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7 Splitting fields and Galois groups

7.1 Splitting fields

In previous chapters we have considered fields extensions L /K and studied elements in L, algebraic
over K, and their minimal polynomials. In this section we shall reverse the approach. Given a field K
and a polynomial f € K|[z], does there exist a field extension of K which contains a zero of f? More
generally, does there exist a field extension which contains all zeros of f?

We begin by answering the first question.

Theorem 7.1.1 Let K be a field and f(X) € K[X] a non-constant polynomial. Then there exists a finite
field extension L/K such that L contains a zero of f(X).

Proof. When f is irreducible in K[X] we know that K[X]/(f) is a field which contains the element
X (mod f) as obvious zero.

Suppose f is reducible in K[X]. Let g be an irreducible factor of f. Then clearly K[X]/(g) is again a
finite extension of K which contains a zero of g, hence it contains a zero of f.

We now address the question if there is a field extension which contains all zeros of a given polynomial
f. To put the question more precisely we use the term splitting field.

Definition 7.1.2 Let K be a field and f € K[X] a monic polynomial of degree n > 0. A field extension
L of K is called a splitting field of f over K if

1. There exist o, ..., ay such that f =[] (X — ;) and
2. L=K(aq,...,ap).

Theorem 7.1.3 Let K be a field and f € K[X] a non-constant polynomial. Then there exists a splitting
field of f over K.
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Proof. We argue by induction on the degree of f, which we assume to be monic. When deg(f) = 1 we
see that K itself is a splitting field.

Suppose n > 1 and assume that we proved our statement for all polynomials of degree n — 1. By
theorem 7.1.1 we know that there exists a finite extension K;/K and o € K; such that f(a) = 0.
Hence there exists g € K;[X] such that f(X) = (X — «)g(X). The degree of g is n — 1, hence by
our induction hypothesis there is a splitting field L of g over K. A fortiori f factors into linear factors
X —«; in L[X]. For the splitting field of f over K we simply take the field extension K («y,...,ay,) C L.

A question that arises immediately is whether the splitting field of a polynomial is uniquely determined.
In answering this question it is important to state when two extensions are considered the same. Before
dealing with the question of the uniqueness of a splitting field in Corollary 7.3.8 we first introduce the
concept of field isomorphisms.

7.2 The Galois group

Definition 7.2.1 Let K, K’ be two fields. A ring homomorphism ¢ : K — K’ is said to be a field
morphism if in addition ¢(1) = 1. The kernel of ¢ is an ideal in K, hence either (0) or K itself. Since
#(1) = 1 we get that ker(¢) = (0) and so a field morphism is always injective. This is the reason we
epak of a field morphism rather than a field homomorphism.

A field morphism is called a field isomorphism if it is a bijection.

A field isomorphism of a field K to itself is called a field automorphism.

The group of automorphisms of a field K is denoted by Aut(K).

Example 7.2.2 Aut(Q) =id.
Example 7.2.3 Complex conjugation z — Z is a field automorphism of C.

Example 7.2.4 Let K be a finite field. Since K cannot contain Q it must have positive characteristic
p. The map F), : K — K given by f,(z) = 2" is a field morphism. Because a field morphism is injective
and K finite, F}, is automatically a bijection and thus an element of Aut(K’). We call F,, the Frobenius
automorphism of K.

An example of a finite field other that F,, is F3[X]/(X? + 1).

Example 7.2.5 Consider the subfields Q({/2), Q(w+/2) and Q(w?+{/2) of C. Here w = ¢*>™/3 is a prim-
itive cube root of unity. Notice that all three numbers /2, w+/2,w?+/2 are zeros of the polynomial
X3 — 2 which is irreducible in Q[X]. By Theorem ?? all three fields are isomorphic to Q[X]/(X?3 — 2).
Notice that Q(+/2) is a subfield of R, whereas the other two are not. In spite of this all three fields
are isomorphic. For example Q(+/2) is isomorphic to Q(w+/2) via the isomorphism o determined by

o(z) =xforallz € Q and o (V/2) = wv/2.

The above example is an example of an isomorphism between two extensions L, L’ of Q which fixes the
elements of Q. Such isomorphisms, where Q can be any ground field K, are going to be the important
maps in Galois theory.

Definition 7.2.6 Let K be a field and L, L’ two finite extensions. An isomorphism ¢ : L — L’ is called
a K-isomorphism if it is a field isomorphism with the additional property that o(z) = x for all x € K.
Let K be a field and L a finite extension. An automorphism o : L. — L is called a K-automorphism it
is a field isomorphism with the additional property that o(x) = z for all z € K.

The group of K-automorphisms of a finite extension L is called the Galois group of the extension L/K.
Notation: Gal(L/K).
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Remark 7.2.7 Let K be a field, f € K[X] a non-constant polynomial and L a splitting field of f over
K. Let o € L be a zero of f and ¢ € Gal(L/K). Since ¢ is a K-automorphism it fixes the elements
of K. In particular, it follows from o(f(«)) = 0 that f(o(a)) = 0. This means that an element o of
Gal(L/K) permutes the zeros of f. Moreover, the action of ¢ is uniquely determined by the way in
which the zeros of f are permuted.

However, not necessarily all permutations of the zeros of f occur as elements of Gal(L/K).

The following Proposition allows us to determine the Galois group in the case of simple extensions.

Proposition 7.2.8 Let K be a field, and L an extension of K generated by one element . So L = K ().
Let f be the minimal polynomial of .. Suppose that L contains another zero (3 of f. The field morphism o
determined by o(a) = B and o(x) = x for all x € K is an element of Gal(L/K).

Conversely, every element of Gal(L/K) is given in this way. In particular |Gal(L/K)| equals the number
of distinct zeros of f.

Proof. From Lemma ?? we know that we have

via the K-isomorphisms given by o — X (mod f) — (3. Hence the isomorphism o determined by
o(a) = and o(x) = z for all z € K is in Gal(L/K).

Conversely, every element o € Gal(L/K) maps « to another zero of f. If the number of distinct zeros
of f in L is m, the number of K-automorphisms of L is also m.

Example 7.2.9 |Gal(Q(v/2)/Q)| = 2. The automorphisms are given by /2 +— /2, which is the identity
map and /2 — —/2.

Example 7.2.10 |Gal(C/R)| = 2 and the group is generated by complex conjugation, which is an
R-automorphism of C.

Example 7.2.11 Consider the fifth root of unity ( = e2™/%, Its minimal polynomial over Q is (X° —
1)/(X —1) = X* 4+ X3 + X% 4+ X + 1. The other zeros are given by ¢* = ¢>™/5 for k = 1,2, 3,4 which
clearly belong to Q(¢). Consider the K-automorphism o given by o : ¢ — (3. Notice that

Q) =(PP=¢ A==

and finally 0*(¢) = (¢?)? = ¢. So Gal(Q(¢)/Q) = {id, o, 0%, 0®}. This is example of a field over Q with
a cyclic Galois group.

Example 7.2.12 Let K = F,(t) the function field in one variable ¢ and coefficients in [F,. The polyno-
mial X? — ¢t is irreducible in K[X] because it is an Eisenstein polynomial with respect to the irreducible
element ¢ € F,[t]. Denote a zero of XP — ¢ by t!/? and define L = K(t'/?). Then, in L we have the
factorisation X? —t = (X —t!/?)P, In other words, X? — t has precisely one distinct zero. Therefore the
Galois group Gal(L/K) can map t!/? only to t'/?. Hence Gal(L/K) consists of precisely one element,
which is the identity map.

Example 7.2.13 Let L = Q(v/2). Any element ¢ € Gal(L/Q) maps v/2 to a zero of X® — 2. But L
contains only one zero of X3 — 2 namely /2 itself. Hence Gal(L/Q) consists of only one element,
namely the identity map.
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Example 7.2.14 Let L = Q(v/2,+/3). This is an extension of degree 4 over Q, but it is not written as
a simple extension. Of course an element in Gal(L/Q) maps v/2 to £v/2 and /3 to ++/3. But it is not
clear if all choices of +-signs are possible.

To answer this question we note that /2 + /3 is an element of L of degree 4. Hence Q(v/2,v/3) =
Q(v2 + v/3). The minimal polynomial of v/2 4 v/3 reads f = X% — 10X2 + 1 and the complete set of
zeros reads ++/24 /3, each of which is contained in Q(v/2, v/3). According to Theorem 7.2.8 the Galois
group consists of 4 elements. Hence for every choice of signs €3, e3 € {£1} there exists o € Gal(L/Q)
such that 0(v/2) = e2v/2 and o (/3) = e3V/3.

Let us define in particular o € Gal(Q(v/2,v/3)/Q) by o(v/2) = —/2 and o(1/3) = /3. We define 7 by
7(v2) = v/2 and 7(v/3) = —v/3. We easily check that 0> = 72 = id and o7 = 70. Thus we see that
Gal(Q(v/2,v/3)/Q) is isomorphic to the fourgroup of EKlein.

Motivated by the last example one might have the idea to determine the Galois group of a finite
extension L/K in the following way. Determine an element « € L such that L = K(«). Let f € K[X]
be the minimal polynomial of « over K. Then determine the number of distinct zeros of f that are
contained in L. This is precisely the order of Gal(L/K).

Although this is certainly a feasible approach, we shall not follow it here. Instead we prefer to get some
more insight into general properties of Galois groups.

7.3 Galois extensions
We first show the following Theorem.

Theorem 7.3.1 Let K be a field and L a finite extension. Then |Gal(L/K)| < [L : K].
Moreover, if |Gal(L/K)| = [L : K] then for every a € L, the minimal polynomial f of o over K has
precisely deg(f) distinct zeros in L.

Proof. We proceed by induction on [L : K]|. For [L : K] = 1 the statement is obvious. Let now
n > 1 and assume our Theorem is proved for all extensions L/K with [L : K| < n. Now assume that
[L : K] = n. Let a be any element in L and not in K. Let G = Gal(L/K) and H = Gal(L/K(«)).
Clearly H is a subgroup of G. Consider the right coset decomposition G = U]_, g;H where g; € G for
i =1,...,r and the sets g; H are pairwise disjoint. Let f be the minimal polynomial of o over K and
suppose it has degree d. Now note that g;(«) are zeros of f fori = 1,...,r. Moreover, they are disjoint.
For if g;(a) = g;(«) for some i # j we would get g; 'g;(a) = a and hence g; *g; € H. This contradicts
the definition in which g;, g; belong to different cosets. Since the g;(«) are distinct elements in a set of
at most d elements we find that » < d. By the induction hypothesis |H| = |Gal(L/K(a))| < [L : K(a)],
so we get
|Gal(L/K)| = |G| =r|H| < d|H| < [K(a): K|[L: K(a)]=[L: K].

This completes the induction step.
Moroever, if |Gal(L/K)| = [L : K| we infer that » = d. In other words, f has precisely d distinct zeros,
as asserted.

We shall now be interested in those finite extensions L/K for which |Gal(L/K)| = [L : K]. We call
these extensions Galois extensions. Computation of their Galois group will be our main concern. Of
course we need some easy criteria by which we can recognize Galois extensions.

Before we continue we need two more definitions.

Definition 7.3.2 Let L/K be a finite extension. Then L is called normal over K if every irreducible
polynomial in K[X] with a zero in L has all of its zeros in L.
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Definition 7.3.3 Let L/K be a finite extension. An element o € L is called separable over K if its
minimal polynomial f has no multiple zeros in a splitting field of f. The element « is called inseparable
over K if F' has a multiple zero.

The extension L/K is called separable if all of its elements are separable over K.

An example of an inseparable extension is given by Example 7.2.12. There the element ¢'/? is insepa-
rable over F,(¢). Notice that in F,(¢) the derivative of X? — ¢ with respect to X is identically 0. This is
the way to recognize inseparable elements.

Proposition 7.3.4 Let L/K be a finite extension. Let « € L and let f be its minimal polynomial over
K. Then « is inseparable over K if and only if K has positive characteristic p and the derivative of f is
identically zero. The latter condition is equivalent to f € K[XP].

Proof. Suppose f has a multiple common zero in some splitting field of f over K. Then f and its
derivative f’ have a common divisor. A fortiori they should have a common divisor in K [X]. Since f is
irreducible in K[X] this implies that f divides f’. Since deg(f’) < deg(f) this is only possible if /" = 0.
Let a; X be any non-trivial term in f. Its derivative is ia; X*~!. This can only be zero if i is divisible by
p. Hence X* = (XP)"/P, We conclude that f € K[X?].

Suppose conversely that f(X) = ¢g(X?) € K[XP]. Then f(X) = f(X) — f(a) = g(XP) — g(a?) =
(XP — aP)h(XP) for some h € L[X]. Hence f(X) = (X — a)P?h(XP) and f has a multiple zero a.

We see that separability questions only play a role if the ground field has positive characteristic. In
characteristic zero, for example when K = Q we need not worry about (in)separability.
The main result of this section will be the following Theorem.

Theorem 7.3.5 Let L/K be a finite extension. Then the following statements are equivalent,
1. |Gal(L/K)| =[L: K] (i.e. L/K is a Galois extension).
2. L/K is a normal and separable extension.

3. L is the splitting field over K of a polynomial f € K|[X]| with distinct zeros. (We call such f
separable).

Note that the implication 7.3.5(1)= 7.3.5(2) follows immediately from the second part of Theorem
7.3.1.

The implication 7.3.5(2)= 7.3.5(3) is also straightforward. Suppose that L. = K(aq,...,qa;). Let
gi; € K[X] be the minimal polynomial of «; for i = 1,...,r. By the normality assumption all zeros of
every g; are in L and moreover, by the separability condition, these zeros are distinct for each g;. Let
now f be the product over the distinct elements in the set {gi1,g2,...,9,}. Then f has distinct zeros
and L is its splitting field.

The implication 7.3.5(3)=- 7.3.5(1) is the hardest part of the proof of Theorem 7.3.5 and the remainder
of this Section will be devoted to it.

The fundamental tool will be the following Proposition.

Proposition 7.3.6 Let K and K’ be fields which are isomorphic via an isomorphism o : K — K'. Let
L/K and L' /K’ be two finite extensions. To any p € K[X] given by p(X) = >, p;X" we associate the
polynomial p° € K'[X] given by p°(X) =3, o(p;) X"

Let o« € L and let f be the minimal polynomial of « over K. Suppose that L' contains a zero o' of f°.
Then there is an isomorphism 7 : K(a) — K'(o/) given by 7(a) = o/ and 7(x) = o(z) for all z € K. In
other words, T is an extension of the isomorphism o : K — K' to K(«).
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Proof. By Theorem ?? we know that K(«) = K[X]/(f) and K(¢/) = K'[X]/(f°). We now show
that K[X]/(f) = K'[X]/(f?). Consider the homomorphism ¢ : K[X] — K'[X]/(f?) given by p —
p?(mod f7). Notice that

p € ker(¢) <= fp” <= flp <= pe(f).

Hence ker(¢) = (f) and via the isomorphism theorem we get K[X]/(f) = K'[X]/(f?). Notice also that
¢ restricted to K is simply the morphism o.

The resulting isomorphism is now given by = +— o(z) for all z € K and a — X(mod f) —
X (mod f7) — «. This is precisely our desired map 7.

An important application is the following Proposition.

Proposition 7.3.7 Let K, K' be two fields isomorphic via o : K — K'. Let f € K[X]. Let L be a splitting
field of f over K and L' a splitting field of f° over K'. Then the isomorphism o can be extended to an
isomorphism 7 : L — L' (in other words 7|k = o).

Proof. We proceed by induction on [L : K]. When [L : K| = 1 our statement is clear, we then have
L =Kand L' = K'. Let n > 1 and suppose our Proposition is proven for all L/ K with [L : K] < n.
Suppose [L : K] = n.

Let g be an irreducible factor of f of degree > 1 and a € L a zero of g. Let o’ € L’ be a zero of ¢°. By
Proposition 7.3.6 there exists an isomorphism p : K(a) — K'(a/) such that p|x = 0.

The degree of [L : K(«)] is less than n. Furthermore, L is a splitting field of f over K(«) and L’ is
a splitting field of f” over K'(«’). Hence our induction hypothesis applies and we can extend p to an
isomorphism 7 : L — L' such that 7|, = p and, a fortiori, 7|x = 0.

When we take K’ = K and for ¢ the identity map we immediately get the following Corollary.

Corollary 7.3.8 Let K be a field, f € K[X] a non-constant polynomial and L, L’ two splitting fields of f
over K. Then L, L' are K-isomorphic.

Hence the splitting field of a polynomial over K is uniquely determined up to K-isomorphism. From
now on we could also speak of the splitting field of a polynomial if one wants.

Proof. of 7.3.5(3)= 7.3.5(1). We again proceed by induction on [L : K]. Again the case [L : K] =1
is clear. Let n > 1 and suppose our statement is proven for all extensions of degree < n. Now assume
that [L : K] = n. Let g be an irreducible factor of f of degree d > 1. Then by separability of f the
polynomial g has d distinct zeros in L which we denote by a(!),..., a9, We abbreviate o) = a.
According to Proposition 7.3.6 with K’ = K there is a K-isomorphism o; : K(a) — K(a®) such
that o;(a) = o) for i = 1,...,r. According to Proposition 7.3.7 with L' = L we can extend these
isomorphisms to isomorphisms g; : L — L such that g;|x(«) = o; fori = 1,...,d. And a fortiori, since
the o; are K-isomorphisms, the g; are K-isomorphisms. Hence g1, ..., g4 € Gal(L/K).

Note that L is a splitting field of f over K(«). Hence our induction hypothesis applies and we find that
|Gal(L/K («))| = [L : K(«)]. Denote H = Gal(L/K («)). Of course H is a subgroup of Gal(L/K). We
assert that all elements g;» withi = 1,...,d and h € H are distinct. Suppose two of them would be
equal, say g;h = g;h’. Apply these two elements to . We then get g;h(a) = gi(a) = a(?). Similarly
g;W (@) = aV). Hence a() = o) and so i = j. Consequently h = 1/

Hence we have found that

Gal(L/K)| > d|H| = [K(a) : K][L : K(a)] = [L : K].

Since also |Gal(L/K)| < [L : K] our desired equality follows.
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An interesting Corollary of Theorem 7.3.5 is the equivalence of 7.3.5(2) and 7.3.5(3) which we explic-
itly state here.

Corollary 7.3.9 Let K be a field. An extension of K is normal and separable if and only if it is a splitting
field of a separable polynomial.

It turns out, but we will not prove it here, that we can toss out the separability condition.

Theorem 7.3.10 Let K be a field. An extension of K is normal if and only if it is a splitting field of a
polynomial.

In particular, in a splitting field L /K every polynomial in K[X], which has a zero in L, factors com-
pletely into linear factors in L[X].

7.4 Exercises

7.1. Bepaal een splijtlichaam van X3 — 7 in C, bepaal al zijn Q-automorfismen en alle Q-inbeddingen
van de wortellichamen in het splijtlichaam.

7.2. Laat L een splijtlichaam zijn van f over K en f = [[ (X — «;). Bewijs: L = K(ay, ..., a,—1) (dus
i=1

met één alpha minder!).

7.3. Laat ¢ een nulpunt zijn van f = X4+ X? + X2 + X + 1. Bewijs dat (> = 1 en dat ¢%,(3 en ¢* de

andere wortels zijn van f in C. Bewijs dat Q(¢) een splijtlichaam is van f over Q.

7.4. Toon aan dat Q(v/2) en Q(iv/2) twee Q-isomorfe lichamen zijn.
Voor volgende opgaves mag je ?? gebruiken.

7.5. Zijn volgende lichamen splijtlichamen van een polynoom of niet (hierbij is ¢ transcendent over
Fg)l

(a) F3(t)(/t) over F3(t)?

(b) F3(t)(V/t) over F(t)?

7.6. Geef een voorbeeld van een toren van lichaamsuitbreidingen /' ¢ K C E met K/F en E/K
normaal, maar £/ F niet normaal.

7.7 Zijn volgende polynomen separabel of niet?

(@ 23+ 22—z — 1 over Q?

(b) z* + 22 + 1 over Fy?

(©) z'% + 25 + 3 over F3?

(d) 2'° + 4¢ over F5(t) met ¢ transcendent over F5?
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8 The Main Theorem of Galois theory

8.1 Fixed fields

To prove the Main Theorem 8.2.1 we first need two important ingredients, namely the Theorems of
Dedekind and Artin.

Let K, L be two fields. A multiplicative function x : K* — L* is a function with the property that
x(1) = 1 and x(ab) = x(a)x(b) for all a,b € K*. We sometimes call such functions characters on K*
with values in L. Automorphisms of a field L (so we let K = L) are examples of such multiplicative
functions and this is the way they will arise in what follows.

The following Theorem states that distinct characters on K* are L-linear independent in the space of
functions on K*.

Theorem 8.1.1 (Dedekind) Let x1, ..., x, be distinct multplicative functions from a field K to a field L.
Suppose that there exist ay, .. .,a, € L such that

a1x1(x) + azx2(x) + - + anxn(x) =0
forallz € K. Thena; =ay =---=a, =0.

Proof. We proceed by induction on n. When n = 1 we see that a; x1(x) = 0 for all x € K, in particular
for x = 1. Hence a1 = 0.

Let n > 1 and suppose our theorem is proved for every n — 1-tuple of multiplicative functions. Choose
an index ¢ with 1 < i < n. Since x; and x,, are distinct functions, there exists £ € K such that x;({) #
Xn(§). From ajx1(z) + - -+ apxn(z) = 0 for all z € K it follows that a1 x1({x) + - - - + apxn(éx) = 0 for
all z € K. Now use the multiplicative property of the x; to get aix1(&)x1(z) + - + anXn(&)xn(z) =0
for all x € K. Subtract from this x,,(§) times the original relation. We get

a1(x1(§) = xn(§))x1(z) + - + an—1(Xn-1(§) — Xn(§))xn-1(x) =0

for all z € K. According to our induction hypothesis all coefficients are zero, in particular a;(x;(£) —
xn(§)) = 0. Since x;(§) # x»(&) this implies a; = 0. This argument holds for all ¢ with i« < n and we
are left with a, x,(z) = 0 for all x € K which in its turn implies that a,, = 0.

The reason we have proved Dedekind’s theorem is the following Corollary, which is the only thing we
will need form Dedekind’s theorem.

Corollary 8.1.2 Let L be a field and o1, . . . , 0, distinct automorphisms of L. Then there exists £ € L such
that o1(&) + -+ on(§) #0.

Proof. Suppose on the contrary that oy (z)+---+0,(2) = 0for all z € L. Then we have a contradiction
with Dedekind’s Theorem.

Notice that if L has characteristic zero, the proof of Corollary 8.1.2 is trivial, without need for
Dedekind’s Theorem. One simply takes £ = 1 and notes that o;(1) + --- + o,(1) = n # 0. When
L has a characteristic dividing n however, we get 0;(1) + - -- + 0,,(1) = n = 0. So we have to look for
another element £ and we need to take recourse to Dedekind’s Theorem for that.

Corollary 8.1.2 plays an important role in the proof of the following crucial Theorem on fixed fields.
Let L be a field and H a subgroup of the automorphism group of L, then we denote the fixed field under
H by

LA ={zcL|o(x)=xforallcc H}.
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Theorem 8.1.3 (E.Artin) Let L be a field and H a finite subgroup of the automorphism group of L.
Let L be its fixed field. Then L/L" is a finite Galois extension with Galois group H. In particular
|H|=[L: L"].

Proof. Let H = {o01,...,0.,}. For any z € L we define tr(x) = o1(x) + - - - + op(z). Note that ¢r(z) is
fixed under the action of each o; € H and therefore tr(z) € L for every z € L.

Now suppose that L contains h + 1 elements a1, . . ., ay,1 which are L -linear independent. We derive
a contradiction as follows. Consider the homogeneous system of h equations

zio1(o) + -+ xpri01(apr1) = 0

ziop(ar) + -+ xppr0p(app1) = 0

in the hA 4 1 unknowns x; € L. According to linear algebra there must be a non-trivial solution. Choose
such a solution. Without loss of generality we can assume that 27 # 0 and after multiplication by a
suitable factor if necessary we may assume that o1(x1)+- - -+o,(21) # 0. The possibility of this follows
from Corollary 8.1.2. To the i-th equation above we apply o; Yfori =1,2,...,n. After renumbering
we obtain the system of equalities

oi(x1)ar + -+ o1(xpr1)apyr = 0

op(r1)ar + - +op(Thrr)anr = 0
Addition of these equalities yields
tr(zi)og + -+ tr(Ther)onyr.

We know that tr(x;) € LY for everyi and o, ..., are L -linearly independent. Hence tr(xz;) = 0
for all <. But this contradicts our carefully doctored provision ¢r(z1) # 0.

Hence [L : L¥] < h = |H|. On the other hand |H| < [L : L”] because H C Gal(L/L*). Thus we
conclude that |H| = [L : L¥]. In other words, L/L" is a finite Gaois extension with Galois group H.

8.2 Main Theorem

Let L/K be a Galois extension. The main theorem of Galois theory gives us a bijection between the
subgroups of Gal(L/K) and the intermediate fields M such that K C M C L.

Note that for such an intermediate field M the extension L/M is again a Galois extension. This is
clear, by Theorem 7.3.5 L is the splitting field of a separable polynomial f over K. But f can also be
considered as polynomial in M[X], so L is also a splitting field of f over M. The group Gal(L/M) is a
subgroup of Gal(L/K). By Theorem 7.3.5 we have |Gal(L/M)| = [L : M].

Note that in general M is not a Galois extension of K. For example, the splitting field of X3 — 2 over
Q is given by Q(v/2,w) with w = €2™/3, But the subfield Q(+/2) is not Galois over @Q since it contains
only one zero of X3 — 2.

Theorem 8.2.1 Let L/K be a Galois extension. Then the map from intermediate fields M of L/K and
subgroups of Gal(L/K) given by M +— Gal(L/M) is a bijection.
The inverse map is given by H — L.

Proof. We show that ¢ : M — Gal(L/M) is surjective and injective. Suppose H is a subgroup of
Gal(L/K). From Artin’s Theorem 8.1.3 we know that H = Gal(L/L"). This shows surjectivity of ¢.
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Let now M, M’ be two intermediate fields such that Gal(L/M) = Gal(L/M’). Denote the smallest
subfield of L containing both M and M’ by M - M’'. Since Gal(L/M) = Gal(L/M’), these groups
also fix the elements of M - M’. Hence Gal(L/M) = Gal(L/M') = Gal(L/M - M’), which implies
[L:M-M]=I[L:M]=I[L:M'. Consequently M, M’ and M - M’ have the same degree over K,
which implies that M = M’. Hence ¢ is injective.

We call the bijection in Theorem 8.2.1 the Galois correspondence. It turns out that under the Galois
correspondence nomal extensions of K correspond to normal subgroups of L. We can state this slightly
more general as follows.

Theorem 8.2.2 Let L/K be a finite Galois extension. Then an intermediate extension M with K C M C
L is normal over K if and only if Gal(L/M) is a normal subgroup of Gal(L/K). Moreover, we have the
isomorphism

Gal(M/K) = Gal(L/K)/Gal(L/M).

Proof. We first remark that an intermediate field M is normal over K if and only if o(M) = M for
every o € Gal(L/K). Suppose that the intermediate field M is normal over K and let « € M. Let g be
the minimal polynomial of « over K. Then o(«) is also a zero of g. By the normality of M this zero is
also contained in M. Hence o maps elements of M to itself. Conversely suppose that o(M) = M for
every o € Gal(L/K). Then, if an irreducible polynomial g has a zero a € M, all of its zeros are images
of a under Gal(L/K') and hence all zeros are contained in M.
Now suppose that M is normal over K. We have just seen that this implies that o(M) = M for every
o € Gal(L/K). So we can consider the restriction of o to M, denoted by o|y;, for every o € Gal(L/K).
Clearly the map = : Gal(L/K) — Gal(M/K) given by o — oy is a group homomorphism. It is
surjective since any element of Gal(M/K) can be extended to an element of Gal(L/K') by Proposition
??. Its kernel is Gal(L/M) and so this is a normal subgroup, as asserted. Moreover, by the isomorphsim
theorem for groups we get

Gal(M/K) = Gal(L/K)/Gal(L/M).
Suppose conversely that H is a normal subgroup of Gal(L/K). Let o € L and o € Gal(L/K). Then,
for any h € H there is b’ € H such that ho = oh'. Hence h(o(a)) = o(h/(a) = o(a). So o(«) is fixed
under all » € H and hence (L") = L. This means that L is a normal extension of K.

8.3 Examples of Galois correspondences

Example 8.3.1 Let L/Q be the splitting field of X3 — 2 over Q. We are asked to determine Gal(L/Q).
The first step is to determine the degree [L : Q]. We have seen at earlier occasions that L = Q(V/2,w)
where w = ¢2™/3 is a cube root of unity. The degrees over Q of /2 and w are 3 and 2 respectively.
Hence [L : Q] = 2 -3 = 6. By Theorem 7.3.5 we now know that |Gal(L/Q)| = 6. An element of the
Galois group maps /2 to a zero of X3 — 2, so v/2,w+v/2 or w?{/2. The element w is mapped to w or
w?. In principle there are 6 possibilities. Since we know that the Galois group has precisely 6 elements,
every possibility should occur. Let us consider two special elements o, 7 € Gal(L/Q) defined by

o(V2) =wv?2, ow)=w, 7(V2)=V2 1(w)=uw
Notice that

oT(V2) = o(V2)=wV2
or(w) = o(w?) =w?

Similarly,

= 7o(w)=71(w) = w2

702(V2 = 1o(wV?2) =7(W?V2) =wv?2
(w)
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From these equalities we conclude that o o 7 = 7 o ¢. Similarly we can check that ¢® = id and 72 = id
(please verify). These relations are precisely the defining relations for the symmetric group S3. Hence
Gal(L/Q) = S3. The element o plays the role of a cyclic permutation of order 3. In fact it permutes
the zeros of X? — 2 in a cyclic way (check!). The element 7 fixes /2 and it interchanges the other two
zeros of X3 — 2. It coincides with complex conjugation on L if L is considered subfield of C.

The group S5 has 6 subgroups which we tabulate together with their invariant fields:

Group H | Invariant field L¥

id | L
S; | Q
Az = {idv g, 02} @(w) = Q(\/jg)
{id, 7} | (V)

{id,o7r} | Qw?V/2)
{id, 0?7} Q(wv/2)

The subgroup Aj; is a normal subgroup of S3 and its fixed field Q(1/—3) is normal over Q.

Example 8.3.2 We compute the Galois group of the splitting field L of X* — 4X? + 1 over Q and
determine the subgroups and the Galois correspondence.

First we need to find the degree of L. Notice that X* —4X?2 +1 = (X2 — 2)2 — 3. Hence the four zeros
are given by +1/2 & /3. The field L contains v/2 + /3. Write & = v/2 + /3. From the very special
form of the equation we easily see that —«, 1/a, —1/« are also zeros. Hence we conclude that L =
Q(v2+ V3 = Q(a). So L is a simple extension and we can apply Proposition 7.2.8. Since [L : Q] = 4
the Galois group has four elements. So Gal(L/Q) is either cyclic or it is Klein’s fourgroup. Let us define
the element o by (o) = —« and the element 7 by 7(a) = 1/a. Then note that o7(a) = —1/c. In
addition o7 = 70 and 0% = 72 = id. So Gal(L/Q) is Klein’s fourgroup, denoted by V.

Let us determine the fixed field under the subgroups of order 2. For example, the element o 4 1/« is
fixed under 7. Notice that

(a+1/0)?=a?+2+1/a®>=2+V3+24+2—-V3=6.

So, perhaps surprisingly, we discovered that v/6 € Q(«). Similarly o — 1/« is fixed under 7. Notice
that
(a—1/a)* =a*-2+1/a®>=2V3-2+2-V3=2.

Hence v/2 € Q(a). We now tabulate the subgroups of Gal(L/Q) and their fixed fields

Group H | Invariant field LY
id | L
Vi | Q
{id, 0} | Q(v3)
{id, 7} | Q(V6)
{id, o7} | Q(V2)

Note that all subgroups and all fixed fields are normal.

Example 8.3.3 We compute the Galois group of the splitting field L of X* — 2X? — 2 over Q and
determine the subgroups and the Galois correspondence.
The polynomial X* — 2X? — 2 is an Eisenstein polynomial with respect to p = 2, hence irreducible in

Q[X]. The zeros are given by /1 & /3. The element \/1 + /3 has degree 4 over Q but this time
Q(vV1+ \/§) is not a splitting field. For example the element \/1 + \/5\/1 -3 =V12-3= =2
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should be in L. Clearly /=2 ¢ Q(\/1 + /3) since the latter field is a subfield of R and v/—2 is not a
real number.

Write @ = v/1+ /3. The field Q(v/—2, ) has degree 8 over Q. The zeros of X* — 2X? — 2 are
o, —a,vV/—2/a,—/=2/a. So L = Q(v/—2,a) and Gal(L/Q) has order 8. Any element of the Galois
group maps « to one of the four zeros of X* — 2X2? — 2 and /-2 to ++/—2. These are 8 possibilities
and each actually occurs. Define the elements o, 7 of the Galois group by

o(a) =v=2/0, o(vV-2)=—-V-2

and

We can check that

o(0) =vV=2/a, o*(a)=—-a, *(a)=—-V—-2/a, o*a)=a.

3 1

Hence o has order 4. It is easily seen that 72 = id. Moreover, we verify that o7 = 70% = 7071,
The group generated by o, 7, together with the given relations is precisely the symmetry group of the
square, which is a group of order 8. We denote it by D4 (dihedral group of order 8). The element o
permutes the zeros of X* — 2X? — 2 cyclically and 7 interchanges the zeros v/—2/a and —/—2/a and
leaves the other two fixed.

To determine the Galois correspondence we first observe that L contains three quadratic fields, namely
Q(v/3) (since a? = 14++/3), Q(v/—2) and Q(1/—6). We now tabulate the subgroups of the Galois group

together with the fixed fields.

Group H | Invariant field L7
id| L
Dy | Q
Cy = {id, 0,02, 0%} | Q(v/—6)
{id, 7,07} | Q(V3)
{id, 70,02} | Q(v—2)
{id, 0%} | Q(V=2,V3)
{id, 7} | Q(a)
{id, 70} | Qla —v/=2/a)
{id, 70?} | Q(v/—2/a)
{id, 703} | Q(a + v/—2/a)

To check the fixed fields notice that o(a?) = —2/a?. Hence o(1++v/3) = —2/(1++/3) = 1 —+/3. And so
o(v/3) = —/3. By definition o(v/—2 = —v/—2. Also by definition 7(v/—2) = —v/—2 but 7(v/3) = V/3.
From this we conclude that /3 is fxed by ¢ and 7, /=2 is fixed by 7o and o2 and /=6 is fixed by
o. This explains the Galois correspondence for the subgroups of order four. In the case of subgroups
of order two, we have indicated fourth degree extensions of Q whose generating elements are fixed
under the corresponding subgroup, which is straightforward to verify.

Example 8.3.4 Let p € Z- be a prime and L the splitting field of X? — 1 over Q. Let ¢ = €2™/?. Then
the zeros of X? — 1 are given by ¢¥ for k = 0,1,...,p — 1. So Q(() is the splitting field of X? — 1. We
have seen earlier that ( is a zero of the irreducible polynomial ¢,(X) = XP~'+..-4+ X2+ X +1. Hence
¢ has degree p — 1 over Q. The other zeros of ¢,(X) are ¢*¥ with k = 1,2,...,p — 1. The Galois group
is given by ¢ — (* for any k € (Z/pZ)*. Denote the latter element by o}. Then it is easily verified that
ok = oro; = oj0. Hence Gal(L/Q) is an abelian group of order p — 1 which is isomorphic to (Z/pZ)*.
A Theorem of Gauss states that such groups are cyclic, but we will not prove it here.
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Example 8.3.5 We specialise the previous example to the case p = 17. So let ¢ = ¢>™/17, Consider the
element o € Gal(Q(¢)/Q) given by o(¢) = ¢3. Notice that o¥(¢) = ¢3". A simple computation shows
that modulo 17 we have

3=3,32=9,32=10,3"=13,3"=5,3=15,3"=11, 3 =16

39=14,30=8, 31 =7 32=4 38=12 314=2 3% =¢,30=1.

Thus every element of Gal(Q(¢)/Q) can be written in the form ¥, so we have a cyclic group of order

16. For every divisor d of the order of a cyclic group there is exactly one subgroup of that order. So in
our case we have subgroups of orders 16, 8,4, 2, 1 and they are generated by o, 02, 0%, 08,06 = id. Via
the Galois-correspondence there exist fields K; = Q, Ko, K4, K3, K16 = Q(¢) such that K; C Ky; and
[Ko; : K;] = 2 for ¢ = 1,2,4,8. Hence the number ( is contructible by Theorem ?? and so the regular
17-gon is construcible. This was the striking discovery made by Gauss and the first significant progress
in classic ruler and straight-edge constructions in about 2000 years!

8.4 Simple extensions

In Proposition 7.2.8 we showed how to compute Gal(L/K) for simple extensions L/K. We noted that
this might be an approach to computing the Galois group for every extension, simply by writing the
extension as a simple extension. This was the approach which Galosi originally took. Although we did
not adopt this approach, we complete these remarks here by showing that finite separable extensions
are indeed simple.
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9 Solving equations

9.1 Symmetric polynomials

Let K be a field and consider the polynomial ring K[x1,...,x,]| in n z;. A polynomial g(z1,...,z,) is
called symmetric if g(z4(1);- -+, To(n)) = g(21,...,2,) for every permutation o of {1,2,...,n}. Simple
examples arex; +x9 + -+ x, OF Zi# TiXj Or T1T2 " - Ty, Let us write

(T —z ) (T —x3) - (T — ) =T" — 51T L 4 55T 2 — o (=1)"s,

where s = 21 + -+ - + T, S2 = ZKJ- ziz; and s, = x122-- - x,. The coefficients s; are all symmetric
functions of z1,...,z,. They are called the elementary symmetric functions. We have the following
theorem.

Theorem 9.1.1 Let K be a field. Then any symmetric polynomial in K[x1,...,x,| can be written as a
polynomial in the elementary symmetric functions si, $2, . . - , Sp.

For example, 2 + 3 + - - - + 22 is a symmetric polynomial. It can be written as s? — 2s (please verify).
Another example, 2§ + 23 + - -+ + 23 = 53 — 3s251 + 3s3.
We use this theorem to derive a solution of the third and fourth degree equation.

9.2 Solution of the cubic equation

Consider the polynomial X3 — aX? 4+ bX — c and let 2, z9, x3 be its zeros. We assume that a, b, ¢ lie
in a field which contains the cube root of unity w. Consider the expression u; = x1 + wxs + w’xs.
Apply the cyclic substition x; — x2 — x3 — x; represented by the cycle (123). Then w; changes
into w?u;. So w3 is fixed under the cyclic substitution. Let similarly us = 1 + w?zs + wz3 Then after
the cyclic substitution us is replaced by wus. Under the substitution xo — x3 — xo (represented by
(23) the form u; changes into us and vice versa. Hence ujus and u$ + u3 are fixed under the group
of permutations generated by (123) and (23), which is the full permutation group S;. Hence they
are symmetric polynomials in z1, z2, x3. By Theorem 9.1.1 these polynomials can be expressed in the
symmetric expressions a, b, ¢ in the z;. Straightforward calculation gives us

2 2., 2 2., 2 2
ud +ud = 2028 23+ 2d) - 3(afag + 223 + a3 + 123 + oz + 1oxd)
2a® — 9ab + 27c
and
2.2 2 —a2_3p
UU2 = T + x5 + T3 — T1T2 — 123 — T2x3 = a” — 3b.

Without loss of generality we can assume that a = 0. So we see that ui” and ug are solutions of the
equation
(U —ud)(U — u3) = U? — 27cU + (—3b)* = 0.

Solution gives us

uf = (27c+ V/272¢2 + 4 276%) /2 = 27(c + /272 + 4b3) /2.

Hence

uy = 3v/¢/2 — \/27(c/2)2 + b3, ug = —3b/u;.
Now note that
31 = (1 + 22+ x3) +u1 +ug = a+up +ug = ug + ug
where u1,us are given above. These formulas are known as Cardano’s formulas for the solution of the
cubic equation.

The linear forms w1, us which made the solution possible are examples of Lagrange resolvents. We will
see more of them later.
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9.3 Solution of the quartic equation

Suppose we are given the equation
X*—aX?+ X% —cX +d=0.

Let x1, x2, 3, v4 be the solutions. Consider the elements

y1 = (1 + 29— 23 — 14)°
Yo = (1 — 29— 23+ 14)°
ys = (1 —x2+x3— 364)2

Observe that after any permutation of z1, 22, 3, 24 the expressions ¥, y2, y3 are also permuted. Hence
the elementary symmetric functions in y1, y2, y3 are symmetric in x1, zo, 3, x4. Straightforward calcu-
lation gives us

i +ya+ys = 3a®—8b
y1ys + y1ys + yoys =  3a* — 16a%b + 1602 + 16ac — 64d
yyoys = a® —8a*b+ 16a3c + 16a%b* — 64abe + 64¢?

Let us assume for simplicity (and without loss of generality) that a = 0. Then y1, y2, y3 are solutions of
the equation

(Y —y))(Y — ) (Y —y3) = Y2 + 8bY? + (16b* — 64d)Y — 64c* = 0.
We know how to solve this equation by Cardano’s formula. Having found , y2, y3 we observe that

dry = a+ Y1 + VY2 + Vs

and similarly for xzo, 3, z4. Thus we have recovered Ferrari’s formula for the solution of the quartic
equation.

The functions y1, y2, y3 are fixed under the substitutions (1), (12)(34), (13)(24), (14)(23) that is, Klein’s
fourgroup Vj.Note that V; is a normal subgroup of S, and that S35 = S,;/V,, which is the group by
which the 41, y2, y3 are permuted. In its turn S3 has the alternating subgroup As as normal subgroup
and S3/A3 = S;. The solution of the cubic equation is based on the construction of an invariant
under As. In this way we see how group theoretic considerations arise in the ideas to solve polynomial
equations. The step to Galois theory is a natural continuation.

9.4 Radical extensions

Of course similar considerations have been attempted to solve the equation of degree 5 (quintic equa-
tion). The goal of attempts to solve the quintic equation was to describe the zeros as the result of re-
peated application of addition/subtraction, multiplication/division and taking n-th roots starting with
the coefficients of the polynomial equation. We call such a procedure solution by radicals where "rad-
ical" refers to taking n-th roots. In the case of cubic and quartic equations we have seen how this is
done. As is known since the beginning of the 19-th century, the quintic equation cannot be solved by
radicals. In order to prove this we have a closer look at field extensions by n-th roots (radicals).

More precisely, we discuss Galois groups of splitting fields of X" — a. Formally we can write the zeros
of X" — a by /a,(a,...,(" 1 /a where ¢ = ¢*™/™. In particular we see that the splitting field of
X" — a contains the n-th roots of unity. We consider n-th roots as the simplest examples of radicals (of
1) and we will usually assume that they lie in the ground field we are considering.
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Theorem 9.4.1 Let n € Z~; and let K be a field which contains the splitting field of X" — 1 (the n-th
roots of unity). Let L/K be a Galois extension of degree n with a cyclic Galois group. Then there exists
a € K such that L is the splitting field of X" — a.

Conversely, for any a € K*, the splitting field of X™ — a is a cyclic Galois extension of K.

Proof. Suppose Gal(L/K) is cyclic of order n. By Theorem ?? there exists an element « € L such that
L = K(«). Let o be a generator of Gal(L/K). Define for everyi =0,1,2,...,n — 1 the sum

SZ':Oéi—I—CO’(ai)—|—-"+Cn_10n_1(ai).

Since the determinant of (o7 (ai))mzomn_l is non-zero at least one of the s; is non-zero. Since, trivially,
so = 0 we see that s; # 0 = i > 0. Choose such an i. Notice that o(s;) = (~'s;. Hence s; has n distinct
images under the Galois group and thus K (s;) = K(«). Furthermore, o(s]') = s} and therefore s € K.
Let us now denote a = s}'. Then L is the splitting field of X" — a.

Suppose L is the splitting field of X™ — a over K. Denote one zero of X" — a by {/a. Then the other
zeros are given by ¢* {/a where ( is a primitive n-th root of unity. Furthermore, since K contains ¢
any Galois element sends {/a to (¥ {/a for some k € Z/nZ. Denote this element by 5. One easily
verifies that o;04,(/a) = oroy(¥Va) = ¢**!/a. Hence Gal(L/K) is isomorphic to an additive subgroup
of Z/nZ. Hence it is cyclic.

We now formalise our concept of solvability by radicals.

Definition 9.4.2 Let K be a field and f € K[X]. Denote its splitting field over K by L. Then we say
that f is solvable by radicals if and only if there exists a tower of extensions

K=KyCKiCKyC---CKy
of the form K; 1 = K;( %/a; for some a; € K;, n; € Z>; fori =0,1,2,...,m—1and such that . C K,,.
We like to translate solvability of a splitting field by a property of its Galois group.
Definition 9.4.3 A group G is called solvable If there is a finite tower of subgroups
id=GopcGiC---CG, =G

such that

e Foreveryi=0,1,...,r — 1 H; is a normal subgroup of H; .

* The quotients G;1/G; are all cyclic.

We call the sequence Gy, G1, ..., G, aresolving sequence of subgroups

A nice observation is that the solvability property of a group is inherited by its subgroups and quotients
by normal subgroups.

Proposition 9.4.4 Let G be a solvable group and H a subgroup. Then H is again solvable. Moreover, if
H is a normal subgroup then G/H is again solvable.

Proof. Letid = Gy C G; C --- C G, = G be the resolving sequence of subgroups. Then the sequence
consisting of G; N H forms the resolving sequence of subgroups for H. To this end we need to show that
H NG, is anormal subgroup of HNG,11 and (HNGi41)/(HNG;) is cyclic. To this end end consider the
group homomorphism G;11 — G;+1/G; restricted to G N G;41. Clearly the kernel is H N G;, which is
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normal, and the image, being a subgroup of the cyclic group G;+1/G; is cyclic. So (Gi+1NH)/(G;NH)
is a cyclic group.

When H is normal in G consider the natural quotient map ¢ : G — G/H. For a resolving sequence
Go,G1,...,G, of G we define H; = ¢((G;,H)) fori = 0,...,r. Here (G;, H) denotes the subgroup of
G generated by the elements of G; and H. We assert that Hy, Hy,..., H, is a resolving sequence for
G/H.

First note that (G;, H) is a normal subgroup of (G;;1, H). Let g be any element in G; and ¢’ € G;41.
Then, since G; is normal in G, we see that ¢'g¢’~! € G;. Let h € H. Then, since H is normal in G,
we get g~ 'hg = ' € H. Hence hgh™! = gh’h~! € (G;, H). The group H is also normalised by any
element in (G;y1, H). Hence (G;, H) is a normal subgroup of (G, 1, H). Consequently H; is a normal
subgroup of H; .

We now come to our main point.

Theorem 9.4.5 A Galois extension is solvable by radicals if and only if its Galois group is solvable.

Proof. We first set some notation. Let L/ K be the Galois extension and G its Galois group.
Suppose L/K is solvable. Let
K=KycKyC- ---CK,

be a tower of fields such that K;,; is a radical extension of K; fori = 0,1,...,m — 1 and L C K,,.
First of all, by taking the Galois closure of K,, over K if necessary, we can assume that K,,/K is
a Galois extension. Secondly, if the order of the radical extensions involved are nq,ns,...,n,, and
n = lem(ny,...,n,) we can assume that K contain all n-th roots of unity. If this is not the case we
simple adjoin the n-th roots of unity to all fields Kj;.

Let Gy = Gal(K,,/K) D G; D -+ D G,, = id be the corresponding sequence of subgroups of the
Galois group, where G; = Gal(K,,/K;). From Theorem 9.4.1 it follows that K;,;/K; is a radical
Galois extension with a cyclic Galois group. So G+ is a normal subgroup of G; and G; /G, is cyclic.
Hence the sequence of groups is solvable.

The field L is a normal extension of K. So Gal(K,,/L) is a normal subgroup of Gal(K + m/K) and
Gal(L/K) = Gal(K,,/K)/Gal(K,,/L). Since Gal(K,,/K) is solvable, the same holds for the quotient
group Gal(L/K).

Suppose conversely that Gal(L/K) is a solvable group. Suppose that its order is n. We adjoin the
n-th roots of unity to K and L and denote the new fields by K’, L’. One easily sees that Gal(L'/K")
is again a solvable group. Consider a resolving sequence id = Gy C Gy,...,G, = Gal(L'/K’). By
Galois correspondence there is a sequence of subfields L' = Ky > K; D --- D K, = K’ such that
Gal(L'/K;) = G; fori = 0,1,...,r. Since G; is a normal subgroup of G, the extension K; D K, is
normal. Moreover, G;41/G; is cyclic, so Gal(K;/K;1) is cyclic. Hence, by Theorem 9.4.1 there exists
a € K;y1 and an integer m such that K; = K;11( %/«). So we see that L is solvable by radicals.



