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Whittaker functions

Setting
» G real reductive group (HC class).
» K maximal compact, G = KAN, Iwasawa decomposition.
> x : No — U(1) unitary character, regular (!)

i.e.: Va € X(ng,a) simple: dx(e)lq., # 0.
Whittaker functions

M(G/No:x) == {f:GZSC|f(xn)=x(n)"f(x) (x€ G ne N}
[3(G/No - x) = {feM(G/No:x)||fl € LB(G/No)}

> Leftreg rep”: L= Indﬁo(x) is unitary.

> 3 : Plancherel decomposition: Indg, (x) ~ [5 mxmdu(r).

» Realized by a unitary Fourier transform f — .
Plancherel identity:  [|f||% = f5 [IF(m)I2 du(n).

» Today: Maass-Selberg relations and their role in this.



Whittaker Plancherel theory

Sources
» Harish-Chandra, Announcement AMS Toronto 1982.

details in Collected Papers Vol 5 (posthumous), 141- 307,
eds. R. Gangolli, V.S. Varadarajan, Springer 2018.
Formulation of Parseval, proof incomplete.

MS relations crucial.

» Wallach, RRG Il, 1992: discrete part, cusp forms, holomorphic
dependence of Jacquet integral, inversion formula, error addressed in
Jpn. J. Math 19 (2024). Uses HC’s Plancherel formula for the group, No
use of MS relations.

» Today: sketch proof of MS relations and their role in Plancherel. See
arXiv:2511.19224.



Discrete part of Plancherel decomposition

Distribution vectors
For (m, Hx) € G (unitary dual), we put Hy > := H=>". Then H, < H;>. The
space of Whittaker vectors of 7 is defined by

He X = A{n€ H= [ (Yn€ No) : 7= (n)n = x(n)n}.
> Matrix coefficient m,, : v (7(-)""'v,n), HZ® = C=(G/No : X)-
> dimH T < oo.

Discrete part
7 € Gis said belong to the discrete series of L2(G/Np : x) if

Homg(Hx, L*(G/No : X)) #0,  (*)

Theorem (HC, W)  If (*) then
(a) = belongs to the discrete series DS(G) of G.

(b) Hz5® ~ Homg(Hx, L2(G/No : X)), induced by n — m,,.

Discrete part of Plancherel L3(G/No : ) ~ @ cps(c) (H,r ® H;,;O) .



Parabolic induction

» P (finite) set of psg’s P = MpApNp < G with P D A.

> P :setof Pe P suchthat P D Py := Zx(A)ANy

» R.={PcP|PcR} (opposite standard psgps).

> For P € R, xp := X|Mpnny, is regular for Mp/(Mp N Np) .

Define
For o € DS(Mp), v € ap¢,

C*(G/P:o:v):={pe C°(G,H,) | p(xman) = a* "Po(m) " (x)},

Equipped with 7 .., the restriction of the left regular rep, this is the space of
smooth vectors for IndS (o @ v @ 1).

Sesquilinear pairing
[3(G/P:0:v)x [*(G/P:0:—0)—C,
(1.9) > [ (#(00.9(K) ) ok
K

is G-equivariant.



Whittaker vectors

The pairing induces a G-equivariant linear injection f — (f, - ),

[3(G/P:0:v)— C *(G/P:0:v):=C>(G/P:0:—0) .

> If P € B then NyP is open dense in G, contains e.
Forn € H; %, and Rev P-dominant, define
j(P,o,v,n)(noman) := X(no)aﬂ’fppo(m)qn.

Lemma (W, ~)

j(P,o,v,n) defines a Whittaker vector in C~*°(G/P : o : v), and extends
holomorphically inv € ap¢.

Thm (W, ~)
For eachv € ap. the map n — j(P,o,v,n) is a linear bijection

H, 5, — C (G/P:o:v)y.

aXP

Its inverse is given by evaluation at e.



Arbitrary parabolic subgroups

HC uses j(P, o, v) only for P € R,. This is too limited if one wishes to
understand the action of KS-intertwining operators on j(P, o, v).The following
definition allows more flexibility.

Def
> for P € P chose vp € Nk(a) s.t. vpPv,' € By = NovePis openin G
> Put xp = X'NomvPMpv;‘ - regular for (veMpvp ', No N veMpvp ).

Forn € H,%2, and Re v P-dominant, define

J(P,o,v,n)(noveman) := x(no)a " ~"Po(m)~'n.
Lemma (W, ~)

j(P,o,v,n) defines a Whittaker vector in C~*°(G/P : o : v), and extends
holomorphically inv € ap¢.

Thm (W, ~)
For eachv € ap. the map n — j(P,o,v,n) is a linear bijection
H;;i, — C™(G/P:0:v)y.

Its inverse is given by evaluation at vp (possible by smoothness of j on open
orbit NovpP.



Spherical functions, Whittaker integral

Spherical functions

Let (7, V) be a finite dimensional unitary representation of K.
C=(r:G/No: x):=(Vr @ C®(G/No : X))

~ {f € C™(G, V;) | f(kxn) = x(n) "7 (k)f(x)}.
» Ko :=MpN K, op ::J‘Kp

Def C*(r: G/I?J cov)=[V:® COO(G/IE’ co V)]K
[V, ® C®(K/Kp : op)]*
:C(7: K/Kp : op).

¥

e

T

WIE’A,O',I/

Def Whittaker integral
Foro e C*(1: K/Kp:0p),n € Hy 50, 0 == 0 @1,

Wh(P, ,0)(X) := (98 5.1y T 0,5(X)i(P, 0, 7))



Temperedness

Properties

» Wh(P,v,v) € C=(7: G/Ny : x),

> linearin ¢ € App o := C=(1: K/Kp : 0p) @ Hy 5.

» holomorphic in v € ag

> 3-finite (3 = center U(g) ).
The linearity mentioned in the second item allows us to extend the definition
of ¢» — Wh(P, ¢, v) linearly to the finite direct sum

,Agyp = @UEDS(MP) "421on'

Theorem (Uniformly tempered estimates, ~)
Lete > 0 be sufflly small. If u € U(g) then3C,N,r > 0 s.t.

IWh(P, 4, v, u;kan)| < C(1 + |v|)N(1 + | log a|)Ve' " Ileal g=r

forallk € K,ac A, ne Ny, v € ape With|Rev| < e.

Note: for Re v = 0, the estimate simplifies to the usual tempered estimates.



C-functions

> Wh(P,,v) is finite under 3 := center(U(g)),

> top order asymptotic behavior of exp’ type ‘\‘ .
along cl(AT), )

> very rapid decay outside cl(A™).

Aecay

» P~Q:<= Jwe W(a): w(ap) =aq (associated).
> W(aglap) := {s € Hom(ap,aq) | Iw € W(a): s = w|a,}.

Asymptotic behavior Let P € P,Q € P and suppose P ~ Q.

There exist unique merom® functions Cqp(s, -) : ape — Hom(Az p, Az g), for
s € W(aq | ap), such that for ¢ € Az p, generic v € iap and m € Mo,

Wh(P, ¢, v)(ma)~ > & "[Cqp(s,v)](m),

s€W(aglap)

for a — oo in Ag,.



C-functions, Maass-Selberg relations

Asymptotic behavior Let P € P, Q € P, and suppose P ~ Q.

There exist unique merom?® functions Cq|p(s, ) : apc — Hom(Az p, Az,q), for
s € W(aq | ap), such that for ¢» € A, p, generic v € iap and m € Mg,

Wh(P,,v)(ma) ~ Z a® = fa[Cqip(s,v)¥](m), (a— ooin Af).
seW(aglap)

Maass-Selberg relations (HC)

Let P € P and o € DS(Mp). There exists a meromorphic function
apec 2 v ne(P,v) € C such thatforall Q e Py, Q ~ P ands € W(aq | ap),

Caip(s, —7)" Cqip(s,v) = ns(P,v)!
onAszp., forv e ape.
Remark Equivalently: for o € DS(Mp) and ¢ € A p,,, the scalar function
iap 2 v [[Cap(s : V)Yl

is independent of Q € Ry, (Q ~ P), s € W(aq | ap).



Application of MS rels

Normalized Whittaker integral For P € R, ¢ € Az p, v € apg,
Wh°(P, v, ) := Wh(P, v, Cpip(1,v) " '¢).
gives rise to normalized asymptotic coeffs
Cop(s : v) = Cap(s : v)Crip(1, 1)~
MS rels become  Cgp(s: v) € U(Aszp, Az q) (v € iap)

Hence v — Wh°(P,v,) regular on iap.
Def Forfe CX(7: G/Ny : x) define Fp(f) : iap — Az p by

(Fo(F)), ) = /G SO WPy (5 € dep)

Thm (~) Fp: CX(7: G/No : x) — S(iap, Az p) is continuous linear and
extends continuously to appropriate Schwartz space.

Lemma If P,Q € Ry, P ~ Q, then Fo(f)(sv) = Cqip(s,v)Fp(v).

Plancherel: ||| = > pcp, /- IFfI3.



Intertwining operators

For P, Q € P with ap = aq, consider the Knapp-Stein intertwining operator
AQ,P,o,v): C*(G/P:0:v) = C*(G/Q:0:v).

Using double transposition, we extend it to a continuous linear operator on
generalized vectors. By G-equivariance it gives a commutative diagram

A(Q,P,o,v)

C(G/P:0:v)y = C (G/Q:0:v)y
~ 1j(Pow) (Qow) T ~
0o B(Q,P,o,v) 0o

Hz 3% - Hzxo
Lemma
The map B(Q, P, 0,v) € Hom(H, 3, H; 3,,) depends meromorphically on
vV E apc.
Fact

AQ,P,o,—0) A(Q, P,o,v) = n(Q, P,o,v)l

with v — n(Q, P, o,v) € C meromorphic in v € apg.



MS relations for B

Theorem (MS for B) Let P, Q € P and suppose ap = aq (then also
Mp = Mg). If o € DS(Mp) then

B(Q,P,o,—0)"B(Q,P,o,v) =n(Q,P,o,v)!
as meromorphic End(H, 3 )-valued meromorphic functions of v € apc.
Theorem (MSB = C)

The assertion of Thm (MS for B) implies the MS for the C-functions
Co‘p(S, l/), for P € P, Qe P, ap = aq.

Proof:  This follows from
Caip(s,v)y = [A(Q,sPs ™, so, —sv) @ B(Q, sPs™', so, —sv)Rs]y.

(]
The product decomposition of the KS-intertwiner in terms of intertwiners for
adjacent parabolic subgroups leads to a reduction of the proof of Thm (MS
for B) to the case that P, Q are adjacent.

Conjugation by the Weyl group leads to the case that P, Q are adjacent and
P standard. Assume this now.



Reduction of MS for B to the basic case

Let o € A be such that ker « separates a; and af, while cl(ag) N cl(af) has
an interior point X € ker a.

Let Px be the standard parabolic subgroup with Lie algebra equal to the
vector sum of the centralizer of X and ng. Let Px = MxAxNx be its Langlands
decomposition.

Then G® := My has compact center, P©) := P n G(®) is a standard

maximal parabolic in G(*), and Q¥ := QN G*) is a maximal parabolic
subgroup of G, Furthermore, P and Q') are opposite hence adjacent.

Theorem (~)
For all o0 € DS(Mp), we have

B((_?, P.o, v) = (P ,U, v)

as End(H,,

- x»)-valued meromorphic functions of v € apc.

This is a familar strategy, but the proof is hard since distributions on manifolds
of different dimensions need to be compared.



HC’s proof for the basic case, 1

Basic case The above result leads to reduction of the proof of Theorem
"MS for B” to the basic case:

» G has compact center,
> P, Q are maximal parabolic subgroups of G with ap = aq,
> P, Q are adjacent, hence opposite.

Thm In the basic case the implication of Thm [MS B — C] is an
equivalence.

Conclusion It suffices to prove the MS rels for the C-functions in the basic
case.



HC’s proof in the basic case, 1

> For o € A define HS by B(H2) = 0for B € A\ {a}
andby (HS, H,) = 1.

» a[1] is the subset of a consisting of H € a
with (H, H2) < 1fora € A and
YaealHa H) = —1.

> at] := ta[1] (t > 0), and G[t] = Ka[t]No.

We consider

0=/ rremd.  (t-o)
Glt]/No
where f,g € C*=(7: G/Ny : x), and (2 Casimir):
[f,9] := (Qf,g)- — (f,Q9), € C*(K\G/No).

By radial component analysis, and application of Gauss’ divergence theorem:

I(t):/Am S Halfg)pda= 3 / ) (1, 9o ds.

a€le acle 0A[1]
Here Ae = AU{(> . ca H2, )}



HC’s proof for the basic case, 2

Assume f, g € A(m : G/No : x) have constant term zero along parabolics Pr
with |A\ F| > 2. Then by an asymptotic analysis it follows that

I(t) =" dalf, 9. 1)+ O(e™""),

aEA

where
dait.0.0 = [ {F, Gha(mexp tH2) drn.
Mg o, / Mo, NNo

and
{f,g}a(m) = (R(Ho)fe., GF. ) — (frus R(HR)GF. )-
Final argument: suppose f is an eigen function of Q with a real eigen value,
then
> dalf,f,) =0, (t— o0)

acA



HC’s proof for the basic case, final part

Setting Basic case G has compact center, P € P is maximal, P is
adjacent. Let 0 € DS(Mp), v € iap. Then W, = Wh(P, ¢, v) is eigen for Q
with real eigenvalue.

Since dimap = 1, there are two possibilities: |W(ap)| = 1 or |W(ap)| = 2.
Assume e.g. the second.

Then Jla € A s.t. P, ~ P. It follows that for 8 € A\ {a}, the constant term
of W, along Ppﬁ is zero. Along Pr, the constant term of W, takes the form

W, r. (mexp tH) = €™ pi(m) + e ™ pa(m) (me Mg, t>0),

with iA = V(Hg), w1,p2 €C(T: Mg, : X\MFQQNO). Now

Jolf,£,8) = IN(€P 01 — 6o, €M1 + &7 p)

—in( €My 4 e M, 6oy — e Mgy )
: 2 2
= 2i([ler]l” = lleall®)-

Since J,(f, f,t) — 0 for t — oo, we conclude ||¢1]| = ||p2]|-



