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2 1 THE MODULAR GROUP

1 The modular group

1.1 Definition
Consider the upper half plane

H = {r € C|Im(r) > 0}.

Let SL(2,R) be the group of real 2 x 2-matrices with determinant 1. The group SL(2,R) acts

on H via
ar +b

(j)(a b)IT'—)CT_'_d.
c d

Lemma 1.1.1 Suppose T = x + iy € H. Then, for any M = <CCL

I ar +b _ Y
cr+d) et +d?’

2) € SL(2,R) we have

In particular, ¢pr(7) € H.

Proof. Notice that

Im ar +b\ Im(a7+b)(CT+d)
et +d ler + d|?
actT + bd + adt + bcT
= Im
ler +d|?
— Im ad(x + iy) + be(x — iy)
leT + dJ?
(ad — be)iy Y
= = O.
er v d? Jer+dP
O
. 1 0
One easily checks that ¢ 0 dppr = ¢ and oy = 1d <— M =+ <0 1). From now

on we say that M € SL(2,R) acts on H when we mean ¢,;. Also note that it is actually the
group SL(2,R)/{+1} which acts on H.

We now compute the fizpoints of (Z Z) That is, we determine 7y € H such that
. aTo —+ b
cto+d’

It immediately follows that cr@ + (d — a)79 — b. Hence, when ¢ # 0,

a—d++/(a—d)?+4bc
2¢ '

T0 =
The discriminant equals (a — d)? + 4bc = (a + d)? — 4(ad — bc) = (a + d)? — 4. So we can
distinguish the following cases
|a + d| > 2. There are two real fixpoints and we call the transformation hyperbolic.

|a + d| < 2. There are two complex fixpoints, one in the upper half plane. We call the
transfomation elliptic.

F.Beukers, Modular Forms



1.2 SL(2,7Z) 3

|a+d| = 2. There is precisely one real fixpoint and we call the transformation parabolic.

When ¢ = 0 we have the transformation 7 — . In that case we call ico (the point at
infinity) a fixpoint. When a # d we get the extra fixpoint 790 = b/(d —a). In the first case we
have that ad = 1 and a = d = +1. Hence |a + d| = 2 and we call our transformation again
parabolic. When a # d it follows from ad = 1 that |a+d| > 2 and we call our transformation
again hyperbolic.

at+b
d

1.2 SL(Q, Z)
We define

SL(2,7) = {(‘c‘ Z) | a,b,¢,d € Z and ad—bc:l}.

We distinguish two special elements of SL(2,7Z) namely
1 1 0 1
(1) s (5% 0)

-1
T:7T—71+1 ST —.
T

corresponding to

Theorem 1.2.1 The group SL(2,Z) is generated by S and T'.

Proof. Let <(CI b) € SL(2,Z) and apply the following algorithm.

d
1. If ¢ = 0, then terminate.

2. Choose n € Z such that |a + nc| <|c|/2.

()= n) (2 a) - ),
()= (G (T a)- (4 5)
5. Goto step (1).

After step (4) the new value of |c| is at most 1/2 times the original value of |¢|. Hence
after a finite number of loops we obtain ¢ = 0 and we are left with a matrix of the form

(8 2) € SL(2,Z). Since ad =1 and a,d € Z we have eithera=d=1ora=d=—1. In

the first case we verify that our matrix equals 7%, in the second case S?T~?, since S? = —Id.
O

In H we consider the so-called fundamental domain of SL(2,Z)/ & 1. Define
F={reH]||Rer| <1/2,|7| > 1}.

We say that 7, 7" € H are SL(2, Z)-equivalent if there exists M € SL(2,Z) such that 7/ = M.
The equivalence relation is indicated by ~.

F.Beukers, Modular Forms



4 1 THE MODULAR GROUP

-1 -2 12 1

Theorem 1.2.2 1. To every 19 € H there exists 71 € F which is SL(2,Z)-equivalent to
T0-

2. Let 19,71 € F be distinct and suppose that 71 ~ 179. Then 11,79 € OF and we have
either 1 = 10 £ 1 or 7y = —1/79, or both (when Ty = e*™/3 or ™/3).

Proof. For part (1) we perform the following algorithm
1. Choose n € Z such that |Reto + n| < 1/2 and put 79 := 79 + n.
2. If |79] > 1 we are done. If |19| < 1 we put 79 := —1/7p and go to the previous step.

We assert that this process terminates after a finite number of steps. Notice that Im(—1/7y) =
70/|70|?. So every time we enter step (2) with |79|> < 1/2, the new value of 75 will have
imaginary part at least twice as large as the original one. So after a finite number of steps we
reach a situation where |m|? > 1/2. When |79| > 1 we are done, but when 1/2 < |79|? < 1 we
easily verify that —1/79 € FUT(F)UT1(F). So at most one more translation is required
to end in F.

Now suppose that 71 ~ 79 and 79,7, € F. Suppose 71 = g:gis Then

1 Imry Immy (1)
mr; = =
! leto +d]?  ¢2|19|? + 2cdRery + d?

Using |19| > 1 and 2|Re7y| < 1 we derive
*|710)? + 2cdRery + d* > ¢* — |ed| + d? > 1.

Since ¢, d are integers that cannot be both zero. Hence Im7m; < Im7y. Similarly we see that
Im7y < Im7;. Hence Im7; = Im7g. From (1) we now deduce that

1= c2|710]* + 2cdRero + d*> > ¢ — |cd| +d* > 1

and hence all inequalities are equalities. In particular when ¢ = 0 we find d = +1 and
1 = 70 + b/d. Hence 11,7y are on the vertical lines Rer = 1/2. When ¢ # 0 we deduce that
c?|79/? =1, hence |¢| = 1,|79| = 1. If d = 0 then 7, = —1/79. If d # 0 we derive in addition
that 2|Rerg| = 1. This is the situation where 7p = /3 or e™/3.

O
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2 First examples of modular forms

2.1 The Poisson summation formula

The simplest examples of modular forms are theta-series and Eisenstein series. To derive
their special modular properties we need the following useful theorem.

Theorem 2.1.1 (Poisson summation formula) Let f : R — C be a function which is
twice continuously differentiable and suppose that

1. [% | f(z)|dz converges.

2. ffooo |f(y)|dy converges, where

o) = [ e

is the Fourier transform of f.

3. The infinite series ), |f(n+x)| converges uniformly for x in any compact interval.

4. The infinite series ), -, \f(n+y)|dy converges uniformly fory in any compact interval.

Then ,for any x € R,

S fta) = 3 famperime,

neZ meEZ
In particular,
Yo fm)y =" f(m).
neZ meZ

Proof (sketch). The function F(z):= ) ., f(n + x) is periodic with period 1. So it has a
Fourier expansion

F(:C) _ Z Fm62m’mw

MEZL
where

1
Fm:/ F(z)e ™My,
0

Note that the latter integral can be rewritten as

1
F, = / Zf(n%—m)e_m”mxdx
0 nez

-/ O; F()e2mmeds = f(m)

Hence

S+ o)=Y fmpEmme
meZ

ne”Z

F.Beukers, Modular Forms



6 2 FIRST EXAMPLES OF MODULAR FORMS

2.2 The theta-series

The following function is classical since it occurs standard in the solution of the socalled heat
equation. Consider the function
)
9(7_) _ Z eTincT

ne”z

which converges for every 7 € H.
Theorem 2.2.1 We have for every T € H,
1. 0(t +2)=0(7)
2. 0(—1/1) =/7/i ()

Here \/7/i is chosen with positive real part.

Proof. We apply the Poisson summation formula to f(z) = ™7 Then

f(y) = /00 exp(miz®t — 2mizy)dx
= [ exp(mit(xz — y/7)2 — m‘yQ/T)dx
exp(—miy®/T) /OO exp(miTa?)dx

— 00

The last integral is standard and equals y/i/7. Hence

2 7 2
§ :emn T _ \/72 e~ Tim /T.
T

nez meZ

2.3 Eisenstein series

For every k € Zy>3 we define

(k= 1) 1
G =
¢(7) 2(2mi)k Z (m7 4+ n)F
as function of 7 € H. The ’ in the summation means that we skip the term with m =n = 0.
When k > 3 the double series is absolutely convergent. Notice also that Gi(7) = 0 when k
is odd. This follows from the antisymmetry in the defining summation.

Theorem 2.3.1 Let By, be the k-th Bernoulli number and denote g = €?™7. Let o, be the
sum of divisors function given by o.(n) = de d". Then, for all T € H,

B o0
Gi(r) = —27: + Z or-1(n)q"
n=1

Recall that

For the proof of Theorem 2.3.1 we need the following Lemmas.

F.Beukers, Modular Forms



2.3 Eisenstein series 7
Lemma 2.3.2 (Euler) For any even k € Z>o we have
=1 (27i)k By,
k) = — = — —.
S(k) Z nk (k—1)! 2k
Lemma 2.3.3 Let k € Z>5. Then, for any z € H we have

1 2 7T’LTZ
Z(n_z _ (2mi) Zk12

nez

Proof. We apply the Poisson summation formula to f(z) = 1/(z — 2)*. Notice that

i) :/oo A

—00 (:L' - Z)k

When 7 > 0 we integrate over a closed loop I'g consisting of the interval [—R, R] and the half
circle Re’® with 0 < ¢ < w. Then we let R — co. The integral over the half circle goes to
0, the integral over the segment to f(r). On the other hand, according to Cauchy’s residue
theorem, for R > |z| the integral over I'g equals 2mi times the residue of €2™% /(z — 2)* at
the pole x = z. This equals (27ir)*e?# /(k — 1)!. Hence, when m > 0,

7 o (27Ti)k k—1

f(r)_(k‘—].)‘r .
When r < 0 we can use the alternative contour consisting of [—R, R] and the half circle in the
lower half plane. Since this alternative contour has no zeros in its interior, Cauchy’s theorem
gives us f(r) = 0 when r < 0. Poisson summation now gives us the desired formula.

O

Notice that the series in €2™** in Lemma 2.3.3 is the k — 11-st derivative of = 1),(1/2 +
Yoo, €*™% which equals (k%q), cot mz. Conversely, Lemma 2.3.3 could also have been derived
by differentiation of Fuler’s identity

oo

1 1 1
z+z<z+n+z—n> = mcotmz

n=1

which holds for all z ¢ Z.
Proof of Theorem 2.3.1. Recall that when k € Z>5 is even,

Gl(r) = 2mkz (mt +n)k

k—1)!
- 4 (z 2y Y )

m= lnEZ

The first term reads 2(k — 1)!¢(k)/2(2mi)* which is equal to —By/2k according to Euler’s
lemma. We use Lemma 2.3.3 with z = m7 to compute the second term. We obtain

G ( — _|_ Z Zrk 1 27rzrm'r (2)

m=1r=1
Put ¢ = €™ and group the terms to a power series in q. We get
B .
Gr(T) = 5 T ;01@71(”)(1

F.Beukers, Modular Forms



8 2 FIRST EXAMPLES OF MODULAR FORMS

O
Examples,

1
Gu(r) = %+q+9q2+28q3+73q4+“'

1
Go(r) = _@4_(]4—33(]2—}—244(]34-1057(]44—"'

1
G = — 129¢° + 2188¢° + - - -
s(7) g T4+ 129¢7 +2188¢° +

When we carry out the summation over m in (2) we get

Bk 0 kalqr
Gk(T):fﬁ+Z T

r=1

This is the socalled Lambert series expansion for Gy,.
By their definition, the Eisenstein series have a remarkable set of functional equation. For

any (Z b> € SL(2,Z) notice that

d
ar +b\ / (er + d)*
G’“<CT+d) B ;L (m(ar +b) + n(cr + d))*
1
B (CT+d)kZ ((ma + nc)T + bm + nd)*

m,n

Because the pair (ma + nc, bm + nd) runs over Z? when (m,n) does, the latter summation
equals G (7). Thus we find that

G (“T i b) — (er + d)* Gy (7).

ct+d

2.4 Modular forms

Motivated by the examples we define modular functions with respect to SL(2,7Z).

Definition 2.4.1 Let k be a positive even integer. A holomorphic function f on H is called
a modular form of weight k with respect to SL(2,7Z) if the following two conditions hold.

1.

() = atse

for all (CCL Z) € SL(2,Z) and all T € H.

2miT

2. [ can be written as a power series in ¢ = e*™7 convergent for all |q| < 1.

Remarks:
1. Notice that the Eisenstein series we defined satisfy the conditions above.

2. Tt does not make sense to define modular forms with respect to SL(2,Z) of odd weight
k. For such a form we would have f(—1/7) = 7% f(7) but also f(1/(—7)) = (=7)* f(7),
which is exactly the opposite of 7% f(7). However when we consider modular forms with
respect to subgroups of SL(2,Z), modular forms of odd weight do make sense.

F.Beukers, Modular Forms



2.5 The pseudoform Go 9

3. The theta-function is not a modular form with respect to SL(2,Z) for many reasons.
To start with, it seems to have weight 1/2. It is not invariant under 7 — 7 + 1 and it
is not a power series in q. However, it will turn out to be a modular form with respect
to subgroups of SL(2,Z).

The second condition of our definition comes down to the following. Let f be a modular form.
Through the functional equation f(7+1) = f(7) and the fact that f is holomorphic in H we

deduce that F(q) := f (logq), as a function of ¢, is holomorphic for all ¢ with 0 < |¢| < 1.

2me
Hence ¢ = 0 is an isolated singularity of F(¢). Condition (2) on modular forms simply says
that F'(q) can be extended holomorphically to ¢ = 0. Since ¢ = 0 corresponds to 7 = ico we
say that f is holomorphic at 7 = ico. In particular a modular form has an expansion as a
power series in ¢ which converges for all ¢ with |¢| < 1. Moreover, if the constant term of
the g-expansion of f is zero, we say that f has a zero at 7 = ico.

2.5 The pseudoform G,

After having seen G4, Gg, . .. it is very tempting to define

1 - ,r.qr LT
G2(T):—*+Zl_qr, qg=¢
1

and hope that it is modular. It turns out to be almost modular.

b

Theorem 2.5.1 Let G5(7) = Ga(7) + #m(ﬂ. Then, for all (Ccl d

) € SL(2,Z) we have

o <a'r+b

3 c7'+d> = (CT+d)2G§(T).

In particular, this implies that

at +b\ 5 cler +d)
Gy (c7‘+d> = (¢ 4+ d)*Ga(T) e

Proof (sketch) We cannot define G5 through a series of the form
! 1
; (mT 4+ n)?

since it does not converge. However, for any s > 0 the series

/ 1
;L (m7 + n)2|m7 4+ n|°

does converge. It also turns out that the limit as s | 0 exists. For a proof see the appendix
to this section. Call this limit G5(7). This is known as Hecke’s trick named after E.Hecke
(1925), one of the founders of the classical theory of modular forms. Of course this limit has
the desired modular behaviour. Moreover, Hecke showed that G5(7) = Ga(7) + 1/8nIm(7).
For a proof of this fact we refer again to the appendix of this section.

O
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10 2 FIRST EXAMPLES OF MODULAR FORMS

2.6 The discriminant function

Consider the function -
H 1— q 7 q= e2‘n’i‘r'

We will show that it is a modular forms of weight 12. Notice that

24 - s

r=1

= (1—2421_q>

= —48miGy(T)

Using the transformation property of G5 we find that
AN(=1/1)  SA(1) 12

A—1/7) T A T

Hence d P
a _ _a 12
= (log A(~1/7)) = - (log(r ?A(r))).
After integration and exponentiation we find that there exists ¢ # 0 such that
A(=1/7) = ct2A(T).

Substitution of 7 = ¢ and the fact that A(i) # 0 shows that ¢ = 1. Moreover, we have trivially
that A(T + 1) = A(7). Since 7 — 7+ 1 and 7 — —1/7 generate SL(2,Z) we coinclude that
A(T) is a modular form of weight 12.

Since the product expansion for A(7) converges for all ¢ with |¢] < 1 we see that A(7) is
non-zero throughout H and it has a zero at ioco.

We denote the coefficients of the g-series expansion of A(7) by 7(n). In other words,

(oo}
A(r) = Z T(n)q
n=1
= q—24¢% 4+ 252¢° — 1472¢* + 4830¢° — 60484¢° + 8405¢" + - - -

It was discovered by Ramanujan that 7(n) is a multiplicative function of n. A proof was
given by Mordell around 1916. It was also conjectured by Ramanujan that |7(p)| < 2p*'/?
for all primes p. This is a very special case of the so-called Riemann hypothesis in positive
characteristic which was only proved by Deligne around 1973. Another conjecture, which is
still unproven yet, is that 7(n) # 0 for all n.

2.7 Appendix
In this section we elaborate on Hecke’s trick relating G'» and G5. We start with the function

-1 / 1
87r2m < (m7 +n)?|lm7 + nls

s

Gao(s, ) =

for 7 € H and s > 0. We rewrite the summation as

1 [
G2(57T):@ (Z n2+s ZZ n—mT |n—m7’| )

m=1neZ

F.Beukers, Modular Forms



2.7 Appendix 11

For each m we compute the summation over n € Z using Poisson summation applied to the

function f,(z) = m Notice

fm (T) _ /00 e27rirw .

—oo (@ —mT)2|x — mT|®

Replace = by mx to obtain

R 1 oo 627rirmx
fm(r) = ml+s [m ( 2 5 dz.

x—7)3%z— 7|

By a twofold partial integration it we see that for all r # 0 we have |f,n(r)| = O(t)
where the O-symbol does not depend on s. So we get

71 o0 oo .
GQ(SaT) = m Z + Z me Z fnl(o) . (3)
n=1 m=1r#0 m=1
When s | 0 the first summation tends to —((2)/47% = —1/24. Because of the estimate
(independent of s) for | f,,(r)| we see that the double summation with r # 0 converges to the
sum
S 27rzrmr
SYar [

m= 1 r#0

as s | 0. By residue calculus as in the proof of Lemma 2.3.3 we show that the terms with
r < 0 are zero and the terms with r > 0 equal ™7, So the double sum equals

SIS
E E T627r17’m7' )

m=1r=1

Together with the constant term —1/24 this adds up to G2(7). It remains to show that the
third summation in (3) converges to 1/87Im(7) as s | 0. Notice

. 1 o 1
fml0) = T /_oo @Rl =

The latter integral equals

1 /°° 1 e — 1 /°° 1 J
mits |__ (z —ilmr)2e —ilmrs © (mImr) s ) (@ — iz —ds

If we replace (z —i)%|x —i|* by (z —4)2+%/2(x+i)*/? in the last integral and perform a partial
integration we get

/°° 1 p s /oo 1 4
—— dr = — €z
oo (@ —1)2|z — il 248 ) _ oo (24 1)1Hs/2

Putting everything together we get

o0

S i _s<1+s) 1 1+S/°° 1 e
245 Imr oo (@2 1)1Hs/2

m=1

Now we let s | 0. Then s¢(1 + s) tends to 1 and the integral to 7. Hence the sum 3>, f(0)
tends to —m/2Im7. Hence —(472)~1 Y, fm(0) tends to 7/8Imr, as desired.

F.Beukers, Modular Forms



12 3 ELEMENTARY PROPERTIES OF MODULAR FORMS

3 Elementary properties of modular forms

3.1 Classification

Using the discriminantfunction A(7) it is very easy to give a characterisation of all modular
forms with respect to SL(2,Z). First let us repeat that the weight of such a modular form is
an even integer.

Theorem 3.1.1 The only modular forms of weight 0 are the constant functions. There are
no non-trivial modular forms of weight 2 or negative weight.

Proof. Suppose f is a modular form of weight 0. Hence it is invariant under SL(2,Z) and its
range is determined by the range of values f(7),7 € F, hence the range on Im(7) > v/3/2.
In terms of its g-expansion, the range of f coincides with the range for |g| < e~™3. But
this is a compact set and thus we see that | f| attains a local maximum. This is only possible
when f is constant.

Now suppose that f has negative weight & < 0. Then g = Al*l f12 has weight 0 and must be
constant. Since A has a zero at ico, the same holds for g. Hence g = 0, which implies f = 0.
Suppose that f is a modular forms of weight 2. Let f(7) = .7 a,q" be its g-expansion
and F(7) = aoT + >_,—; anq™/(2min) its integrated form. More explicitly F'(7) = f(7).
From f(—1/7) = 72f(7) it follows that

?12F’ <i> =F'(r).

Integration yields the existence of a constant C' such thar F(—1/7) = F(7) 4+ C for every
7 € H. In particular 7 = i. Hence F(i) = F(i) + C and we conclude that C' = 0. Also note
that F(—1/(r +1)) = F(7 + 1) = F(7) + ap. This holds for all 7, in particular 7 = ¢>7%/3,
We find F(e?™/3) = F(e*™/3) 4 ag and hence ag = 0. Thus F is a modular form of weight
zero with constant term of its g-expansion equal to zero. We conclude that F' = 0, hence
f=0.

O

Clearly, modular forms of weight k& form a C-linear vector space which we denote by Mj.
The subspace of forms that vanish in ico is called the space of cusp forms and is denoted by
Sk.

We have seen above that M, is trivial if £ = 2 or a negative integer. For all other values of k
the space M} is non-trivial because of the existence of 1 € My and Gy € My, for k = 4,6, . ...
Letting £ > 4 and f € M} we can choose a constant such that f — c¢Gy € Si. Hence
M, = CGy, @ Si. Furthermore, when we have a cusp form f € Sy then f/A is again a
modular form, but of weight k — 12. Conversely, given any g € Mj_ 15, the form gA is a cusp
form of weight k. From these considerations we deduce the following Theorem.

Theorem 3.1.2 Let k be a non-negative even integer. Then

1.
[k/12] if k=2 (mod 12)
[k/12] + 1 otherwise

dim(Mk) = {
2. 123A = (240G,4)? — (—504Gg)?.
3. My, is spanned by all G$GY with 4a + 6b = k.
4. Gs(i) = 0 and G4(w) = 0 where w = €2™/3,

5. G4 and Gg are algebraically independent over C

F.Beukers, Modular Forms



3.2 Consequences 13

Proof. When k < 12 there cannot be any cusp forms, since Sy, is isomorphic to My _12 = {0}.
Hence dim(My) =1 if k = 0,4,6,8,10. We know that Ms is trivial.

Since My, = CGy, ® S we have dim(My) = 1 + dim(S;) = 1 + dim(My_12). Assertion (1)
now follows by induction on k.

To show part (2) we notice that (240G4)3 — (=504Gg)? is a cusp form of weight 12. Dividing
it by A gives us a modular of weight 0, hence a constant. A straightforward computation

gives us
(240G4)? — (—504Gg)? = 1728¢ — 41472¢° + - - -

We see that the constant should be 1728 = 123.
Part (3) follows again by induction and fact (2).
To prove (4) notice that Gg(—1/7) = 79G¢(7). We substitute 7 = i to get Gg(i) = —Gs(i),
from which our assertion follows. Similarly G4(—1/(7 + 1)) = 74G4(7) where we can substi-
tute 7 = w. We find G4(w) = wG4(w) and our assertion follows.
To prove (5) suppose we have a non-trivial polynomial P € C[X,Y] such that P(G4, Gg) = 0.
We can assume P is not divisible by Y and write P(X,Y) = aX™ +YQ(X,Y) with o # 0.
So, aGJ" + GeQ(G4,Gg) = 0. Substitute 7 = i and we get aG4(4)™ = 0. Hence G4(i) = 0,
which is easily contradicted by the fact that G4(z) = 0.006065 . . ..

O

3.2 Consequences

The small values of dim (M) give us many possibilities to create polynomial relations between
the G and A. In the previous setion we have already seen that (240G4)3 — (504Gg)? = 123A.
Also note that Gg and G2 are in Mg. But dim(Mg) = 1 so there exists a constant such
that Gg = cG2. We easily calculate Gg = 120G2. Comparison of the coefficients yields the
identity

n—1
o7(n) = o3(n) + 120 Z os(r)os(k —r),
r=1
something that would be quite hard to prove directly.
Another application is the following. The forms G%,G1a, A all have weight 12. Since
dim(Mis) = 2 there is a linear relation of the form G5 = oA + B3G2. Since

24-2730-G1p = 691 +24-2730(q+---)
504°G2 = 1-1008q + ---
A = q_...

we deduce that
24 - 2730 - G1o = 691 - 504%GZ + (24 - 2730 + 1008 - 691)A.

On both sides we have power series expansions with integer coefficients. Consider everything
modulo 691. We obtain
G12 =A (mod 691)
hence
7(n) = o11(n) (mod 691)

for all n € N.
One may ask what happens if we differentiate a modular form. The result will in general not
be a modular form. Let f € M. Then, for any v € SL(2,Z) it follows by differentation of

F((7)) = (er + d)* f(7) that

PO gy = Mo + )+ (er +d) 7 (7).

F.Beukers, Modular Forms



14 3 ELEMENTARY PROPERTIES OF MODULAR FORMS

Hence f'(y(7)) = ck(cr + d)¥*1f(7) + (cr + d)kT2f'(7). Using the identity Go(y(7)) =
(e + d)?Ga(1) — c(cr + d)/4mi we find that f/(7) + 47ikGa(7) f(7) is a modular form of
weight k 4 2. It is now straightforward to derive the following identities

1, T
%G4(T) = TOGG (T) — 8G2 (T)G4(’7')
1, 10
%GG(T) = ﬁGg(T) — 12G5(7)Ge (1)
A similar, but slightly more involved calculation gives us
1 / _ 5 2
27TiG2(T) = 6G4(7’) 2Go(7)”.

From these identities we see that the ring C[G2, G4, Gg] is closed under differentiation, a fact
first discovered by Ramanujan.

3.3 Modular functions

There are no modular forms of weight zero except the constant ones. However, if we allow
for poles we have more possibilities. Let us define

L (240G (7))3
](T) - A(T)

This function has no poles in ‘H, however, it does have a pole at 7 = ico as can be seen from
the Laurent series expansion

1 )
j(r) = . + 744 + 196884¢% + 214937604 + - - -, ¢ = ™.

Note that this Laurent expansion converges for all |¢| < 1.

Definition 3.3.1 A meromorphic function f on H is called a modular function if

1. f(%ﬂ) = f(7) for all (i Z) € SL(2,Z).

2. There exists n € Z>o such that e*™"7 f(7) is bounded as T — ico, i.e f has at worst a
pole in ico. When n is chosen minimal we say that f has a pole of order n at ico.

2miT

Notice that a modular function f has a Laurent series expansion in ¢ = ™7,
fr)=cong ™+ teag  Heotagted + (4)

Definition 3.3.2 Every modular function with respect to SL(2,Z) can be written as rational
function in j(7). In other words, the field of modular functions i generated over C by j().

Proof. Let f(7) be a modular function. Suppose that it has no poles in H and that it has a
pole of order n at ico. If n = 0 we know that f is constant and we are done. Suppose f has
a Laurent expansion given by (4). Then f — ¢,j" is a modular function with a pole of order
at most n — 1. We repeat this argument as many times as necessary and we find that f is
polynomial in j.
Now suppose that f has poles y,..., 7, of orders nq,...,ng. Then G(7) := f(7) Hle(j(T) —
j(7-))™ is a modular functions without poles in H. According to our previous argument g(7)
should be a polynomial in j. Hence f itself is rational function of j.

O

The j-invariant has the beautiful property that its function values are in 1-1-correspondence
with SL(2,Z)-equivalence classes of point in H.
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3.3 Modular functions 15

Theorem 3.3.3 The function j(7) has the following properties:
1. j(i) = 12° = 1728 and j(w) = 0 where w = >™/3,
2. j(7) assumes real values on the lines Rer = 0,+1/2 and on the unit circle |7| = 1.

3. For any 71,70 € H we have

j(Tl) :j(Tg) < T1 ~ To.

4. The map j : H — C is surjective.

Proof. We have seen in Theorem 3.1.2 that G4(w) = 0 and Gg(i) = 0. Via the relation
J = (240G4)3 /A = 123(240G4)3 /(240G 4)3 — (504Gg)? the first assertion follows.

Notice that the complex conjugate of ¢ = €2™7 is given by g = e~ ?"". Hence, using the ¢-
expansion of j, which has real coefficients, we get that j(7) = j(—7. Suppose that 79 is purely
imaginary. Then —7 = 7. Hence j(70) = j(70) and we see that j(7p) is real. Suppose that
Rerp = 1/2. Then —75 = 19 — 1. Hence j(79) = j(70 — 1) = j(70) and we see again that j(7)
is real. Finally suppose that |79] = 1. Then —75 = —1/7. Hence j(m9) = j(—1/70) = j(70)
and so again j(7g) is real.

Let F° be the part of F' (the fundamental domain of SL(2,Z)) where we have deleted the
boundary points with negative real part. Then every 7 € H is SL(2, Z)-equivalent to a unique
point in F°. Without loss of generality we can assume that 71,7 € F°. Choose ¢ € C. Let
N, be the number of points 79 € F° such that j(r9) = ¢. Suppose first that cnot € R. In
particular, j(7) — ¢ has no zeros on the boundary of F. We will show that N, = 1. Notice

that
_ 1 J'(7)
C2mi Jrj(r) —¢

c i

where T is the closed contour given by the following picture,

We assume that T is chosen sufficiently large so that |j(7)| > |¢| for all 7 with Im7 > T.
Notice that the differential form j'dr/j — ¢ is invariant under SL(2,Z). The vertical parts
of I' are related by the relation 7 +— 74 1. They are traveresed in opposite directions by I,
hence the two contributions cancel. The part of I' on the unit circle consists of two parts
that are related by 7 — —1/7. The integrals over these two parts also cancel. Hence our
integral consists simply of an integration over the segment [—1/2 + ¢T,1/2 + iT] from right
to left. The g-expansion of j'/(j — ¢) is easily seen to be —2mi+ positive powers of g = €277,
Integration of ¢ over our segment yields 0 if n > 0 and —1 if n = 0. Hence integration of
j'(4 — ¢) over the segment yields 27i. As a result we obtain that N. = 1.
Now suppose ¢ € R and suppose that there are two non-equivalent points 7,79 such that
j(m1) = j(m2) = ¢. Let Uy, Us be two disjoint open neighbourhoods of 71,75 which do not
contain SL(2,Z)-equivalent points. Then j(U;) and j(Us) are two open neighbourhoods of
¢, which have a non-real point ¢’ in common. This contradicts our earlier assertion than
N, =1 for non-real ¢'.

O

We now quote some remarkable properties of the j-invariant. Let us write
1 o0
Jjr) = . + 744 + Z e(n)q".
n=1

Then the coefficients ¢(n) satisfy

¢(5n) =0 (mod 5) ¢(™n) =0 (mod 7) ¢(11n) =0 (mod 11)
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16 3 ELEMENTARY PROPERTIES OF MODULAR FORMS

for all positive integers n.
The largest sporadic simple group has order

246.320 .59 .76.112.13%.17-19-23-29-31-41-47-59- 71,

the Fischer-Griess monster. The dimensions of its lowest dimensional irreducible representa-
tions are 1,196883, 2126876, .... Notice that

(1) =1+ 196883, c(2) =1 + 196883 + 2126876

It turns out that the numbers c(n) are simple linear combinations of the dimensions of
irreducible representations of the Monster group. This phenomenon, known as 'monstrous
moonshine’, was conjectured by Conway and Norton in the late 1970’s. It was proved by
Richard Borcherds, who received the Fields medal for this work.

A third remarkable property of the j-invariant is that j assumes algebraic values at imaginary
quadratic arguments. A very special case is when d is a positive integer which is 3 modulo

4 and such that Q(v/—d) has class number 1. Then j (@) € Z. The most spectacular

case is
1++/-—163
j (4_2) = —262537412640768000 = —6403203.

F.Beukers, Modular Forms



17

4 Hecke operators
4.1 Determinant n matrices
Consider for every n € Z,~¢ the set

Mn={<é g) | A,B,C,D € Z, AD — BC = n}.

Two matrices My, My € M, are called equivalent if there exists o € SL(2,Z) such that M; =
aMs. We first show that there is finite set of classes and display a full set of representatives.

Lemma 4.1.1 FEvery equivalence class contains and element with C =0 and D > 0.

A B
C D
cA+dC =0 and ¢B + dD > 0. Choose a,b € Z such that ad — bc = 1. Then
a b A B\ (A B
c d ¢ D) \o0o D

where D' = ¢B + dD > 0, as desired.

Proof. To any element € M,, we choose integers ¢, d such that ged(e,d) = 1 and

él g’ e M, (i=1,2) with D; > 0 are equivalent

Zf and only Zf A1 = A27D1 = Dg and B1 = Bg (HlOd Dl)

Lemma 4.1.2 Two matrices M; =

Proof. Suppose that (Z Z M; = Ms. Then clearly, ¢ = 0. Hence a = d = £1. Since

dD1 = Dy and Dy, Dy > 0 we conclude that a = d = 1. Finally, B, = By + bD1, from which
By = B; (mod D) follows.

Suppose conversely that the conditions are met. So Ay = Ay, Dy = Dy and there exists b € Z
such that By = By + bD¢. Then,

1 b A1 Bl o Al Bl + bD1 o A2 BQ
0 1 0 D) \oO Dy ~\0 Dy )"
Hence M, and M, are equivalent.

The following is now an immediate consequence.

Theorem 4.1.3 A full system of representatives of equivalence classes in M,, is given by
My, = An - By s AhDh:'fL, Dh>0, BhZO,l,...,Dh—l.
0 GOy

Here is an important observation. Suppose that M; ~ Ms then, for any 8 € SL(2,Z) we
have M8 ~ MsB. In other words, the right action of SL(2,Z) permutes the equivalence
classes in M,,.

F.Beukers, Modular Forms



18 4 HECKE OPERATORS

4.2 Definition

Theorem 4.2.1 Let M; = (%h gh
h

of the classes in M,,. Let f be a modular form of weight k with respect to SL(2,Z). Then

> , h=1,2,...,r be a full system of representatives

i AT+ B
k-1 —k h h
T.(f) :=n };(Chwph) f <chT+Dh>

18 a modular form of weight k.

k/2

Proof. We introduce the formal power d7%/“ of the differential form dr and use the property

that ) ib
at + aa — bc
d = d
(m-—i—d) (e + d)? g
for any a,b,c,d € R. This implies in particular that f(B7)d(87)*/? = f(r)dr*/? for any
B € SL(2,Z). Suppose « € SL(2,Z) This «a permutes the equivalence classes as follows

Mha:ﬂhMa(h) h= 1,2,...,7‘

for some o € S, and B, € SL(2,Z) (h=1,...,r).
Observe that the defining relation for T,,(f) can be rewritten as

Tu()(r)dr™2 = n* 270y | f(MyT)(dMyr)*2.
h=1
Replace 7 by ar with a € SL(2,Z). We obtain

To(H)ar)(dar)*/? = nM20 % 7 f(MyT)(dMyar)*/
h=1

= pk/2-1 Z f(ﬁhM[,(h)T)(dﬁhMU(h)T)k/z
h=1

= nh27! Z f(MJ(h)T)(dMa(h)T)k/z
h=1

TS FM) (M) = T, () (dr)?
h=1

The boundedness of T,,(f) when Im7 — oo becomes apparent from the explicit formula (5).
0O

Using the explicit system of representatives we find that

T,(f) = ! > s (452 )

AD=n, B>0, B (mod D)

In particular, when n = p is prime,

k-1 -1 &b
T,(f) =" ' flpr) +p ' D f o)
b=0
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Theorem 4.2.2 Let f(7) be a modular form of weight k with q-expansion Y=, a(l)q', q¢ =
e?™7 . Then

T.f(r)=>_| Y. d tani/d®) | q"
=0 \d|gcd(n,l)

In the particular case when ged(l,n) = 1 the I-th Fourier coefficient of T,, f equals a(In).
Furthermore, when f is a cusp form, then so is T, f. Consider T, as a linear map from Mjy,
to itself. Then,

i) For any m,n,

TnT, = Z dk7 1Tnm/d2 .
d|ged(n,m)

ii) For all m,n we have T, T, = T,,Tyn, and when ged(m,n) =1, T, Ty = Trn.
iit) For any prime p and any r > 0,

Tpr,,y — Tpr+1 +pk71Tpr71.

Proof. Notice

THE) = W S ooty (A0

AD=n B=
D—1 0o
_ nk—l D_kZa(l)qu/DezmlB/D.
AD=n B=0 =0

Notice that

D—1
Z o2milB/D _ {D when D—I1
= 0 when D does not divide 1

We assume that D|l and replace [ by ID to obtain

T, (f)(r) =n*"1 ) lekia(zp)qf”.
0

AD=n 1=
Put A=d,D = n/d and sum over all d|n,

linfty

T.f(1) = Z Z d*Ya(ln/d)q®.

dln 1=0

From this equality we can read off the Fourier coefficients of Tj, f.
Notice that ii) is a direct consequence of i) and that iii) is a special case of i) when m =

p,n=p"
O

4.3 First application
Suppose f(7) = ag + ai1q + asq® + --- € My. Then,
Tof(T) = ok—100 + Gng +---.

We see once again that T, : S, — Sk, so cuspforms are mapped to cuspforms. In particular,
T, : S12 — Si2 for every n. So A(7) is a common eigenform for all 7;,. We know that
T,A = 7(n)g+ - - - hence the eigenvalue of T}, equals 7(n) and we obtain that T,A = 7(n)A.
Using Theorem 4.2.2 we get the following result.
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Theorem 4.3.1 (Mordell, 1917) Let 7(n) be the n-th coefficient of the g-expansion of A.
Then, for every m,l € N,

T(n)r(l) = Z d" 7 (nl/d?).

d|ged(l,n)

In particular, when ged(n,l) = 1 we get 7(n)7(l) = 7(In), hence T is a multiplicative function.
When p is prime and r € N we get

T(p)r(p") =7 ) +p ().
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5 L-series

5.1 Multiplicative functions

Let a, € Cn =1,2,3,... be a sequence of complex numbers. Very often we shall interpret
these numbers as the values of the function N — C given by k — aj. A formal series of the

form
o0

L(s) = e

n=1

Qn

where s € C, is called a Dirichlet series or L-series. We can multiply two L-series formally
as follows,

= Qp > bn > Cn

>\ ) =

Cp = Z agbn /q-
d|n

The function ¢, is called the convolution product of the arithmetic functions a,, and b,,.
A function f : N — C is called multiplicative if f(1) = 1 and f(mn) = f(m)f(n) for all
coprime m,n € N.

where

5.2 L-series and Eulerpoducts

We have the following characterisation of multiplicative functions.

Theorem 5.2.1 The function a(n) of n is multiplicative if and only if its L-series can be
written in the form

S a(n) a(p)  a(p®)
nz::lns_ H <1+ ps+p25+ )

p prime

Proof. Suppose a(n) is multplicative. Let p1,pa,... be the sequence of prime numbers. By
unique factorisation in primes we can write

i a(n) _ Z a(pilpgz )
ns - 12
n=1

rrzo PLP2 )

_ Z a(pi')a(py’) - -

T1,72,...>0 (p11p22 o)
a a 2
- 1 (1522
p prime P D

Conversely it follows from the product expansion that

a(n) = a(py* ---pif) = a(p') - - alpy®).

Examples of Euler products
Example 1) a(n) =1 for all n € N.
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Example 2)
o) ( ¢(p) . o(p?) >
;nsig1+ps+p23+
= H<1+(1—1/P)ZPT_”>
p r=1
1-s
_ H<l+(l—1/p)1p 1_5)
P
B (1ps><(31>
1—pt=s ¢(s)
Example 3)
-~ 7(n) _ ( p) | 7(°) )
;ns—g1+ps+p25+ .
The relation 7(p)7(p") = 7(p" 1) + p*i7(p"~1) implies that
) T !
L+ s + p25 + _177-(p)p75 +p11725'
Hence

[M]8

1

1
:H — = 11-2s°
: L 1—7(p)pe +pttR
Theorem 5.2.2 Let f = > 7 c,q" # 0 with ¢ = €™ be a modular form of weight k
which is an eigenform with respect to the Hecke operator T,, for every n € N. Let A, be the
eigenvalue of T,,. Then c¢1 # 0, ¢, = \,c1 for alln and

Ay 1
nzz:l ; - 1;[ )\pp—s +pk—1—2$ :

Proof. By comparison of the coefficient of ¢ in T, f = A\, f we find that ¢, = A\,c;. Since
¢, # 0 for at least one n, we infer that ¢; # 0. From the relations T,,,T,, = 1,1}, = T}y, when
ged(m,n) = 1 we see that A\, is a multiplicative function of n. Together with the relation
AP)A(P") = Mp 1) + pF=IA(p" 1) this yields our last assertion.

O

Consequence: Let f = q + a2q® + azq® + - -- be a cuspform of weight k which is a common
eigenform for all T;,. Then

- 1
7;1 - 1;[ 1— app—s +pk—1—25 '

We call f a normalised eigenform of the Hecke operators. In particular, if dim(Sy) = 1 there
is always a normalised eigenform. Notice that dim(Sy) =1 < k = 12,16, 18, 20, 22, 26.

5.3 Convergence
Let f € Sy, with g-series > | ¢,,¢™ and let

Cn
[ — -
(f) S) n=1 °

be its associated L-series. We shall be interested in the region of convergence for this L-series.
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Theorem 5.3.1 Let f be as above and c, the coefficients of its q-series expansion. Then
there exists v > 0 such that
len| < ynt/?

for all n € N.

Proof. Notice that |f(7)|y*/? is invariant under SL(2,Z), where y = Im7. Hence, letting F
be the fundamental domain of SL(2,7Z),

K/2 _ k/2
max | £(7)ly max |f(7)ly
<  max yk/2 |cn|e_2”"y
y>V3/2 ;
< ( max yk/2e—27ry) ‘cn‘e—(n—l)-rr\/g
y>v/3/2 nz::l
< A
for some A > 0. From
1 /
dgq

Cn = 5
2m |q|=e—27v q”+1

follows the estimate

|Cn| < eQnTry ma’fl(Ae%rnyy—k/Q.
TE

Choose y = 1/n and we obtain |c,| < Ae*™nk/2.
O

As a consequence we see that the L-series L(f,s) converges for all Res > k/2 + 1. The
Ramanugjan-Peterson conjecture asserts that if f is a normalised (i.e. ¢; = 1) eigenform for
the Hecke-operators, then |c,| < 2p*~1/2 for all primes p. In particular, |7(p)| < 2p''/2,
as conjectured by Ramanujan. The Ramanujan-Peterson conjecture is a special case of the
so-called Weil conjectures for algebraic varieties over finite fields. This conjecture was only
proved in 1973 by P.Deligne.

Theorem 5.3.2 Let f and L(f,s) be as above. Then L(f,s) converges for all s € C with
Res > k/2 + 1. Furthermore L(f,s) can be continued analytically to the C and we have the

functional equation
Z(k—s)=(=1)%2Z(s)

where Z(s) = T'(s)(2m)"*L(f, s).

Recall that the [-function is defined by

I'(s) :/ Yy le TV dy
0

when Res > 0. It can be continued meromorphically to all of C.

Proof. The convergence when Res > k/2 + 1 follows from the previous Theorem. From the
definition of the I'-function it follows that

F(s)(an)*S:/ e 2Ty sy
0

for all Res > 0. Now assume that Res > k/2 + 1, multiply on both sides by ¢,, and sum over
all n. We obtain

(2m) T (s)L(f. ) = / " iy dy.
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Since f is modular, we have f(i/y) = (iy)* f(iy). Hence

(2m)T(s)L(f,5) = [mf(iy)ys‘ldw / (i) ™* £ (i /)y dy
/1 " gy rdy i / " fliwyt— " duw

Since f(iy) = O(e=2™Y) for all y we see that the integrals on the right hand side converge
absolutely for any choice of s € C. Hence the right hand side exists and is analytic for all
s € C. If we denote right hand side by Z(s) we easily see that Z(k —s) = (—1)*/2Z(s) which
proves our functional equation.

O
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6 Peterson inner product

6.1 Fundamental domains

We first make the concept of a fundamental domain a bit more precise.

Definition 6.1.1 Let T" be a subgroup of SL(2,Z). A fundamental domain D for the group
I" is a measurable subset of H such that

1. To every z € H there exists g € I' such that g(z) € D.
2. For any two z1, 22 € D we have zo = g(21),9 €T = 21 = 29.

For example, a fundamental domain for SL(2,Z) itself is given by the points with —1/2 <
Rez < 1/2 and |z| > 1 together with the half line Rez = —1/2,|z| > 1 and the arc |z| =
1,7/2 > arg(z) < 2m/3.

Notice that if D is a fundamental domain for I' C SL(2,Z) then so is gD for any g € T.

Lemma 6.1.2 Let ' be a subgroup of SL(2,Z)/ + 1 of finite index r. Let SL(2,Z)/ +1 =
UI_ Tay; be a decomposition of SL(2,Z)/ £1 into disjoint left-cosets. Let F' be a fundamental
domain of SL(2,Z). Then Ul_,0,;(F) is a fundamental domain for T

Proof. Exercise

6.2 Determinant p matrices

Let p be a prime. Let M,, be the set of 2 x 2-matrices with integer entries and determinant
D.

Lemma 6.2.1 Denote I'(1) = SL(2,Z). Then

_ (r O,
in other words, M, is a single double coset of a determinant p matriz.

Let D be a fundamental domain of SL(2,Z). On the space Sy we define the Peterson inner
product as
, dzdy

y2

(f.9) = /D (g

where 7 = = + iy. We know that we have for every (Ccl Z) € GL(2,R)*" (positive determi-
nant)
at +b Im7
I = (ad —bc)———
e td (a C)|c7'—|—d|2
at +b dr
d = (ad—bc)———
et +d (a °) (eT + d)?
Hence
dxdy @ dr NT
y2 2 Imr?
is invariant under GL(2,R)". Furthermore, for every (CCL Z) € SL(2,Z) we have
— N k
at +b ar +b atr +b\" — &
() o (7) (mfEy) = st

Hence f(7)g(7)y* is invariant under SL(2,Z) and (f, g) is independent of the choice of fun-
damental domain of SL(2,Z).

F.Beukers, Modular Forms



26 6 PETERSON INNER PRODUCT

6.3 Hermitean forms and operators

Lemma 6.3.1 The product form (f,g) is a hermitean product on the complex vector space
Sk

Proof We must check the following properties
1. {afr + Bf2,9) = a{f1,9) + B{f2,g) for every o, 8 € C and f,g € Sj.
2. (f,g) = (g, f) for every f,g € Sk.
3. {f, f) > 0 for every non-trivial f € S.

Remarks
Suppose I' C SL(2,Z) is a subgroup of finite index in SL(2,Z). Let SL(2,Z) = Ul_; ;I be a
disjoint union of right cosets. When D is a fundamental domain of SL(2, Z) then U]_; o; ~D.

Notice,
d;vdy 1 i dedy
f(r y" - !
/ T Jp(@) ()9 ( v y?

where D(T') is a fundamental domain of I".
Let D(N) be a fundamental domain of T'(N). Suppose S = g IB; € My. Then

S~IT(N)S C SL(2,Z) and ST1D(N) is a fundamental domain of S~1D(N)S. Furthermore
I'(N) and St D(N)S have the same index in SL(2,Z).

Proof that T}, is Hermitean.
Suppose (é g) € M,. Suppose f,g € Si. Then (C7 + D)~k f(S7) is a modular form

D _B> and notice that S* € M,, and

with respect to I'(p) and S™'I'(p)S. Let S* = <C’ A

S5S5* = pld. Then

Ig: = (Cr + D) f(Sr)g(ry* W

o' ;
J.

(C7 + D)~* f(ST)9(7)y" dxdyy*
'D(p)

Replace 7 by S*7 and use Im(S*7) = pIm(7)| — O + A|? to get

. dzd

Is / — 07+ A)F () g(S )yt ygy

= [ foECr A sy
D(p) Y

So,if we take My, My, ..., M, as above and write M; = <Ai B > ,then

C; D
k 1 Ry kdxdy
(Tpf.9) = [T(1) }j ()CT+D RE(MT) ()t =
D(p
dxdy
= [['(1) Pt (—CiT + A3)Fg(MT)y* ==
Z D<p> y?

= <f7 ;Dg>
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Proposition 6.3.2 Let V be a finite-dimensional vectorspace over C with hermitean product.
Let Ay, Ag, ... be a sequence of Hermitean operators which all commute. Then there exists
an orthonormal basis of V' consisting of common eigenvetors for all A;.

Proof. We use induction with respect to dim(V)). When dim(V) = 1 we are done trivially.
Suppose that dim(V) = k > 1 and that our theorem has been proved for all dimensions < k.
When all A; are scalar multiplication we are done. Suppose that at least one A;, say Ay, is
non-scalar. Then V is a direct sum of pairwise orthogonal subspaces F; of A, with distinct
eigenvalues \;. Furthermore dim(E;) < dim(V') for all 1.
Let v € E; for some 7. Then A;v = \;v. For any A; we have A;A;v = \;A;v. Now use
AjA; = A1A;. We find A(A4;v) = MAjv. Hence A;v € E;. We thus see that for any ¢
and j, A;(E;) C E;. So we can apply our induction hypothesis on each eigenspace E; and
conclude the induction.

O

6.4 Main theorem on Hecke eigenforms on SL(2,7Z)

Theorem 6.4.1 Let Sy, be the space of cupsforms of weight k with respect to SL(2,7Z). Then
there is a basis of f1,..., fr of common eigenvectors under the Hecke-operators such that

fi(r) = Zcmq", ci1 = 1.
n=1

Moreover,
o0
| 1
— ns . 1— Cipp_s +pk—1—2s
and f1,..., fr are uniquely determined and orthogonal with repect to the Peterson product.

Proof We know that the T,, are Hermitean under the Peterson product and T,,T,, = T,
for all m,n. So there is basis of Sj consisting of eigenforms for all T;,. Call these fi,..., f-
where we normalise f; such that ¢;; = 1. This is possible because a priori ¢;; # 0 for a Hecke
eigenform. The product expansion of the L-series follows from the multaplicative properties
of the Hecke-operators.

Let f,g be two normalised Hecke-eigenforms and suppose f # g. That means that there
exist Fourier coefficients f,,, g, of f, g such that f,, # g,,. Now oberve

In(f,9) = (Tnf,9) = (f, Tng) = gn (£, 9)

Since f, # g, we conclude that (f,g) = 0. So for any normalised eigenform f # f1,..., fr
we have that (f, f;) =0fori=1,...,r. Moreover, f1,..., f, form an orthogonal basis of S,
hence they are uniquely determined.

O
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