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Introduction. Let G/H be a semisimple symmetric space, where G is a connected
semisimple Lie group provided with an involution o, and H = G? is the subgroup of
fixed points for 0. Assume moreover that G is linear (for the purpose of the introduction,
the assumptions on G and H are stronger than necessary). Then G has a o-stable maximal
compact subgroup KA’; the associated Cartan involution § commutes with 0. Let g =h 4 q
and g = €+ p be the decompositions of the Lie algebra g induced by ¢ and 6, then § is the
Lie algebra of H and £ is the Lie algebra of K.

The fundamental problem in harmonic analysis on the symmetric space G/ H is to obtain
an explicit direct integral (‘Plancherel’) decomposition
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of the regular representation £ of G on L*(G/H) into irreducible unitary representations.
The number m,, which is known to be finite (cf. [Ba 87]), is called the multiplicity of =
in the decomposition.

The group G itself is a symmetric space for the left times right action of G x G. In this
case (‘the group case’), an explicit decomposition of the form (1) has been determined by
Harish-Chandra ([H-C 75, 76a, 76b]). In particular, the multiplicities are one (or zero).

The decomposition (1) has also been determined in all cases where G/H has rank one.
Recall that the rank of G/H is the dimension of any Cartan subspace (i.e. a maximal
abelian subspace of g consististing of semisimple elements). The spaces G/H of rank one
have been treated separately by several authors (see e.g. [Fa 79], [vDP 86], [Mo 86] and
references given in these papers). In all these cases it turns out that L?(G/H) decomposes
into two series: a discrete and a continuous series. For the discrete series all multiplicities
are one, but for the continuous series higher multiplicities do occur (cf. [vD 86]).

In general, L?(G/H) is expected to decompose into several series (in analogy with the
group case), one for each H-conjugacy class of Cartan subspaces of g, the most extreme of
these being respectively the ‘most discrete series’ (in the group case called the fundamental
series), corresponding to the conjugacy class of Cartan subspaces with maximal € part, and
the ‘most continuous series’, corresponding to the conjugacy class of Cartan subspaces with
maximal p part.

It is known from work of Flensted-Jensen ([F-J 80]) and Oshima and Matsuki ([OM 84])
that the decomposition of L?(G/H) has a discrete part (the irreducible subrepresentations
of which then constitute the ‘most discrete series’), if and only if q has a purely compact
Cartan subspace. The discrete series has been extensively studied and is by now quite well



understood (cf. also [BS 87, 89], [Ma 88|, [Vo 88]). In particular (except perhaps for a
few exceptional spaces), all multiplicities are one (cf. [Bi 90]).

In [BS *] we study the part L2 (G/H) of L?*(G/H) which corresponds to the most
continuous series, and determine its Plancherel decomposition. In the present paper we
give a survey of some of the results of [BS %], and compare them with Harish-Chandra’s
work for the group case. We also discuss some new results on the multiplicities m, in
this most continuous part of the Plancherel decomposition for G/H. These results are
illustrated by examples.

Notation. In the following G will be a real reductive Lie group of Harish-Chandra’s
class (cf. [H-C 75]), o an involution of GG, and H an open subgroup of G?. Then G/H
is a reductive symmetric space. Let # be a Cartan involution commuting with o, with
corresponding maximal compact subgroup K, and let b, g, & p be as in the introduction.

Fix a maximal abelian subspace aq of p N g and denote by ¥ the root system of aq in
g. Choose a positive system ©7 for ¥, let n (resp. n) be the sum of the corresponding
positive (negative) root spaces and let N = expn (N = expn). Let a(j' and a(’f denote
the positive open Weyl chambers in aq and ag, respectively. Let M; denote the centralizer
of aq in G, and my its Lie algebra. Then P = M N is a o-minimal parabolic subgroup
of G (i.e. it is minimal among the of-stable parabolic subgroups). Let P = MAN be
its Langlands decomposition. Then a:= Lie(A) = center(my) Np. Put a = anNh, then
a = ay b aq. Via this decomposition we view the complexified dual aj. as a subspace of
ar. Put p=pp = %tr ad(+)|n € a*. Then o6p = p, hence p € a;.

The Weyl group W of ¥ is naturally isomorphic to Ng(aq)/Zk(aq), the normalizer
modulo the centralizer of aq in K. Let Wiy be the canonical image of Nxnp(aq) in W,
then the open double P x H cosets in G are parametrized by the quotient W/ Wxnp, in
the obvious way.

Principal series for G/H. Let .7\/Zf11 be the set of equivalence classes of irreducible finite
dimensional unitary representations (£, Hg¢) of M (they are supported on the compact
factors of M ). We consider the series of representations m¢ y = mpea (€ € ]\/qu, A€ a(’;c)
induced from the representation ¢ @ e* @ 1 of P = M AN. Here we use left induction; thus
the space C'>(£: A) of smooth vectors for m¢ y is the space of smooth functions f: G — He
satisfying the transformation rule

f(manx) :a)‘"i"’f(m)f(:z;) (mée M,ae Ajn€ N,z € G),

and G acts from the right.

If X is a C° manifold, we let C7>°(X) denote the space of generalized functions on X,
1.e. the topological linear dual of the space of C2° densities on X. Then we have a natural
embedding C*(X) — C™>(X).

This being said, let C~°°(£: A) denote the set of generalized functions f: G — H, satis-
fying the above transformation rule; it is the space of generalized vectors for m¢ . It will
also be useful to work with the compact picture of these representations; this is obtained
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by taking restrictions to K of the above functions f. We denote the corresponding func-
tion spaces, consisting of smooth, resp. generalized, functions from K to H¢ satisfying the
transformation rule

f(maz) =£&(m)f(x), (me M,z € K),

by C®(K:¢) and C~°°(K:¢). Similarly the space of L? functions from K to H, satisfying
this rule is denoted L*(K: ¢). In the compact picture this Hilbert space is the representation
space for m¢ .

The representations m¢  are irreducible for generic A, and they are unitary for A € iag.
For generic A, \' we have that m¢ \» and mg y are equivalent if and only if ¢’ = w¢ and

A= wA for some w € W (with respect to the natural action of W on J\/qu)
Let My denote the set of £ € My, for which there exists a w € W such that MU%OH # 0.

Then the series m¢ (€ € ]\/ZH, A € ag.) is called the (minimal) principal series for G/ H.
The representation £|L2 .(G/H) will be a direct integral over the unitary principal series
(i.e. the subseries with A imaginary).

Example 1. Let H = K, then G/H is a Riemannian symmetric space. The explicit
decomposition of L?(G/K) is well known by the work of Harish-Chandra and Helgason
([H-C 58, 66], and [He 70], Thm 1.2.6). The only principal series representations con-
tributing are the m¢ » with trivial M-representation . Let B = M\K be provided with
the normalized invariant measure db. Then for a function f (for example compactly sup-
ported and smooth) on G/ K, the Fourier transform is the function on a?, = af with values
in L*(K:1) = L*(B) given by f(/\) = w1 A(f)1x, where 1y is the unique K-fixed vector
satisfying 1x(e) = 1. Thus

FO\ ME) = /G Flg)e AP HGET D gy

where H:G — a is the usual Iwasawa projection according to G = KAN. The map
f — f extends to an isometry of L?*(G/K) into L*(ia* x B) with respect to an explicitly
known measure du on ia* (|c(\)|72 times suitably normalized Lebesque measure, where ¢
is Harish-Chandra’s c-function), and the decomposition (1) of L*(G/K) is then given by

©®
L~ / T adp(A). (2)

a*+

In particular, the representations occur with multiplicity one.

H-fixed distribution vectors. The purpose of this section is to construct analogs for
general reductive symmetric spaces G/H of the K-fixed vectors 1y in the example above.
The analogs are obtained only as generalized functions; they will be H-fixed elements of
C™>2(&: ).

We fix, once and for all, a set W of representatives in N (ay ) for the quotient W/Winp.
Recall that w — PwH 1is a bijective map from W onto the collection of open double P x H-
cosets in G.



Clearly every element o of C'=°°(&: M) restricts to a smooth function on the open subset
Q = Upew PwH of G, hence it makes sense to evaluate ¢ in each w € W. It is easily seen

that p(w) € H?(MOH)w_l.

For each £ € My let V(€) denote the formal sum

viey= [ wytnme, (3)
weW

provided with the direct sum inner product. Then we have an evaluation map
ev: C™(& N7 = V(6),

defined by ev,(p) = p(w), w € W.

Notice that V(£) # 0if and only if € € My Notice also that by definition the summands
of (3) are mutually orthogonal in V(§), even though this may not be the case in H¢ (for
example when ¢ is the trivial representation). For n € V(§), w € W we denote by n,, the
w-component of 1, viewed as an element of He.

Using Matsuki’s description of P\G/H ([Ma 79]) in combination with Bruhat theory
it can be shown that ev is injective for generic A € a7, (cf. [Ba 88], Cor. 5.3).

We now define a linear map j(£: A) = j(P:&: \) from the finite dimensional space V(&)
into C=°(&: ) by

a*TPE(m)n, for x € Q, * = manwh
JEN)(n)(x) = (meM,ae Ainec NweW,heH)
0 for x ¢ Q.

forn e V(§), € € M and A € aj. with Re(A+p, 1) > 0 (it can be seen that this condition
on A implies continuity of the function j(£: A)(n) on G, hence j(£:A)(n) € CT2(&:N)).
Then clearly ev o j(£: A) = Iy (g, and hence j(§: A) is injective. Moreover, by the above-
mentioned injectivity of ev, j(&: \) is surjective for generic A.

THEOREM 1. ([Ba 88]) The map A — j(&:A) € Hom(V (&), C™>°(K:€)) extends meromor-

phically to al., and j(§: ) is a bijection from V() onto C~>°(&: M for generic \ € Be-

REMARK: The meromorphic extension of j(£: A) has also been established by [Os 79] and
by [’O1 87|, independently. Taking matrix coefficients of j(P: \) with K -finite vectors, one
obtains Eisenstein integrals depending meromorphically on the parameter A, cf. [Ba 91].
For non-minimal o6-stable parabolic subgroups meromorphic families of Eisenstein inte-
grals are obtained in [BD 91].

Normalization of j(£,\). For the Plancherel decomposition of L*(G/H) we are inter-
ested in the imaginary values of A. Notice however that for A € 7a} the map J(EN)
is obtained by meromorphic continuation. In particular, singularities may occur at the
imaginary points. This unpleasantness can be overcome by a suitable renormalization.
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Let A(P:P:&:)\):C™°(P:£:)\) — C~°(P:£:)\) be the standard intertwining operator
(cf. [KS 80] for its definition on smooth functions, and [Ba 88] for its extension to
generalized functions), and define j1(&:\) = j1(P:&:\) € Hom(V (), C=°°(P:&: \)H) by

JHP:EN) = A(P: P &N (P 6 V).

The following theorem is valid under a technical condition on the pair (G, H) that will
be explained at a later stage. It is fulfilled in the Riemannian and in the group case, and
also in case G has abelian Cartan subgroups and H is the full fixed point group for o.
From now on we assume this condition, denoted (F), to be fulfilled.

THEOREM 2. The meromorphic function A — j'(P:£: \) has no singularities on g

In Example 1 one has ¢ =1, V(1) = C, and j(1,\) = 1. Hence j'(&:0) = c(A) 711, Tt
is known from [H-C 58], p. 580, or from the formula of [GK 62], that ¢ is nowhere zero
on za*. Finally, notice that if the above normalization is inserted in the definition of the
Fourier transform f, it has the effect that the Plancherel measure dy in (2) becomes just
Lebesgue measure.

Example 2: the group case. Let ‘G be a group of Harish-Chandra’s class, let G =
‘G x ‘G, and define 0: G — G by o(z,y) = (y,x), and H: = G° = diagonal( ‘G x ‘G). Then
as a homogeneous space for the left times right action of ‘G x ‘G, we have ‘G ~ G/H.

Let ‘6 be a Cartan involution for ‘G, let ‘g = ‘€& ‘p be the associated Cartan decom-
position, and let ‘a C ‘p be a maximal abelian subspace. Then 6: = ‘6 x ‘68 is a Cartan
involution for G' commuting with o, and a4 = {(X,—X): X € ‘a} is a maximal abelian
subspace of p N gq.

We denote the root system of ‘ain ‘g by ‘Y, and fix a system ‘27 of positive roots. Then
every element o € ¥ = X(g, aq) is of the form a(X,—X) = a(X), with & € ‘3. Moreover,
the map o — @, X — ‘T is a bijection. The inverse image X1 of ‘ST under this map is a
positive system for 3. If & € ¥, then the associated root space is given by g® = ‘g% x ‘g=%.
Let 'n be the sum of the positive root spaces in ‘g, and put ‘n = ‘6'n. Then n = 'n x 'n.
Let ‘P be the minimal parabolic subgroup of ‘G with Langlands decomposition ‘M ‘'A'N,
and let ‘P = ‘0'P be the opposite parabolic subgroup. Then P = ‘P x ‘P is a minimal
o6-stable parabolic subgroup of G. Moreover, its Langlands decomposition is P = M AN,
where M = ‘M x ‘M, and A = ‘A x ‘A.

Let ‘M* denote the normalizer of ‘a in K. Then Ng(a,) = diagonal(‘M™* x ‘M*) =
Ngnr(aq), and we see that W and Win g are equal and isomorphic to ‘W, the Weyl group
of ‘Y. In particular #(W/Wgnp) = 1, and we may take W = {e}.

The induction data for the principal series can now be described as follows. ]\/ZH equals
the set of (equivalence classes of ) representations { = ‘¢ @ *¢Y, where ‘¢ € ‘M. Moreover,
A € aj. corresponds to an element of aj of the form (X,Y) — ‘A(X) — *A(Y), with
‘A € ‘al. On the K-finite level we have a natural isomorphism

mdS(E @A 1) ~IndG(¢@ A @) @hd ¢ o —"Aa1), (4)
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where each representation is induced from the left. Let (-,-)¢ denote the bilinear pairing of
Hg with H¢. Then we recall that the map (f,g) — (f,g) = S (f(k), g(k))e dk establishes

a non-degenerate equivariant bilinear pairing of Harish-Chandra modules
Ind\G(¢Y @ —A@1) xInd.S(¢ @ A1) = C.

The pairing naturally induces a topological linear isomorphism from C~*°('P: '¢V: —'})
onto the topological linear dual of C°°('P:'¢:')\), which we will use to identify these
spaces. For the intertwining operators we have:

(A(P: P26 W) = (0, AP P26 = M), (5)

for o € C®(*P:*¢:*\), o € C°(*P:*¢Y: —*)\). Indeed this follows from [KS 80], Prop.
7.1, if one uses the anti-linear identification of ‘H; with its linear dual.

On the level of generalized functions the isomorphism (4) gives rise to an equivariant
topological linear isomorphism

d=0p: CT(P:£:\)—— Hom(C™( 'P: '€ *\),C7%°('P: '¢:*\)),

where Hom denotes the space of continuous linear operators. Indeed, if u € C7*°(P:£: \)

and ¢ € C°°('P:'¢:*\), then ®(u)p is the element of C7°°(*P: *£: *)\) defined by

(B(u)p,¥) = (u, 1 © @),

for ¢p € C°(*P: *¢Y: —')). In other words, ®(u) may be interpreted as the operator with
generalized integral kernel u. The equivariance of ® is displayed by the formula:

B(men(z,y)u) = T aa(z) o ®(u)ome a(y) .
From this we see that ® establishes an isomorphism
C™°(P:&: M) ~ Hom\g(C®(*P: '€ *N),C*°('P: *¢: '))),

where we have used that intertwining operators map C'*° vectors to C'*° vectors.

We have natural isomorphisms V(§) ~ (H ® Hfg)MmH ~ Endyr(H¢). In particular
V() is one dimensional. Let I¢ denote the element of V() corresponding to the identity
map of Hr¢. We normalize the Haar measure din of *N so that

/ e~ 2P H(W) gp — 1,

N

Here ‘p is half the sum of the positive roots, and ‘H is the Iwasawa map ‘G — ‘a, deter-
mined by ‘G = ‘K 'A'N. Moreover, we normalize Haar measure dn of ‘N by dn = ‘60*(dn).
This normalization induces a normalization for the standard intertwining operators, cf. also
formula (6) below.



LEMMA 1. For A € ag. we have:
JP:EN(Te) = AP P &N,

PROOF: Let 9(\) = ev o ®7L(A(*P: *P: *¢:*))). Then 9(\) € V(&) depends meromorphi-
cally on A, by [Ba 88|, Lemma 4.13. Hence by Thm. 1 it suffices to show that J(\) = I¢
for A in a non-empty open subset of a .. For Re '\ strictly anti-dominant, the intertwining

operator A(*\) = A('P:'P:'¢: *)\) is given by an absolutely convergent integral:

ACNp(o) = [ plnaian (a6, ©
for p € C°°(*P: *¢: ‘). Let M1y be the measurable map ‘G — End(H¢) defined by
Mx(nman) = a\>‘+\p§(m),

for (n,m,a,n) € ‘N x ‘M x ‘A x ‘N, and by zero outside ‘P*N. Then by the usual
transformation of variables applied to (6), we find that

ACN(e) = [ M (k) dk = [ Mk () di,

where dk denotes the normalized Haar measure on ‘K. It follows from this that in a
neighborhood of (e, e) we have ®~1(A(*N))(x,y) = Mu\(zy™!). Hence 9(\) = Mry(e) =
Ic. 1

LEMMA 2. For A € ag. we have:

jl(P:f: M) = CI>_1(A(‘]5: ‘P ‘/\)_1).

corresponds to A(*P:'P: ‘¢ '\) @ A('P: ‘P ¢V: —‘/\) Hence if u € C™°(P:

taking (5) into account we obtain:

PROOF: Via the isomorphisms (4) for P and for P, the intertwining operator A( :P: ¢ )
:A), th

Pp(A(P:P: &N u) = AP P& N o @p(u) o A(NP: P AT
Substituting u = j(P: & \)(I¢), and applying Lemma 1 with P instead of P, we obtain

Pp(jH(P:&:N)(Ie)) = ACP: P\ 1



The Fourier transform. Let f be a smooth compactly supported function on G/H. We
define the Fourier transform f of f by

FEN = mealNiNEN) = [ fleHmea()i!(63) de € Hom(V(€).C¥(6:)

for € € J\/ZH and A € 7aj. Notice that the map f — f is G-equivariant in the sense that

~

(L(2)f)EAN) = mea(x)f(E:N). In the compact picture we have that

~

FEN)(k) = FleH)j (&N (ke )de H,
G/H
and we view f(.f A) as an element of V(£)* @ C(K:¢).
For each £ € My, let V(&)* @ L?*(K:€) be endowed with the tensor product Hilbert

structure. Consider the algebraic direct sum

Halg - @ V(‘f)* @ LZ(I(: ‘5)7
5€MH

and let H be its Hilbert completion with respect to the inner product
(p0) = D, dim(&)(pe, ve).

5€MH
Let d\ denote a choice of Lebesgue measure on ia}, and let £2 denote the space of d\
square integrable functions a; — H. If F' € £2, we write F(£: \) = F(\)¢. Then we have
a natural unitary representation 7 of G on £2, given by (7(2)F)(&: ) = mea(x)F(E:N).
THEOREM 3. For suitably normalized Lebesgue measure d\, the following holds.
(a) If f € CX(G/H) then fer? and

113 = X [ @& NN < 10y
5€MH ‘G

In particular, f — f extends uniquely to a G-equivariant continuous linear map § from
(L,L*(G/H)) into (7, £*). Moreover:
(b) The restriction of § to the orthocomplement L2, (G/H) of ker§ in L*(G/H) is an
isometry.
(¢) The map § induces the following Plancherel decomposition:

@

in)
~
Et\:
Q
~
=
12
]
&\J
=
oy
T
&
=
o~
>
QL
>
Sl

It follows from the proof of Theorem 3 that will be given in [BS %], that the kernel of §
is small in a certain spectral sense. In particular, a compactly supported smooth function
is uniquely determined on the most continuous part of the spectrum:
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THEOREM 4. If f € C°(G/H) and f = 0 then f = 0.

If G/H has split rank one, that is dimay = 1, then the complement of L2 (G/H) in
L?*(G/H) decomposes discretely, but in general there will occur intermediate series as well
(for an example different from the group case, see [Bo 87] and [BH 90]).

If G/H is Riemannian, i.e. H is compact, then it follows from our proof of Thm. 3 that
ker § = 0, and we retrieve (2) from (7).

Normalization of measures. At this point we shall specify the normalization of the
Lebesgue measure dA in Thm. 3. We start by specifying normalizations of various other
measures involved. Firstly, the definition of j! depends on the normalization of the stan-
dard intertwining operator A(P: P:¢:)\), which in turn depends on the normalization of
the Haar measure dn of N. We assume the Haar measure dn to be normalized so that

/ e~2PH () g — 1,
N

where H is the Iwasawa map specified in Example 1.

Let dx denote a choice of invariant measure on G/H, and dk the normalized Haar
measure of . Let da denote a choice of Haar measure for A,. Associated with the Cartan
decomposition G = KAqH, there exists a Jacobian J: A; — [0,00[ such that for all
f € C.(G/H) we have:

flx)de = (#Wkan)™ /I/A f(kaH)J(a)dadk.

G/H

From the explicit formula for J in terms of root data (cf. [Sc 84], p. 149) it follows that
J(a) ~ Ca® as a — oo, radially in the positive chamber in 4,. Here C' is a positive
constant, which we may assume to be 1 after a suitable renormalization of da. Consider
the classical Fourier transform ¢ — ¢, C.(Aq) — C(iay), defined by the formula p()) =

qu ¢(a)a™ da. Then the appropriate normalization of d\ is (#W)~! times the one which

allows an extension of this transform to an isometry from L?( Ay, da) onto Lz(iaé, d\).

The dependence on W. We shall now discuss the dependence of the Fourier transform
on the choice of the set W of representatives for W/Wiynpg. Let W' C Ni(aq) be a second
set of representatives, and let V'(&), j'(&: ) and § be defined as before, but with W'
instead of W. Let w +— w' denote the bijection W — W' which induces the identity map
on W/Wgnp. Then for every w € W there exists an element [(w) € M N K such that
w' € l(w)wNgnp(aq). Let Re: V(€) — V() be the direct sum of the maps

. w(MnNH)w™! w (MnH)w' ™!
E(w)): M, K .

Then R is an isometry, and by [Ba 88], Lemma 5.8, we have:
36 A) e Re = j(&: M),
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for A € aj.. This implies that for f € C2°(G/H) we have (Rg @ 1) Ff(&N) =Ff(EN).
Let T:'H — H be the direct sum of the maps (Rg)_l @I, and let T:£? — £% be defined by

F+— ToF. Then 7 is a bijective isometry intertwining 7= with itself. Moreover, we have:

F =73

Example 2, continuation. Let us look at what Theorems 2 and 3 mean for the group

case. Pull-back by the map ‘G x ‘G — ‘G,(x,y) — zy~! induces an isomorphism from
C('G) onto C(G/H). We denote the inverse of this isomorphism by f — ‘f. If u €
C=>°(P: & \)H | then for f € C°(G/H) we have:

me(flu = / fla)mea(z, e)u de.
‘G
Using this with v = j!(P: & A\)(I¢), and applying Lemma 2, we obtain

B(F(EN(Ie)) = men(f)o AP P AL

Now @ induces an isometry of L?(K:¢) onto the space of Hilbert-Schmidt operators from
L2(*K: ¢) into itself, provided with the Hilbert-Schmidt norm T +— ||T||lgs = +/tr(T o T*).
Observe that

p(ECN AP P N ) e AP PN ) =1
with ‘A — ('€ *A) a non-negative meromorphic function on ¢‘a* (here we use the term

meromorphic to indicate that it is the restriction of a meromorphic function defined on a
complex neighborhood). Hence

Zl® 7€ M7 = nC& M) lme (s
Since || I¢||* = dim(*¢), this implies that

dim(€) || F(&: NP = dim(*€) p(*& N [[men (M )lfrs - (8)
For every f € C2°(G/H), the function ¢s: A — ||mea(f)||Fg is analytic on tag. On the
other hand, from the identity Hf(.f M|* = <f(§ /\),f(.f: —\)) for \ € iay, one sees that

the function ¢ s: A — Hf(.f M)||? extends meromorphically to al, for every f € CX(G/H).
Hence the assertion of Thm. 2 is equivalent to the assertion that oy is analytic on ‘ag,
for every f € C°(G/H). In the group case the latter assertion is by (8) equivalent to

the assertion that A +— p(*: *A)ip(\) is analytic on a?, for every f € C2°(G/H). Given

£ € My and )\ € iag, there exists a f € C2°(G/H) such that 1y(Xg) # 0. Hence in the
group case, Thm. 2 is equivalent to Harish-Chandra’s result that the function u('&:-) is
analytic on ¢‘a* (cf. [H-C T6b], Sections 12 and 13, and Thm. 25.1). Notice that our u
differs by a positive factor from that of loc. cit., because of different normalizations of the
measures involved.

The analyticity of p(‘€:-) thus having been established, we see from (8) that in the
group case Thm. 3 gives us the most continuous part of the Plancherel decomposition as
described in [H-C 76b], Thm. 27.3. Notice however that we do not compute the measure
explicitly.

10



A technical condition. Extend a4 to a maximal abelian subspace a, of p, and let M,
denote its centralizer in K. Then it is well known that there exists a finite subgroup
F C My, N Gy such that

M,N Gy = My F

F centralizes My (9)

F' 1s o-invariant.

Indeed, if Gy is the analytic subgroup of G with Lie algebra g; = [g, g], then
F =G, nAd (Ad(K) Nexpiaday) (10)

fulfills the above requirements. (cf. [He 78] p. 435, Exercise A3 for the linear case, from
which it is easily deduced). The technical condition on the pair (G, H), referred to before
Theorem 2, is the following:

CONDITION (F). There exists a finite group F satisfying (9), and in addition:
z + o(x)"! induces the identity map on F N H\F/F N H. (11)

Condition (F) is trivially fulfilled in the Riemannian case. Moreover, in the group case
we may define F' = 'F x ‘F with ‘F defined as in (10), but for ‘G. Let (x,y) € F. Then
o(z,y)™ = (w e = (@ e )z, y)(yt,y!), and we see that (11) holds. Finally,
assume that G has abelian Cartan subgroups, and that H = G7, the full fixed point group.
Then the group F defined by (10) is contained in a Cartan subgroup, hence abelian, and
it follows that xo(x) € FNH for all # € F. We see that (11) holds in this situation as well.

In our derivation of the Plancherel decomposition we need Conditon (F) just once,
namely for the proof of Thm. 6.3 of [Ba 88], in the case that dimay =1 and #W = 1. In
[Ba 88] it is assumed that all Cartan subgroups are abelian, but it was overlooked that the
assumption H = GG7 is needed in the proof of Lemma 6.16. On the other hand, by a minor
modification of its proof one can show that Thm. 6.3 in loc. cit. is valid under Condition
(F). Under this condition it is not required that the Cartan subgroups are abelian (this is
of importance for the example discussed at the end of the present paper).

REMARK: Observe that (11) implies that the space C(F/F N H) of functions on F/FNH
decomposes multiplicity free for the left regular representation Lp. Indeed, let A be the
algebra of bi-F' N H-invariant functions on F., provided with the convolution product.
Then the involution ¢ induces an automorphism on A, which at the same time is an
anti—automorphism, in view of (11). Hence A is commutative, and this implies that Lp
decomposes multiplicity free.

The following example shows that Condition (F) does not always hold. Notice however
that nevertheless there exists a group F as in (9), such that C(F/F N H) decomposes
multiplicity free.

Example 3. Let G = SL(3,R), and consider the involution o:x +— JaJ, where J de-
notes the diagonal matrix with entries —1,—1,1 respectively. Then H = (G7), equals
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S(GL(2,R) x R"). The Cartan involution #: x +— (2')™! commutes with o, and for a, we
may take the line generated by the matrix

0
X=1]0
0

— o O
S = O

which is the image of the diagonal matrix with entries 0,1, —1 under conjugation by the
rotation ¢ around the first coordinate axis by an angle 7/4. Thus for a, we may take
cbe™!) where b denotes the algebra of diagonal matrices in sl(3,R). Let D C G be the
subgroup of diagonal matrices with entries +1, then M, = cDc™'. By finiteness we must
have F' = M,. One readily verifies that FNH = {I}, so that (11) is equivalent to o f ™1 = f
for all f € F. Let f(e1,e€2,€3) denote the ¢ conjugate of the diagonal matrix with entries
ej € {+1} respectively. Then one readily verifies that o(f(—1,—1,1))"! = f(—-1,1,-1).
Hence (11) does not hold.

The multiplicities. It follows from (7) that the unitary principal series m¢ x has the
multiplicity me = dim V(¢) in L2, .(G/H). Notice that

dm V(€)= 3 dimnyMeT
wew
In general dim H?(MOH)w_l can be greater than one (cf. the example given in [Ba 88], p.
362). However, if every Cartan subgroup of G is abelian, we have

dim M MO < (12)
forall £ € ]\/ZH, w € Ng(aq), cf. [Ba 88], Lemma 5.4. On the other hand, if G is connected,
but not necessarily with abelian Cartan subgroups, it follows from [Os 88], Thm. 4.9 that
(12) holds.

From now on we assume that G is connected and that (G, H) fulfills Condition (F). In
particular we then have (12). For completeness, and for later reference, the proof of (12)

is given below. It follows that m¢ < #W for all £.
LEMMA 3. Assume that G is connected and that (G, H) satisfies Condition (F). Let £ €

~

Mjiy. Then for each w € Ng(ay) we have (12).

PROOF: Since H?(MOH)w_l o~ H%ﬂ?, it suffices to prove this for w = 1. Let M, be
the connected normal subgroup of M which is maximal subject to the condition that it
contains no non-trivial compact normal subgroups.

We claim that M = M, My. To see this, first notice that ap; = ayNm is maximal abelian
in mAp. Let Z"’M be a choice of positive roots for the root system X3 of az; in m, let
nys denote the sum of the positive root spaces, and let nyr = 6(nyr). Then m,, = Lie(M,,)
equals the subalgebra generated by ny; and nys (which is an ideal). Since M has no split
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component, ay; C My, hence m = m, + m, and it follows that My = (M, My)o. But
M = MyM, and the claim follows.

If £ € ]\/qu, then ¢ is trivial on M, hence £|M, is irreducible. Conversely, if £, € J\/Zp
has a trivial restriction to M, N My then it is the restriction of a unique £ € Mj,.

Let F be as in Condition (F). Then My N F is central in A,. Hence if £ € ]\/qu, then
its restriction {|Myo N F' is a multiple of a character ye.

The natural multiplication map ¢: My x F' — M is a group homomorphism, because
F centralizes Mpyg. It follows that o is a finite dimensional irreducible representation
of My x F. Hence it is equivalent to an exterior tensor product of the form fp@fp, for

unique §, € J\/Zpo, Er € F. Notice also that Ep| Mpo N F and £p|Mpo N F are both multiples
of x¢. The representation { is trivial on M, N My, so that it is the restriction of a unique

&o € J/W\Ofu. Hence there exists an isomorphism H¢ >~ He, @ He, so that for m € My, f € F
the endomorphism &(mf) corresponds to £(m) @ Ep(f).

Now clearly one has that HéMmH C Hé}me ®H?FOH. Moreover, Hé}me C Hgmh, and by
standard semisimple theory, the latter space has dimension at most 1. Hence it suffices to
show that dim HgFmH < 1. Now this is a straightforward consequence of the remark below

Condition (F). I

LEMMA 4. Let £ € ]\/qu and assume that H?OOH # 0. Then for each w € W there exists
av € Wgnam,, such that wof|y, is equivalent to |y, .

PROOF: Let w € W. Then the above assertion with w™! instead of w is equivalent to the
existence of a v € Wgnp,, such that w&|a, ~ v€|a,. For this it suffices to show that
wéy ~ v for some v € Wrnp,: here we have used the notations of the proof of Lemma 3.
By an easy induction on the length of w we can reduce to the case that w is the reflection
34 in a simple root & € ¥T. As in [Ba 88], p. 392 we may then reduce to the case that
dimay = 1. Then W has two elements, and we may assume that w ¢ Wing,: for otherwise
the assertion of the lemma would be trivially true. Hence Wxnp, is trivial and it suffices
to prove that s4& ~ &. Let g4 = g% = €N bh @ p N g. Then the root system (g4, aq)
has Wignmn, as its Weyl group, hence must be trivial. It follows that a, centralizes g4.
By maximality of aq, this implies p N q = aq. Hence g4 = €N h & aq. According to [Ba
88], Lemma 8.7 we have that ¥(g,a,) = {—a, a}. Moreover, the associated root spaces
are contained in the —1 eigenspace of c6, and it follows that [g=%, g% C g4. Let g’ be
the subalgebra of g generated by g%, g~“. Then in fact g’ is an ideal, and we may select a
complementary ideal g".

Since aq C g', we have that m = m’ & m", a direct sum of ideals, where m' = mN¢’,
m’ = mnN g". We now observe that the centralizer of a, in g’ equals [g, g~“], hence is
contained in gy. Hence m" C €Nh @ a,, and we conclude that m’ C mN . The infinitesimal
representation £, of m has a m N h-, and therefore a m'-fixed vector. It follows that
£olm' = 0. There exists a representative s of s, in K which centralizes g'’, hence m". Hence

sao ~ 6o = &o- I
COROLLARY 1. If H}*™ =0, then m¢ = 0.

Proor: If me # 0 then H?(MOH)w_l # 0 for some w. By Lemma 4 there exists an
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element v € Wxnpg such that woé|n, ~ &|ar,. Hence

dimHéuoﬂH — dlmHé\iovr;Eg — dimHévv(MoﬂH)v_lw—l _ dimH?(MoﬂH)w—l 7£ 0. "

REMARK: Notice that with the present assumptions on G and H, it follows from Lemma
3 that (7) can be rewritten as follows

©®
Llez a/m = Y / L, mead\. (13)
5EMM0H g
Here MMNH denotes the set of £ € J\/qu having a non-zero M N H-fixed vector, and a;"e"'

denotes the positive Weyl chamber in af for S(g%%, aq)T.

The case of connected H. In this section we assume that G is connected linear and
that H = (G7)y. Let F = K Nexpta,. Then F satisfies the properties listed in (9). We
will compute m¢ under the assumption that F' satisfies (11). Put F; = K N H Nexp iaq.
Then Fy C FNH.

LEMMA 5. MNH = (M), Fj.

PROOF: In view of the fact that a, is maximal abelian in g”% N p, whereas K N H is a
maximal compact subgroup of (G°?),, the group Fy is the analog of F for the connected
linear group (G°?)y. Hence

M0 (G = (M NG F, C (M) F,.

This implies that M N H N K C (M?7)oFy, whence M N H C (M?)yFy. The reversed

inclusion is obvious. |

By linearity of G, the group F is central in M. Hence by the same arguments as in the
proof of Lemma 3, H¢, is one dimensional, {¢ is a character, and {|r is a multiple of £p.

LEMMA 6. Let £ € M. If H?OOH = 0, then m¢ = 0. Otherwise m¢ equals the number of

w € W for which the character £ is trivial on wFyw™?.

PrOOF: The first statement of the Lemma is asserted in Cor. 1. Thus assume that
H?OOH # 0. By Lemma 4 we have Hffng # 0 for all w € W. Now it suffices to prove that

-1
H?(MOH)U) has dimension 1 if {p is trivial on wFy w ™!, and has dimension 0 otherwise.

-1
Since H?(MOH)U) = H%ﬂlg, it suffices to prove this for w = 1. Then with notations as

in the proof of Lemma 3, we have that Hé}me = Hg‘;ﬂh = H(gi\ﬂ)o is one dimensional.
Moreover, in view of the equality of Lemma 5, the argumentation of the proof of Lemma

3 yields that
MnH . 4/(M%)o Fy o q/Fq

This implies the result. |
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Example 4. Let G/H = SL(n,R)/SO¢(1,n — 1). Here the involution is given by ox =
J(x")~1J, where J is the diagonal matrix with entries 1, except for the upper left corner
entry, which is —1. A maximal abelian subspace of p N g is the space a4 of diagonal
matrices in g = sl(n,R). Then a4 is maximal abelian in g, and hence m = 0. We then
have that M = F is the abelian group of diagonal matrices d(e) € SL(n,R) with entries
e; =+1(j =1,...,n) in the diagonal, and M N H is the subgroup given by ¢; = 1 (notice
that if H had been taken as the full fixed point group, SO(1,n — 1), then we would have
had M C H). The finite dimensional irreducible representations £ of M are parametrized
by the coset space S = Z5 /R, where R is the subgroup generated by (1,1,...,1). If v € S,

7

then the associated representation &, is defined by &, (d(e)) = szl egj. Hence £, has a
M N H-fixed vector if and only if v = (0, ...,0) (corresponding to the trivial representation)
or v = (1,0,...,0), modulo R. The Weyl group W, which is the permutation group of n
entries, is generated by the reflections s;;(1 < ¢ < j < n), and it is easily seen that Wxnp
is the subgroup leaving the first entry fixed. Hence the quotient W/Wgnp has n elements,
and as representatives we can take sy = 1,85 = $12,...,8, = S1n. Let n > 2. Then
s;(M N H)sj_l is the subgroup of M given by €; = 1, and hence ¢, has a s;(M N H)sj_l—
fixed vector if and only if v is trivial or v = (0,...,1,...,0) with 1 on the j’th entry. Thus
we get the following multiplicities of m¢  in L2, .(G/H):

n if £ = {,...,0) = 1, the trivial representation

me=q 1 it&=¢&0,. 1,0

0 otherwise.

The case of the full fixed point group. If we assume that G is connected linear and
that H is the full fixed point group G, then the computation of m, simplifies. In fact it
was proved in [?Ol 87], Cor. 3.5, that £ has a M N H-fixed vector if and only if it has a
w(M N H)w ™! fixed vector, for all w € W, and hence the multiplicity of m¢ , in L2 (G/H)
is either 0 or {W. There is a simple explanation to this result:

LEMMA 7. Assume that G is linear and let H = G?. Then w(M N H)w_1 = Mn H for
all w e W.

PrOOF: This is an immediate consequence of the following lemma.

LEMMA 8. Assume that G is linear. Then every w € W has a representative y € N (aq)
such that

-1

yo(z)y™" =o(yzy™") (14)

for all x € M.

PROOF: Asin the proof of Lemma 4 we may reduce to the case that dimay =1, Wk, =
{1}, ¥ = {—a,a} and w = s,. The ideal g' defined in the proof of Lemma 4 is o-stable,
hence we may select a o-stable complementary ideal g'’. There exists a representative
y € Ni(aq) which centralizes g".

Being connected and linear, G has a connected complexification G.. Let M;,. be the
centralizer of aq in G.. Then it suffices to prove (14) for all « € M. Since M;. is connected,
it actually suffices to show that Ad(y)oo = 0o Ad(y) onmy. Now my = agdm'dg”. On aq
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we have Ad(y)oo = —Ad(y) = Ad(y)o 0. On m' we have Ad(y)oo = Ad(y) = 00 Ad(y),
because m' C h. Finally, on g"” we have Ad(y)oo =0 =00 Ad(y). 11

Notice that if G is simply connected, then the full fixed point group is automatically
connected.

LEMMA 9. Let G be a connected, simply connected and semisimple real Lie group, and
assume that o is an involution of G. Then G? is connected.

PROOF: Let § be a Cartan involution commuting with o. Then K = G is o-invariant.
Since G = K expyp, K is simply connected. Let K be the semisimple part of K, then A7 is
compact, simply connected and o-invariant, and K = K; x C, with C' a o-invariant vector
subgroup. It follows from [He 78], Thm VIL.8.2, that K is connected. Moreover, C7 is
clearly connected (it is a vector subgroup). Hence G7 = K7 exp(hNyp) is also connected. |

However, the assumption in Lemma 7 that G is linear is important, as can be seen from
the following example.

Example 4, continuation. Let n > 2 and let G be the universal covering of SL(n,R),
with covering map w. The cover is two fold. Hence ker 7 is a o-invariant set consisting of
two elements; one of these, the identity element, is fixed under o, and therefore the other
is fixed as Well i.e. kerm C G°. It follows from Lemma 9 that H = G7 is connected, hence
7(H) equals H = SOy(1,n — 1).

Let M = 7~ Y(M). Then F:.= Y F) = M. We will first show that F satisfies condition
(11). Indeed, let x € F. Then n(x) is o-fixed, hence ox = ex, for some € € ker 7. Using
that the elements of F' have order at most two, we obtain that

(ox)™ =zx e cakerr Ca(FNH).

Therefore Theorem 3 applies to the pair (é’, ﬁ) The multiplicities m¢ can be determined
V .

() # 0. Then there exists a 1 < j < n such
that € possesses a non-trivial SJ(M N H) !fixed vector. Therefore it has a non-trivial

as follows. Let € € My, and suppose that

ker 7-fixed vector, and we see that & factorlzes to a representation £ € Mfu, possessing a
sj(M N H)s; ~1_fixed vector. In other words, £ = £, o for some v € S. Since 7T(M N H)
MnNH, it follows that mg equals the earher determined multiplicity me,. Thus both

multiplicities 1 and n occur in lenc(é'/ﬁ), and we see that linearity of G is essential for
the conclusion of Lemma 7.
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