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Abstract

We prove a convexity theorem for semisimple symmetric spaces G/H which generalizes
an earlier theorem of the second named author to a setting without restrictions on the minimal
parabolic subgroup involved. The new more general result specializes to Kostant’s non-
linear convexity theorem for a real semisimple Lie group G in two ways, firstly by taking H
maximal compact and secondly by viewing G as a symmetric space for G x G.

1 Introduction

In this paper we prove a generalization of the convexity theorem in [4] for a symmetric space
G/H. Here G is a connected semisimple Lie group with finite center, ¢ an involution of G and
H an open subgroup of the group G° of fixed points for ¢. The generalization involves Iwasawa
decompositions related to minimal parabolic subgroups of G of arbitrary type instead of the
particular type of parabolic subgroup considered in [4].

From now on we assume more generally that G is a real reductive group of the Harish-
Chandra class; this will allow an inductive argument relative to the real rank of G. Let 6 : G —
G be a Cartan involution of G that commutes with o; for its existence, see [21, Thm. 6.16].
The associated group K := G of fixed points is a maximal compact subgroup of G. For the
infinitesimal involutions determined by o and 0 we use the same symbols: 0,0 : g — g; here g
denotes the Lie algebra of G. With respect to the infinitesimal involutions, g decomposes as

g=tdp="5hdq,

where € and p are the +1 and -1 eigenspaces for 6 and likewise, f) and q are the +1 and -1
eigenspaces for . Note that € is the Lie algebra of K and b is the Lie algebra of H.

Since ¢ and 6 commute, their composition ¢ 0 is again an involution of g. With respect to
the latter involution, g decomposes into eigenspaces

g=9+Dg-.

Observe that the +1 eigenspace g equals €Nh @ p Mg, while the -1 eigenspace g_ equals ENq &
pnb.



We fix a maximal abelian subspace aq of pMq, and a a maximal abelian subspace a of p that
contains aq. Then a is o-stable and decomposes as:

a = ap P ag, (1

where ay, := aMb. The associated projection onto aq will be denoted by pr, : a — aq.

Let X(g, a) be the set of roots of a in g and (g, aq) the set of roots of aq in g. Both of these
sets form root systems, possibly non-reduced, see e.g. [26] or [21]. The associated Weyl groups
are given by

W(a) = Nk(a)/Zg(a) and W (aq) = Ng(aq)/Zk(aq). (2)

Let A = expa and let &7(A) be the set of minimal parabolic subgroups of G containing A. If
P € Z(A), then P has a unique Langlands decomposition given by

P = MANp, 3)

where M := Zg(a), Np = expnp and np is the sum of the root spaces corresponding to a uniquely
determined positive system of X(g,a). We denote this positive system by £(P). The map given
by

P— X(P), Pec P(A),
defines a bijection between Z#?(A) and the set of positive systems of X(g,a).

Let
L(PoB):={acX(P): cOacX(P)}

and
L(P)-:={ae€X(P0o0): cbax=a = 00|y, #idg,}. 4)

Any parabolic subgroup P € #(A) induces an Iwasawa decomposition
G~ KxAXNp

and the associated infinitesimal decomposition g = € & a & np. The Iwasawa projection corre-
sponding to P is defined as the real analytic map

Hp:G—>a, determinedby g€ KexpHp(g)Np, (g€G). 5)

The main result of [22], known as ‘Kostant’s (nonlinear) convexity theorem’ characterizes
the image under $p of the set aK, for a € A, as follows:

Hp(ak) = conv(W(a)-loga).

Here *conv’ indicates that the convex hull in a is taken.

In our setting, it is natural to study the more general question of convexity of the set $p(aH ),
for a € A. The first answer to this question was provided in [4, Thm. 1.1] under the assumption
that P € &(A) satisfies £(P,00) = X(P) \ ay; here a;; and ag are viewed as subspaces of a” in
accordance with the decomposition (1).

In the present paper we generalize [4, Thm 1.1] to any parabolic subgroup P € Z(A). To
prepare for our main result, we need a few remarks and definitions as well as new notation.
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Remark 1.1. Since exp : a — A is a diffeomorphism, it follows that A ~ Ay X Ay, where Aq :=
exp(aq) and Ay :=exp(an) = ANH. Thus, we just need to consider a € Ag.

Remark 1.2. Since $p(aH) = Hp(aHAL) = Hp(aH) + ay, it suffices to consider the image of
aH, for a € Ag, under the map

Npq :=prgoHp: G — aq.
We recall from [4, Eqn. (1.2)] that the subgroup H is said to be essentially connected if
H :ZKﬂH(aq)HO7 (6)

where H° denotes the identity component of H.

Let B be an extension of the Killing form from [g, g] to a bilinear form on the entire algebra g,
such that B is Ad(G)-invariant, invariant under both 6 and o, negative definite on ¢ and positive
definite on p. Then B is non-degenerate.

We define a positive definite inner product on g by

(U V):=—B(U,8V), (U,V€q). (7)

Note that the root space decomposition and the eigenspace decompositions (with respect to 0
and o) are orthogonal with respect to this inner product. Moreover, the extended Killing form
and the inner product coincide if either U or V belongs to p.

Definition 1.3. The Weyl group Wi~y is defined as

Winw = Nknw (aq)/Zknn (ag)-

Note that Wx~y may be viewed as a subgroup of W (aq). If e is a root in £(g, a) we denote by
Hy the element of a perpendicular to ker & with respect to (-, -), and normalized by a(Hy) = 2.

Definition 1.4. Let P be a minimal parabolic subgroup of G containing A. Then we define the
finitely generated polyhedral cone I'(P) in aq by

L(P):= Y Rxopry(Ha) (8)
o€cX(P)-

Main Theorem (Theorem 10.1) Let H be an essentially connected open subgroup of G°, see
(6). Let P be any minimal parabolic subgroup of G containing A and let a € Aq. Then

9pq(aH) = conv(Wgny -loga) +T'(P).

If the two involutions ¢ and 6 are equal, then K = H and X(P,56) = X(P). This implies that
W (a) = Wgnpm and that X(P)_ = 0. Thus, we obtain that I'(P) = 0 and hence, in this case our
main theorem coincides with the original non-linear convexity theorem of Kostant [22].

For P satisfying X(P,00) = L(P) \ a;; the above result coincides with [4, Thm 1.1]. This will
be explained in detail in Section 2.2.



The proof of the main theorem follows the line of argument described below, which is a
considerable extension of the argumentation of [4], which in turn was inspired by [16].

We first prove the theorem for a regular element a € Aq. Since the map $p : G — a is right
H N P-invariant, see Lemma 4.1, the map

F,:H — aq, h— $Hpy(ah)

factors through a map F, : H/H NP — aq. In order for the idea of the proof in [4] to work in
the present situation, one needs to establish properness of the map F,. This is done in Section 4
by reducing the problem to the case of a suitable o-stable parabolic subgroup R combined with
application of results of [4]. The established properness implies that the image F,(H) is closed
in aq.

gl"he considerations of Section 4 also lead to the constraint on the image F,(H) that it does
not contain any line of a4, see Corollary 4.15.

In Section 5 we introduce the functions F, x : H — R, for X € a4, defined by

Fux(h) = (X,F,(h)) = B(X,F,(h)).

Geometrically, these functions test the Iwasawa projection by linear forms on aq, and give us
constraints on the image of H under F,. For a more detailed exposition on F, x we refer the
reader to [9]. Our own study of this function follows ideas in [4] and [9].
In Section 6 we calculate the critical set ¢, x of the function F, x explicitly, for a € Affg and
X € aq. In particular, we show that this set is the union of a finite collection .#, x of injectively
immersed connected submanifolds of H. If 6, x C H, then all submanifolds in .#, x are lower
dimensional, so that €, x is thin in the sense of the Baire theorem, i.e. its closure has empty
interior. These considerations allow us to show that in case X(g, aq) spans ag, the set ¢, of points
in H where F; is not submersive, is closed and thin, see Proposition 6.7. In particular, we then
have that
Fu(%a) C Fu(H). ©)

In Sections 7 and 8 we calculate the Hessians of F, x and their transversal signatures along
all manifolds from .7, x. These calculations, which are extensive, in particular allow us to de-
termine all points where the transversal signatures are definite. This in turn gives us all points
where Fy x attains local maxima and minima. A main result of Section 8 is Lemma 8.14 which
asserts that for every local minimum m of the function F, x we have that (X, -) > m on the set

Q = conv(Wgnp -loga) + T'(P). (10)

In Section 9 we prepare for the proof of the main theorem by using a limit argument to reduce
to the case of a regular element a € Ag.

The proof of the main theorem is finally given in Section 10. It proceeds by induction over
the rank of the root system X(g,aq). More precisely, for a € Af-fg the set 6, x depends on X €
aq through the centralizer gy of X in g. It is shown that ¢, x C H implies that rkX(gx,aq) <
tkX(g,aq) so that the induction hypothesis holds for the centralizer Gx of X in G. This allows us



to determine the image F,(C, x) for such X. In particular, this leads to a precise description of
the image F,(%,) from which it is seen that the latter image contains the boundary of the set Q.

In the proof we use this observation, together with the earlier obtained constraint that the
image F,(H ) does not contain a line, to conclude that F,(H) is contained in Q. In particular, this
implies that, for each X € aq, every local minimum of F x is global.

For the converse inclusion, we first show that the image of H \ %, under the map F, is a
union of connected components of Q\ F,(%,). The established fact that every local minimum of
F, x 1s global then allows us to show that all connected components appear in the image, thereby
completing the proof.

We conclude the paper with two appendices, A and B. In Appendix A we give the proof of
Lemma 2.11 concerning the decomposition of nilpotent groups in terms of subgroups generated
by roots, and in B we discuss the convexity theorem for the case of the group viewed as a
symmetric space.

Both the linear and the nonlinear convexity theorems of Kostant, see [22], have been exten-
sively studied. Heckman proved the linear theorem in [16] by means of techniques as above and
obtained the non-linear theorem from the linear one by a homotopy argument. Inspired by this,
Duistermaat [8] obtained a remarkable universal homotopy containing Heckman’s homotopy for
all a € A at once.

Both convexity theorems of Kostant have been explained in the framework of symplectic
geometry: see [2], [13], [7], [14], [20] for the linear convexity theorem and [24], [19] for the
nonlinear one.

The convexity theorem of [4], which generalizes Kostant’s nonlinear convexity theorem, has
been given a symplectic interpretation in [11]. This leads us to suspect that such an interpretation
should be possible in the present case as well; we intend to investigate this in the future.

Finally, we wish to mention that many of our calculations have been inspired by [16] and [9].

Acknowledgements. The authors would like to thank Job Kuit for the proof of Proposition
2.14 and his useful comments. One of the authors, D.B., thanks loan Marcut for his interest in
this work and all his good suggestions on how to improve it.

2 Some structure theory for parabolic subgroups

In this section we will construct a (minimal) parabolic subgroup in &?(A), see the text preceding
(3), which has a special position relative to the involution o; it will play an important role in
Section 4. We will also discuss some structure theory of parabolic subgroups from &?(A) and
derive a useful decomposition for their unipotent radicals.

We recall that every parabolic subgroup P from Z?(A) has a Langlands decomposition of the
form (3). Thus, its (0-stable) Levi component Lp is given by

Lp=L=MA

and the multiplication map L x Np — P is a diffeomorphism. The opposite parabolic subgroup P
is defined to be the unique parabolic subgroup from Z(A) with £(P) = —X(P). It equals 6(P).
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2.1 Extremal minimal parabolic subgroups

If 7 is any involution of G which leaves A invariant, then its infinitesimal version 7 : g — g leaves
a invariant, and we put
L(Pt):={acX(P): ta € X(P)}. (11)

Observe that X(P,7) = £(P) N tX(P).

Definition 2.1. A minimal parabolic subgroup Q € &(A) is said to be h-extreme if

£(Q,0) =%(Q) \a;. (12)

Starting with any minimal parabolic subgroup P € ?(A), we can obtain an h-extreme min-
imal parabolic subgroup by changing one simple root at a time. This process is described in
Lemma 2.6 below.

Lemma 2.2. Let P € &(A). Then
YL(P)=X%X(P,oc)UXL(P,00) (disjoint union).
Proof. Let a € £(P). From the fact that 60 = —o @, the result follows easily. O
Lemma 2.3. Let P € &(A) and assume that
£(P,6) ¢ £(P)\ o, (13)
Then there exists a P-simple root a. € £(P,00) with a ¢ ag.

Remark 2.4. A root o € X(g,a) is said to be P-simple if it is simple in the positive system X(P).

Proof. Assume the contrary. Then each P-simple root B € (P, 00) satisfies 603 = . In view
of Lemma 2.2 it follows that for every simple root B € £(P) we have either 6 € X(P) or
cBf=6p=-p.

The set £(P) is a positive system for the root system X(g,a). Hence, there exists an element
X € asuch that a(X) > 0 for all @ € £(P). Put X, := 3(X + 0(X)). Then for every simple root
B in £(P) we have either 63 = —f3, in which case f(X,) = 0, or o8 € £(P), in which case
B (Xn) > 0. In any case, for each simple € X(P), the value B(X},) is a nonnegative real number.
Moreover, the number is zero if and only if 68 = — 3. It follows that for all & € £(P) the number
(Xp) is nonnegative and furthermore, that it is zero if and only if & € ag. Since 60(Xy) = —Xj,
we now infer that X(P) \ agNE(P,06) = 0, hence X(P) \ ag C £(P,0), contradicting (13). [

For a root & € X(g, a), the associated reflection is denoted by s¢ : a — a.
Corollary 2.5. If P and « are as in Lemma 2.3, then P’ := so(P) has the following properties:
(a) X(P)N ag = (PN ag,
(b) X(P,o) CX(P,0).



In the proof of the above corollary, we will follow the convention to write
R.:={a€R:1a¢R}

for any possibly non-reduced root system R. The elements of R, are called the indivisible roots
in R. Furthermore, if S C R is any subset, we will write S, := SN R,. Finally, we agree to write
X, (P) for £(P),.

Proof. Tt suffices to prove (a) and (b) with everywhere X replaced by X,. Since P’ := 54/(P) with
o simple in £(P), we have

Zo(P) = (Zo(P)\ {a}) U{—a},

which implies (a).

Let B € X,(P)N0Xs(P). Then B # o and 68 # o and we infer that B and o8 both belong
to Xo(P"). It follows that § € X (P") N oXs(P'). This proves the inclusion in (b). We still need to
show that equality cannot hold. This follows from the fact that 6 = —o € £(P',0) \ X(P). O

Lemma 2.6. Let P € Z(A). Then there exists a minimal parabolic subgroup Qn € Z(A) such
that the following conditions hold:

(2) £(Qn)Nag=X(P)Nag,
(b) 2(On) Nay =X(P)Nay,
() £(P,0) C X(Qn,0),
(d) Oy is h-extreme, see (12).
Proof. If @ € £(P)Nag, then o = —o ¢ X(P). Hence
L(P,0) =X(P)NoL(P) CX(P)\ay. (14)

If the above inclusion is an equality, the result holds with Qy, := P. If not, then the inclusion in
(14) is proper and Lemma 2.3 guarantees the existence of a simple root o € X(P) \ ag such that
o6a € L(P). By applying Corollary 2.5 we see that the minimal parabolic subgroup P’ := sq (P)
satisfies the above conditions (a) and (b), and

Y(P,o)CX(P,0). (15)

Put Py = P and P, = P'. By applying the above process repeatedly, we obtain a sequence of
parabolic subgroups P = Py, Py, ..., P satisfying

(@) E(P)Nag=X(P41)Nag,
(b) X(B) Nay =Z(Fr) Nay,

(©) E(P;,0) & Z(Pit1,0),



for 0 <i < k. The process ends when for some k > 0 the condition £(P) N 6X(F) = E(P) \ ag
is satisfied. The parabolic subgroup Q}, = P satisfies all assertions of the lemma. ]

Remark 2.7. In analogy with Definition 2.1, a parabolic subgroup Q € &(A) is said to be g-
extreme if £(Q,00) = X(Q) \ a;. With obvious modifications in the proof, Lemma 2.6 is valid
with everywhere 60 in place of ¢ and with g-extreme in place of h-extreme. However, we will
not need this result in the present paper.

2.2 The convexity theorem for a g-extreme parabolic subgroup

We shall now explain why the result of [4] is a special case of the Main Theorem. We keep the
notation as above and impose that P € &?(A) is g-extreme, see Remark 2.7. Then X(P,00) =
X(P)\ af, so that

AT :=%(P,00)lq,

is a positive system for £(g,aq). For a € X(g,aq), the root space g¢ is o 6-invariant; we write
ga,+ for the =1 eigenspaces of 660/g,. Put

At ={aeA": go_#0}.
Then [4, Thm 1.1] asserts that
9pq(aH) = conv(Winp -loga) +Y(P),
where Y(P) is the finitely generated polyhedral cone in a4 defined by

Y(P)= ) RxoHq:

aeAt

here Hy denotes the element of aq with Hy 1 ker o and ot(Hg) = 2.
Thus, our main theorem coincides with [4, Thm. 1.1] provided that I'(P) = Y(P). The latter
is asserted by the following lemma.

Lemma 2.8. Let P € &(A) be q-extreme. Then Y(P) =T'(P).
Proof. For artoot & € X(g,a) we denote by Hy € a the element determined by
(Hg,X) = a(X) (16)
for all X € a. Then it is readily verified that
Hy =2Hy/(Ho,He). (17)

Similarly, for o € £(g, aq) we define Hy, to be the element of ay determined by (16) for all X € aq.
For this element we also have (17), but now as an identity of elements of aq. If & € X(g,a) has
non-zero restriction to aq, then @[q, € X(g,aq) and for natural reasons we have

pry(Hy) =H,,

|Clq.

8



From this we conclude that
Prq(Hoc) = COCHOC|aq7 (18)

with cq = || Hol|*||Hgl, || > > 0.

After these preliminary remarks we will now complete the proof. Let o € X(P,56). Then
®q, is non-zero, hence a root in X(g,daq), and (18) is valid. As 6 restricts to the identity on
dq, the a-roots @ and o0« have the same restriction to aq giving the root ¢tq, of AT If the
given a-roots are different, then the sum gy + 06(gy) is direct and contained in Bafq and we

see that gg), - # 0, so that o € £(P)_ and alq, € A™. On the other hand, if & = c6a, then
9o = Galy, and we see that € X(P) if and only if |, € AY. Tt follows from this argument
that £(P)_|o, = A™. Using (18) we now see that

L(P)= ) ReoHy, = ), ReoHe=Y(P).
aEX(P)- acAt

2.3 Decompositions of nilpotent Lie groups

In this section we give a brief survey of a number of useful results on decompositions of nilpotent
Lie groups that will be needed in this paper.
We start by recalling the following standard result.

Lemma 2.9. Let N be a connected and simply connected Lie group with nilpotent Lie algebra
n. If ng is a subalgebra of n, then the exponential map maps n diffeomorphically onto a closed
subgroup of N.

Lemma 2.10 ([18, Lemma IV.6.8]). Let N be a connected, simply connected nilpotent Lie group
with Lie algebran. Let (n;)o<;<x be a strictly decreasing sequence of ideals of nw such that ng = n,
n, =0 and

] Sy forall 0<i<k.

Let by and by be two mutually complementary subspaces of n such that n; = by Nn; + by Nny, for
all 0 <i < k. Then the mapping

¢:(X,Y) > expXexpY
is an analytic diffeomorphism from by X by onto N.

Lemma 2.11. Let Np be the nilpotent radical of a minimal parabolic subgroup P € & (A), let
np be its Lie algebra and let ny,...,n; C np be linearly independent subalgebras of np that are
direct sums of a-root spaces. Assume that n =n; ® ... D ny is a subalgebra of np. Denote by
N :=expn and by N; :=expn;, i € {1,...,k}, the corresponding closed subgroups of Np. Then
the multiplication map

U:Ny X...xN,—N

is a diffeomorphism.



This result is stated in [9, Lemma 2.3] for n = np, with reference to [23]. We need the present
slightly more general version with n a subalgebra of np. A proof of this result can be found in
Appendix A.

2.4 Fixed points for the involution in minimal parabolic subgroups

Let P € Z(A). The decomposition P = LNp induces a similar decomposition for the intersection
PN H. In the present subsection we present a proof for this fact, see the lemma below.

Lemma 2.12. PNH ~ (LNH) x (NpNH)

Proof. Let p be an element in PN H. According to the decomposition P = LNp, we write p = [n.
Then, In = 6(In) = o(I)o(n) and we obtain that o(n)n~! = o(I)~'1 € L. Since 6(Np) is the
nilpotent radical of the parabolic subgroup ¢(P) € H(A), it follows from Lemma 2.11 with
k = 2 that the multiplication map

(G(Np) ﬂNp) X (G(Np) ﬂNp) — G(Np)

induces a diffeomorphism. We thus see that o(n)n~! € NpNp. Now, by [21, Lemma 7.64] it
follows that NpNp N L = e and thus o(n) =n and o(l) = I. O

2.5 Decomposition of nilpotent radicals induced by the involution

In this subsection, we assume that P € Z?(A). We will show that the unipotent radical Np de-
composes as the product of Np M H and a suitable closed subgroup Np . of Np. To describe this
subgroup, we need the existence of suitable elements of aq. As usual, an element X € ag is said
to be regular for the root system X(g, aq) if no root of this system vanishes on it. The set of such
regular elements is denoted by affg. We observe that in terms of the system X(g,a) this set may
be described as

a°={Xecaq: VaeX(g,a): a(X)=0= a, =0} (19)
Lemma 2.13.
(a) There exists an element Zq € aq® such that o(Zq) > 0 for all o € £(P,06).
(b) There exists an element Zy, € ay, such that o.(Zy) > 0 for all a € £(P, o).
Proof. The set
d:={X€a: Va,feX(ga): aX)=BX)=a=p}

is the complement of finitely many hyperplanes in a, hence open and dense. Let a™(P) denote
the positive chamber associated with the positive system X(P) for X(g,a). Fix Zp € a™(P)Nd’.
Then it is readily verified that Z, := Zp 4+ 06(Zp) satisfies the requirements of (a). Likewise, the
element Z, = Zp + 6(Zp) satisfies the requirements of (b). O
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Given Zq € aq® we put Z(P,+) := {& € £(P) : a(Zq) > 0}. Then

Up 4 = @ Ya

a€X(P+)

is a subalgebra of np. Let Np := expn, be the corresponding closed subgroup of Np, see
Lemma 2.9. Define
npei= P da

ocZ(Po)
and Nps as the corresponding closed subgroup.

Proposition 2.14. Let Z, € ay* be as in Lemma 2.13 (a) and let Np_. be defined as above. Then
the multiplication map
Np % (NpNH) — Np

is a diffeomorphism.
The proof of this result relies on the following lemma.
Lemma 2.15. Let P € 2 (A) and let Zq € aq*® be as in Lemma 2.13 (a). Put
Y(Po,+):={aecX(Po): a(Z,) >0}

Then the following statements hold:

(@) npo+ = Dacx(Po,+)0a is a subalgebra of npg,

(b) Nps + :=expnpg + is a closed subgroup of Npg,

(¢) npg =nps .+ ®(npNh),

(d) the multiplication map
U :Nps.+ X (NpNH) = Npg

is a diffeomorphism.

Proof. (a): Assume that o, € Z(P,0,+) and oo+ 3 € £(g,a). Then oo+ 8 € £(P,0) and (o0 +
B)(Zq) > 0so that o + B € X(P,0,+). This implies (a).

Assertion (b) follows from (a) by application of Lemma 2.9.

Next, we prove (c). If oo € X(P,0,+) then c0t(Zy) < 0, which implies oo ¢ X(P,0,+).
Hence, nps + N = {0}. It follows that

npe.+N(npNh) = {0}.
It remains to be shown that any X € nps can be written as

X = X+ +Xh7
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with X € nps 4 and X, € npNh. It suffices to prove this for X € go C npg. If a(Zy) > 0, then
X € npg 4 by definition. On the other hand if a:(Zy) = 0, then by regularity of Z; we have that
o € a; and thus g4 € b, which implies that X € np N h. Finally, if «(Z,) < 0, then

X =(X+0(X))—o(X)

with X +0(X) enpnhand —o(X) € nps +, and we are done.

For (d) fix Zj as in Lemma 2.13 (b). Then for all & € X(P, 5) we have that vy := a(Z) > 0.
Let the set of positive real numbers thus obtained be ordered by vg, <vg, < -+ <vg,,. We define
ng =npg, Ny =0, and for 1 <i<m,

n;, .= @ Jo-

aeX(P,o)
O‘(Zh)>V(xi

Thenny,...,n, is a strictly decreasing sequence of ideals in np s with [n,n;] C n;y for0 <i <m.
We note that each n; is invariant under o. Hence by the same argument as used in the proof of
(c) above it follows that

n=mNnpg+) ® (MmN (npNh))

for all 0 <i < m. Thus, we may apply Lemma 2.10 to conclude that
Nps ~ Npo + X exp(npnh).
It remains to show that exp(npNh) = Np N H. This follows from
NpNHC{neNp:o(n)=n}={expX : X enpnh} CNpNH.
The proof is complete. L

Proof of Prop. 2.14. Let

Npoo ‘= Z (417
ocX(Poco)

and let Np 5¢ be the corresponding closed subgroup of Np. Then np =np 59 nps and by Lemma
2.11 we obtain that
NP':NP,GG XNP,G- (20)

Applying Lemma 2.15 to the second component we obtain that
Np ~ Npgg X Npo 1 < (NpNH).
On the other hand, np = nps + ®npse. From this we infer by application of Lemma 2.11 that
Npoo X Npg,+ = Np

The result follows. ]

Remark 2.16. For the case of an h-extreme parabolic subgroup, Proposition 2.14 is due to [1],
where, for this special case, a different proof of the result is given.
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3 Auxiliary results in convex linear algebra

In this section we present a few results in convex linear algebra which will be used in Section 4.

Lemma 3.1. Let V be a finite dimensional real linear space and B C'V a closed subset, star-
shaped about the origin. If B is non-compact, then there exists av € V \ {0} such that R>oyv C B.

Proof. Since B is star-shaped, we have sB =1(s/t)B C tB for all 0 < s < t. Fix a positive definite
inner product on V and let S be the associated unit sphere centered at the origin. For s > 0
we define the compact set C; := s 'BNS. Then s <t = C; D C,. As B is unbounded and
starshaped, each of the sets Cy is non-empty. It follows that the intersection

C:.= Ms>0 Cs

is non-empty. Let v be a point in this intersection. Then v # 0 and for all s > 0 we have sv €
sCs C B. Hence, R>gv C B. ]

Lemma 3.2. Let V and W be two finite dimensional real linear spaces, p : V — W a linear map
and I CV a closed convex cone. Then the following assertions are equivalent.

(@) plr is a proper map.
(b) kerpNT = {0}.

Proof. First we prove that (a) implies (b). Assume (b) doesn’t hold, i.e. there exists v € ker pN T,
v#0. Then Rsqv C kerpNT = (p|r)~'(0) and we obtain that (p|r)~'(0) is not compact and
hence p|r is not a proper map.

For the converse implication, assume that (a) does not hold. Then there exists a compact set
K C W, such that the set p_1 (K)NT is not compact. As the latter set is closed, it is unbounded in
V. Let K be the convex hull of KU {0}. Then K is compact and p~!(K) NT is convex, contains
0 and is unbounded in V, hence not compact. We apply Lemma 3.1 and obtain that there exists
v#O0suchthatVt > 0:tv e p~!(K)NTI. Hence, ¢ - p(v) € K for every t > 0. Since K is compact,
it follows that p(v) = 0 and v € ker pNT", which implies that (b) cannot hold. O]

Lemma 3.3. Let V be a finite dimensional real linear space, and I" a closed convex cone in V
such that there exists a linear functional & € V* with & > 0 on '\ {0}. Then the following holds.

(a) Forevery R> 0 the set {x €T : &(x) <R} is compact.
(b) The addition map a: (x,y)— x+y, I'xI — V. is proper.

Proof. Let R > 0. The set g :={x €T : &(x) <R} is closed and convex and it contains the
origin. If v € I'g \ {0} then the half line R>ov is not contained in I'z. By Lemma 3.1 we infer
that I' is compact, hence (a).

We turn to (b). Assume #~ C V is compact. Then there exist an R > 0 such that & < R on
A . Let (x,y) € a~ (). Then it follows that & (x +y) < R, hence £(x) <R and &(y) < R, so
that (x,y) belongs to the compact set I'z x I'z. We conclude that a~!(_#") is a closed subset of
I'r x T'g, hence compact. O
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If S is a subset of X(g,a) then the convex cone

Ta(S) := Y RxoHq.

acs

is finitely generated, hence closed in a. Likewise,

[ (5) :=prgla(S) = Z R>opry(Ha)

acsS

is a closed and convex cone in daq.
Corollary 3.4. Let P € Z(A). Then the following assertions are valid.
(a) The map pry: T'a(X(P,00)) — aq is proper.
(b) The addition map a:Ty (X(P,60)) x ' (X(P,00)) — aq is proper.

Proof. We start with (a). In view of Lemma 3.2 it suffices to establish the claim that Iy (X(P,0)) N
ap = 0. This can be done as follows. There exists a ¥ € a such that a(Y) > 0 for all & € £(P).
PutX :=Y+060Y =Y —0o(Y), then X € ag and (X,Hy) = (Ho,Ha)(X)/2 = (Ho,He) (0t +
c6a)(Y)/2 >0 for all o € £(P,00). It follows that the linear functional £ = (X, -) € a* has
strictly positive values on I'1(X(P,00))\ {0}. Now & =0 on a; and we see that the claim is
valid. Hence, (a).

For (b) we proceed as follows. Let & be as above, then kerpry © ker & and we see that & > 0
on I’y (£(P,00))\ {0}. Now use Lemma 3.3. O

4 Properness of the Iwasawa projection

Let P € Z(A) and let $p : G — a be the Iwasawa projection defined by (5). Let Hpq: G — aq
be defined as in Remark 1.2. The purpose of this section is to prove that the restriction of $)pq to
H factors through a proper map H/H NP — ag.

We start with a simple lemma.

Lemma 4.1. The map $Hpq|n : H — aq is left KN H- and right (PN H)-invariant.

Proof. Lethe H, ky € KNH and p € PN H. By the Iwasawa decomposition, the element &
may be decomposed as & = kan, with k € K, a € A and n € Np. In view of Lemma 2.12 we may
decompose p =mbn', withme MNH, b€ ANH and n’ € NpNH. Since MA normalizes Np and
centralizes A we find

kerhp = kgkanmbn' = (kykm)ab((mb)~'n(mb))n’ € KabNp.
From this we deduce that

Hpq(kihp) = pry (loga+logh) = pry loga = Hpg(h). [
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It follows from the above lemma that the restriction of $)pq to H induces a smooth map
Opq: H/HNP — aq. (21)
The following proposition is the main result of this section.
Proposition 4.2. The induced map (21) is proper.

In order to prove the proposition, we will reduce to another result, Prop. 4.7, establishing
some useful lemmas along the way.

We fix Qy, in h-extreme position and related to P as in Lemma 2.6. Let Zg(ay) denote the
centralizer of ay, in G and define the parabolic subgroup

R:= Z(;(Clh)NQh. (22)

Let ng be the sum of the root spaces go for o € (O, 0) = X(0h) \ ag and put Ng := exp(ng).
Then N is o-stable. It is readily seen that R has the Levi decomposition R = LgNg where
Lr = Zg(ay) is o-stable. Hence, R is o-stable. Let £(R) denote the set of a-roots that appear in
ng.

Lemma 4.3. X(P)NX(R) C X(P,00).

Proof. Let o € Z(P)NX(R). Then o € Z(QOh) \ a; = —X(COh,0), hence a ¢ £(P,0), see Lemma
2.6 (b). This implies that @ € £(P,c0). ]

Let R = MrARNFR be the Langlands decomposition of R. Then Lg = MgAR.

Lemma 4.4. The multiplication map
w:(KNH)x (MgrNH)x (NgNH)/(NkNHNP) — H/HNP,
given by (k,m,[n]) — km[n] is surjective.

Proof. The map K x (IgNp) x Ng — G given by (k,X,n) — kexpXn is a diffeomorphism. Since
K, [ Np and Ng are o-stable, whereas N3 = Ny N H, it follows that

H=(KNH)(LgNH)(NgkNH). (23)
Now Lr = MrAg with Mg and Ag both o-stable. Since Ar N H normalizes Ng N H, we have that

H = (KNH)(MrNH)(ARNH)(NgNH)
= (KNH)(MgrNH)(NkNH)(AgNH).

This implies the result. O]
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We equip Mg N H with the natural right-action of the closed subgroup Mz N H N P. The latter
group acts on Ng N H by conjugation. Moreover, since Mg normalizes Ng and P normalizes Np,
the conjugation action leaves the closed subgroup Ng N H M P invariant. Accordingly, we have an
induced right-action of Mg NH NP on (N NH)/(Ng N H N P) given by

[n]-m = [m~'nm), (meMrRNHNP, n€ NgNH).

We equip (Mg N H) with the usual right-action by Mg N"H NP, and (NkNH)/(NrNH N P) with
the product action. The latter action is proper and free, so that the associated quotient space
(MrNH) Xppnane (NN H)/(Ng NH N P) is a smooth manifold.

Lemma 4.5. The multiplication map of Lemma 4.4 induces a surjective smooth map
o: (KﬂH) X (MRﬂH) X MgNHNP (NRﬂH)/(NRﬂHﬂP) — H/Hﬂp.

Proof. Letke KNH,me MgNH and n € Ny H. Then for p € Mg N H N P we have

1

p(k, (m.[n]) - p) = p(k,mp, [p~'np]) = kmp(p~'np)le] = kmnle] = p(k,m, n}).

This implies that (t induces a smooth map [i as described. The surjectivity of fi follows from the
surjectivity of L. ]

Proposition 4.2 will follow from the result that the composition $pq o [i is proper. The latter
map is left-invariant under the left action of K N H on the first component. Thus, Proposition 4.2
will already follow from the following result.

Lemma 4.6. The map (m,n) — $pq(mn) induces a smooth map
() (MRﬂH) X MrNHNP (NRﬂH)/(NRﬂHﬁP> — Og
which is proper.

The inclusion map Ng N H — Ng induces an embedding of (Nx N H)/(NgNH N P) onto a
closed submanifold of Ng/Ng N P. This embedding is equivariant for the conjugation action of
Mg N HNP. Accordingly, we may view

(MrNH) Xppnane (NRNH) /(NRNHNP)
as a closed submanifold of
(MR H) Xpenanp Nr/ (NRNP).
Thus, for the proof of Lemma 4.6 it suffices to establish the following result.

Proposition 4.7. The map y : (m,n) — $Hpq(mn) induces a smooth map
LT (MRﬂH) XMRﬂHﬂPNR/(NRmP)_)aq. 24)

This map is proper.
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Before we proceed with the proof of Proposition 4.7 we will first study the maps Mg N
H/MrNHNP — aq and Ng/(Ng N P) — a4 induced by $Hpq.

Lemma 4.8. The map ﬁgq := 9pqlmpna induces a smooth map Szjﬁq :(MgRNH)/(MrRNHNP) —

aq which is proper and has image equal to the cone Ty, (ZR), where
YR = {a cX(P) Nag : ga Lker(c0 —1)}.
In particular, the image is contained in the cone I'q,(X(P,00)).

Proof. We start by noting that (Mg, Mg N H) is a reductive symmetric pair of the Harish-Chandra
class, which is invariant under the Cartan involution 6. Furthermore, *az := mgMNa is a maximal
abelian subspace of mg M p (contained in aq) and Mg N P is a minimal parabolic subgroup of Mg
containing *Ag := exp “ag. Accordingly, by restriction the Iwasawa projection map Hpq : H — aq
induces the similar projection map ﬁﬁ q: MgrNH — aq which is the analogue of $pq defined
relative to the data Mg, MR N K, PN Mg,H N Mg, in place of G,K,P,H.

The *ag-roots in Np N My, are precisely the restrictions of the roots from X(P)N afl. From this
we see that the minimal parabolic subgroup PN Mg of My is 60-stable. Hence, in view of [4,
Theorem 1.1, Lemma 3.3], the map fqu is proper and has image equal to the cone Iy, (ZR) given
above. The final assertion now follows from the observation that X(P) Nag C £(P,00). O

The following lemma is well known. For completeness of the exposition, we provide the
proof.

Lemma 4.9. The Iwasawa map Hp|y, : Np — ais proper. If Q € P(A), then
Hp(NoNNp) =T4(E(P)NE(Q)).

Proof. For the first assertion, let (7i;) be sequence in Np such that $)p(i1;) converges. Then
ij=kjajn;, withk; € K, a; =exp$p(n1;) and n; € Np. By passing to a converging subsequence,
we may arrange that in addition the sequence (k;) converges in K. It follows that 71 jnJTI = kja;
converges in G. By [15, Lemma 39], the sequence (i) converges.

For the second assertion, we may assume X(Q) NX(P) # 0 and use the idea due to S. Gindikin
and F. Karpelevic [12], to decompose Ny N Np by using a P-simple root in £(Q) NX(P). Let o
be such a root. Let ng = go + gogq and Ny = expng. Put Q' = 540sq . Then, with the notation
of Subsection 2.1,

Zo(Q)NEo(P) = {a} U(Z(Q") NZo(P)),

so that
NQ ﬂNP = Na(NQ/ ﬂNp) ~ Na X (NQ/ QNP),

in view of Lemma 2.11. Let i € Ny N Np. Then according to the above decomposition we may
write 1 = figit’, where fig € Ny and i’ € Ny N Np. Let g() be the semisimple subalgebra gener-
ated by ny and 7y, and let G(a) be the corresponding analytic subgroup of G. By the Iwasawa
decomposition of G( ) for the minimal parabolic subgroup PNG(a) we may write fig = kgdgng
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with kg € G(a) N K, ag € exp(RHy) and ng € Ny. From application of Lemma 2.11 we find
that
NQ/ N Np ~ NQ//(NQ/ ﬂNp)

and we see that there exists a diffeomorphism 7, from Ny N Np onto itself, such that
ngit' € Ty, (W )Np, forall i € Ny N Np.
This implies that

p(fign’) = Hp(aaTn, ()ay') +logaq,

and we see that

Hp(Na(NygNNp)) = Hp(Ny NNp) + $Hp(Ne).
Now $p(Ny) equals the image of Ny, under the Iwasawa projection ), for the split rank 1 group
G(a) and the minimal parabolic subgroup PN G(o). By [17, Thm. IX.3.8], which is based on
SU(2,1)-reduction, we see that ¢ (Ng) = R>oHy. It follows that

fjp(Na(N,Q HNP)) = ~sﬁp(NlQ ﬁNP) +R>0Hg.

The proof is completed by induction on the number of elements in £, (Q) N X, (P). O

The following lemma is the second ingredient for the proof of Proposition 4.7.

Lemma 4.10. The Iwasawa map $pq
aq with image equal to the cone

Ng - Nr — aq factors through a proper map Ng /Ng N\Np —

Lo, (Z(P)NZ(R)). (25)
In particular, the image is contained in the cone I'q,(X(P,00)).

Proof. We denote the induced map by ). It follows by application of Lemma 2.11 that the multi-
plication map (Ng N Np) X (Nr NNp) — N is a diffeomorphism. Let v : Ny Np — Ng /Ngr N Np
denote the induced diffeomorphism. Then §) o v equals pr, o Hpg, where HHpg denotes the re-
striction of $)p to Ng N Np. This restriction is proper with image I'q(X(P) NX(R)), by Lemma 4.9
above. In particular, the image is contained in the cone I';(X(P,00)), by Lemma 4.3. In view of
Corollary 3.4 (a) it now follows that ) o v = pry o $pg is proper with image equal to (25). This
implies the result. ]

We proceed with a final lemma needed for the proof of Proposition 4.7.

Lemma 4.11. Let ¥ be as in (24) and let
pry: (MRﬂH) XMRQHQPNR/(NR ﬁp) — (MR ﬂH)/(MRﬂHﬂP)

denote the map induced by projection onto the first component.

Let C C aq be a compact set. Then the set pri (¥~ '(C)) is relatively compact in (Mg N
H)/(MRNHNP).
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Proof. Let m — [m] denote the canonical projection Mg NH — (MrNH)/(MgNHNP). Let
(m;) and (n;) be sequences in M N H and Ng, respectively, such that $p(m;n;) € C for all j.
Then it suffices to show that the sequence ([m;]) in (Mg N H)/(Mg N H N P) has a converging
subsequence.

In accordance with the Iwasawa decomposition Mg = (MrNK)(MgNA)(MgrNNp), we may
decompose m; = kja;V;. Since ap C ag = center([g) Np, we have mgNa = a,% Na C ag, so that
logaj = Sﬁﬁq(mj).

The element ¢; = a;Vv; belongs to Mg, hence n
kjn’a;v; it follows that

L= tjnjt;l € Ng, for all j. From mjn; =

Hpq(mjng) = Hpg(kjny) +loga; = Hpq(n) +H5 4 (m;).

We now note that both $pq(n’;) and $Hpg(m;) belong to Iy (P,060) by Lemmas 4.10 and 4.8.
By application of Corollary 3.4 we infer that the sequence $pq(m;) is contained in a relatively
compact subset of aq. By application of Lemma 4.8 it now follows that ([m;]) is contained in a

relatively compact subset of (Mg NH) /(Mg N H N P), hence contains a convergent subsequence.
[

Completion of the proof of Proposition 4.7. Let C be a compact subset of aq and let (m;) be
a sequence in Mg N H and (n;) a sequence in Ng such that Y([(m},n;)]) € C for all j. Then it
suffices to show that the sequence of points

[(mj,n;)] € (MR NH) X ppnrnp Nr/ (Nr O Np)

has a converging subsequence.

In view of Lemma 4.11 we may pass to a subsequence of indices and assume that the
sequence ([m;]) in D := (Mg N H)/(MgNHNP) converges. Since the canonical projection
MrNH — D determines a principal fiber bundle, we may invoke a local trivialization to ob-
tain a converging sequence (‘m;) in Mg N H such that ‘m; € mj(Mg N H N P) for all j. Let
pj € MRNH NP be such that m; =‘m;p; for all j. Then

[(mj,nj)] =[('mj,'n;)],

with ‘nj = pjl’ljp;] € Ng.

Replacing the original sequence of points (mj,n;) in this fashion if necessary, we may as
well assume that the original sequence (m) converges in Mg NH. Let m € Mg N H be the limit of
this sequence. As in the proof of Lemma 4.11 we may decompose m; = kja;v; and m = kaVv in
accordance with the Iwasawa decomposition Mg = (Mg N K)(MrNA)(Mg N Np). Then k;j — k,
aj—aand v;— v, for j—co. Putt; =a;v;and n; = tjnjtj*l. As in the proof of Lemma 4.11 it
follows that

W([mj,n;]) = loga;+Hpq(n)).
Since (a;) converges, it follows that the sequence f)gq(n;-) is contained in a compact subset

C' C aq. By Lemma 4.10 it follows that the sequence ([n']) in Ng/Ng N Np is contained in a
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compact subset. Passing to a suitable subsequence of indices we may as well assume that the

sequence ([n'}]) converges to a point [n], for some n € Ng. It follows that

) = e g = o5t () = 7t ) = [ ], (> e0),

where t = av. We conclude that the sequence [(m;,n;)] converges with limit equal to [(m, ™~ 'nt)].
O]
We finish this section with a number of results that will be needed in Section 10.

Corollary 4.12. Let </ be a compact subset of Aq. Then
(@) Hpq(ah) € Hpyq(FK)+9Hpq(h), forall (a,h) € o/ x H;
(b) the map (a,h) — $Hpq(ah) induces a proper map &7 x H/HNP — aq.

Proof. We first prove (a). Let a € .o/ and h € H. We may decompose h = kbn withk € K, b € A
and n € Np. Furthermore, ak = k'a’n’ with k' € K, ' € Np and logd’ € $Hp(FK). Now

ah = akbn =K d'n'bn = k'd' bn”
with n” = b~n'bn € Np. 1t follows that
Hpq(ah) = pry(logd’ +logh) € Hpq(FK)+ Hpg(h).

This establishes (a).
Since Hpq(#K) is compact, (b) follows from combining (a) with Proposition 4.7. ]

Lemma 4.13. Let P € Z(A). Then Hpq(H) C Iq, (X(P,00)).
Proof. By (23) we have
H=(HNK)(HNNg)(HNLg) C KNg(HNLR).

Fix h € H, then we may write h = kngh; with k € K, ng € Ng and hy, € (HNLg). The group PNLg
is a minimal parabolic subgroup of Lg, containing A. In accordance with the associated Iwasawa
decomposition for Lg, we may write hy = kparny with kg € KNLg, ar € A and np € Np N Lg.
Since Lg normalizes Ng, it follows that

h=kngkrarn; € Kl’l;QaLl’lL

with nj, € Ng. We now observe that nj, € KbNp with b = exp$Hp(nk). Thus, h € KbarNp. It
follows that

9Hpg(h) = pry(logh+logar) € Hpq(Nr) +Hpq(H N Lg). (26)
Since L NH = (MrNH)(ANH), we have Hpq(H NLg) = Hpq(H NMg). The result now follows
from (26) by applying Lemmas 4.8 and 4.10. U
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Lemma 4.14. Let V be a finite dimensional real vector space (or more generally a real locally
convex Hausdorff space), I'1 a convex cone in V, 1", a closed convex cones inV and BCV a
bounded subset. If I'1 CB+1 then 'y C 1.

Proof. Let y € I'1. Then for any positive integer n > 1 we have that ny € I'jy C B+1, hence

Y= bp/n+ M,

with b, € B and ¥, € I';. As B is bounded, b,/n — 0 and we conclude that y, — 7, for n — oo.
Since I, is closed, it follows that y € I';. L]

Corollary 4.15. Let P € P(A). Then for each a € Ay, the set $pq(aH ) does not contain any line
of aq.

Proof. From Corollary 4.12 (a) combined with Lemma 4.13 we see that
$pq(aH) C $pq(aK) +Ta, (2(P.G0)). @7

Arguing by contradiction, assume that $p(aH) contains a line of the form Z+RY, with Y, Z €
aq, Y # 0. Then RY C (—=Z) + $Hpq(aK)+T'(X(P,0,0)), and by Lemma 4.14 we conclude that
RY € I'(£(P,06)). This implies that

Y € D(X(P,660))N—[(Z(P,60)) = {0},

contradiction. L]

5 Ciritical points of components of the Iwasawa map

In this section we assume that P € Z?(A) is a fixed minimal parabolic subgroup and that a is
a fixed element of Aq. We will investigate the critical sets of vector components of the map
h— $pq(ah), H — aq. For this, let X € aq, and consider the function F;, x : H — R defined by

Fux(h) = (X, $9p(ah)) = (X, 9Hpg(ah)) = B(X, Hpg(ah)). (28)

The second equality is valid because ay and aq are perpendicular with respect to the inner product
(-, -), while the third holds because $pq(ah) € aq C p. We start with a result on derivatives of
the function

Fx:G—=R, g (X,9p(g))- (29)

In order to formulate it, we need a bit of additional notation. If F € C*(G) and U € g, we define:

F(g:U) = RuF () = &  Flgewt))

The following result and its proof can be found in [9, Cor. 5.2]. See also [4, Cor. 4.2].
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Lemma S.1. Let g€ Gand U € g. Then
Fx(g:U) = B(Ad(1(g))U.X) = B(U,Ad(v(g)~")X),

where we have used the decompositions g = k(g)t(g) and 1(g) = a(g)Vv(g), according to the
Iwasawa decomposition G = KANp.

We define the set of regular elements in Aq by Aq® := exp(aq °), see (19). If X € aq we denote
by Gx the centralizer of X in G and put

NP,X :=NpNGy. (30)

Lemma 5.2. Let a € Aq and let X € aq. The point h € H is a critical point for the function Fy x
if and only if ah = kbn for certaink € K, b € A and n € Npx(NpNH).

Proof. Let h € H. Then h is a critical point for the function F, x if and only if
YU €bh: 0=F,x(hU)=B(U,Ad(v(ah)")X). (31)

Since b and q are perpendicular with respect to B, see text above (7), the condition (31) is equiva-
lent to the assertion that Ad(v(ah)~!)X € q. Write n = v(ah) and decompose 1 = nny accord-
ing to the decomposition Np = Np . (Np N H) of Proposition 2.14. Since Ad(ny) normalizes g,
the above condition is equivalent to Ad(n )~ !X € q. Now apply the lemma below to see that the
latter is equivalent to n € Np NNpx. It follows that (31) is equivalent ton € Npx (NpNH). O

Lemma 5.3. Letn € Np (¢f. Prop. 2.14 ) and X € aq. Then
Adn)X € q <= Ad(n)X =X.

Proof. The implication ‘<’ is obvious. Thus, assume that Ad(n)X € q. We may write n =
exp(U), where U € np_,. Then by nilpotence of np,

Ad(n)X = MUX e X +np .y

By assumption, Ad(n)X —X € q. Since obviously o(np) np =0, it follows thatnp L Nq =0
and we infer that Ad(n)X = X. O

Given X € aq we agree to denote by 6, x the set of critical points for the function F;, x. The
remainder of this section will be dedicated to proving the following description of this set in
case a is regular. We recall the definitions of the Weyl groups W(aq) and Wxny from (2) and
Definition 1.3.

Remark 5.4. In the following we will use the notation

for a € Aq and w € W (aq). This notation has the advantage that (a”)" = @"" and (a")P = a"P,
for v,w € W(aq) and B € Z(g,aq). In particular, Ad(a") = a"PI on ag-
We will use similar notation fora € A and w € W (a).
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Lemma 5.5. Leta € Aaeg and X € aq. Then
¢ux = |J wHx(NpNH). (32)
weWgnu

Proof. Let x,, be a representative of w in Nxng(aq), let & € Hy and np € NpN H. Then, with
notation as in Lemma 5.1,

v(ax,hnp) = v(x, lax,hnp) = v(a”hnp) = v(a"h)np.
The element a"h belongs to Gy, and according to [9, Eqn. (2.6)],
GX ~ KxAN PX-

Thus, v(a"h) € Npx and it follows that v(ax,hinp) € Npx(NpNH). This proves that the set on
the right-hand side of (32) is included in the set on the left-hand side. It remains to prove the
converse inclusion.

Let h € €, x. Then by Lemma 5.2 we may write ah = kbnyny withk € K, b € A, ny € Npx
and nyg € NpN H. From this we see that k_]ahn;I1 = bny € Gx. The element /' := hn;ll, belongs

to H. In view of the Cartan decomposition H = (KN H) x exp(pNbh), we may write i’ = hhy,
where i; € KNH and hy € exp(pNb). Then

k~Yahihy = k™ 'y (hy'ahy)ha € Gx. (33)
By [25], the group G decomposes as
G~ K xexp(pnq) xexp(pNh).
According to [25, Thm. 5], Gy has a similar decomposition
Gx > Kx x exp(pNqx) X exp(p Nbx).

By the uniqueness properties of the latter decomposition it follows from (33) that k~'A; € Ky,
hi'ahy € exp(pNqx) and hy € exp(p Nby).

We note that 00 fixes X hence leaves the centralizer Gx invariant. The fixed point group
Gy, of this involution in Gx admits the Cartan decomposition

Gx .+~ (KNHx) xexp(pMax).

Obviously aq is a maximal abelian subspace of p M qx. Hence, every element of the latter space
is conjugate to an element of a4 under the group (K N Hy)°. We infer that there exists an element
I € (KN Hy)® such that

I'h a1 € Aq. (34)

Since a was assumed to be regular for X(g,qaq), it follows that a is regular for X(g,,aq) as
well. Hence, (34) implies that the element 71/ € KN H normalizes aq. It follows that /| €
N[(mH(aq) (KﬂHx). Then,

W= hihy € NKQH(aq)(KﬂHx) exp(p N hx) = NKﬂH(aq)HX
and we conclude that hn,}l € Ngnu(aq)Hx. This finally implies that
he NImH(aq)HX (Np ﬂH),

which concludes the proof. L
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6 Properties of the set of critical points

As in the previous section, we assume that P € &(A) and that a is a regular point in Aq. In the
previous section we defined the function F, x : H — R, for X € a4, by (28) and we determined
its set of critical points ¢, x, see (32). The purpose of the present section is to study this set in
more detail.

We start with the following lemma.

Lemma 6.1. The map ¢ : Hy x (NpNH) — H given by (h,n) — hn induces an injective immer-
sion
(p . HX XNPQHX (NpﬁH) —>H

with image Hx (Np N H).

Proof. The group Hx x (Np M H) has a natural left action on H given by the formula: (h,n)-x =
hxn~!. The set Hy (NpN H) is the orbit for this action through the identity element e of H. Let F
be the stabilizer of e for this action. Then it follows that the map (h,n) + (h,n)-e = hn~! factors
through an injective immersion (Hx x (NpNH))/F — H with image Hx (Np N H ). The stabilizer
F consists of the elements (,h) with h € Hx N Np. To complete the proof of the lemma, we note
that the map (h,n) — (h,n~1) induces a diffeomorphism Hx X npnm, (NpVH) — (Hx % (NpN
H))/F. O

Lemma 6.2. Let X € aq. Then the set €,x is closed in H. Moreover, the following holds.
(@) If bx+(mpNb)=b then C,x =H.

(b) If bx+(npNbh) Cbh then 6,x is a finite union of lower dimensional injectively immersed
submanifolds.

Proof. Since 6, x is the set of critical points of the smooth function F; x, it is closed.
From Lemma 5.5 combined with Lemma 6.1 it follows that €, x is a finite union of injectively
immersed submanifolds of dimension dy := dim(hx + (npNh)). From this, (b) is immediate.
For (a) we assume the hypothesis to be fulfilled, or equivalently, that dx = dim(H). Then
©%ax is open in H. Since this set is also closed in H, and contains Hx (Np N H ), it follows that
Cux 2 H°. From Lemma 5.5 it follows that €, x is left Nxnp(aq)-invariant, so that 6, x 2
NImH(aq)H °. Since H is essentially connected, the latter set equals H, see (6). ]

Lemma 6.3. Let X € aq. Then the following assertions are equivalent:
(@) b="bhx+(npNh);
(b) Va € X(g,a) : a(X) =0.

Proof. First assume (b). Then gx = g and (a) follows. We will prove the converse implication
by contraposition. Thus, assume that (b) does not hold. Then there exists a root B € ¥(g,a) such
that B(X) # 0. By changing sign if necessary, we may in addition arrange that § € X(P).
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Given a subset & C X(g,a)U {0}, we agree to write

90 = Daco Ba- (35)

In particular, we see that np = gy (p). We also agree to write 0° := & N o (0). Then using
0(ga) = 9oq We readily see that

9oNh=(96)° = Buwecoo/(1.0) (80)7; (36)
here 0° /{1,0} denotes the set of orbits for the action on &° of the subgroup {1,0} of Aut(g).
If we apply (36) to the set Ox :={a € £(g,a) : a(X)=0}U{0}, we find

bx = Boecoy/{1,0} (90)°-

We note that X(P)° = X(P, o), so that

npNbh =gype)Nb.

We now consider the set 0g := {8,063, —,—0cB}. Since Ox N O = 0, it follows from the
above that

(bx +(npNb))Nge, =npNhNge, = (9xpo)ne,)- (37)
On the other hand,
bNag, = (a0,)°-

From B(X) # 0 it follows that B ¢ ay. If B € ag then £(P,0) N Op = 0 and if § ¢ ag then
X(P,o)NOg C {B,oB}. In any case, £(P,0) N Op is a proper C-invariant subset of Og. By
application of (36) it now follows that

(95(p.o)ne)’ S (86)°-
Using (37) we infer that (a) is not valid. O

We agree to write
S 1= aq \Ngex(g,qq) Ker . (38)

Remark 6.4. 1f £(g, aq) spans aq then it follows that § = aq \ {0}.
Corollary 6.5. S={X caq: G,x CH}.

Proof. Let X € aq. In the situation of Lemma 6.2 (b) the set € x is a countable union of lower
dimensional submanifolds, hence nowhere dense by the Baire category theorem. Thus, by appli-
cation of Lemmas 6.2 and 6.3 it follows that ¢, x C H <= X € S. ]

For each Z € aq, let X(Z) denote the collection of roots in X(g,aq) vanishing on Z. We define
the equivalence relation ~ on aq by

X ~Y < I(X)=2(Y).
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Then clearly, ~ has finitely many equivalence classes in aq and
X ~Y < Gx = Gy.

The class of 0 is given by [0] = Ngey(g,q,) kera and S is the union of the remaining finitely many
equivalence classes for ~. Furthermore, the set 4, x depends on X € S through the centralizer
Gy, hence through the equivalence class [X] for ~ . Accordingly, we will also write Ca,[x) for
this set.
We define
Ga = Uxes (ga,X- (39)

Lemma 6.6.
(a) There exists a finite subset Sy C S such that (39) is valid for the union over Sy in place of S.

(b) The set 6, is closed and a finite union of lower dimensional injectively immersed submani-
folds of H.

(¢c) The set 6, is nowhere dense in H.

Proof. By the discussion preceding the lemma, % is the union of the sets €, ], for [X] € S/ ~ .
Since the latter set is finite, assertion (a) follows with Sy a complete set of representatives for
S/ ~ . Assertion (b) now follows by application of Corollary 6.5 and Lemma 6.2. Assertion (c)
follows from (b) by application of the Baire category theorem. L

The following result illustrates the importance of the set é.

Proposition 6.7. The set H \ ¢, is open and dense in H. Assume that (g, aq) spans ag. Then the
map F, : h— $pg(ah), H — aq is submersive at all points of H \ €.

Proof. The first assertion is a consequence of Lemma 6.6.
Let hy € H \ 6,. Then for every X € S the point Ay is not critical for the function F, x. As
S = aq\ {0}, see Remark 6.4, it follows that F, : h — $pq(ah) is submersive at hy. O

Lemma 6.8. Let P € Z(A) and a € Aq®. Then the following assertions are valid.
(a) The sets Hpq(aH) and $Hpq(a6,) are closed in aq.
(b) If X(g,0aq) spans ag then the set $pq(aH )\ Hpq(a6y) is open and closed in aq \ Hpq(a6y).

Proof. For &/ C A compact, the map </ x H/(HNP) — aq, (b, [h]) — $Hpq(bh) is proper, hence
closed; see Corollary 4.12. In particular, it follows that $) qu(aH ) is closed in aq.

It follows from Lemma 6.6 that %, is closed in H. Moreover, %, is a countable union of
lower dimensional submanifolds of H. Thus, by the Baire property, %, has empty interior in H.
In particular, it is a proper subset of H.

Furthermore, the set %, is right H N P-invariant, hence has closed image in H/H N P. Tt
follows that pq(a%,) is closed in aq. This establishes (a).
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By Proposition 6.7 the map F, : h — $pq(ah) is submersive at the points of H \ €. Hence
$Hpq(a(H\ €,)) is open in aq. It follows that

HrqlaH) \Hrq(ata) = Hrq(a(H \ C,)) \Hrglata) (40)

is open in aq hence in aq \ Hpq(a@é,). Finally, since Hpq(aH) is closed, the first set in (40) is
closed in aq \ $Hpq(a%,). We conclude that the set (40) is both open and closed in aq \ $Hpq(a%y).
U

Lemma 6.9. Assume that £(g,aq) spans ag. Then $Hpq(aH) \ Hpq(a6y) # 0.

Proof. Under the assumption that £(g, aq) spans ag, the map $Hpq : aH — aq is submersive except
at points of €,. The set H \ €, is open and non-empty. Thus, $Hpq(a(H \ 6,)) is open and non-
empty. By Sard’s Theorem, $)pq(a%,) has measure zero. This implies that

f)P,Q(a(H\Cga)) \ﬁf’,q(a(ga) #0,

and hence

Hrg(aH)\ Hpq(aCa) 7 0.

Remark 6.10. The lemma can readily be extended to the case that (g, aq) does not span ag.

7 The computation of Hessians

We retain the assumption that P € Z?(A). Furthermore, we assume that a € Aq® and X € aq. In
this section we will compute the Hessian of the function F, x : H — R, defined in (28), at all
points of its critical locus €, x .

Given U € b, we denote by Ry the associated left-invariant vectorfield on H defined by

Ry(h) = dly(e)U = %(hexth)]t_o, (h e H).

The associated derivation on C*(H) is denoted by the same symbol.
If f: H— R is a C>-function with critical point at /4, then its Hessian at % is the symmetric
bilinear form H(f)(h) = H(f), on T;,H given by

H(f)n(Ry(h),Ry(h)) := RyRy f(h) = 950; f (hexpsU exptV)|s—s—o,
for U,V € b.

Lemma 7.1. Letac€ Ay, X € agand h € H. Then for all U,V € b we have:

RyRyFux(h) =B(U,Lyx (V) = —(U,0Lsx1(V)),
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where L, x j, : b — b is the linear map given by
Loxn(V)=—Ad(h " omyoAd(a™") o Ad(ks(h)) oad(X) o Eyo Ad(t(ah))V.  (41)

Here my, : g — b denotes the projection according to the decomposition g =bh®qand Ey : g — £
is the projection associated with the Iwasawa decomposition § = € ® a ®np. The notation
kq(h) is used to express the K-part of the element ah with respect to the Iwasawa decomposi-
tion G = KANp. Finally, t(ah) denotes the (ANp)-part of ah with respect to the same Iwasawa
decomposition.

Proof. By [4, Lemma 5.1], see also [9], we obtain that forx € Gand U,V € g,
RyRy Fx ()C) = B([Ad(T)U, E¢o Ad(T)V] ,X),
where Fy is the function defined in (29) and where 7 := 7(x). Therefore,

RyRy Fx (x) = —B(Ad(T)U, adXOEg OAd(T)V)
= —B(U,Ad(t) 'oadX o E;o Ad(T)V).

We can restrict now to the case where x = ah and U,V € . Since F, x (h) = Fx(ah), we obtain
RURVFa,X (h) = RURvFX (ah) = B(U, —717b o Ad(T)_l oadX OEE OAd(T)V). (42)

Since ah = k,(h)t(ah), it follows that t—! = t(ah)~! = h~'a~'k,(h) and by applying Ad to this
equality we obtain
Ad(t)" ! = Ad(h 1 Ad(a ") Ad(ky(R)).

We complete the proof by substituting this equality in (42) and observing that 7, commutes with
Ad(h™1). O

8 The transversal signature of the Hessian

reg

In this section we fix P € F(A), a € A" and X € aq. We will study the behavior of the Hessian
H(F, x), of the function F, x : H — R defined in (28) at each point % of its critical set €, x.
This Hessian is a symmetric bilinear form on 7,H. Its kernel at & is by definition equal to the
following linear subspace of 7,H,

Ker(H(Fyx)()) = {V € TyH : H(F,x)(n)(V, ) =0}.

By symmetry, the Hessian induces a non-degenerate symmetric bilinear form H(F,x)(h) on
the quotient space T,H /ker(H(F, x)(h)). For each w € Wxng we select a representative x,, €
Nknr(aq). The set

Cga,X,w I:xWHx(H ﬂNp)

is an injectively immersed submanifold of H, see Lemma 6.1. In particular this set has a well-
defined tangent space at each of its points. We will show that the Hessian of F x is transversally
non-degenerate along 6, x -

28



Lemma 8.1. Let w € Wxnp. Then at each point h € 6, x ,, the kernel of the Hessian H (F, x ) (h)
equals the tangent space T; 6y x -

The proof of this lemma will make use of Lemma 8.2 below. In that lemma, L, x » € End(bh)
is defined as in (41). Let k, := wok, : H— K/M, where k, : H — K is defined as in Lemma 7.1
and where 7 denotes the canonical projection K — K /M.

Lemma 8.2. Let h € Hy and V € Y). Then the following statements are equivalent.
(a) V ekerLyx
(b) d(lka(h)*l okgoly)(e)(V) € tx/m,
(c) Vebx+(hnnp).

Proof. First, we prove that (a) => (b). Assume (a) holds. In view of (41) this is equivalent to
Ad(a™ ") o Ad(ka(h)) 0ad(X) o Ey o Ad(t(ah))V € q. (43)

Observe that Ad(k,(h)) oad(X) o Eg o Ad(t(ah))V € p. In view of [4, Lemma 5.7] we see that
(43) implies that

Ad(k,(h))oad(X)oEgo Ad(t(ah))V € aq. (44)
Since h € Hx and Gy = KxANpy, see (30), it follows that k, (/) centralizes X. Thus, Ad(k,(h))

and ad(X) commute. Now Ad(k,(h)) o E¢ o Ad(t(ah))V is an element in €, which decomposes
as

t=1Etx+ @ (I+86)ga-
ocX(P)
o(X)#0

Furthermore, by (44), we know that ad(X) maps this element to an element of ay. This
implies that
Ad(ky(h)) o Ego Ad(T(ah))V € tx.

Since k,(h) € Kx, we obtain that
E¢oAd(7(ah))V € tx. (45)
By the use of [4, Lemma 5.2], we may rewrite
Epo Ad(t(ah)) = diy, ) (e) " o dkq(h) 0 dly(e) = d(ly, -1 0ka o ly)(e).

Hence, (45) implies
d(lka(h)" ok, Olh)<e) (V) € tx. (46)

Observe that dz(e) : &x — €x/m is given by the canonical projection and that the maps 7 and
I, (w1 commute. Hence, equation (46) is equivalent to

Al 1y 1 0ka0 1) (€) (V) € by /m (47)
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and (b) follows.

Next, we prove that (b) = (c). Assume (b) and denote by ¢ the diffeomorphism ¢ : K/M —
G /P arising from the Iwasawa decomposition G = KANp. The inclusion H < G induces the map
v : H — G/P. It is easy to check that the diagram given below commutes.

H —Y . q/p

W I (48)

kM —% 5 G/P
The map y commutes with the left multiplication by an element 4 € H, viewed either as the
map I, : H — H or as the map [, : G/P — G/P. On the other hand, the diffeomorphism ¢
introduced above, commutes with the left multiplication [; : K/M — K /M, where k € K. Hence,
the commutative diagram (48) gives rise to the following commutative diagram. We use the
notation k := k,(h).

H —Y . ¢g/p

I okt | [tta (49)

KM —2 5 G/P

Note that under each of the four maps in diagram (49), the origin of the domain is mapped to

the origin of the codomain. Taking derivatives at the origins we obtain the commutative diagram

given below.

b L>g/lg

Tl ldu,{,lah)(em (50)

g/m —2— g/p

Here
p=mDadnp

denotes the Lie algebra of P and T denotes the map d(/; ' ok, 01;)(e) : b — €/m. Furthermore,

@, =dp(eM) and y,, = dy/(e).
Observe that k~'ah = 7 := 7(ah). Since & belongs to Hy, it follows that 7 and 7~! belong to
ANpx C P. This in turn implies that Ad(r‘l) is a bijection from gx to gy which normalizes p.

Let Ad(7) : g/p — g/p be the map induced by Ad(7): g — g. Then

d(l-1,,)(eP) = Ad(7).
We use the commutativity of diagram (50) to compute the pre-image of €x /m under the map T :
T~ (tx/m) =y, o Ad(T7T) 0 @, (bx /m)
=y, [(Ad(T ) (ex +p))
=y, ' (Ad(z")(gx +P))
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=y, '((Ad(z™")gx) +p)
=y, (gx +p)

={Ueh: U+pcgx+p}
=bx+(hNp).

Since hNp = (mPa)Nh@® (npNh), see Subsection 2.4, and (mPa)Nh C hy, we obtain
that by + (hNp) = bx + (hNnp). Thus if (b) holds, then T (V) € £x/m and we infer that V €
bx + (hNp) hence (c).

Finally_, the implication (c) = (a) is easy. ]

Proof of Lemma 8.1. Recall that H is essentially connected. By [4, Prop. 2.3], the centralizer
Hy is essentially connected as well (relative to Gy).
Assume first that h = h € Hy. Then, by Lemma 8.2 above, we have that

kerL, x = bx+ (npNh).

Since dlj,(e) is a linear isomorphism g — 7;,G, mapping T,[Hx (Np N H)] onto T, [Hx (Np N H)],
we obtain that
kel‘H(Fa7x)(/’l) = dlh(e) (kerL(LX,h) =T, [HX (Np ﬂH)],

which establishes the assertion for h=h e Hy.
Let now h = hn, with n € Np N H. Then the right-multiplication r,, : H — H is a diffeomor-
phism and F, x or, = Fj x, so that

ker H (Fa.x) (hn) = dry(h) ket H(F,x ) (h)] = dra(h) Ty [Hx (Np N H).

As the latter space equals 7j,,[Hx (Np N H)] this proves the assertion for i € Hy(NpNH).

Finally, we discuss the general case h € wHx(Np N H). Since H, respectively Hy, is es-
sentially connected, see (6), we may write h = x,,hn, where h € Hy, n € NpN H and x,, is a
representative of w in Nxg(aq) chosen accordingly. Since x,, normalizes A,

Fa7X lew — Fw—la7x.

Furthermore, from a € A(rfg it follows that w™'a € Affg. Since [y, 1s a diffeomorphism from H to
itself, it follows that dl, (hn) is a linear isomorphism from 7},,H onto T;H and that

kerH(F,x)(h) = kerH(F,x)(xwhn)

dly, (hn)[ker H(F 1, ) (hn)]

= dly,(hn) Ty, [Hx(NpNH)]

= T,[xHx(NpNH)]

= T, Cux (51)
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We will now determine the set of critical points where the Hessian is transversally positive
definite. For the description of our next result we define the following subsets of X(P). If @ €
X(g,a)N afl, then the associated root space g 1s 0 0-invariant. Hence, for such a root o,

9a = 9a,+ D Ya,—

where
gar={U€gq: 00U ==U}.

Accordingly, we define
Z(g7aQ>i ={ac Z(gaaq)  ga+ 70}

In order to formulate the first main result of this section, we need to specify particular subsets of
L(P).

Definition 8.3.
(a) X(P) :={a €X(P): a€a; = ga+ #0}.
(b) X(P)- :={a €X(P,00): a€a; = ga- #0}.
Note that (b) in this definition is consistent with (4).

Proposition 8.4. Let w € Wxny. Then the Hessian H(F, x )(x,,) is positive definite transversally
to Cax w if and only if the following two conditions are fulfilled

(a) Va € 2(P). : a(X)a(w !(loga)) <0;
(b) Vo € X(P)_: a(X) > 0.

Remark 8.5. For the geometric meaning of these conditions we refer to Lemma 8.14, towards
the end of this section.

Proof. We will prove the proposition in a number of steps. As a first step, let /,, := [, denote left
multiplication by x,, on H. Then the tangent space of €, x ,, at x,, is the image of hx + (h N np)
under the tangent map dl,,(e) : h — T;, ,H. We will denote by H,, the pull-back of the Hessian
H(F, x)(xy) under dl,,(e). Then, in view of (51),

kerH,, = bhx + (npNh) (52)
and the following conditions are equivalent:
(a) the Hessian H(F,,,)(x, ) is positive definite transversally to 6, x ;
(b) the bilinear form H,, is positive definite transversally to hx + (h Nnp).

Accordingly, we will concentrate on deriving necessary and sufficient conditions for (b) to
be valid.
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Lemma 8.6. The bilinear form H,, on by is given by
H,(U,V)=(U,L,V), (U,V €b),
where L,, : h — b is the linear map given by
L, = —myoad(X)oAd(a")oEgoAd(a").
Proof. Let U,V € §. Then in view of Lemma 7.1 we have
Hy(U,V) =RyRyFax(xw) =B(U,Lax nV) = —(U,0Lsx nV)

with & = x,, and L, x 5 defined as in Lemma 7.1. Now ah = ax,, = x,,a" and we see that T =
T(ah) = a" and k,(h) = x,,. Hence,

—0oL,xs(V) = 0o0Ad(x,')o nb oAd(a~!) o Ad(x,) cad(X) o Ego Ad(a")V
6 omoAd(x,") oAd( Do Ad(x,)cad(X) o Ego Ad(a”)V
0 o my o Ad(a")” oad(X)oEEoAd(aw)V

—my 0 Ad(a") oad(X) o Ego Ad(a")V.

The result now follows since Ad(a") and ad(X) commute. O

In the sequel it will be useful to consider the finite subgroup
F={1,0,0,00} C Aut(g).

The natural left action of F on g leaves a invariant, and induces natural left actions on a* and on
X(g,a). Accordingly, if T € F and a € X(g,a), then
T(ga) = gra
If & is an orbit for the F-action on X(g,a), we write, in accordance with (35),
8o = @ Ya-
ael

Then obviously,

g=g0® P vo, (53)
0€X(g,a)/F

with mutually orthogonal summands. Each of the summands is F-invariant, hence o-invariant.
In particular, if we write hp = hNgo and hpy = hN gy, then

b=h® P be, (54)

0eX(g,a)/F

with F-stable orthogonal summands.
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Lemma 8.7.
(a) The decomposition (54) is orthogonal for (-, ).
(b) The decomposition (54) is preserved by L,,.
(¢c) The decomposition (54) is orthogonal for H,,.

Proof. The validity of (a) follows immediately from the fact that relative to the given inner
product, the root spaces are mutually orthogonal, as well as orthogonal to gg.

For (b) we note that the decomposition (53) is preserved by Ad(A), ad(a), E¢ and 7. Finally,
in view of Lemma 8.6, the validity of (c) follows from (a) and (b). L]

It follows from the above lemma that the kernel of H,, decomposes in accordance with (54).
Let bpy := (kerH,,) Nb. Then in view of (52) we have

vex =bxN(hNnp) nh= P vy, (55)
0ex(g,a)/F
with
v :=bhxN(HNnp)TNhy (56)

From these definitions it follows that H,, is non-degenerate on each of the spaces v,. Moreover,
H,, is positive definite if and only if the restriction of H,, to v, is positive definite for every
O € ¥(g,a)/F. This in turn is equivalent to the condition that the symmetric map L,, : h — b has
a positive definite restriction to each of the spaces v, (if vy is zero, we agree that the latter is
automatic). We will now systematically discuss the types of orbits & for which v, is non-trivial.

First of all, we note that @ € 6 — —o = O € 0. Therefore, we see that O NEL(P) # 0
for all & € X(g,a)/F. Let ~ denote the equivalence relation on X(P) defined by

o~fp < Fa=Fp,

then the map o — Fa induces a bijection from X(P)/~ onto X(g,a)/F. The following lemma
summarizes all possibilities for the spaces v, as & € (g, a)/F.

Lemma 8.8. Let oo € £(P), and put 0 = Fa..
(@) Ifa(X)=0thenvgs =0.
(b) If a(X) # 0 then we are in one of the following two cases (b.1) and (b.2).

(b.1) o« € £(P,0); inthis case vg ={V+0o(V): V €g_q}.
(b.2) a € £(P,00); in this case b5 = h4.

Proof. (a)If a(X) = 0 then hy C gy, so that vy = {0}.
(b) Assume that (X) # 0. Then it follows that & ¢ a;, so that & # ca. By Lemma 2.2 we
are in one of the cases (b.1) and (b.2).
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We first discuss case (b.1). Then ca € L(P) so that ca # —a and & = F a consists of the
four distinct elements &,0x = —, 0 and 60 = —oca. We see that b, consists of sums of
elements of the form U + o (U) and V + o(V) withU € go and V € g_¢. The elements U 4+ o(U)
belong to h Nnp, whereas the elements V + o(V) belong to hy N (hNnp)L. In view of (56) this
implies the assertion of (b.1).

Next, we discuss case (b.2). Then O NEL(P) = {a,—ocoa} so that npNh = 0. Since obviously
he L bx, we infer the assertion of (b.2). O]

We will now proceed by explicitly calculating the restrictions L,,|,,, for all these cases. The
following lemma will be instrumental in our calculations.

Lemma 8.9. Let T,, : g — g be defined by
T,y = ad(X) 0 Ad(a") o Eg o Ad(a").
Let B € X(g,a) and Ug € gg.
(a) If B € £(P) then T,,(Ug) = 0.
(b) If B € —X(P) then T,,(Up) = B(X) (a®FUs — 6Up).

Proof. Assume 8 € X(P). Then gg C np C kerE. Since Ad(a") preserves gg, (a) follows.
For (b), assume that § € —X(P). Then Ug equals Ug + 6Ug modulo np, so that E(Up) =
Uﬁ + OUﬁ. Hence,

T,(Ug) = ad(X)oAd(a")a"P(Up+6Up)]
= ad(X)(a®PUs +0Up)
= B(X)(a®PUp - 6Up).

0

In our calculations of L,,|,,,, we will distinguish between the cases described in Lemma 8.8.
Case (a) is trivial.

Lemma 8.10 (Case b.1). Let & = Fo with o € X(P,0) and o.(X) # 0. Then

a(X)

Lw|uﬁ — 5 (a—Zwa . a2wa)l.

In particular, this restriction is positive definite if and only if o/(X)a(w™'loga) < 0.

Proof. LetV € g_q and put Z:=V +o(V). Since —at, —oa € —X(P), it follows from Lemma
8.9 that

T.(Z) = —aX)(a >V —-0V)—a(cX)(a®*cV —0cV)
a(X)[—a "V +a* %oV 4 0V — 66V|
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so that

o(X
Ly(Z) = —myoTyy(Z) = %(ﬂwa —a®"*)Z.
It follows that L,, restricts to multiplication by a scalar on v,. The sign of this scalar equals the
sign of —ot(X)a(w~!loga). The result follows. O

We now turn to the calculation of L,, |y, in case (b.2), where & = F o, with o € X(P,060) and
o/(X) # 0. There are two possibilities between which we will distinguish:

(b2.1) @ € £(P,00)\ ag,
(b2.2) a € XZ(P)Nag.
In each of these cases, vy = b by Lemma 8.10. We will use the notation
o(U) = b(U) = b Nspan (F - U),

for U € gq. In case (b.2.1), the orbit & = F« consists of the four distinct roots &, o, 0a and
oc0a, and
o(U)=R(U+0cU))®R(cO(U)+6(U)).

In case (b.2.2), 0 = Fa. = {a,—a}, and we see that

o(U) =R(U +0o(U)).

In all of these cases, we see that if Uy, ..., U, is an orthonormal basis of g, then
m
vo = Do), (57)
j=1

with mutually orthogonal summands.
Lemma 8.11 (Case (b.2.1)). Let 0 = Fa, with & € £(P,00) \ ag and o(X) # 0. Then Ly |y, is
positive definite if and only if o(X) > 0 and o/(X)o(w'loga) < 0.

Proof. Fix an element U € gy and put Z; = U + o (U) and Z, = 0Z; = OU + 60U. Then
T,,(U) = 0 by Lemma 8.9, hence

TW(Zl) = TW(GU)
= oa(X)(@°%c(U)—00(V))
= a(X)(80(U) —a 6 (U)),

from which we see that

@ (a*ZW“ZI — 7).

LW(Zl) = —ﬂhTW(Zl) = >
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Likewise,

a(X)
2
It follows that L,, preserves the subspace v(U) of v, spanned by the orthogonal vectors Z;,Z,
and that the restriction Ly |, (¢) has the following matrix with respect to this basis:

o(X a—2wa -1
matlo) = “50 () e )

This matrix is positive definite if and only if both its trace and determinant are positive. This is
equivalent to

L,(2) = (a=2"%2, — Zy).

a(X)>0 and o(X)(aM*—1)>0.
It follows that L,, is positive definite on the subspace v(U) if and only if the inequalities a(X) >0
and a(X)a(w~loga) < 0 are valid.
Let Uy,...,U, be an orthonormal basis for gy. Then by (57) we see that map L,, is positive
definite if and only if all restrictions LW|U(UJ) are positive definite. This is true if and only if

a(X) >0and o(X)o(w loga) < 0. O
Lemma 8.12 (Case (b.2.2)). Let 0 = Fo. with a € X(P)N aq and o(X) # 0. Then Ly, is
positive definite if and only if the following two conditions are fulfilled.

@ aeX(P)Na; = a(X)a(w 'loga)) <O0.

(b) ¢ €X(P)-Nag = a(X)>0.

Proof. We recall that v = b in this case and write by . =vgsNEand vy =vsNp. Then

Vg =054+ DYy,

with orthogonal summands. We will show that L,, preserves this decomposition, and determine
when both restrictions L, |y, . are positive definite.

Let Uy € go+ and put ZL = U+ +0(Us). Then Z+. € vy 1, and every element of v, 1 can
be expressed in this way.

By a straightforward computation, involving Lemma 8.9, we find

1 _
Ly(Z+) = Sa(X)(a W 1) Zs.

This shows that L,, acts by a real scalar C+ on vy . The restriction of L,, to v, is positive
definite if and only if the restrictions of L,, to both subspaces vy 4 are positive definite. The
latter condition is equivalent to

bo+#0 = C, >0 and vy_#0 = C_>0.

The space v 4 is non-trivial if and only if g + # 0, which in turn is equivalent to & € X(P)+ N
ag. On the other hand, the sign of C;. equals that of —a(X Joe(w™loga) whereas the sign of C_
equals that of a(X). From this the desired result follows. O
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Completion of the proof of Proposition 8.4. First assume that H,, is positive definite. Then
L,, restricts to a positive definite symmetric map on each of the spaces v for & = Fa, oo € X(P).
First assume that o € £(P)4. If a(X) = 0, then

a(X)o(w loga) <0 (58)

holds. If a(X) # 0, we are in one of the cases (b.1) or (b.2) of Lemma 8.8. In the latter case, we
are either in the subcase (b.2.1) or in (b.2.2) with o € £(P)+ Nayg. In all of these cases, inequality
(58) is valid. We conclude that assertion (a) of the proposition is valid.

For the validity of assertion (b), assume that o € X(P)_. If a(X) = 0, then

a(X) > 0. (59)

If a(X) # 0, then we must be in case (b.2) of Lemma 8.8, since X(P)_ NX(P,0) = 0. We are
either in subcase (b.2.1) or in subcase (b.2.2) with o € X(P), N azi. In both subcases, (59) holds.
This establishes condition (b) of the proposition, and the implication in one direction.

For the converse implication, assume that conditions (a) and (b) of the proposition hold. Let
o € X(P) and put & = Fo. Then it suffices to show that H,, is positive definite on v.

If a(X) =0, then vy = 0 by Lemma 8.8 and it follows that H,, is positive definite on v.
Thus, assume that o(X) # 0. Then by regularity of loga, the expression a(X)o(w'loga) is
different from zero. Hence if any of the inequalities (58) or (59) holds, it holds as a strict in-
equality.

In case (b.1), @ € £(P,0) C X(P)+ so that (58) is valid. Therefore, H,,|,,, is positive definite
by Lemma 8.10. In case (b.2.1), @ € £(P,00) \ ag C £(P)+ NXE(P)- so that (58) and (59) are
both valid. Hence, H, |, is positive definite by Lemma 8.11.

Finally, assume we are in case (b.2.2). Then o € a(’;, hence it follows from hypotheses (a)
and (b) of the proposition that conditions (a) and (b) of Lemma 8.12 are fulfilled. Hence, H,,|o,,
is positive definite. [

Corollary 8.13. Let w € Wgny. Then the function F, x as well as the signature and rank of its
Hessian are constant on the immersed submanifold wHx (Np N H).

Proof. As the group H is essentially connected, Hy = Zxnu(aq)Hy. Let x,, be a representative
of win Nxng. Since Zgng(aq) is normal in Ngng(aq), it follows that

WHx(NP ﬂH) = XWZKQH(aq)H)O((NP ﬂH) = ZImH(aq)xWHfé(Np ﬂH).

The function F,x : H — R is left Zxnp(aq)- and right (Np N H)-invariant. Hence, it suffices
to prove the assertions for the set x,,Hy of critical points. This set is connected, so that Fy x is
constant on it. From Lemma 8.1 it follows that rank and signature of its Hessian remain constant
along this set as well. L

As in (10) we define
Q := conv(Wknpy -loga) +I'(P).
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Lemma 8.14. Let a € Aaeg and X € aq. Assume that the function F, x has a local minimum at the
critical point h € 6, x. Then for every U € Q

(X,U) = (X, Hpq(ah)).
In particular, Q lies on one side of the hyperplane $pq(ah) +X L

Proof. The critical point /& belongs to a connected immersed submanifold of the form x,,Hy (H N
Np). All points of this submanifold are critical for F;, x, so that F;, x is constant along it. We see
that

Fux(h) = Fux(xy) = (X,S’ng(x;laxw)) = <X,w_1loga>.

The Hessian of F, x at the critical point 2 must be positive semidefinite. It now follows from
Proposition 8.4 that

(a) Yo € Z(P); : a(X)a(w'(loga)) <O0;
(b) Va € X(P)_: a(X) > 0.
By (a) and Lemma 8.17 below (applied to —X), it follows that
(X,Up) > (X,w_lloga> =F,x(h),

for all Uy € conv(Wgny -w ™! loga). From (b) it follows that (X, Hy) = (Hy, Hg)0t(X)/2 > 0 for
all ¢ € X(P)_, so that
(X,U2) 20 (VU €T(P)).

Since every element U € Q may be decomposed as U = Uy + U, with U; and U, as above, the
assertion follows. O

Remark 8.15. It can be readily shown that the converse implication also holds. Indeed if for
every U € Q
(X,U) > (X,w ! (loga))),

then the two conditions of Proposition 8.4 hold.

Lemma 8.16. The set X(P). consists of all roots o € £(P) with & € ay, or @[q, € X(g,0q)+-

Proof. In view of Definition 8.3 it suffices to show that for a € X(g,a) \ (af Uag) we have
®|q, € X(g,0q)+- Assume o ¢ a; Uag. Then a and o6« are distinct roots that restrict to the
same root & of X(g,aq). Thus, the sum gy + 009 is direct and contained in gg and we see that

ga+ 7 0. u
Lemma 8.17. Let P € &(A). Let X,Y € aq and assume that a(X)a(Y) > 0 for all o0 € £(P)+.
Then

(X,U) <(X,Y), forall U € conv(Wkny-Y).
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Proof. In view of Lemma 8.16, the hypothesis is equivalent to
oX)a(Y)>0

for all roots & € X(g,0q)+. We may now fix a Weyl chamber ag for the root system X(g,daq) +
such that X and Y belong to the closure of aj . Then it is well known that (X, wY) < (X,Y) for
all w in the reflection group W (X(g,aq)+) generated by X(g, aq). Since this reflection group is
equal to Wiy, by Proposition 2.2 in [4], the result follows. ]

9 Reduction by a limit argument

Before turning to the proof of our main theorem, Theorem 10.1, we will first prove a lemma
that reduces the validity of the theorem to its validity under the additional assumption that the
element a be regular in Aq. We assume that P € &?(A) and recall the definition of the closed
convex polyhedral cone I'(P) given in Definition 1.4.

Lemma 9.1. Assume that the assertion
pry o Hp(aH) = conv(Wgny -loga) +T'(P) (60)
is valid for all a € Affg. Then assertion (60) holds for all a € Aq.

Proof. Assume the assertion is valid for all @ € Aq®, and let a € Aq be an arbitrary fixed element.
Fix a sequence (a;) j>1 in Aq® with limit a. We will establish the equality (60) for a.

First we will show that the set on the left-hand side of the equality is contained in the set on
the right-hand side. For this, assume that 4 € H. By the validity of (60) for a; in place of a, there
exist, for each j > 1, elements A, ; € [0,1] with ey, Aw,j = 1 and elements y; € I'(P) such
that

Seglah) =}, Awjw(loga))+7;

weWkng
By passing to a subsequence of indices we may arrange that the sequence (A, ;) j converges with
limit 4,, € [0,1] for each w € Wxng. It follows that the sequence (7;) must have a limit y € aq
such that
Hpqlah) = lim Hpg(ajh) = Y, Ayw(loga)+7.
J7ree weWkng

By taking the limit we see that }',,A,, = 1 and since I'(P) is closed, y € I'(P). Hence, $pq(ah) €
conv(Wgnp -loga) + T'(P), and we obtain the desired first inclusion.

For the converse inclusion, assume that Y € conv(Wxng - loga) +T'(P). Then there exist
yeI'(P) and A, € [0,1] with ¥\, ey, .., Aw = 1 such that

Y=Y Aw(loga)+7.
weWgnu

Put
Yi= Y Aww(logaj)+7.

weWkng
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Then for every j there exists ; € H such that $pq(a;h;) =Y;. The sequence (¥;) is convergent,
hence contained in a compact set of aq. Likewise, the sequence (a;) is contained in a compact
subset &7 C Aq. By Corollary 4.12 (b) there exists a compact subset .%#” of H/H NP such that
hij(HNP) € % forall j. By passing to a subsequence we may arrange that /2;(H N P) converges
in H/H N P. By continuity of the induced map Epvq : H/HNP — ag, see (21), it now follows
that

Y = limY; = lim Hpq(a;h;) = Hpglah) € Hpq(aH).

J—reo J

10 Proof of the main theorem

In this section we will prove our main result. For P € &?(A) we recall the definition of the closed
convex polyhedral cone I'(P) given in Definition 1.4.

Theorem 10.1. Let P be a minimal parabolic subgroup of G containing A and let a € Aq. Then
prq o9Hp(aH) = Hpq(aH) = conv(Wgnpy -loga) +T'(P). (61)

The proof of our main theorem proceeds by induction, for whose induction step the following
lemma is a key ingredient.

If X € aq, we denote by Gx the centralizer of X in G. This group belongs to the Harish-
Chandra class and is o-stable. Moreover, by [4, Prop. 2.3], the centralizer Hy := H N Gy is an
essentially connected open subgroup of (Gx)°. From

PNGx = (ZK(CL)ANP) N (KxANgx) = ZK(Q)ANR)(,

see (30) for notation, we see that Py := PN Gy is a minimal parabolic subgroup of Gy.
We agree to write I'(Py ) for the cone in aq spanned by pr,Hy, for a € £(P)_ with a(X) = 0.
Furthermore, for a given a € Aq, we define Q, x = Qx by

Qx = U Qx 4y, where (62)
weWkny
Qx , := conv(Wgnp, cw loga) +I'(Px). (63)

We write Q := Qp and note that this set equals conv(Wgnpg -loga) +I'(P) hence contains Qy
for every X € aq.

Remark 10.2. It is clear from the definition that the set Q2 ,,, for w € Wiy, is a closed convex
polyhedral set, contained in the affine subset w™!loga 4 span{Hy : o € Y(gx,aq)} of aq. In
particular,

Qxw C wloga+X+.
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Lemma 10.3. Let X € S, a € A(rfg and let 6, x C H be the set of critical points of the function
Fux : H— R; ¢f. Lemma 5.5 and (38). If the analogue of the assertion of Theorem 10.1 holds
for the data Gx, Hx, Kx and Px in place of G,H,K and P then

fjp’q(acgax) = Qx. (64)

Proof. Using the characterization of ¢, x given in Lemma 5.5, we obtain

Hpqlatax) = U Hpq(awHx (NpNH))

weWknH

= |J $rq(a"Hyx), (65)

weWknn

where a* = wlaw is regular in Aq, for each w € Wgny.

By the compatibility of the Iwasawa decompositions for the two groups G and Gx we see
that the restriction of $pq : G — a4 to Gx equals the similar projection Gx — aq associated with
Px; we denote the latter by $p, 4. Hence,

9pq(a”Hx) = Hpcq(a”Hx).
In view of the hypothesis that the convexity theorem holds for the data Gx, Hy, Py, we infer that
Hpq(a¥Hx) = conv(Winmy -loga”) +T'(Px) = Qx .
In view of (65) and (62) we now obtain (64). O

Proof of Theorem 10.1. The proof relies on an inductive procedure, with induction over the rank
of the root system X(g, aq). The legitimacy of this procedure has been discussed at length in [4,
Sect. 2].

We start the induction with rkX(g, aq) = 0. In this case,

Va € X(g,a):  afq, =0. (66)

This implies that aq is central in g. As G is of the Harish-Chandra class, Ad(G) C Int(gc) so
that G centralizes aq. Hence Aq is central in G. Furthermore, (66) also implies that every root
o € X(g,a) is fixed by o, so that g, is o-invariant. This implies that the Iwasawa decomposition
G = KANp is o-stable, so that H = (HNK)(HNA)(HNNp). We conclude that

Npq(aH) = Hpq(Ha) = Hpq(HNA) +loga = loga. (67)

On the other hand, it follows from (66) that X(P)_ = @, so that I'(P) = {0}. Furthermore, since
G centralizes aq, we see that Wxny = {e}, so that

conv(Wknpy -loga) +T'(P) = loga. (68)

From (67) and (68) we see that the equality (61) holds in case tkX(g,aq) = 0.
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Now assume that m is a positive integer, that rkX(g,aq) = m and that the assertion of the
theorem has already been established for the case that tkX(g,aq) < m.

By Lemma 9.1 it suffices to prove the validity of (61) under the assumption that a € Affg .
We will first do so under the additional assumption that X(g, aq) spans ag. In the end, the general
case will be reduced to this.

Our assumption that X(g,aq) is spanning guarantees that for each non-zero X € aq not all
roots of X(g,aq) vanish on X. Therefore, the rank of X(gx,aq) is strictly smaller than m =
kX (g, aq). By the induction hypothesis, the convexity theorem holds for (Gx,Hx,Kx, Py ). Hence,
by Lemma 10.3 we have that

ﬁp’q(cfgax) = Qx. (69)

By Remark 10.2 the complement a4 \ Qy is open and dense in aj.
Let So C S be a finite subset as in Lemma 6.6. Then it follows by application of Lemma 10.3
that

Npq(ata) = Uxes,Qx. (70)
In particular, the complement of this set in aq is dense. Moreover, it follows from (70) and the

text below (63) that
Npq(at,) C Q= conv(Wgny -loga) +T'(P). (71)

From Lemma 6.8 we see that $pq(aH ) and $pq(a6,) are closed subsets of aq and that $Hpq(aH) \
$Hpq(aty) is an open and closed subset of the (open and dense) subset aq \ Hpq(a%,), hence a
union of connected components of the latter set. Lemma 6.9 ensures that at least one connected
component of aq \ $Hpq(aé,) must belong to Hpy(aH) \ Hpq(aty,).

From (71) it follows that

ag \ Q2 C aq \ Hpq(ata).

Now aq \ Q is connected hence must be contained in a connected component A of aq \ Hpq(a%s).
There are two possibilities:

(2) AC Hpg(at)\ Hrg(ata):
(b) AN (Spg(aH)\Hrq(aba)) =0.

From its definition, one sees that & is strictly contained in a half-space, which implies that a4\ €2,
and therefore A, must contain a line of aq. From Corollary 4.15 we know that £ Rq(aH ) does not
contain such a line, so that we may exclude case (a) above. From (b) it follows that

(g \ Q) N Hpq(aH) \ Hpg(aba) =0,
which implies that Hpq(aH) \ Hpq(a%,) C Q. Combining this with (71) we conclude that
HrqlaH) C Q. (72)

We now turn to the proof of the converse inclusion.
In the above we concluded that the set $pq(aH) \ $Hpq(a%,) is open and closed as a subset of
aq \ Hpq(at,). In view of (72) the set is also open and closed as a subset of Q\ $pq(a%,). Thus,
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Hpq(aH) \ Hpq(a®é,) is a union of connected components of Q\ Hpy(a%,). We will establish
the converse of (72) by showing that all connected components of Q\ $pq(a%,) are contained
in ﬁ Pq (aH ) .

Again by the use of Lemma 6.9 we infer that at least one connected component A} of Q\
$Hpq(atéy) is contained in Hpq(aé,). Arguing by contradiction, assume this were not the case
for all components. Then there exists a second connected component Ay of Q\ Hpq(a,) =
Q\ Uxes,Qx such that

AN Hpg(aH) = 0. (73)

In view of Remark 10.2, we may apply Lemma 10.4 below to the set Q and the finite collection
of subsets Qy ,,, where X € Sp and w € Wgny, and obtain a line segment with the properties
of Lemma 10.4, connecting A and A,. By following intersections along this line segment, we
see that we may assume that the connected components A; and Aj exist with the additional
property that they are adjacent, i.e., there exists a codimension 1 subset Qx ,, € Q together with
apointY € Qy ,, and a positive number € > 0 such that B(Y; €) \ Qx ,, consists of two connected
components A} and A; such that A’ C A; for j = 1,2. In particular, this implies that A} and

A} are on different sides of the hyperplane aff(Qx,) =Y +X L. We may replace X by —X if
necessary, to arrange that Y +¢X € A fort | 0. Then

X,y >(X,Y) on cl(A)). (74)

By (69) there exists a point 1 € 6, x such that $pq(ah) =Y. For a sufficiently small neighborhood
U of hin H we have $)pq(aU) C B(Y;€). Combined with (73) this implies $pq(aU) C cl(A]). In
view of (74) we now infer that F,, x > (X,Y) = F, x(h) on U. Hence, F, x has a local minimum
at h. By what we established in Lemma 8.14 this implies that €2 should be on one side of the
hyperplane Y 4 X, contradicting the observation that A and A are non-empty open subsets on
different sides of this hyperplane, but both contained in Q.

In view of this contradiction we conclude that all components of Q\ $pq(a%,) are contained
in 5’) Pq (aH ) .

This finishes the proof in case X(g, aq) has rank m and spans ag. We finally consider the case
with rkX(g,aq) = m in general.

Let ¢ be the intersection of the root hyperplanes ker o C aq for o € £(g,aq). Then ¢ is con-
tained in aq and central in g. Since G is of the Harish-Chandra class, Ad(G) is contained in
Int (gc ), hence centralizes c. Therefore, the subgroup C := exp(c) is central in G.

Let ‘p be the orthocomplement of ¢ in p. Then ‘g = €@ ‘p is an ideal of g which is comple-
mentary to c.

By the Cartan decomposition and the fact that ¢ is central, it follows that the map K x ‘p x ¢ —
G, (k,X,Z) — kexpXexpZ is a diffecomorphism onto. It readily follows that ‘G = Kexp'p is
a group of the Harish-Chandra class, with the indicated Cartan decomposition for the Cartan
involution ‘6 = 6. The restricted map ‘0 := G|\ is an involution of ‘G which commutes
with ‘0. The group ‘H := H is an open subgroup of (‘G)\", which is essentially connected.
Furthermore, ‘aq :=‘p N aq is maximal abelian in ‘p N q and ‘a = ‘p N a is maximal abelian in ‘p.
The root system X('g, ‘aq) consists of the restrictions of the roots from X(g, aq), hence spans the
dual of ‘aq.
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The group ‘P = ‘GNP is a minimal parabolic subgroup of ‘G containing ‘A. We note that
‘P = M'ANp.

We note that Aq® ~'Aq® x C. Let a € Ag®. Then we may write a =‘a- ¢, with ‘a € Aq*® and
¢ € C. By the convexity theorem for ‘G and since c is central in G, it now follows that

Hpq(aH) = $Hpg('aHc)
= $Hpq('aH)+loge
= conv(Wkny -log'a) +T'(\P) +logc
= conv(Wkng -loga) +T'(P).
[

We recall that the relative interior of a convex subset S of a finite dimensional real linear
space is defined to be the interior of S in its affine span aff(S).

Lemma 10.4. Let V be a finite dimensional real linear space and C C'V a closed convex polyhe-
dral subset with non-empty interior. Let C; (i € {1,...,n}) be closed convex polyhedral subsets
of C, of positive codimension. Then the following statements are true.

(a) The complement C' := C\ U"_,C; is dense in C.

(b) Let A and B be open subsets of V contained in C'. Then for each a € A there exists b € B
such that for each i with C; N [a,b] # O the following assertions are valid,

(1) codim(C;) = 1;
(2) [a,b] N C; consists of a single point p which belongs to the relative interior of C;.
Furthermore, if p € C; for some 1 < j < n, then aff(C;) = aff(C;).

Proof. Standard, and left to the reader. ]

A Proof of Lemma 2.11

Finally, we prove Lemma 2.11.

We begin by showing that the result holds for G a complex semi-simple Lie group, connected
with trivial center. That proof will be based on the following general lemma, inspired by [23,
Prop. 1].

Let h be a complex abelian Lie algebra and let .4 be the class of complex finite dimen-
sional nilpotent Lie algebras n, equipped with a representation of h by derivations, such that the
following conditions are fulfilled

(a) the representation of ) in n is semi-simple;

(b) all weight spaces of h in n have complex dimension one.

If n belongs to the class .4, we write A(n) for the set of h-weights in n. If A € A(n), then the
associated weight space is denoted by n; .
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Lemma A.l1. Let n € A and let N be the connected, simply-connected Lie group with Lie
algebran. Let Ay, ..., A, be the distinct weights of bt in n. Then the map

v:(X1,...,Xn) —expXy--e- exp Xy,

defines a diffeomorphism

nllx...xn;tm i) N.

Proof. We will use induction on dimc(n). If dimcn = 1 then n is abelian and the result holds
trivially.

Next, assume that m > 1 and assume that the result has been established for n with dimgn <
m. Assume that n € 4" has dimension m.

Denote by n; the center of n, which is non-trivial. If n; = n then n is abelian and the result is
trivially true. Thus, we may as well assume that 0 C ny C n. In particular, this implies that both
n; and n/n; have dimensions at most m — 1. Put / := dimn;.

The ideal n, is stable under the action of h and it is readily verified that n; and n/n, with the
natural h-representations belong to .#". Furthermore, since all weight spaces are 1-dimensional,
we see that

An) =A(n) UA(n/ny).

We will first prove that y is a diffeomorphism under the assumption that the h-weights in n are
numbered in such a way that

A(nl) = {)Ll,...,)tl} and A(n/nl) = {}l,l+]7...,)l,m}.

Since N is simply-connected, the map exp : n — N is a diffeomorphism; hence, Nj := exp(n;)
is the connected subgroup of N with Lie algebra nj. In particular, Nj is simply connected as
well. Since n; is an ideal, N/N; has a unique structure of Lie group for which the natural map
N — N/Nj is a Lie group homomorphism. We now observe that N — N /N is a principal fiber
bundle with fiber N;. By standard homotopy theory we have a natural exact sequence

71'1(N) — 7T1(N/N1) — TC()(N]).

Since N is simply-connected, and N; connected, we conclude that N/Nj is the simply connected
group with Lie algebra n/n;.
By the induction hypothesis, the maps

Y, :n;le...xn;L]—>N1
Yam, (I‘l/t‘ll)ll+1 X... X (l‘l/‘(‘ll),’lm —>N/N1

are diffeomorphisms. For every j € {/+1,...,m} the canonical projection n — n/n; induces the
isomorphisms of weight spaces ny, — (n/ny);,. Let y:my | x...xny — N/N) be defined by
(X1, Xm) =expXji1 ... expXy - Ni. Then the following diagram commutes:

4
Ny, X .o X1y, — 5 N/N;

| |

Va/n
(n/nl);tlﬂ x...x(n/nl)km ! N/N1
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From this we infer that { is a diffeomorphism. We now obtain that the map ¥ :ny, X ... X
ny, X Ni — N,
(X1 X)) > (€xp Xy - ... expXm)ny,

is a diffeomorphism onto N. Since

W(Xla v 7X17Xl+17 s 7XI’I1) = IP(XH—I: s 7XI’I17 llfl‘ll (X17 s aXl))

it follows that y is a diffeomorphism as well. Clearly, the above proof works for every enumer-
ation of the weights in A(n/n;). Since the weight spaces (n;), for A € A(n;) are all central in
n, we conclude that the result holds for any enumeration of the weights in A(n). [

Corollary A.2. Let G be a connected complex semi-simple Lie group and np the nilpotent radical
of a Borel subalgebra b of g. Let §) be a Cartan subalgebra contained in b. Let ny,...,n; be
linearly independent subalgebras of np, each of which is a direct sum of h-root spaces, and
assume that their direct sum n :=n| & ... S ng is again a subalgebra. Put N := expn and
Nj:=exp(n;),for1 < j<k.
Then the multiplication map
U:Ny X...xXNy—N

is a diffeomorphism.

Proof. This is an immediate consequence of Lemma A.1. L

Proof of Lemma 2.11. We assume that G is a real reductive Lie group of the Harish-Chandra
class. Define

g1 :=19,9),

the semi-simple part of the Lie algebra of G. Let G be the analytic subgroup of G with Lie
algebra g;. Since the nilpotent radical Np of P is completely contained in G|, we may assume
from the start that G = Gy, i.e. G is connected semi-simple with finite center.

Since Ad is a finite covering homomorphism from G onto Aut(g)°, mapping N diffeomor-
phically onto Ad(N), whereas Aut(g)® is a connected real form of Int(gc), we may assume that
G is a connected real form of a connected complex semi-simple Lie group G¢ with trivial center.
Let 7 be the conjugation on G, such that

G = (GL)°.

Let gc denote the Lie algebra of G, then gc = g & ig. Note that the complexification npc of np
equals np @ inp and that

Np = (Npc)®.

Take a Cartan subalgebra of g¢, containing ac = a®ia. It is of the form

bc = tcDac,
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where t is a maximal abelian subspace of m := Z;(a). Since t centralizes a, all a-root spaces are
invariant under ad(t). This implies that the subalgebras n;c :=n; ®in; (j € {1,...,k}) of npc
are direct sums of hc-root spaces. Furthermore, their direct sum equals nc = n@®in, hence is a
subalgebra. Finally, there exists a Borel subalgebra containing hc + nc. By Corollary A.2, the
multiplication map

Uc : Nic X ... X Nye = N

is a diffeomorphism. It readily follows that pi¢ restricts to a bijection from (Njc)® X -+ X (Nic)®
onto (N¢)®. Since

(Nc)*=N and (Njc)*=N; forall 1 < j<k,

it follows that u is a bijective embedding from Ny X --- X Nj onto N, hence a diffeomorphism.

B The case of the group

Every semisimple Lie group G can be viewed as a semi-simple symmetric space for the group
G x G. In this section we investigate what our convexity theorem means for this particular exam-
ple. An independent proof for this case is presented in [3, Section 3.2.2].

More generally, let G be real reductive group of the Harish-Chandra class, 6 a Cartan invo-
lution, K := G? the associated maximal compact subgroup and g = £ & p the associated Cartan
decomposition as in Section 1. Let a be a maximal abelian subspace of p, A = expa and X(g,a)
the associated root system.

Let

G :=GxG.

Then 6 := 6 x 6 is a Cartan decomposition of G’ with associated maximal compact subgroup
K’ := K x K. The involution
6':G' =G, (xy) = (1),

commutes with 6. Its fixed point group H’ equals the diagonal in G x G and is essentially
connected in G', see [3, Example 2.3.7].
The associated space p'Nq’ equals {(X,—X) : X € p} and has

a={(X,—X): Xea}
as a maximal abelian subspace. Its root system is given by
2(g',aq) = Z(g,a) x {0} U{0} x Z(g,a).

Finally, aél is contained in the maximal abelian subspace a’ :=a x a of p’. We put A’ :=exp(a’) =
A x A. Note that the projection map pr, : a’ — ag is given by

pry(U,V) = (3(U—V),5(V-U)). (75)
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Let P and Q be minimal parabolic subgroups of G containing A, i.e. P,Q € &(A). Then
P x Q is a minimal parabolic subgroup of G’ containing A’. Moreover, any minimal parabolic
subgroup of G’ containing A" is of this form. The positive system of a’-roots associated with
P x Qis given by
£(P x Q) = £(P) x {0} U{0} x Z(Q),

where X(P) and X(Q) are positive systems for X(g,a) corresponding to the minimal parabolic
subgroups P and Q.
In the present setting, our main result, Theorem 10.1, tells us that for a € A; we have

pry 0 Hpxg(aH') = conv(Wyiny -loga) + T (P x Q).

In order to determine the cone I'(P x Q), we need to determine the set £(P x Q,6’0’) of roots
y € Z(P x Q) for which 6’0’y € £(P x Q). Let y = («,0) be such a root. Then & € £(P) and
0’0’y = (0, —a) must be an element of {0} x £(Q) so that & € £(P) NX(Q). Likewise, if (0, )
belongs to this set then f € £(Q) NZ(P). We thus see that

£(P x 0,08) = (S(P)NZ(0)) x {0} U {0} x (Z(P)NE(Q)).

Notice that there are no roots ¥ € L(P x Q) for which 6’8’y = 7. Thus, X(P x Q)_ = £(P X
Q,0'6’) and we conclude that

[(PxQ)=Ty(X(PxQ,0'8")= Y}  RsoprgHy.
yeX(PxQ,6'0")

If y is of the form (,0) then H), = (Hg,0) and if y = (0, ), then H), = (0, Hy). In view of (75)
we now obtain

I'(PxQ)=

= Y Reo(3He,—3Ha)+ Y Roo(—3He 3He)
ac(P)NL(0) a€X(P)NZ(Q)

= Y  Reo(Ho,—He)+ Y Reg(H-o,—H_g)
aeX(P)NE(0) aeX(P)NE(Q)

= Z R>o(Ha, —Hga) + Z R>o(Ha, —Ha)
acx(P)NZ(Q) a€X(P)NZ(Q)

== Z RZO(H(X7_H(X)'
acs(P)NL(0)

We will identify a; with a via the map (X, —X) > X. Thus,

I, (5(Px ©)) = Ta(£(P) N Z(Q)).

For Q = P, the resulting cone is the zero one, and we retrieve the non-linear convexity the-
orem of Kostant [22] for the group G. At the other extreme, for Q = P, the resulting cone is
maximal, and we retrieve the convexity theorem of [4] for the pair (G',H").
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Taking a = e we obtain, with the same identification afl ~q,

pry o Hpxg(H') =Ta(X(P)NE(Q)) (76)
On the other hand,

pryo9pxg(H') = pryoHpxo(diag(G x G))
= pra({(9r(8),90(8)) : g€G})
= pry({(Hp(kany), Ho(kany)) : k€ K,a€A,n, € Np})
= prq({(loga,ﬁg(anpafl)—Hoga) : a€A,n, €Np})
= pry({(loga,Hp(ny) +loga) : a€A,n, € Np})
= {(=390(np),390(np)) : np € Np}.

Using the same identification a, ~ a as above, we conclude that

[~
, 1
prgopxo(H') = —590(Np)
= —190((NeNNp)(NpNNp))
= —390(NpNNp).

Thus, by equation (76), we obtain that

_% $H0(NpNNg) = Ta(X(P)NE(Q)),

which is equivalent to
Ho(NpNNg) =T (X(P)NE(Q))-

Thus we retrieve the identity of Lemma 4.9, which, of course, was used in the proof of our main
theorem.
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