
















































































Lecture 2 Theory of the discrete series

H is reductive H mimodular

GIH has left invariant measure de

G H carries the left regular rep L

Lgplas 4 g be GELIG H REX geG

Harmonic Analysis Plancherd deco of ICG HI in terms

of irreducible unitary reps

Basic Representation theory

Setting V Fréchet or complete loc cox

Def A continuous rep of G in V is a group homom

T G GLIM sit g v1 topv Gx is its

1 invariant subspace of V a linear subspace WE set

TIM W C W ge G










































2 T is irreducible 0 are the only closed invariant subspace

3 V8 ve V1 g Ilgsv G V is cal of

smooth vectors is G invariant

4 Derived rep x̅ of Endlv XIV Ettafleptare

5 klop rep Ex Uop Eind Vs

6 Vk VE V1 dim span a Ksv as K finite vectors

7 Ect Van Vk is deux in V

8 Def for de put 8 image Vo Homl.VEWIJ

Then Vk yep V58 isotypical components

9 Def V admissible trek dim V55 Cao

101 Lemen Vadmiralle Vie C V is a ofte module










































2 3

11 Def A ojik module is a linear spare V

equipped with a of rep a K rep 5 t

VvE V K span K.us span e v4 is C

ftp.vev
Xv dak etat

Keek eulo.pk X Alle X te

12 Lemme If I V is admissible theië Vie is admissible

Login module Furthermore

al the map IN Welk defines a bijection between

the closed G invariant subspaces of V and the

of ter invariant subspaces of Vie The inverse

is given by U_Te

6 T V is irreducible iff Vk is lined of K3 modale










































2 4
13 An intertwining operator from it V 1 to Ez V2

is a continuous linear map T V V2 5 t VlgEG

V V2

gr G Tilgs

14 Exercise versions of Scheer's lemma

for V admits g Kl module Vitrede Endog.RU
EI

for T D admissible it irrede Enig V EI

15 Def a Harish Chandra module is a finitely

generated admissible of kt_module










































16 A motivating result due to tee Suppose that
2 5

T K is irreducible unitary Then I is admissible

Let I i Hit In Het be irreducible unitary
If Hip Haye are equivalent as ofhet modules

then it and Ir are unitarily equivalent

De Eloy center Klop

Def T V is called quasisingle if acts by scalar on V

i e Hom 2 Z CHI 0

on V for all ZE 3 is called infinitesimal character

of it

The HC Let w̅ H be irreducible luntary Then

IT is quasi simple










































BacktoDCG.LI
2 6

DE IDIG HI formal adjoint D DCG H is defined by

Df g f D'g f.ge CECIRMI

Here fig 5 Hal get da

The D D D is essentially self adjoint
with operator

care 14X

Cor The IR algebra Is GIH IDEDIG MII D DI is

finitely generated and its element strongly commute

Prof DIGIMI SCord Mld is finitely generated on
a

G algebra From this the first assertion follows

By a then of Nelson the final conclusion follown










































Def A unitary rep it H of G belongs to the discrete 2 7

series of GIH it it is irreducible there etist

a unitary G intertwining map I 1 ECGH

Not G 115dg set of wilt equivalence classes of reps from
the discrete series of GIH

Def for EE G Hijs Ging image of Ugo Hong Hg LIG
H

Rem LIG41 Ö LYG H type
GELGIHIS

Lemme R induces injective hom of algebras 3
DIG H

Accordingly DIG te is a finite 2 module

Cor Vs G HIGH is a finite DCG H module which

allows a direct sum decomposition into Lof H submodules

on which DIG HI acts by scalais










































It For Xt DIG ns put 2 8

Ex GM ft algal Df XIDIf DEDLG HIJ

Goal For each 7E DLG HI describe the irreducible

of K salmodules of Ex GH n LIGHT

Flensted Jensen's idea use duality GIH 69K

For simplicity assume G Gg and define 169KdHd as

Lie subgps of Ga with Lie algebra's of ted49

Note Gt exploprop Knmi so Gt C GnGd

for f CMG HIK and a Gt the function

te flares has a huique analytic extension

to fr Ka 6










































2 9

The F 71 mag fadf CMG HIK 16

kdlyds.tn
1 f f on Gt
2 for all me Gt he Hd f ha felk

For all DE DIGIHI

DE af

Cor fans f gives Ex G HIK Edy 69K

where ME ID Gd Kd is defined by

dop do D










































2 to
Intermezzo Poisson transform an G K

Setting Orcop max abelian I 219,0 We Melon Zelors

2 my me Ʃ of N expte
EET

Iwasawe dew G KAN ER A N

M Zk or normalites A and N

P MAN G closed subgp minimal able

For It or the chart X E DIGIKT is defd by

D V1 D R DE DCG K

Notation Ex GIKI Ex GK

Exponential for Ee OE put af I'M af A










































Induced Representation 2 11

For Xt off define God 011 P 1C by

1 1 man ad edlloga

We define Tip Imf 10 d 1 to be the

representation on

C GIP 11 te CIGI flaman Peter
see G MEM GEA 4E IN

given by Elgs f M Lgf nl f g zes

Def The Poisson transform 9,1 CIGIP 41

G K is defined by

Pip M Ik 4 ah dk REG










































man G P 11 into En G Ks 21

ÉTÉetunnes it with L

Fact frs fik CIGIP d KIM defines

a topological linear isomorphism L on GIP d

may be transferred to a rep n En of G on KIM

compent picture

Bx CIGIP N ECG K

trek 31
IK MI

I BIK M KIM idk hyperfunctions
m K M










































The Helaas's conienture B admits a
2 13

Unique extension to a continuous linear map

B KIM En Gere which intertwines

it and L For ecd 0 Rex a 70 thee
this extension is a topological linear isomorphism

B CRIMI EIGIKS

Proven by KKMOO late 1970 s The inverse

is given by CIA β 1 with c the HC c function

and β a boundary value map

generalizes the classical Poisson kernel on S

Kashiwara Kowata Minemma Oshima Okamoto

Tanaka










































2 24Results of Flensted Jensen

Thuis te GIH we klank G Mld

Methodofmorf by he he condition of has a

Cartan subspace te of with Ac ten of

ad it is maximal abelian in op

and d e pan yd 2 ad Wd

Hd G P
doses wijnenwel

KNMI Pd v

1

Flenstal Jensen's functions

4 Bal Syntagma de d

if satisfies an integrality conditions then










































4yd_ tv for 7E Ex G Hyn LIG HI
2 5

dat 71
Classification by Oshima Matsuki 1982

The G Hing He GIH He K lente

ORM showed functions 7 Eg G HIK n L'CGHP
satisfy Ned

1 β fd summed in closet

kan art on GIP

2 A α ER de Iloeds Creall

3 X α to the Elad regulars

This i's sapient for our purser ses




