€:N)j(Q:€: A)n
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as an identity of meromorphic functions in A € aj¢. For Q € P(4q) and Re R
we put:
ai(Q,R) = {A e aic|(Re A a) <R, Va € Z(Q)}.

Then by [1], Proposition 4.1, there exists a constant C > 0 such that forall Q €
P(Aq)and all X € afl(Q_, C) the intertwining operator is given by an absolutely
converging integral on continuous functions:

(33)  [A(Q:Q:6:Nf ffHX)dn (x € G)

for fe C(Q:&: ).
On the other hand, we have the following result about the continuity of

J(€:A).

Lemma 8.2. Let Q € P(Aq), and n € Hé‘mH. Then for A+ pg € ag(Q,0) the
H-fixed generalized functionj(Q : £ : X : n) is continuous and given by the formula

pay (@XM = ag() Cemo(x)n for x € 09 = OH,
=0 elsewhere.

Proof. This follows from [l], Proposition 5.6 and the display preceding
Lemma 5.7. O

Combining (32), (33) and (34) we obtain
(35)  prioB(Q:Q:&:Nn= [ ag(R) " lmg(R))ndn

NQD.()Q

for A in the intersection of aq(Q, C) and aq(Q,0). Unfortunately this intersec-
tion is empty, so that we can only interpret (35) in a formal sense. Continuing in
this formal fashion, let 5,7, € HM NH 1et 7 be an automorphism of g satis-
fying conditions (a)-(e) of Proposmon 7.1. Then applying Corollary 7.4 with
v = 0 we obtain (formally):

(36)  (B(P:P:&:Nmum)= [ (ap()**E(mp(R))m,n2) di
Npn102p

(37) = [ (m,ap(rh) " PE(mp(ri)) ) i,

Npn2p

We now make the substitution of variables n = 7#. Since 7:7+— 7n, Np —
Np = Np, is a diffeomorphism with 7*(dn) = dn (see Proposition 7.1 (d)), the
integral in (37) becomes:

(38) [ (m,ap(m)™*0re(mp(n))n2) dn = (i, B(P: P &: =X)ma).

Npﬂﬂﬁ

We will interpret the above sequence of equalities by a meromorphic con-
tinuation, involving an additional parameter v € ajc. The particular con-
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tinuation is based on an idea that goes back to [12], and was also applied in [1],
Sections 7 and 8.

Let Q€ P(Ag), ne Hé”””. Then for every (A v) € aje X age such that
J(Q : &:-:n)isregular at A — v, we define an element of C™°(Q : £ : A) by:
(39)  J(Q:€:Aivin) =hyj(Q:€:A-vin),
where kg is defined by (27). Then viewed as a Hom(Hé”r‘H C (K : &))-valued
function, J(Q : § : A : v) depends meromorphically on (A, v) € aje X aye.

From [1], Corollary 4.14, it follows that A(Q: Q: ¢: A)J(Q § A:v:n)re-
stricts to a smooth function on QH, whenever (A, v) is not a singular point for

any of the meromorphic factors involved. In particular the expression may then
be evaluated at the identity element. Put

(40) B(O:Q:6:2:v)p=ev,0A(Q:0:¢(:NJ(Q:€E:X:v:n).
Lemma 8.3. The linear map
(41)  B(Q:Q:&:X:v) € Hom(HY " H,)

depends meromorphically on (\v) € a, ¢ X Q. Moreover, if Ay € age is not
a singularity for any of the meromorphtc maps A\— A(Q:Q: ¢: /\) or A—
J(Q & X), then (Ao, 0) is not a singularity for (41), and

B(Q:Q:£:X0:0)=prjoB(Q:Q:&: X) |HYH.

Proof. From the assumptions it follows that the right-hand side and hence the
left-hand side of (39) depends holomorphically on (), v) in a neighborhood of
(Mo, 0). Combining this observation with (40) and applying [1], Corollary 4.14,
we see that (41) is regular at (A, 0). Moreover, if n € ’Hé‘m”, then

B(O:Q:€:x0:0)n=¢eveod(Q:0Q:€:X2)J(Q:£:x0:0:17)
=ev,0d(Q:Q:€:00)j(Q:6: X1 1)
=pr;oB(Q:Q:€: Xo)7. O

In view of Lemma 8.3, Proposition 8.1 is now a straightforward consequence of
the following result.

Proposition 8.4. Let 11,7, € 'Hg” NH_ Then we have the following identity of
meromorphic functions of (A, v) € Qe X agc

(42) (B(P:P:¢:X:v)n,m) = (n,B(P:P:&~X:—D)na).

Proof. We will establish this proposition by the reasoning indicated in equa-
tions (36)—(38). We start with a useful lemma. If Q € P(4,), let

Ag ={(\v) e ale x aic | A €ai(Q,C) and A — v+ pg € a;(Q,0)}.

Then obviously Ap is a non-empty open subset of ajc x aje
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Lemma 8.5. Let Q € P(Ay) and (\,v) € Ag. Then foralln € Hé””” we have:

43)  B(Q:Q:&:h:v)n= | ho(R) ag(R)* " eE(mo(R))n dh,
Nonfy

the integral being absolutely convergent.

Proof. Consider equation (40). Since A — v+ pg € a3(Q,0), the occurring
function J is continuous (use Lemma 8.2 and the continuity of Ag), and since
AE a;(Q, C), the integral for the intertwining operator 4 converges absolutely.
Therefore the left-hand side of (43) equals:

J J(Q:&: X:v:n)(n)dn.
No

Using (39) and (34) we may rewrite this integral as the right-hand side of
43). O

Completion of the proof of Proposition 8.4. By meromorphy it suffices to es-
tablish (42) for (A, v) contained in the non-empty open set Ap. Then by Lem-
ma 8.5 with Q = P the left-hand side of (42) may be written as the absolutely
convergent integral:

 ap(@) P hp () E(mp(R)) M, n2) dA.
Npn2p

Let 7 be an automorphism of g satisfying conditions (a)—(e) of Proposition 7.1.
Then applying Corollary 7.4 we see that the above integral equals

J (map(rm) T () T mp(r)) ) di
NpnN2p

Using the substitution of variables » = 77 we may rewrite this integral as

(44) I (apm) 7 hp(n) " €(mp(n))n2) din.
NpN 25

Now (=X, ~7) € Ap, so that we may use Lemma 8.5 with Q = P to infer that
(44) equals (1, B(P: P: £ : —X: —0)n)). This establishes (42). O
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