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Influence of Weyl’s work

‘This is reminiscent of a result of Weyl [8(a), p. 266] on ordinary
differential equations.’
This refers Weyl’s work in Mathematische Annalen, 1910.

Harish-Chandra
Spherical functions on a semisimple Lie group I.
Amer. J. Math. 80 (1958), 241 - 310.



The Paper

Über gewöhnliche Differentialgleichungen mit Sigularitäten und
die zugehörigen Entwicklungen willkürlicher Funktionen,
Mathematische Annalen 68, 220–269 (1910).



Sturm Liouville operator

On ] a, b [, −∞ ≤ a < b ≤ +∞

L = − d
dx

p
d
dx

+ q


p ∈ C1(] a, b [, R)
q ∈ C0(] a, b [, R)
p > 0 on ] a, b [

Nature of operator

I singular: no restrictions on p(x), q(x) as x ↓ a, x ↑ b.

I regular:
I −∞ < a, b < ∞,
I q ∈ C0([a, b]), p ∈ C1([a, b])
I p > 0 on [a, b].



Regular case

I Boundary data: ξa, ξb ∈ R2 \ {0}
I Boundary conditions

Cξ := {u ∈ C2([a, b]) | (u(c), p(c)u′(c)) ⊥ ξc , c = a, b}

I Eigenspace

Eλ := ker(L− λI), dimC = 2.
Eλ,ξ := Eλ ∩ Cξ, dimC = 1.

Theorem (Expansion theorem)

I σ(L) := {λ ∈ C | Eλ,ξ 6= 0} is discrete
I L2([a, b]) = ⊕λ∈σ(L) Eλ,ξ.



Regular case

Theorem (Expansion theorem)

I σ(L) := {λ ∈ C | Eλ,ξ 6= 0} is discrete
I L2([a, b][) = ⊕λ∈σ(L) Eλ,ξ.

Proof.

I Use integral operator Gλ s.t. (L− λI)Gλ = I
I Integral kernel of Gλ symmetric and continuous
I =⇒ Gλ compact self-adjoint.
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Boundary conditions

Why?
in regular case: to make L self-adjoint on Cξ.

Problem
in singular case: when are boundary conditions necessary?

Recall

I L = − d
dx p d

dx + q
I Cξ := {u ∈ C2([a, b]) | (u(c), p(c)u′(c)) ⊥ ξc , c = a, b}



The singular case

Theorem (Weyl, 1910)

I Only one of two alternatives possible at a (or b):
◦ ∀λ ∈ C : Eλ ⊂ L2(] a, b [) (limit circle case),
· ∀λ ∈ C : Eλ 6⊂ L2(] a, b [) (limit point case).

I

◦ boundary condition needed at a;
· no boundary condition needed at a.

I ∃ eigenfunction expansion

a b continuous or discrete expansion
◦ ◦ discrete
◦ · mixed
· ◦ mixed
· · mixed



Special singular case

Assumption

I L regular (hence ◦) at a,

I · at b;

I boundary datum ξa; select η ∈ ξ⊥a ∩ R2 \ {0};
I define ϕλ ∈ Eλ by

ϕλ(a) = η1, p(a)ϕ′λ(a) = η2.

Definition (associated integral transform)
For f ∈ Cc(] a, b [) define

F f (λ) :=

∫ b

a
f (x) ϕ(x) dx , (λ ∈ R).



Expansion in special singular case

Theorem (Weyl’s expansion theorem)
∃ unique right continuous monotonically increasing function
ρ : R → R with ρ(0) = 0 such that F extends to an isometry

L2(] a, b [, dx)
'−→ L2(R, dρ).

In particular,

(1)
∫ b

a |f (x)|2 dx =
∫

R |F f (λ)|2 dρ(λ);

(2) f (x) =
∫

RF f (λ) dρ(λ).

Problem
Determine dρ(λ).



Weyl’s solution in special case

Theorem

Let [a, b [= [0,∞ [; , p ∼ 1, q ∼ 0 (x →∞).

Write µ =
√

λ, for λ > 0. Then

I ∃ unique functions c(µ) on µ > 0 such that:

ϕλ(x) ∼ c(µ) eiµx + c(µ) e−iµx , (x →∞);

I on ]−∞, 0] : dρ discretely supported;
I on ] 0,∞ [ : dρ(λ) = 2

π|c(µ)|2 dµ.

↑
Weyl’s principle



General solution

Calculation of dρ(λ) in general:
I Titschmarsh, 1941: complex contour methods;
I Kodaira, 1947: extended Weyl’s result to the general

singular case.



A result of Kodaira

Setting

I L = − d2

dx2 + q on ] 0,∞ [, (so p = 1);
I q(x) ∼ 0, (x →∞);

I q(x) ∼ ν(ν + 1)x−2, (x ↓ 0), ν ≥ −1
2 .

Eigenfunction

I indicial exponents: ν + 1,−ν;

I take ϕλ ∈ Eλ, ϕλ(x) ∼ xν+1(x ↓ 0).



A result of Kodaira

Theorem (Kodaira, 1947)

Weyl’s formula is still valid:

dρ(λ) =
2

π|c(µ)|2
dµ, (µ =

√
λ).

Moreover,

I c(µ) extends
I analytically to Im µ > 0,
I continuously to Im µ ≥ 0,

I supp(dρ|]−∞,0]) ⊂ {µ2 | µ ∈ i R≥0, c(µ) = 0}.



Weyl’s opinion

Gibbs Lecture, 1948



Symmetric spaces, basic examples

(1) Sn ⊂ Rn+1 : x2
1 + · · ·+ x2

n+1 = 1.

Sn = SO(n + 1)e1 =
SO(n + 1)/SO(n)

compact Riemannian

(2) Hn ⊂ Rn+1 : x2
1 − (x2

2 + · · ·+ x2
n+1) = 1.

Hn = SO(1, n + 1)e1 =
SO(1, n + 1)/SO(n)

non-compact Riemannian



Symmetric spaces, basic examples II

(3) Hp,q ⊂ Rn+1 : (x2
1 + · · ·+ x2

p )− (x2
p+1 + · · ·+ x2

n+1) = 1.

p + q = n + 1, p > 1
Hp,q = SO(p, q)e1 =
SO(p, q)/SO(p − 1, q)

pseudo-Riemannian



Symmetric spaces

General setting: X = G/H.

G Lie group, H = Gσ, σ ∈ Aut (G) involution.

(1) compact Riemannian G compact

(2) non-compact Riemannian G semisimple
H compact

(3) pseudo-Riemannian G semisimple
H non-compact



Eigenfunctions

D(G/H) : = {G − invariant differential operators onG/H}
' C[D1, . . . , Dr ] polynomial algebra, r = rk(G/H).

Example: Case 1, Riemannian compact

L2(G) ' ⊕
δ∈bGVδ ⊗ V ∗

δ , (Peter-Weyl);

L2(G/H) ' ⊕
δ∈bGVδ ⊗ (V ∗

δ )H , dim(V ∗
δ )H ∈ {0, 1}.

Matrix coefficient

Vδ ⊗ (V ∗
δ )H 3 v ⊗ η 7→ mv ,η ∈ C∞(G/H),

mv ,η(x) := 〈 v , π∨(x)η 〉, (x ∈ G).

Joint eigenfunction because D(G/H) y (V ∗
δ )H .



Eigenfunctions

Example: Case 2, Riemannian non-compact

X = G/K , a ⊂ k⊥, maximal abelian, dim a = r = rk (X ).
R = R(g, a) is a root system; W := Weyl group.

a
exp
↪→ G

↓ ↓
a/W 1−1−→ K\G/K
↓ '

a+

Polar decomposition: for f ∈ Cc(G/K ),∫
G/K f (x) dx =

∫
K

∫
a+ f (k exp X K ) J(X ) dX dk .

↑ Jacobian



Spherical functions

Spherical principal series
Unitary representation πµ in L2(K/M), for µ ∈ a∗;
here M = ZK (a).

Elementary spherical function
ϕµ(x) := 〈1K/M , π∨µ (x)1K/M 〉.

Properties:

I ϕµ ∈ C∞(K\G/K );

I ϕwµ = ϕµ;

I D(G/H)ϕµ ⊂ Cϕµ;



Harish-Chandra’s Plancherel theorem

Asymptotics

ϕµ(exp X ) ∼ J(X )−1/2
∑

w∈W

c(wµ) ei wµ(X) (X a+

−→∞).

Fourier transform
For f ∈ Cc(K\G/K ), define

F f (µ) :=

∫
G/K

f (x)ϕ−µ(x) dx .

Theorem (Harish-Chandra, 1958)
F extends to an isometry

L2(K\G/K )
'−→ L2(a∗+,

dµ

|c(µ)|2
).



Rank one case

Setting
dim a = 1, a ' R, W = {±I}.

ϕ̃µ := J(X )1/2 ϕµ ∼ c(µ)ei µ X + c(−µ)e−i µ X

Differential equation

Lϕ̃µ = µ2ϕ̃µ, where L = −rad(J1/2◦∆◦J−1/2)− ρ2

Lemma

L = − d2

dX 2 + J−1/2 d2

dX 2 (J1/2)− ρ2︸ ︷︷ ︸
q

satisfies Kodaira’s conditions !



Plancherel theorem for a semisimple group

Definitions

I G semisimple,
I Ĝds = {discrete series representations},
I H1, . . . , Hl representatives of G-conjugacy classes of

Cartan subgroups,
I Hj = TjAj (compact, vectorial), Mj := ZG(Aj)/Aj .

Theorem (Plancherel, Harish-Chandra early 70’s)

I L2(G) '
l⊕

j=1

⊕
ξ∈bMj,ds

∫ ⊕
a∗j

deg(ξ) πξ,µ ⊗ π∗ξ,µ dmξ(µ).

I dmξ(µ) = ‖cξ,δ(µ)‖−2
HSdµ, ∀ K − type δ ≺ πξ,µ.



Semisimple symmetric spaces

Motivation

I they generalize Riemannian symmetric spaces;
I G is a semisimple symmetric space:

G ' G ×G/diag, σ : (x , y) 7→ (y , x).

Plancherel decomposition becomes multiplicity free.

History

I early 1980’s: classification of discrete series of G/H

(Flensted-Jensen, Oshima & Matsuki)
I 1990’s: Plancherel theorem

(Delorme, vdB & Schlichtkrull)



Semisimple symmetric spaces

New phenomenon
Occurrence of finite multiplicities in Plancherel deco.

Setting

I X = G/H, ∃K ⊂ G max cpt: σ(K ) = K ;

I Polar decomposition: G = K exp a+
q H, Jacobian J;

Theorem
Part of Plancherel decomposition

L2(G/H)K
mc =

∫ ⊕

a+
q

CN∗ ⊗ πµ dm(µ).

where
I πµ principal series, in Hµ ' L2(K/M);

I (H−∞
µ )H ' CN , for generic µ.



Weyl’s principle still holds

Spherical functions

I CN 3 η 7→ ϕµ(x)(η) = 〈1K , π∨µ (x)η 〉;
I ϕµ ∈ C∞(K\G/H)⊗ (CN)∗.

Asymptotics

ϕµ ∼ J−1/2
∑

w∈W ei wµ C(wµ)︸ ︷︷ ︸
∈ (CN)∗

Theorem (Plancherel measure)

dm(µ) =
dµ

‖C(µ)‖2 .
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