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Influence of Weyl's work

‘This is reminiscent of a result of Weyl [8(a), p. 266] on ordinary

differential equations.
This refers Weyl's work in Mathematisqhe Annalen, 1910.

42 HARISH-CHANDRA.

where dz is the Haar measure of G. Then the Plancherel formula asserts?
the existence of a unique positive measure du on E (which is invariant
under W) such that

j \f(r)?-dxﬁf 170 |2 du

for all such f. The problem is to determine this measure du. Let dA denote
the Euclidean measure on E. In this paper we shall give an asymptotic
expansion for ¢ on G. The leading terms of this expansion involve a certain
coefficient €(A), which, considered as a function of A, is analytic on E
except on certain hyperplanes (see Lemmas 37 and 52). In any case, the
—— reciprocal ¢ is analytic on ¥ and it will be shown in another paper that®
dp=|e(A)|2d\ (if dz and dA are suitably normalized). On the other hand
the Fourier transform ? of ¢ is a distribution on E which is given by a simple
formula in which the group structure of G enters in a very direct manner
(see Theorem 5).
The above outline shows that our problem can be divided into three
more or less distinct parts: (1) the asymptotic formula for ¢, (2) the inves-
tigation of the function ¢ and (3) the proof of the relation du = | () [-2dA.

Harish-Chandra
Spherical functions on a semisimple Lie group I.
Amer. J. Math. 80 (1958), 241 - 310.



The Paper

Uber gewohnliche Differentialgleichungen mit Sigularitaten und
die zugehorigen Entwicklungen willkdrlicher Funktionen,
Mathematische Annalen 68, 220-269 (1910).

8.

Uber gewdhnliche Differentialgleick mit Singul,
und die zugehorigen Entwicklungen willkiirlicher F unktionen
Mathematische Annalen 68, 220—269 (1910)

Die vorliegende Arbeit verfolgt das Ziel, die Theorie der singuliren Integral-
gleichungen, wie ich sie, auf die Untersuchungen von HiLBERT und HELLINGER
iiber die beschrankten quadratischen Formen von unendlichvielen Variablen?)
gestiitzt, in einer kirzlich in den Mathematischen Annalen erschienenen Ab-
handlung?) entwickelt habe, fiir die Theorie der gewshnlichen linearen Diffe-
rentialgleichungen zweiter Ordnung nutzbar zu machen. Es handelt sich dabei
um Differentialgleichungen, welche an dem einen Ende ihres reellen Integra-
tionsintervalls eine Singularitit von mehr oder minder kompliziertem Charak-
ter aufweisen, und um die Aufstellung der aus solchen Differentialgleichungen
entspringenden Entwicklungen willkiirlicher Funktionen, wie sie in dem ein-
fachsten Falle der Gleichung d?u/ds® — 0 als Fouriersche Reihe und Fourier-



Sturm Liouville operator

On Ja,b[, —o<a<b<+4ox
4 d peCl(ablR)
L=——p—+0 qeC%ab[,R)
dx " dx
p>0on]ab]

Nature of operator

» singular: no restrictions on p(x),q(x)asx | a,x T b.
» regular:

» —co<a,b<oo,
> g € C%a,b]), p € C([a,b])
» p>0on]a,b].



Regular case

» Boundary data: &, &, € R?\ {0}
» Boundary conditions

Ce := {u € C?([a,b]) | (u(c),p(c)u’(c)) L &, ¢ =a,b}
» Eigenspace
Ex = kerL—Al), dimg = 2.
5>\7§ = &N Cg, dimg = 1.

Theorem (Expansion theorem)

» (L) ={AeC| & #0} isdiscrete
> L%([a,b]) = Brcor) Ene:



Regular case

Theorem (Expansion theorem)
» o(L) ={AeC|&¢#0} isdiscrete
> L%([a,b]]) = Brco) Ene:

Proof.

» Use integral operator Gy s.t. (L — Al)Gy = |
» Integral kernel of G, symmetric and continuous
» — G, compact self-adjoint.



Regular case

Theorem (Expansion theorem)
» o(L) ={AeC|&¢#0} isdiscrete
> Lz([aa b] [) = é)\GU(L) g)\,f'

Proof.

» Use integral operator Gy s.t. (L — Al)Gy =1
» Integral kernel of G, symmetric and continuous
» — () compact self-adjoint.



Boundary conditions

Why?
in regular case: to make L self-adjoint on Cg.

Problem
in singular case: when are boundary conditions necessary?

Recall
> L= 5P +d
> C¢ = {u € C?([a,b]) | (u(c),p(c)u’(c)) L&, c=a,b}



The singular case

Theorem (Weyl, 1910)

» Only one of two alternatives possible at a (or b):

oVAeC: & cL?(a,b]) (limit circle case)
-VAeC: & ¢L?%]a,b]) (limit point case)

o boundary condition needed at a;
- no boundary condition needed at a.

» 7 eigenfunction expansion

a b continuous or discrete expansion
o o discrete
o . mixed
o mixed
mixed



Special singular case

Assumption

» L regular (hence o) at a,

> - atb;

» boundary datum &,; select n € £ NR?\ {0};
» define ¢y € &, by

ea(@) =m1, p(a)ei(a) =mn.

Definition (associated integral transform)
For f € C¢(]a,b|[) define

b
Ff(N) ::/ f(x) p(x)dx, (A €R).



Expansion in special singular case

Theorem (Weyl's expansion theorem)

3 unique right continuous monotonically increasing function
p : R — R with p(0) = 0 such that F extends to an isometry

L?(Ja,b[,dx) = L%(R,dp).

In particular,
(D) f3 FOORdx = 5 |FFV)Pdp(2);
() 1(x) = Jp FT(A) dp(X).

Problem
Determine dp(\).



Weyl's solution in special case

Theorem
Let [a,b[=[0,0[;, p~1,9~0(X— oc0).
Write 2 = v/, for A > 0. Then

» 3 unique functions c(x) on x> 0 such that:

pA(X) ~ c(p) €™ +c(u)e ™, (x — oo);
» on |—o00,0]: dpdiscretely supported;
»on ]0,00[: dp(A)= W dpu.
7

Weyl's principle



General solution

Calculation of d p(\) in general:
» Titschmarsh, 1941: complex contour methods;

» Kodaira, 1947: extended Weyl's result to the general
singular case.



A result of Kodaira

Setting

>L:—£(—22+q on ]0,00[, (sop=1)

> G(x)~0, (X — o),
> q(x) ~v(r+1)x72, (x| 0),

Eigenfunction

» indicial exponents: v + 1, —v;

> take oy € £y, paA(X) ~ x¥TH(x | 0).

V> —

N[~



A result of Kodaira

Theorem (Kodaira, 1947)

Weyl's formula is still valid:

2
dp(\) = ——— dy, = V).
p(A) o (1 )
Moreover,

» c(u) extends

» analytically to Im u > 0,
» continuously to Imu > 0,

> supp(dpl) —oe0) € {#? | 1 €iRxo, c(u) =0}



Weyl's opinion

Gibbs Lecture, 1948

years 10r aXIOMAUZEU 1111UCE L Spunas s wmsy - .
which Hellinger had founded Hilbert’s general theory [9], had been
directly applied to the special differential problem by E. Hilb [10];
but he did not carry it so far as to obtain the explicit construction of
the differential dp. Recently E. C. Titchmarsh in several papers and
in his book on Eigenfunction expansions [11] resumed this direct
approach. The basic equation (12) is due to him. Yet his construc-
tion of w(\) and of dp is not as direct as I should wish them. Also a
number of contributions made by A. Wintner and P. Hartman
during the last two years ought to be mentioned [12]. The formula
(12) was rediscovered by Kunihiko Kodaira (who of course had been
cut off from our Western mathematical literature since the end of
1941); his construction of p and his proofs for (12) and the expansion
formula (9), still unpublished, seem to clinch the issue. It is remark-
able that forty years had to pass before such a thoroughly satisfac-
tory direct treatment emerged; the fact is a reflection on the degree
to which mathematicians during this period got absorbed in abstract
generalizations and lost sight of their task of finishing up some of the
more concrete problems of undeniable importance.

4. Inequalities and asymptotic laws for eigenvalues. But let us
drop this matter now and turn to another subject, that of the
Ll (Tt bsbhaoi £ ies.for the two. or more-




Symmetric spaces, basic examples

(1) S"CR™: xZ+---4x2 =1

Sh = SO(n + 1)61 =
san + 1)/S0(n)

compact Riemannian

(2)Hn CR™: x2 — (X2 4 +x2,) =1

Hh=SQO(1,n+1)e; =
SA(1,n +1)/SA(n)

non-compact Riemannian




Symmetric spaces, basic examples II

(3) Hpq C RM1: (xf+-~+x§)—(x§+1+---+x§+1) =1.

p+g=n+1 p>1
Hpq = SOp,q)er =

pseudo-Riemannian




Symmetric spaces

General setting: X = G/H.
G Liegroup, H =G?, o € Aut(G) involution.

(1) compact Riemannian G compact

(2) non-compact Riemannian G semisimple
H compact

(3) pseudo-Riemannian G semisimple

H non-compact



Eigenfunctions

D(G/H): = {G —invariant differential operators o /H }
~ C[Dy,...,D;] polynomial algebrar =rk(G/H).
Example: Case 1, Riemannian compact

L*(G) ~ @;5Vs®Vy, (Peter-Wey);

L>(G/H) =~ &,5Vs® (V5)™, dim(Vi)" €{0,1}.
Matrix coefficient
Vs ® (VHP 5 ven—my, € C®(G/H),
mVJ](X) = <V77TV(X)77>7 (X € G)

Joint eigenfunction because D(G/H) ~ (V)H.



Eigenfunctions

Example: Case 2, Riemannian non-compact

X =G/K, ac ¢t maximal abelian, dima =r = rk(X).
R = R(g, a) is a root system; W := Weyl group.

exp

a — G

! !
a/W 1L K\G/K
=

at

Polar decomposition: for f € C¢(G/K),

fG/Kf(x)dx = Jx /= f(kexpXK)JI(X)dX dk.
1 Jacobian



Spherical functions

Spherical principal series
Unitary representation ,, in L2(K /M), for u € a*;
here M = Z (a).

Elementary spherical function
QOM(X) = ( 1K/Ma W;\L/(X):LK/M >
Properties:
> ¢, € CO(K\G/K);

> Owp = Pus
> D(G/H)qu - C(Pu;



Harish-Chandra’s Plancherel theorem

Asymptotics
pu(expX) ~ I(X)2 3" c(wpu)e W) (X-So0).

weWw

Fourier transform
For f € Cc(K\G/K), define

Filn) = | PUOTSIOLS

Theorem (Harish-Chandra, 1958)
F extends to an isometry

dp
c(1)]?

L2(K\G/K) — L?(a*T, ).



Rank one case

Setting
dma=1, a~R, W = {£l},

Fu = I ~ o)l +c(—p)e X
Differential equation
Lo, = MZSZ?,“ where L= —rad(J1/2voJ —1/2) p2

Lemma

2
__d2 g2 97 ey 2
L = g2t 12dX2(‘J12) p

q
satisfies Kodaira’s conditions !



Plancherel theorem for a semisimple group

Definitions
» G semisimple,
> Ggs = {discrete series representatipns

» Hq,...,H, representatives of G-conjugacy classes of
Cartan subgroups,

» Hj = T;A; (compact, vectorial), M; := Zg(A;)/A;.

Theorem (Plancherel, Harish-Chandra early 70’s)

|
> L2G) =@ @ [y deg() me,@m;, dme(u).
J:]-EEMj’dS J

> dme() = llces ()20, VK —type § < me .



Semisimple symmetric spaces

Motivation

» they generalize Riemannian symmetric spaces;
» G is a semisimple symmetric space:
G~ G x G/diag o:(X,y)+— (Y,X).
Plancherel decomposition becomes multiplicity free.

History

» early 1980's: classification of discrete series of G/H
(Flensted-Jensen, Oshima & Matsuki)

» 1990’s: Plancherel theorem
(Delorme, vdB & Schlichtkrull)



Semisimple symmetric spaces

New phenomenon
Occurrence of finite multiplicities in Plancherel deco.

Setting
» X =G/H, 3IK CG maxcpt: o(K)=K;
» Polar decomposition: G = K exp%H, Jacobian J;

Theorem
Part of Plancherel decomposition

©®
L2(G/H)K . = / CV* ® 1, dm(y).
Aq

where
» , principal series, in H,, ~ L2(K /M);

> (M, )" ~CN, for generic p.



Weyl's principle still holds

Spherical functions
> CN 37— 0 (X)(n) = (1, ™y (X)n);
> u € CO(K\G/H) @ (CV)*.
Asymptotics
ou o~ IV cw e C(wp)
c ((CN)*
Theorem (Plancherel measure)

du

M) = e
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