Homework Hypergeometric Functions, part VI

1. A twisted form R(z)dz/y with y = 2”(1 — 2)?(1 — zx)” with p,o,7 € R and
p,0,T,p+ 0+ 7 & Z is called holomorphic at 0 if it has an expansion z°(c,z* +
Crp12¥t 4+ -+ )dx such that ¢ # 0 and k — p > —1. Similarly at z = 1,1/z, c0. For
example at x = 1 we replace x by 1+ ¢ to determine the local expansion at ¢t = 0
(or in terms of z — 1 if you like). At oo we replace z by 1/t.

(a) What are the conditions on p, o, 7 such that

i. both dz/y and zdz/y are holomorphic everywhere
ii. precisely one of dz/y and xdz/y is holomorphic everywhere
iii. none of dx/y,xzdz/y is holomorphic everywhere
(b) How do the above three conditions read in terms of the hypergeometric pa-
rameters a,b,c where p=1—b,o=b+1—c,7=a?

(c¢) Determine in each of these cases the signature of the monodromy of the corre-
sponding Euler integrals.

2. We consider a third order hypergeometric equation with parameters ay, g, 1/2 and
B1, P2, 1 with oy, 8, € R. We assume that oy + as, 51 + 2 € Z and that the
monodromy acts irreducibly.

(i) Show that the monodromy can be defined over R (i.e. there exists a basis such
that the monodromy matrices have entries in R).

(ii) Choose a basis y;1(2),y2(z),ys(z) in the space of solutions and consider the
group of monodromy matrices G with respect to that basis. Show that there
exists a symmetric 3 X 3-matrix @ such that ¢'Qg = Q for all g € G.

(iii) Show that there exists a quadratic form F(x1, 22, 73) = >, ;e fijTiv; with
fij € C, not all zero, such that F(y1(2), y2(2),y3(2)) is a rational function R(z)
in z. Moreover, show that R(z) has a pole of order at most 2max(5; —1, 2 —1)
at z = 0, a pole of order at most 2(ay + g + 1/2 — f; — ) at z = 1 and
no other poles in C. Show that at co we have R(z) = ¢/z* + O(1/2%1) with
k> 2min(ay, g, 1/2).

(iv) Assume that a; +as = 1 and f; + 2 = 2. Formulate a necessary condition on
o, B; to ensure that R(z) = 0.

We now restrict to the hypergeometric equation with parameters a; = 1/2,; = 1
for i = 1,2, 3. There exists a basis of solutions of the form

v = fi
yo = filogz+ fo
ys = fi(log 2)2/2 + folog z + f3



where f; is the hypergeometric function and fs, f3 are power series expansions in z
with f2(0) = f3(0) = 0.
(v) Show that y3 — 2y,y3 = 0.

(vi) Show that the Yukawa coupling 12 W (y1, y2, y3)/W (y1, y2)? is a constant. Here
W denotes the Wronskian determinant.



