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1 Introduction

Let F' be a totally real number field of dimension d, and let Op be its
ring of integers. If q is an ideal in O let T' = T'y(q) denote the congruence
subgroup of Hecke type of the Hilbert modular group. In the present paper,
we derive density results for cuspidal automorphic representations of G =
SLo(R)? in L%(T'(q)\G). The main result, Theorem 3.3, implies that there
are infinitely many cuspidal automorphic representations w = ®?:1wj,
even if we restrict some components w;. In particular, let A be the set of
eigenvalue vectors Ay = (A, - - -, Aw,) in R Foreach j =1,...,dlet A
be the projection in R?~! by omitting the j-th coordinate. A consequence
of Theorem 3.3 is that AU N [1/4,00)% ! is dense in [1/4,00)¢" 1.

Proposition 3.8 makes this statement more precise. Let Px be the set of
cuspidal representations for which the Ay, are in fixed intervals I; C R>g
at all places j # [, and such that 1/4 < Ay, < X. In the case when
I; C (1/4,00) for each j, i.e. if all components are of principal series type,
we will show that X 1 ur(Px) tends to a positive constant, where i, denotes
a suitable measure in the unitary dual of G. That constant depends on the
measure of the intervals and on F', but not on r, nor on q.

We consider also the set Dx of those automorphic representations that
have a prescribed discrete series eigenvalue at each place j # [, and also a
discrete series eigenvalue at j = [, with —X < A5, < 0. We shall show that
this set has also positive density. (See Proposition 3.7.)

Our results imply that there are infinitely many automorphic represen-
tations that have a non-zero Fourier coefficient of order » and components
with a prescribed type; i.e. for each j the type of @; can be prescribed to
be either unitary principal series or discrete series.
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On the other hand, we will see in Proposition 3.6, that if at least one of
the intervals I; is contained in [0,1/4], then the limit X 'u,(Px) is zero.
This implies that the automorphic representations which are of complemen-
tary series type at least at one place, are rare, i.e. they have density zero
with respect to the measure p,.. We note that this is expected, given the
Ramanujan—Petersson conjecture which predicts no components of comple-
mentary series type in cuspidal automorphic representations.

As another main application, if we consider the set of all automorphic
representations Ay with eigenvalue components A\, satisfying the condi-
tion Z?:l |Aw,;| < X, then we have that X9y, (Ax) tends to a positive
limit as X — oo (see Corollary 3.4). This result can be seen as similar to a
Weyl law, weighted by Fourier coefficients of automorphic representations.

A Weyl law for spherical automorphic representations for congruence
subgroups of the Hilbert modular group was proved by Efrat [E1], by using
the Selberg trace formula on I'\G/K ([E2]). This result implies the ex-
istence of infinitely many K-spherical automorphic representations in this
context. This existence result follows from Theorem 3.3. We observe that
Efrat counts vectors of eigenvalues by their I?>-norm, whereas our result uses
the I'-norm. Moreover, our distribution results have squares of Fourier co-
efficients as weights.

Results related to those in this paper, in the case when d = 1, were
obtained by Bruggeman [B, §4] and by Deshouillers-Iwaniec (see [DI, The-
orem 2]). In the case of the Lie group SU(2,1) and the trivial K-type, a
similar result was given by Reznikov in [R].

To prove these density results, we use a sum formula of Kuznetsov type
for discrete cofinite subgroups I' C G, in which all weights contribute. We
obtained this sum formula in [BMP], and applied it there to give estimates
for averages of Kloosterman sums for F'.

The sum formula has the following type:

d d
kj(v;)doy,(v) = kj(v;)dé(v) + K (BE).
LI L

The index j runs over the infinite places of F', the test functions k; are even
and holomorphic on a strip in C and the set Y of spectral parameters is a
subset of C¢. The measure d§ on Y has an elementary description (see (34)
and (3)). The measure do,, is supported on the set of spectral parameters
of automorphic representations, and has weights that are essentially prod-
ucts of Fourier coefficients of automorphic forms for I' (see (44), (78), (2)).
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The term K (Bk) is a sum of Kloosterman sums, depending on a Bessel
transform Bk of k = x;k;.

In this paper we take a proper subset £ C {1,...,d}, choosing k;
conveniently for j € Q := {1,...,d}\ E and leaving k; free for j € E. This
choice will lead to a partial sum formula involving test functions of product
type at the places in E (Theorem 3.1). To prove this, we apply the sum
formula in [BMP] to suitable test functions depending on a parameter, and
estimate the contributions of the different terms in the formula. The main
task will be to show that the contributions of the so called Kloosterman
and Eisenstein terms are of lower order of magnitude than that of the delta
term (see sections 4 and 5). For the estimation of the Eisenstein term,
we will need to give an estimate on the vertical line Rerv = 0, for Fourier
coefficients of Eisenstein series at each cusp of I'g(q), making explicit the
dependence on the order r of the Fourier term. In the estimate of the
Fourier coefficient, we will use a logarithmic lower bound for ray class L-
functions on the critical line. This will be obtained by an argument similar
to one given by Landau in the case of the Dedekind zeta function [L].

The sum formula holds for any discrete subgroup I' C G of finite co-
volume. To arrive at the density results, we have critically used that I'
is a congruence subgroup to bound the Fourier coefficients of Eisenstein
series. Without a good grasp on the contribution of the Eisenstein series,
density results for the cuspidal spectrum are out of reach. We have em-
ployed a trivial estimate of Kloosterman sums. Using the Weil bound can
improve some intermediate bounds. However, this does not influence the
final density results.

The authors wish to thank P. Sarnak and F. Shahidi for very useful
conversations, in particular in connection with the most recent best bounds
on exceptional eigenvalues. They also thank the referees for their helpful
comments on a previous version.

2 Preliminaries

As in [BMP], let F' be a totally real number field, and let O be its ring of
integers. We consider the algebraic group G = R F/Q(SLQ) over Q obtained
by restriction of scalars applied to SLs over F.

Let 01,...,04 be the embeddings F' — R. We have

G:=Gr2SLy(R)?,  Gg={(@?,...,2°%):xe€SLy(F)}. (1)

G contains K := H;-lzl SO2(R) as a maximal compact subgroup.
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The image of SLy(O) C SLy(F') corresponds to Gyz. This is a discrete
subgroup of Gr with finite covolume. It is called the Hilbert modular group,
see [F, §3]. We choose a non-zero ideal q in O and form the congruence

subgroup of Hecke type I' = T'y(q) = {(zg) € SLy(0) : c € q}, which has
finite index in Gz. Actually, the results in this paper can be easily extended
to any I' satisfying I'o(q) D I" D I'(q).

We are concerned with functions on I'\G. For simplicity, we restrict
ourselves to functions that satisfy f(+g1,+g2,...,%94) = f(91,92,--.,94)
for all choices of the . That will imply that we will consider only au-
tomorphic forms with even weight. There should be no great difficulty in
extending the results in this paper to functions on I'\G that are odd at
some real places.

By L*(T'\G)* we mean the Hilbert space of (classes of) functions that
are invariant by the center of GG, and square integrable on I'\G for the
measure induced by the Haar measure. This Hilbert space contains the
closed subspace L?(T'\G)" generated by integrals of Eisenstein series. The
orthogonal complement L3(I\G)" of L2(I'\G)" is the closure of Y _ Vi,
where V, runs through an orthogonal family of closed irreducible subspaces
for the G-action in L?(T'\G) by right translation.

The constant functions constitute one of these irreducible spaces. All
the others have infinite dimension, and consist of cusp forms. Non-cuspidal,
infinite dimensional V, would have to come from singularities of Eisenstein
series. These do not occur in the present situation. The Fourier coefficients
of Eisenstein series can be expressed in terms of number theoretical func-
tions. This enables us to spot the singularities. The essential point is that
the denominators L(1 + 2v, A, x) in (58) have no zeros for Rev > 0.

Irreducible unitary representations. FKEach representation w has
the form @w = ®;w;, with @, an even unitary irreducible representation
of SLy(R). Table 1 lists the possible isomorphism classes for each w;. For
each w we define a spectral parameter vy = (Vi 1, ..., Vw,4), With vy ; as
in the last column of the table. There are Casimir operators C; acting on
each coordinate for 1 < j < d. The eigenvalue Ay, € R¢ is given by Ao =
%—1/; ;- We note that if @ lies in the complementary series, Ay ; € (0,1/4)
and if w; is isomorphic to a discrete series representation Dbi, b € 27,
b > 2, then \p,; = %(1 - %) € Z<op. If @ is an arbitrary subset of
{1,...,d}, then we shall denote by |[Azgll; = > jcq [ w,j], the 1-norm

of the projection Ay @, of A5 onto the subspace of R? corresponding to Q.
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notation name weights v

1 trivial representation 0 %

H(s) se€i[0,00) unitary principal series q €27 5

H(s) s€(0,1) complementary series q€2Z 5
D;‘ b>2,be2Z holomorphic discrete series q>b,qe2Z b*Tl
D, b2>2,b¢c 2Z | antiholomorphic discrete series | ¢ < —b, ¢ € 2Z b*Tl

Table 1: Irreducible unitary even representations of the Lie group SLa(R). All
characters of SO2(R) occur at most once; the characters that occur are listed under
weights. The last column gives a spectral parameter v, with Rev > 0, such that

AMv) = 1 — 12 is the eigenvalue of the Casimir operator. See [La2, Chap. VI, §6].

The constant functions give rise to w = 1 := ®;1. It occurs with
multiplicity one. If V does not consist of the constant functions, then
w; # 1 for all j.

If v; € (0,%) for some j = 1,...,d, then we call A\(v) := %— V2 =
(% — 1/]2)]. an exceptional eigenvalue. We call such a v; an exceptional coor-
dinate. 1f d = 1, it is known that only finitely many exceptional eigenvalues
can occur for a given I'. For d > 1 such a result has not been proved. In
principle, there might be infinitely many exceptional eigenvalues, since one
coordinate can stay small, while others tend to co. On the other hand,
the Ramanujan—Petersson conjecture predicts that there are none, that is,
vj € iRU (3 + Zxo), for all j. We note that the results of Efrat [E1] imply
that there exist only finitely many eigenvalues such that all coordinates are
exceptional.

In the case F' = Q, Selberg showed that v; ¢ (1/4,1/2] for such ex-
ceptional coordinates, that is A(v;) > 3/16 ([S]). This estimate has been
improved and extended to arbitrary number fields by several authors, see
[LuRS], [KS1], and [KS2]. Kim and Shahidi give the bound A(v;) > 1 — 45,
see [KS1].

Automorphic forms and Fourier coefficients. The elements of V,
that transform on the right according to a character of the maximal com-
pact subgroup K are square integrable automorphic forms, cusp forms if
w # 1. The Fourier coefficients of these cusp forms are independent of the
actual choice within V;, and are determined by the number ¢"(w) = ¢/ (w)
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in equation (17) of [BMP]. As we consider only the cusp co, we omit
the parameter s from the notation. The number r € O = {z € F :
Trp/g(zy) € Z for all y € O} determines the order of the Fourier coeffi-
cient.

We take r # 0. That implies that w # 1 if ¢"(w) # 0 for some r # 0. If
qg=(q1,-"- ,qq) € 2Z is a weight occurring in w, then there exists ¢ € w,
normalized as in [BMP, (15)], with the following Fourier term of order r at

; _ U5 /Y5 cos¥; sind; X
the point g = <<\/07 1]/\/\/37?) <7sin19;- cosﬂ?)) € G

' (@)
vol(T N N)\N)

d /2 —1/2
omiryz; (1) (27[r;]) iq;9;
| e Weien(rVa: /2.0, (4m|rily: ) eV, (2
H T (3 +v; + $q;sign(r))) Slgn(ﬁ)qy/?,vy( I751;) (2)

where N = {( é :f)} C G, and W. . is the exponentially decreasing Whit-
taker function.

DEFINITION 2.1 (Test functions). Fix 7 € (1/2,3/4). Let £ be the space
of even functions on the set

{veC:|Rev|<7}U(3+72)
that are holomorphic on | Rev| < 7 and satisfy the estimates
k(v) < (1+ |Imv|)”* for [Rev| < 7 for some a > 2, and
b—1 b—1
> (5
2 2
be22,b>2
For each such test function, we define the following quantity:

H(k:)::%/Reyzok(v)ytanwudl/jt 3 b;1k<b;1>. (3)

b>2 beZ

< 0.

We set

={f1-5):beven,b>2} CZs, YV:=(0,00)UACR. (4)
The eigencoordinates Ay j are elements of ). The test functions k € L give
rise to functions of the form

9 (3 —v*") =k@). (5)
The domain of these functions consists of the 1 I v? € C with |Rev| < 7,
together with the numbers 2( ) b € 2Z. We denote by L the class of
functions ¢ obtained in this way. If g € £ we set

Flg) = 5 [ ot o (/5= Ty + 3= VIT—y0(0). (®

yeAy
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The functional H on £ is described by a measure dn on ), which is given by

dn(y) = 3 tanh (m\/y — 1/4)dy on (1/4,00), and by the sum of \/1/4 —y

times the delta measure at the points y € Ag.

3 Statement of Main Results

Theorem 3.1 and Theorem 3.3 state the main results of this paper. We give
some consequences in Propositions 3.6-3.8 and Remark 3.9. We keep the
notation from section 2.

All statements in this section depend on the partition of {1,...,d} into
three disjoint subsets E, Q4 and Q_, with Q := Q, UQ_ # 0.

To each such partition we attach a set of irreducible representations

of G,

R(E,Q+,Q-) ={w#1: X5 20if j € Q4,A5; <0, if j€Q_}. (7)
We shall often write R = R(F, Q4+, Q-). Our main results will follow from
the next theorem.

Theorem 3.1. Let r € O’ \ {0}. Choose a partition E, Q, Q_ of the
set {1,...,d} with @ = Q4+ UQ_ # () and let R be the corresponding set
as in (7). If g = X jeg gj, with g; € L for each j € E, then the series

=Y | @) Pesr=ali TT g5 (Awy) (8)

wEeER JjeEE
converges absolutely for each s > 0, and
91+|E]|
lim s~ 1#1Z (g \/|DF H H(g,) 9)

sl0
l JjeEE

Here H(g) is as given in (6). If E = () then the products over j € E on the
right-hand side of (8) and (9) are interpreted as 1

The theorem will be proved in section 6, as an application of the sum
formula of Kuznetsov type given in [BMP]. In this section we shall use
Theorem 3.1 to obtain density results for automorphic representations. We
first prove the following proposition:

PROPOSITION 3.2. Let r € O’ \ {0}. Let E, Q+ and R be as above. If
g; € L for j € E, then

RIS D DR CACIT | 70
Peolli<x IeE
w,Qll1> 1+\E|\/—
_ 2 |Dr|
B! [1H@), o)
JjeEE
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with H(g;) as given in (6). If E = () then the products over j € E in (10)
equal 1.

Proof. For each X > 0, and each g = Xcpg; € LIE! we define

pe(X) =Y @I 90wd)- (11)

wEeR jeE
Al <X

The absolute convergence follows from Theorem 3.1.
If Zs(g) is as in (8), we have

g) = Z ‘Cr(w)‘Qesz)\w,QHl H 9w g) = /000 e,st’ug(X)‘ (12)

wEeR JjEE
By applying Theorem 3.1, we find that

00 1+
lim sdE/ e X duy (X 2 o l\/|DF H H(g,) (13)
s—0 0 ieE

In the case when the functions g; are non-negative on ) = (0, 00) U Ay,
then the function X — f14(X) is non-decreasing and we may apply a Taube-
rian theorem (see Theorem 4.3 in Chap.V of [W]) to obtain

21+\E‘\ /‘DF

For general g; € L, the bounds in Definition 2.1 allow us to construct
gj € L such that g; > 0 on Y and |g;| < g;.
Let v(X) be equal to Re f14(X) or Im p4(X). For X; > X we have
r 2
Y(X1) = (X)) = > | (@)|” (Re or Im) [T ¢;(Aw.;)

weER JjeEE
X<|Aw,qll; <X1

hence |y(X1) — v(X)| < pz(X1) — pg(X). So B(X) := v(X) + pz(X) is

non-decreasing and we have

lim X/El-dg(x

21+|E| B -
= —— = V/IDr] (Re or Tm) [T Fi(gy) + [T A0 )
(d — |E)(2m) : :
JjeEE JjeEE
Since (14) hold~s for g = [[;cp gj, this implies that (14) holds also for
arbitrary g; € £, and the proposition follows. O

We now state the main result in this paper. In the proof we will extend
the validity of (10) to a larger class of functions ¢g than those considered so
far.
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Theorem 3.3. Let r € O' \ {0}. Let {1,...,d} be the disjoint union of
the subsets E, Q4+ and Q_, with E # {1,...,d}. Let H be a hypercube
H = HjeE[aj7bj] c RIEl, such that a;,b; ¢ {3(1 — %) b >2,b even}.
Then, if R = R(E,Q+,Q-) is as in (7), we have

lim XZl—d " (w)]?
X—00
weR,ajS)\w’ijj,jeE
Pqll, <X

2¢/|DF|

(- 1ED! @) 3‘1613 </[aj,bj}n[1/4,oo) tanh (rv'y ~1/4)dy
D DR (A 1)>- (15)

b>2,beven,
aj<g(1—%)<bj
REMARK. Note that the factors in the product over j € E on the right-
hand side of (15) are twice the volume of [aj, b;] for the measure dn dis-
cussed after (6).

Proof. As a first step in the proof we will show that (10) is also valid for any
function k(\) = xjegk;(A) with k;(\) an arbitrary continuous, compactly
supported and real valued function on ). For this purpose, we carry out an
approximation argument based on the fact that for each € > 0 there exists
he = Xjegh; € LEl such that

k() — he(V)| < eb())  for all A€ YIE, (16)

where b = X,cgb; is also an element of LIE! not depending on ¢ with
b; > 0, for each j.

We first show how (16) leads to the assertion. After that, we construct
b and h. satisfying (16). In the remainder of the proof we shall write
px(g) = pg(X) to stress the dependence on the test function g. We will
use the fact that pux defines a positive measure on VIl for each fixed X.
Also, we denote by u the non-negative measure on Y€l on the right-hand

side of (10), given by
91+|E]| |Dp|
[ Fn) = G ana [ #(hies) TLant).

jJEE

We have
he(A) —eb(A) < k(M) < he(A) +eb(N)

for A € YIEI. Hence
px(he) —epx(b) < px(k) < px(he) +epnx(b), (17)
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pu(he) —ep(b) < p(k) < phe) +ep(b) . (18)
The inequality (18) shows that
(k) = pu(he)| < epu(b)
for each € > 0. Hence lim,|o p(he) = p(k).
Proposition 3.2 shows that limx_ X!EI=%ux(h.) = p(h.) for each

e > 0, and limx o X!Z1=%ux (b) = u(b). We want to prove the same for k.
We derive from (17) that

0 < limsup X'PI=9px (k) — lim inf XF1=x (k) < 2eu(b).

X—o0 —00
Hence limx o XFI=9x (k) exists; by taking limits in (17) we obtain:
plhe) - <p(b) < Jim X0 (k) < plhe) +<p(b).
The desired equality follows by taking the limit as € | 0.

Now we turn to the construction of A, and b. First we focus our attention
on one place j € E. For positive u, we put

wuw=v@/me““@u—yMy (A€R). (19)

The dependence of h; on w is not visible in the notation. This expression
shows that v +— h;j(1/4 — /%) has a holomorphic extension to C, and then
has an exponential decay on the strip |[Rev| < 7 and along the real axis.
This implies that h; € L. We note that for each j

17ille < I1Fjllo » (20)
where | - ||oc denotes the supremum norm on R. The function h; gives a

holomorphic approximation of k;. By taking u sufficiently large, we obtain,

for prescribed ¢; > 0,
17 = Kjlloo <5 (21)

Let us take A; > 1 so that Supp(k;) C [-4; +1,A4; —1]. If [A\| > A, then
we have
[ N] < 2(4; = 1)l oo/ufm e NHZA

< 2(A45 = Dllkjllocv/u/m e A=A
Further enlarging u, if necessary, we get e™“\/u/m2(A4; — 1)[|kj[|sc < €5,
and

(V)] < €jbj(\) for [A] > 4 (22)

where

B <1+>‘_)72 for A > —%,

(114‘_)72 for A < —5.

[y

|
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We extend b; as a holomorphic function on a neighborhood of [0, c0), such
that v +— b;(1/4 — kv?) is holomorphic on |Rev| < 7, with 7 slightly larger
than 1/2. The estimate b;(1/4—v?) = O((1+|v|)~?) is sufficient to conclude
that b; € L.

Note that the h; depend on £; > 0 but the b; do not. If [\| < A;, then
we have that b;(A) > 1 and we conclude that

|hj(N)| < Bibi(N) (23)
where 3; = 2(A; — 1)||kj|loor/u/m.
We now take h. = Xjcghj and b = Xjecgbj, and assume that all

g; €(0,1). Foragiven A\ € YEl let F={j e E:|\|<A;}. HF=E,
then we have, by (20), (21) and the fact that b;(\;) > 1 if |A;| < A;,

KO = heW)] <Y ki) = b)) T Meillo

jeE i€E, i
< (Zgj) T max (1, [lkilloc)bON)
JjEE i€l

The product over ¢ # j is taken outside the sum over j by estimating it by
T mase (1, i) BV
1€l
If F # E then k() = 0, as at least one \; is outside the support of k;. We
use (23) and (22), to obtain in the case F' # E:

k) = k)] = )] < b0 [T 85 T &
JEF  i€EENF
Thus we see that we can adjust the €; in such a way that condition (16) is
satisfied.

As the final step in the proof of the theorem we extend (10) to the
characteristic function of a hypercube [[;cpa;, b;] C R Bl

Let us denote by x; the characteristic function of [aj,b;]. Now, for
any € > 0, it is easy to construct functions u;,U; € C.(R) such that
0 <uj <x; <Uj, llyllee <1, [Ujllee < 1, and [% (U; —uj)dn < e.
The measure dn has point masses at the elements of A;. So we need the
assumption aj, b; € Ag to attain the last inequality for all € > 0.

If we let u = xXjepuj and U = X cg U;, we have

wU) —p(u) <Ci|Ele and u<yx<U, (24)

with C; a constant depending on the supports of the U; and on the mea-
sure U.
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Now since px(u) < px(x) < px(U) and (10) is valid for u and U we
see that
p(w) < liminf XIE= 4y (x) < limsup XIE-uy () < p(U). (25)
o0 X—o00
The existence of limy oo X!FI=%ux (x) follows from (24) and (25). Since
w(u) < p(x) < p(U), we have that

lim X' (x) = p(x) .-

X—00
This is the statement in the theorem. o

If we let E = () in Theorem 3.3, we get the following result that can be
seen as a Weyl-type law, weighted by Fourier coefficients.

COROLLARY 3.4. Letr € O'~ {0} and let {1,...,d} = Q4+ UQ_. Then
we have

: —d r 2 _ 2 |DF|
A ll1 <X
A >0,JEQ
A, <0,7EQ-

The possibility to prescribe @4+ and Q_ allows us to count represen-
tations having discrete series type factors at some places, and factors of
principal or complementary series type at the other places. The following
result ignores this distinction.

COROLLARY 3.5. Letr € O'~{0}. Let E be a proper subset of {1,...,d},
and put @ = {1,...,d} \ E. Take [aj,b;], for j € E, as in the theorem.
Then

Xh—IPOOXlEl_d Z ‘CT(W)‘Z
a;<Aw j<bj,jEE
ewqll, <X
Toree 1L( v
= tanh (m/y — 1/4)dy
(d— |E|)! w2l Fl H [a;,b,][1/4,00) ( )
+ Y (b—1)>. (27)

b>2, beven

a;<Z(1-2)<b,
Proof. This is obtained from the theorem by adding the contributions over
all possible choices of Q4+ L Q_ ={1,...,d} \ E. o

We now show that Theorem 3.3 can be used to derive density results
for automorphic representations subject to restrictions at some places.

The first result (Proposition 3.6) confirms that the representations of
complementary series type are rare. We fix one place [ € {1,...,d}, and
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apply Corollary 3.5 with E = {l}, and [a;,b;] C (0,1/4]. We catch all
complementary series eigenvalues at the place [ if we take 0 < a; < 77/324,
since, according to [KS1], all complementary series factors correspond to
eigenvalues in (77/324,1/4). The right-hand side in (27) vanishes for this
choice, and leads to case (i) in the following proposition.

To obtain part (i), we take E = {1,...,d} ~ {l}, and fix k # . We
take [ax,br] C (0,1/4], and for j # k, we let [a;,b;] be any interval in R,
as in the theorem.

PROPOSITION 3.6. For each r € O’ \ {0}, we have

(i) im X N (@) =0,

X—o00
2| Aewg1SX

0<A01<1/4
(ii) lim X! > & (@) =0.
X—o00
‘AW,Z‘SX

a; <| A | <b;, GFK

Replacing A ; < 1/4 by Ay, < 1/4, we obtain a density zero result for
exceptional eigenvalues.

In the next application, we restrict our attention to discrete series type
eigenvalues, and, moreover, prescribe the eigenvalue at all places but one.
So we choose E = {1,...,d} ~{l} and Q = Q_ = {l}. For each j € E, we
pick A\; € Ag, and choose [a;, b;] such that [a;,b;]NY = {\;} C (a;,b;),
and b; < 77/324 if A\; = 0. Application of Theorem 3.3 gives
PROPOSITION 3.7. Let r € O' \ {0}. Let 1 <1 < d, and take \; € Ay for
3 # 1. Then

v/ |D
Jim X S e = |7rdF| H,/1/4— A
—X <A <0 Al
Aw,j=Nj, j#L
This shows that there are infinitely many w that have discrete series
type factors at all places, and a prescribed eigenvalue at all but one place.
If we take r totally positive, we restrict the sum to w that are generated by
a holomorphic Hilbert modular cusp form (see Proposition 2.2.3 in [BMP]).
The occurrence of the Fourier coefficients ¢" (@) in our result makes it hard
to find a connection to dimension formulas for spaces of holomorphic Hilbert
modular forms like those in Theorem 3.5 of [F].

The number of places at which we have restricted w is reflected in
the exponent of X. If d > 2, the positive density here might in principle
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correspond to a lower density than the zero density in (i) of the previous
proposition.

Finally, we take E' = {1,...,d} ~ {l}, Q@ = Q+ = {{} and confine A\ ;,
J # 1, to a small interval [aj, b;] of principal series eigenvalues. We obtain
PROPOSITION 3.8. Letr € O'~\{0}; let 1<I<d, and take [a;, b;] C [1/4, 0]
for j # 1. Then

lim X! (=)|?
X o0 og,\;gx il
;< e,y <by, A

21 d‘ |DF| H/ tanh ﬂ\/y—1/4)dy

\/ ‘DF H ((b; — a;)(1 + 0(6727“/%71/4))) ‘
J#l
REMARK 3.9. In the case when d = 1, necessarily £ = () in Theorem 3.3
and Q@ = Q4+ = {1} or Q = Q_ = {1}. The asymptotic result obtained in
each case is expressed in Corollary 3.4. We get, as X — +oc:

Z ‘cr(w)fw%, if Q- =10,

0< A <X

> @ ~E, i Q=0
—X<Aw<0
We note that in [B], Corollary 4.4 gives a special case of Theorem 3.1,
implying the first asymptotic formula in (28). Also, in [DI, Theorem 2], a
result that applies to Fourier coefficients of general automorphic forms is
given in the form of an upper bound.

In comparing the result for d = 1 with those in [B] and [DI], it is
useful to note that a Maass form u on $), normalized with respect to the
usual measure y~2dx dy, corresponds to \/%7 fo, where fo € L*(T'\G) has
length 1 and weight 0. The factor 7 arises from the normalization of the
Haar measure on N that we choose in §4.1, and the factor 2 from I'\G =
(T'\9) x (Z\K), where Z = {I,—1I}.

REMARK 3.10. We note that density results entirely similar to those in
this section could have been obtained using the 2-norm of the eigenvalues
Aw in place of the 1-norm.

Indeed, if one uses a zeta function involving e ~*I*= 2 in place of e
the limit in Theorem 3.1 is essentially the same, except for a different multi-
plicative constant on the right-hand side. By using this limit and following

(28)

—sllAwlls
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the arguments in this section, we obtain entirely similar results with some
changes in the multiplicative constants. The proof of the analogue of Theo-
rem 3.1 is very similar to the one given in sections 4-6, but one has to make
a different choice of the test functions, hence there are several computations
and estimates that need to be worked out again.

4 Sum Formula. Delta and Kloosterman Terms

We shall use the sum formula in Theorem 2.7.1 of [BMP] in a way similar to
the application in section 3 of that paper. For completeness, we will recall
most of the notation. We refer the reader to [BMP] for any unexplained
facts or notation.

We apply the sum formula with » = v/ € O’ . {0}. That implies that
the test functions k£ have the form k = x?zlkj S H;.lzl kj(v;) with all
k; € L, see Definition 2.1.

Throughout this section, we shall take the cusps x and ' equal to oo,
and omit them from the notation.

The sum formula gives the following equality for each test function k:
/ k(v)doy,(v) = A (k) + K_ . (Bk). (29)
Y

The integral on the left constitutes the spectral side of the sum formula.
The measure do,, contains information on the spectral decomposition of
L*(T\G)* and on the Fourier coefficients of the automorphic forms oc-
curring in this decomposition; see sections 5 and 6. The geometric side
consists of the delta term A, ,(k), defined in (34), and the Kloosterman
term K_, _,(Bk), see (37). The latter depends on a Bessel transform Bk
of the test function k.

In this section, we shall fix a special test function of product type,
leaving k; € L free for j € E and choosing it in a special way for j € Q,
depending on a parameter s > 0. The purpose of this section will be to
investigate the behavior of the geometric side as s tends to 0. In §4.1 we
consider the delta term. The study of the Kloosterman term, in §4.2, takes
more work. It turns out that the delta term gives the main contribution.

In all estimates, we take into account the dependence on r and the k;,
with j € E.

The spectral side has the same behavior. This we shall use in section 6
to prove Theorem 3.1.
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Notation. The map & — (£91,...,£94) gives an embedding of the
number field F in R?. We will often write &; instead of £797.

Accordingly, we define, for z, y € R%, the product zy € R¢ by (xy);

For z € R%, we put S(z) := 2?21 zj, extending the trace Trp/g. Sim-
ilarly, N(y) := H;l:l y; extends the norm Np/qg to N : R*? - R*,

Test functions. We write the set {1,...,d} of places of F as the
disjoint union of three sets £, Q4 and Q_, where Q1+ U Q_ # ().

At the places j € E, we keep k; € L arbitrary. At the other places, we
make a special choice, depending on a parameter s > 0:

—s(1/4=r*) " if |Rev| <

e 1 ev T

IfjeQu ki(v)= -z, "

JEQey: ki) {O ifves+2 v >7; o
0 if | Rev| <7,

ifjeq (V) {e_s(”2_1/4) ifves+2 v >7. o

Norms of test functions. In Theorem 3.1, we have not stated any
uniformity of the limit in terms of the k;. In Proposition 6.1 we shall give
some information on the uniformity in k. To do that, we now introduce
some norms.

For a > 2, let £, be the subspace of k € L for which k(v)<(1+|Imv|)~¢
on the strip [Rev| < 7.

For o € [0,7] and b < a, we put

Nop(k) := sup (1+ |Im1/|)b|k‘(y)| on L,
; b—1 b—1
discr L
NOEer () = > —— |1<; <—2 >‘ on L,
b>2, bE2Z
Naa(k) 1= Noa(k) + Naa(k) + NUT(k)  on L, (32)

We extend N, to £ by defining it equal to oo outside L,.
We recall the definition of the integral transformation H(k) from (3).

) b—1 b—1
H(k) = 1/ k(v)v tanmv dv + Z —k <—>
2 Jrev=0 botbe2n 2 2
Note that H is continuous on £, with respect to Ny 4 + Ndiser < Nq,q for

any « € [0,7]. We also use the following notation:

|klloa,s = [ ] Nealks) if k= xjepk; € L. (33)
JjeEE
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4.1 Delta term. Section 2.6 and Definition 2.5.2 in [BMP] give the
definition of the delta term:

d
Arp(k) = 2vol(TN\N) [[ H(E)) - (34)
j=1

The group NN consists of the matrices

njz] = <<(1)“11> <(1)’51d>> ca,

with z € R% In [BMP] we have chosen the Haar measure dn = %2 ... dfr—d.
The characters of N have the form

Xr(n[f]) — 62m‘S(r:c)’ (35)
with » € R? The intersection 'y = I' " N consists of the (éf) with

¢ € O c R% The volume of T'y\N is equal to 7~%¢/|Dp|, where D is the
discriminant of the number field F; see, e.g. p. 115 in [Lal]. The character
Xr is trivial on I'y precisely if r € O'.

The factor a(r,r) in [BMP] is equal to 2 in the present context. To

see this in Definition 2.6.1 in [BMP], note that the matrices (8 19€> with

e € O* form a system of representatives of I'y\I'p. We take goo = 1 at
the cusp k = oo, hence a,, is equal to ('58” 1/|20j‘) at the place j. So only
e = %1 contribute to a(r,r), and x,(ne(y)) =1 for v = + ((1)(1])

The factors k; of k with j € E are general. Let us put Hg(k) :=
HjeE H(kj)-

We are left with the factors for j € (). We have chosen the corresponding
kj in (30) and (31). For j € Q,

1

H(k;) = —/ 1Dy tan v dv + 1
Rev=0

2 2
— s 1lems/4 /OO e Pt + O</Oo 6_5t2_5/4te_27rtdt> + l
t=0 0 2
=351 +0(1),
and for j € Q_,

k) = 3 (m - %) e

m=2
In order to estimate this quantity, we replace the sum by || 100 flx)dx = %3*1,

with f(z) = (z — %)e_s(ﬁ_l’), and then we need to estimate the error.
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The maximum of f occurs at Tymax = % + \/% To estimate the error we
consider two intervals: The sum over 2 < m < mj = [Ty is larger than
the integral over [1,mq], and the difference between sum and integral is
smaller than f(zpax). The sum over m > my + 1 is larger than the integral
over [mj + 1,00), and again the difference is smaller than f(zmax). The
missing integral over [mq,m; + 1] is smaller than f(2nyax) as well. So the
error is < f(2max) < 1/4/s and we obtain for 0 < s <1

H(k;) = 3571+ O0(s71/?),
ol+|E]|

A (k) = W\/WF\ Hg(k)s/Fl—d
(14 (if Q- # 0)O(sY?) + 0(s)) .

With the convention in (33), we can restate this as

(36)

PROPOSITION 4.1. Let k = x?zlkj, with k; € L arbitrary for j € E,

and with k; as defined in (30) and (31), for j € Q. Then we have for each

a€[0,7],as s | 0:
91+ E|

@V [Dr|He (k) s 4 |[lla,0, Or(s71~"+)
where c=1/2ifQ_#Dand c=1if Q_ = .

A (k) =

4.2 Kloosterman term. In §3.3 of [BMP] it was sufficient for our pur-
poses to estimate the Kloosterman term by a quantity that is of the same
order as the delta term. Here we want to use the main term in (36) for an
asymptotic result. So we have to do better on the Kloosterman term.

For our purposes, it will suffice to employ trivial bounds for the Kloos-
terman sums.

For any function f : (R*)¢ — C that decreases sufficiently fast as the
y; tend to zero and infinity, we define the following sum of Kloosterman

sums: S(ror )
Kan)i= ¥ Hend (5. 7
IN()] ~ \¢e
c€q, c#0
Here q is the ideal ¢ C O such that I' = Ty(q). We have (r?/c?); =
(r?/c?)%i. The quantity |N(c)| is the norm of the ideal (¢) C O. The
Kloosterman sum is defined by
S(T,T;C) _ Z* eZwiTrF/Q(r(qua)/c)’ (38)
dmod c
where d runs over representatives of @ mod (c) for which there exists a € O
such that ad = 1 mod (¢).
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The aim of this subsection is to prove the following estimate for the
Kloosterman term.

PrOPOSITION 4.2. Let k = X?Zlk‘j, with k; € L arbitrary for j € E,
and with k; as defined in (30) and (31) for j € Q. For a € (1/2,7], and
0<e<2a-—1,ass |0, we have

K (BR) e NP bl 5=+ -(i@ ]

The choice av = 7 is optimal in the s-aspect. We see that the Klooster-
man term is indeed of smaller order than s/”I=¢ = s~1@+=1Q-| in (36).

Bessel transform. The transform Bk occurring in the Kloosterman
term is of product type: Bk(y) = H;-lzl B+kj(y;) for y € (0,00)4, with the
following Bessel transformation:

7 vdy

Bk =5 [ KO nyD) - s (15y5) o
P Z b/2k(b2l>bgljb1(4ﬂ\/§)7

b>2,be2Z

S A
Ju(t) = nz_%n! T(w+n+1) (5> '

In (25) and (26) of [BMP], we have rewritten the integral defining G,k in
several ways. As in §3.3 of [BMP], we use some estimates for the Bessel
function to find bounds for B+k. With 0 < a < 7 we have

—2a-1/2

(39)

for Rev =« Jou (y) < y*%e ”'Im"‘(l—i- | Im v/) (40)
asy |0,

for b € 27, b > 2 Jb 1(y) <y IT(b)tasy |0,

for Rev =0 Jo(y) < ™™V for all y > 0,

for u >0 Ju(y) < u ! forally > 0.

For convenience, we write ¢ = 4m,/y. We fix o € (1/2,7]. For k € L,, with
a > 2, we find the following estimates along the same lines as in [BMP],
§3.3.

Bk (y) _—i/R _ k(v)Jau(t) vy +2Z(—1)b/26_71k <b 1>Jb 1(t)

COoS TV
b>4

<o Naa(B)y™ + 3?2 N (k) < N o(k)y® asy |0,
) vdy b 1 b—1
Bik(y) = —Z/ k(v)Jau (1) +2) (-1 — <T> Jo—1(t)

- Cos TV
Rev=0 S b>o
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< Noo(k) + NET(E) < Ny (k)  asy — oo,
thus
Bik(y) < Ngo(k) min(y®,1) for y > 0.
If we specialize k = k; as in (30) and (31) for j € @, we can obtain better
estimates by reconsidering the integrals. First we note that, for Rev > a,
1 y\~2v T(v+w)
w) =5z [ ) mn gt @
(To derive this integral representation from the power series expansion,
move the line of integration to the left.) We take % <a<y<oa+ % < %,
and write v = v + iq, w = —« + it. To estimate Js,, it suffices to consider
the case ¢ > 0. We find, for all y > 0,

o0
JQV(y) <<Oé,’y y2a/ e*g“]+t‘+5‘£]*t‘(1+ |q+t‘)’}/*a*1/2

— 00

(g —t) T P

oo
:y2a€7rq/ (1+$)'yfa71/2(1+2q+x)777a71/2dx
0

1
+y2aq/ e*ﬂ'q.’E(l +q(1+x))’7*a*1/2(1 +q(1_x))*770£*1/2dx
-1

oo
+ y2ae—7rq/ (1 + $)—y—a—1/2(1 + 29 + $)7—o¢—1/2 dz
0
q+1 o)
< y2a67rq</ x77a71/2(1+q)777a71/2 d$—|—/ $2041d$>
1 q+1

1
+y2aq(/ eﬂq:c(l + q)—oz—y—l/Z dx + (1 +q)y—a—1/2>
0

0
+ y2ae—7rqqy/ (1 + x)—Qa—l dr
0

< y2a€7rq(1 + q)1/27a77.
The best choice of v seems « + % — ¢, with € > 0 small. We shall apply the
estimate with 1/2 < v < 3/2, hence we take ¢ < 1/2. The advantage of
the present estimate above (40) is its validity for all y > 0.
In the case of real v, v > 3/2, we find

oo ] ) |V —a+ it|V_a_1/2
J < 2a / eft(arg(uch»zt)7arg(1+zx+afzt))
2 (y) <a y . 1+ v+a—i+ati/?

dt

00
< yQa/ |I/ +Z~t|—2a—1 dt < yQaV—Qa‘

—00
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We apply these estimates to find bounds for the local Bessel transforms.
We take a € (%,7’], Y=o+ % —50<e< % For j € @, the functions k;
are holomorphic on |[Rev| < 3/2, so k;(v) makes sense if Rev = .

For j € @4, we have, uniformly for 0 < s < 1,

Bok;(y) = —i / by () o (£) 22

Rev=~

CcCOos TV

<</ 63(72*1/4*“2)3;0‘(1 + |u\)1/27a77\u|du

< yasa/2+7/25/4/ 67u2(\/§+u)1/27o¢7'yudu
0

< yasaflfe
. —s/4 > —sw
Biki(y) <e €
—00

2 |wle™
—dw+1
cosh mw

o0
< 63/4/ e w dw +1
0

< s

Biki(y) < min(s* 1y s fory > 0.
In the last estimate, we have the parameter s inside the minimum. This
will enable us to improve the estimates in [BMP, §3.3].
For j € Q— we find a similar, but slightly better estimate, uniformly for
0<s<1,

Beki(y) =2 Y (—1)1’/2M633(1*3)Jb,1(t)

b>4, be27, 2

< Z y (b — 1)1—2a6—s((b—1)/2)2

b>4, be27,

5 9g )\ 120 00
< ya (< Oé) 1 + / $12a€sx2d$>
28 = /25304
a0y,
o
Brks(y) < Y e307%) < / 1= gy < 5712,
b>4, be2Z z=1

Bik;j(y) < min(y*s* !, 5712 for all y > 0.
In this way we have proved

LEMMA 4.3. Let 1/2 <a<7,0<e<1/2 Fork=xJ_k;, withk; € L
arbitrary for the places j € E, and k; as in (30) and (31) for j € Q, we
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have, uniformly for s € (0,1),
B1kj(y) < Naa(k)min (y*,1) forj e E,
Bikj(y) < min(s* 'y, 57" forj € Qy,
Bik;(y) < min(s* y®, sTY2) forjeq_.
Sum over the units. We shall apply Lemma 8.1 in [BM2] in the
following form:
LEMMA 4.4. Let a,b € R, a+b> 0. Let pj,q; >0 for j =1,...,d. There

exists C' > 0 such that for all f: (R*)¢ — C satisfying
d

£ )] < T min (psly; 1, aslys17°)

j=1
we have
N(p)

D 1f(ey)| <ap min (N(p) [N N(q) [N (y)| ™)
log [N (y)| + L g P

e€O*
d—1
11 .
(* atb B N(g) )

Proof. This is a direct consequence of Lemma 8.1 in [BM2]. There we had
to take into account the complex places of F. We apply the lemma with
e=0and all n; = 1.

With nj = p;/(a-l—b)q‘—l/(d-i-b) |y]|’ we have

J
. — b/(a+b +b . _
min (p; ;1 g5ly;17%) = /¢ min (52, n7?) .

Lemma 8.1 in [BM2] bounds the sum over the units by
N(p)"/ N (g)*/“+0) (1 + [log N(n)|*~") min (N (n), N (n) ")
1/(a+d)
N(q)l/ (a+D)
Kloosterman term. For all test functions & in the sum formula, the
sum K, ,(f) converges absolutely. This convergence is part of the statement
of Theorem 2.7.1 in [BMP]. For our choice of test functions, the absolute

convergence follows from the estimates of Bessel transforms obtained above,
and the next lemma.

LEMMA 4.5. Let f: (R*)¢ — C satisfy

log N(y)

d—1
>mmmmN@mN@W@n%-m

d
1F )] < T min (p;(f), a5(Hly;|*)
j=1
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with p;(f),q;(f) >0, for j =1,...,d, and with o > 1/2. Let r € O’ ~. {0}.
Then K, ,(f) converges absolutely, and

1/2a+e
Ko ) e Npg)min (19 g IV <% ) )

with N(ps) = H;l:lpj(f), and N (qy) similarly.

In the proof below, we use the trivial estimate |S(r,r;¢c)| < |N(c)| of
the Kloosterman sums given in (38). The resulting estimate suffices for our
purpose. However, the Kloosterman sums satisfy a much better estimate
of Weil-Salié type (see Theorem 10 in [BM1]). With this estimate and the
method of Lemma 3.2.1 in [BMP], we can obtain the following bound for
the Kloosterman term:

1/40+e€
K, (f) <Fea N(py) <]]:;EZJ;;> N(q)—1/2+€|N(T)|1/2+5. (42)

In the present context, we prefer the less complicated reasoning below.

Proof S r,T;c
PPLLES 15¢ ' Hmm (9 (), 3 ()l 221 2)

< Y Hmin (Pi(f), a5 ()i 1?¥1Gie5172%) -
(c)Ca, (e)#(0) (O™ j=1
We use Lemma 4.4 to estimate the sum over ( € O*, where we take a = 0,
b=2a, p; =p;j(f), ¢j = ¢;(f), and y = ¢/r. This gives the bound

Z * <o min (N(py), N(qp)|N(r/e)l*)
¢ : (1 + [log [N (c/r)] + o= log(N(pf)/N(Qf))\d_l) :

We use that there are O(n®) ideals with norm n, and split up the sum at
n k= NG|V (ag) /N (o) 2

Ky (f) <pae »_n°min (N(pg), N(gp)n >N (r)|**)

n=1

1 N(py) =1
- 14 |logn —log |N(r)| + — log
( NG|+ 5108
LFoe Z nEN(pf)(l—l— (logm—logn)dfl)
1<n<k

+ Z n"2*N(ps)r** (1 + (logn — log H)d_l)

n>max(1,x)
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LFae ]\/Y(pf)"il—i_zE (ifk>1)+ N(pf)li2a min (1’ K2€+1—2a)
= N(ps) min(x**, £'+2%) . .
Now we are in a position to prove Proposition 4.2. Let f = Bk and let
pj(f) = 51 (resp. pj(f) = 3*1/2) if j € Q4 (resp. Q—). Furthermore, let

qi(f) = 717 (vesp. q;(f) = s*7"), if j € Q4 (resp. Q). Let p;(f) =
¢;(f) = Nao(kj), if j € E. By Lemma 4.3 we have

d
1F )| < T min (p;(f), a;(H)ly;|*) -
j=1

We also note that
N(pj) = IIkHa,a,Es_('Q”JF%'Q*D,
N(gs) = k| q.q,ps (Fe—alQ++1=a)lQ-)

N(gf)/N(ps) = 5(@=9)|Q+[+(a—1/2)|Q-|
We are interested in the asymptotic behavior as s | 0. This corres-
ponds to the case when N(qf)/N(ps) is small. So we take the bound

o N(gy) -
N(p)IN(r)P? %Z;; in Lemma 4.5,

K +(Bk) <pae N2kl a,0pzs eI —0-0lQ-] (43)

5 Sum Formula. The Eisenstein Term

The goal of this section is to give an estimate for the Eisenstein term of the
sum formula. We start by introducing some notation.
The set Y in the sum formula (29) has the form

Y= <i[0,oo)U <o,%> u{b_Tl:bzz, be2Z}>d.

The measure do,,(v) on Y in the left-hand side of (29) is the sum of a

measure dod5 | to be discussed in section 6, and a measure do¢™, given
) )

by
o
[ sz @)=Y e S [ fti+ i Dl dy (49
Y KEP  peLy” —
for compactly supported continuous functions on Y. All test functions
k= X?Zlkj, k; € L, are integrable for this measure, in particular if we take
k;j as in (30) and (31).
P is a full set of representatives of I'g(q)-inequivalent cusps. For each
Kk € P, the number ¢, is positive; Di>" (v, iu) is a normalized Fourier coeffi-
cient at oo of the Eisenstein series Eq(P", v, i, g) with weight ¢ and spectral
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parameter v € C, and p is in a lattice £, in the hyperplane Z;'l:1 z; =0
depending on k.

To show that the contribution of the Eisenstein term is negligible in
the context of this paper, we need an estimate for Dy (v,iu) in terms
of Imv and u. This will take quite some work, which we carry out in
this section. It is at this point that we essentially use that we are in an
arithmetic situation. In general, the contribution of the Eisenstein series
could be comparable to, or even larger than that of the discrete spectrum.
For congruence subgroups, there are expressions for the Fourier coefficients
of Eisenstein series in terms of number theoretic quantities, for which one
has additional information.

Our estimate will depend on many quantities, among these the field F,
the ideal q, and the choices we make for each cusp. In the present context,
we want to show that (44) gives a smaller contribution than A, ,(k) in
Proposition 4.1. We have decided not to burden the paper with an attempt
to make explicit all those dependences.

5.1 Fourier coefficients of Eisenstein series. In view of (18) in
[BMP], in order to estimate the coefficient D™ (v,iu), it suffices to con-
sider the weight ¢ = 0 € (2Z)%. As usual, let T'(q) C T'9(q) be the principal
congruence subgroup of level q, where q is an ideal in O.

We denote

aly] = <<¢(§T11/0¢y—1> ""’<\/0y_dl/3%>> ¢

1/2

for y € R% ), and aly]? = [] PR aly]* =11 j y;-”j . The Eisenstein series

is, for Rev > 1/2, given by the sum

Eo(P*viipsg) = Y ax(yg)PtPrre, (45)
vE€L0(a)x\Lo(q)

where g, € G satisfies kK = g,00, where g = gxn.(9)ax(9)ks(g) for each
g € G, with n(g9) € N = {n[z] : z € R9}, a.(9) € A= {ay] : y € R4},
k.(g) € K, and where I'y(q), is the subgroup fixing the cusp . The lattice
L, consists of the p in the hyperplane Z;l:l z; = 0 that satisfy a,(§)* =1

for all § € T'o(q)x-
The Eisenstein series Eg(P", v, iu,g) is a linear combination of Eisen-

(9) (

stein series Eg P%i, v i, g) for the principal congruence subgroup I'(q),
with x; running through the cusps of I'(q) above s. The coefficients in
this linear combination depend on the choice of the g,; € Gg such that
Kj = gx,;00. Different choices introduce factors of the form aly]Pr2vetie so
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the size will not be influenced if Rev = 0.

To see this, we note that if v runs through a set of representatives of
To(q9)x\o(q), then v~! runs through aset R C Tg(q) such that each element
v - k of the orbit I'g(q)k occurs exactly once. This orbit consists of a finite
number of I'(q)-orbits, for which we choose representatives v; € I'g(q). Let
rj = jk. So there are subsets R; C I'(q) such that R = |; R;v;.

The § € R; represent the orbit I'(q);. It is not hard to check that this
implies that 6~' runs through representatives of I'(q).,\I'(q) when 4 runs
through R;.

Let us choose gx; = 7,95 Then

N T ) [ G ) L M G )
= 7]'716719 = 7;lgnjnﬁj (5719)(1143' (5719)]{7:‘43' (5719)
shows that a,, (6 1g) = a,{(q/j*l&_lg), and hence
Eo(P",v,ip; g) = Z Ey (P, v, ip; g).

J
Any other choice of g, has the form g = vi9xpl, with p € NA, | = £1.
This will indeed cause a factor a[y]P+2vrP+ir,

@ (PR v ig).

We turn to the estimation of the Fourier coefficients of E(I;
We have seen that this suffices for our purpose.

Each cusp «; of I'(q) has the form —6/v, with 6,7 € O, such that the
ideal a = (d,7) is relatively prime to g, see for instance [Gu, Satz 1]. Let

us fix one cusp x; among the cusps of I'(q) above k. There are o, f € a”!

N a
of representatives of I'(q).;\I'(q), then ’)/l_ll-ij runs through the cuspidal
orbit I'(q)x;. Gundlach, [Gu], gives in Satz 1 and Hilfsatz 1 the following
description: The lower rows of the elements gj_lfyl run through the pairs
(c,d) € O? that satisfy

Oc+0Od=a, c¢c=+ modqa, d=J mod qa,

from each class { (ec,ed) :e € 0", e =1 mod q}, (46)

exactly one pair occurs.
This follows from [Gu, Hilfsatz 1, Satz 1] (see also [E1, Propositions 2.1
and 2.3]).
Let z =z + iy € H% For Rev > 1/2,

Eg(UI) (P, v,ip, n[zlaly]) = Z “ [ﬁ
(c,d)

such that g,,;, = ( J 7ﬁ) sends 0o to kj = —%. If v runs through a set

p+2vp+ip
} (47)
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where ( = and where the pair (c,d) runs over a set sat-

y — Yi
[cz+d|? )7, T |c%izi+doi
isfying the conditions in (46). By standard methods this gives the following

description of the Fourier term of order r # 0, at the cusp oo:

1 / ~1gl@ (pr;
xr(n) " E, P™ vy ip,nalyl)dn
VTN e 0 )

= oy Y IN ()12 2SO [y (0,14 i)W afy])
(c,d)

with Cp a constant, and (c,d) as in (48). (See [BMP, (9) and (16)] for df,

and W;lj(;rw.)

Note that

|C|—2p—4up—2iu — H |Caj |—1—2V—2mj — |N(C)|_1_2V|C|_2w,
J
and that ¢ — ||~ is a character on F*, vanishing on the group {¢ € O* :
e =1mod q}, since u € L.

The (c,d) in (46) correspond to a sum over I'(q) ., \I'(q). Now we have to
deal with a sum related to I'(q).; \I'(4)/T'(4)cc, with the class of 1 omitted
if K; = 0o. The (c,d) € a x a have to satisfy

Oc+0Od=a, c=ymodq, ¢#0, d=dmodq
there is exactly one representative of each class d mod q(c)

(48)

there is exactly one representative of each class
c{e€e O :e=1modq}.

Since the ideal a = O~ + O/ is relatively prime to g, the congruences
c=7,d=4¢ mod q are equivalent to the same congruences mod qa.

We shall denote by ¥(v,d) a set of pairs (¢, d) satisfying the conditions
n (48) above.

In (10) and (18) of [BMP], we see that the quantity Di~" (v,iu) in (44)
is obtained by dividing the Fourier term given above by the factors dl,, and

I/Vgo"j(;F " We have thus arrived at a description of the following form
L .
DX (vyip) = ca) T (v + i, 01) (49)

=1
with ¢; € C, a; € (0, +00)% and where the Dirichlet series ®,. is given, for
Rev > 1/2, by
Bt d) = Y V@I BRSO, (50)
(c,d)€¥(7,9)
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An estimate on the line Rev = 0 for the meromorphic continuation of
such a Dirichlet series will give an estimate of the same form for D.”" (v, ip).

We will now consider one such series, depending on the pair v and § in
O and where the ideal Oy + O = a is coprime to q. One difficulty is the
condition Oc+ Od = a in (48) that prevents d from running over a full set
of representatives. The method to approach this problem can be found in
[K1], [F, Ch.III, &4], or in [E1, §2].

Let I be the group of fractional ideals prime to g, and let pq be the
Mobius function on I;. Let Wy := Wy(v,6) be the set of (c,d) € a x a
satisfying all the conditions in (48), except for Oc+Od = a. For (¢, d) € ¥y,
we only know that Oc + Od is an ideal contained in a. Now

O+, 0) = Y IN(QIIH eS0T )

(c,d)e¥y bla—1(Oc+Od)
= > ug(6) > N(o) T[T ReAniSstrd/e),
bCOZbEIq (C7d)€\11110,d€ab

Let Fy={(a) € Ij: € F*,a=1mod g, >0, for j=1,...,d}. The
quotient I/Fy is the strict ray class group modulo q. We use this finite
group to split up ®, into the sum over 7 € I /Fy of
(i) = Y ) D N( e kS0,
bCO:beT (c,d)eW:c,dcab
Thus, to estimate @, it suffices to estimate the finitely many terms ®7.
For a given 7, we fix an integral ideal by € 7. We write each b € 7 as
b = bo(¥), with ¢ = ¥ € F* totally positive, ¥ = 1 mod q. For a given ¢
of this type, we replace ¢ by ¥¢ and d by ¥d. The conditions for the new
pair (c¢,d) are
c€abyg, c¢c#0, c=-vymodq
¢ modulo multiplication by £ € O*, ¢ =1 mod q, (51)
d€aby, d=dmodq, dmodq(c).
Let us denote by Wa(bg) := Wa(y,d;bp) a set of pairs (¢,d) as in (51).
The substitution ¢ — Jpc, d — Opd leads to

(v +ip;y,0) = > pg(b)N(b)" 172 N(bg) 2|y 2

bCO:ber
combe Z |N(C)|7172V|C|72iu627ri5’(rd/c)‘
(c,d)eP2(bo)

We note that o — [a|** induces a unitary character of Fy. We fix a
(unitary) extension A, of this character to I;. For b = bg (¥) as above we
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have [J[%# = \,(b)A,(bo)~ . So,
QT (v +ip;y,0) = Au(bg ) (b0)"2 Q(v, Ay, 7) Yo (v +ip;y,8),  (52)
where
Qv hut) = Y ng(®)N () 2N (0)7,
ber, bCO
O i) = Y IN( el RS,
(c,d)eW2(bo)
We shall first estimate 120 (v4-ip;y, 6). If we fix ¢ € abg, ¢ # 0, ¢ = v mod q,
then the d such that (¢,d) € ¥4(bg) run through representatives, modq(c),
satisfying d = ¢’ mod qabg, for some ¢’ such that 6’ = d mod q and & =
0 mod abg. Such ¢’ exists, since q and abg are relatively prime. Sod = §'+9
with ¢ running through all representatives of qabg mod q(c). Hence, if ¢ is
fixed and one sums over all 1, one gets a non-zero contribution if and only
if the character x +— €2™5(2/¢) of qaby mod q(c) is trivial, that is, if and
only if rdqaby C (c), where 0 is the different of O. So 9% (v + iu;~,d) is
given by a sum over finitely many ¢, determined by

(53)

abg | (c)
(c) | roqaby (54)
¢ =y mod q
Hence ‘
P iy, 8) = Y IN(e)[ el N (abo) ! (55)
casin (54)

is a finite sum, hence everywhere holomorphic. For Rer = 0 it is bounded
by
N(abo) '[{bC O:b[rag} | = O((IN(r)IN@)N(@)),  (56)

for each € > 0.
We now turn to Q(v, A\y;7), with 7 € I;/F;. Set

L) = 3 2u0x(®) (57)

bely, bCO N(b)*

where y is a character of the ray-class group Iq/F,. Fourier analysis on
I/ Fy allows to express Q(v, A,;7) in terms of these L-functions,

I3/l Qv i) = PRI T o) 69
bely, bCO X€Iq/Fq)"
xe(lqz/;’q)A L(1+2v,M,,x)
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where (I;/Fy)" denotes the character group of I;/Fy. So the task of esti-
mating Q(v, \,;7) for Rev = 0, is reduced to estimating L(s, A, x) ! for
all x € (Iq/Fy)", for Res = 1.

5.2 Estimates for certain L-functions. In this subsection we will
obtain logarithmic estimates on the line Re s = 1 for the L-functions defined
in (57). In the simplest case, F' = Q, q = Z, we can use the estimate
C(lth) = O(log"t) as t — oo, or the better estimate m = O(logt), see
[T, (3.6.5) and (3.11.8)]. Such estimates are known for other L-functions,
like Dedekind zeta functions. We include a proof for the general case we
need, since we could not find it in the literature in the needed generality.

We shall follow classical methods of Landau, leading to a generalization
of m = O(log"t). Y. Motohashi kindly pointed out to us a more
involved method that should give a better estimate, comparable to m =
O(logt). In the context of this paper we prefer to stick to an approach that
is as simple as possible.

As seen in the previous subsection, these estimates will allow us to
estimate the Fourier coefficients of Eisenstein series and therefore to get a
bound for the contribution of the Eisenstein term of the sum formula.

We shall use the notation from §5.1, but to keep this section self-con-

tained, we will recapitulate the main ingredients.

Let F' be a totally real number field, q an integral ideal in O, I; the

group of fractional ideals in F' that are prime to q and
Fy={(o) € Iy: a=1mod q, «a totally positive } .

So 14/ Fy is the strict ray class group modulo q. We consider F* embedded in
(R*)? in the canonical way. Taking absolute values in each coordinate and
denoting by V the composition of the absolute values with the embedding
of F*, we obtain a map V : 0* — (Rs()? with a multiplicative lattice
as its image in (R<g)? contained in the subgroup defined by the equation
N(y) = 1. We have a unitary character of F*/{e € O* : ¢ = 1 mod q}
given by A\, (z) = V(z)%**, where y*# = H?:l y?luj. We have assumed that
Z;l:l p; = 0 and we have extended the character A\, of Fy to a unitary
character of the group I,. For simplification, we shall denote this character
by A in the sequel. If u = 0, then we take the extension A equal to 1.

Our aim is to obtain a lower bound of the absolute value of L-functions
of the form o

L(s,\, x) = Z %, (59)

bely, bCO
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where ¥ is a unitary character of the group I;/Fy, on the line Res = 1. We
follow the standard approach, which first establishes upper bounds on lines
Res = o > 1. The latter bounds are more easily obtained for ray class zeta

functions: A(®) £, (n)
R _ an
Z(s \T) = Y Ny = DT (60)
ber, bCO n=1
where 7 is a class of I;/F,. The coefficients fj(n) of this Dirichlet series
have less satisfactory estimates than the partial sums

()= k)= >, Ab). (61)
k=1

beT, bCO, Nb<n

In §2, Chap.IV of [J], it is shown that
s1(n) = an + OF,q(nl_l/d) , (62)

with a # 0 not depending on the ray class 7. We shall follow the same
method to prove Lemma 5.1, which shows that sy(n) < n'~Y/®if X\ # 1 for
d > 1. For d = 1, we have s1(n) = an + O(1).

It is more convenient to sum over numbers than over ideals. So we fix an
integral ideal ¢ in the inverse class 77!, and write b = (a)¢™! with o € F*,
a =1mod q, a>> 0 (i.e., « totally positive). We set

sh(n) 1= Aa) = A(e)sr (n/N(c)), (63)

where (a)¢™" runs through the integral ideals in 7 such that N(a) < n.
The quantities sy(n) and s} (nN(c)) have the same growth behavior.

We proceed as in Lemma 2.5-2.7, Ch.IV, in [J]. The « in the sum
satisfy

1

i) a = ag mod qc, where ag € ¢ satisfies ag = 1 mod q,
ii) « is totally positive,
iii) we use only one element from each class {ac : e € 0", e > 0,¢ =
1 mod q },
iv) N(a) <n.
The « satisfying i) form a shifted lattice M = ag +qc C F € R¢. Condi-
tion ii) requires that we restrict the sum to « € MnN Rio.

We write each z € Rio in the form x = z,x,, with z, such that
N(z,) =1, and z, = (N(z)"/?, ... N(x)"/9). Let F be a compact fun-
damental domain for the multiplicative group Uy := {e € O* : ¢ = 1
mod ¢, € > 1} in N(z) = 1. Later on we assume that the boundary of F
is piecewise analytic. Let X}, be the set of all z € R‘io satisfying N(z) <n
and z, € F. The « in the sum may be chosen as the elements of M N AX,.
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For each totally positive a € M, we have A\(a) = 205 2 o™
extend this by defining A(z) = 23 2#7°8%5 for all z € R%,. We note that
A =1 on the multiplicative group Uy, and A(z) = A(z,). Thus

hn)= D Aa).
reEMNX),
Let A be a fundamental domain for the lattice qc, of which M is a shift.
We replace the sum s, (n) by the integral

D) =g [ Ay, (64)

The difference between I (n) and s (n) consists of two terms: The “interior
error” occurs for each x € M such that z + A C X}, whereas the boundary
error is related to those z € M for which x + A meets the boundary 90X,
of X,,.

We start with the interior error. For © € M such that x + A C X,,, we
consider

0(z) :=Az) — VO](A)_l/ AMy)dy

T+A
1
:vol(A) /A ()\(a:) — Mz + n))dn.

For n € A, we have
245
€. + /r] J
<g> =1+ Ox(pj/x;).
Lj
The set F is compact, and has positive distance to all the coordinate hy-
perplanes. So we find that x; > ClN(a;)l/d, for some C7 > 0. We have

i d
z+n\" _
(57) =T1 0+ Onrllnsiva) )
j=1
=1+ O 7 (N (z)~"9)
with ||u|| = maxg-l:1 |pej]. Thus,

A=) —1/d —1/d
= 20 N d N(z)™V
30) = i [ Onr (N () )y <z N )
since |A(z)| = 1. We find the following estimate for the interior error:
Y @) <azlull Y NV (65)
TEMNX, zEMNX,,

We use partial summation to handle the latter sum on the basis of the
estimate s} (n) < n for the case A = 1 (see Statement 2.15, Chap.IV of [J]),
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Y N@) V<Y m V(s (m) — sy (m — 1))
m=1

reEMNX),

n—1
< Z st (m) (mfl/d —(m+ 1)*1/d) +n~ Y (n)
m=1

n—1
< Z mfl/d +n71/d+1 & nlfl/d.
m=1
Thus 1
S 6(a) = Onr (lin /4. (66)
reEMNXZ

At the boundary 04X, for some x € M N AX,,, the set x + A may jut out
of X,,. At other points we may have for x € M\ X, that (z+ A)N A, # 0.
We note that X, is obtained from X; via multiplication by ¢t = n'/4. We
apply the argument in the proof of Theorem 2, §2, Chap. VI, in [Lal], to
see that the number of x € M such that (z + A) N 9AX,, # 0 is

OnF(n'~1/4). (67)
The boundary error has the same estimate (not depending on ).

We now turn to the integral I(n). It is convenient to change coordinates
to z; = log y;. Then the region of integration corresponds to the infinite

region )
S(z) <logn S(2) =%, 7,

yn: ; J= ; 68

{zueH Zuzz_(& ”’S())’ (68)

n 7’ n
where H := log F. We note that H is a fundamental domain for a group
of translations in S = 0 for which z — e?#* is periodic. Therefore,
1 4
I = 20z S(z)d ]

"= R /y . e“ e z (69)
The factor e°(?) and the restriction z, € H are responsible for the absolute
convergence. If we integrate first over a hyperplane S(z) = C, C a constant,
we get zero; therefore I, = 0. In the light of (63), (66), (67) and (69), we
get

LEMMA 5.1. If X\ = X\, is non-trivial, then the sum sy(n) defined in (61)
satisfies

sx(n) = On rc([uln* ). (70)

Now we estimate the zeta function Z(s, A, 7), see (60). The argument
will be essentially the same as in [L], and will only be sketched. We will fol-
low the standard Mertens’ scheme, using (70) to keep track of the influence
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of A= \,. For Res > 1, one finds with (61),

= An) - s s sx(m)
)—; s T Z sx(n)(n™* = (n+1) )—m,

n—m+1
which stays valid for Res > 1 — 3 Lif X # 1. One takes A\ # 1, 0 = Res > 1
and uses (70) to obtain,

(n) ! 1 1 S (m)
A j : 1
< — — + E lo
n? ‘ - n=1 Sl(n) <n n —+ 1) m < . 108 1T

o0

> sam)(n = (n+1)7%)

n=m+1
‘ sx(m)
(m+1)%
A suitable choice is m = [1 + (1 + |s|)?||u||]. This gives
Z(8,\,T) <p,qlog (1 + |s|) + log |||, (71)
for A # 1, Res > 1. The implicit constants depend also on the choice of ¢

and of F.
Next, one estimates the derivative of the zeta function,

(s,\,7) Zf)‘ logn

< Islllulm=174

<ar ulm= e

An argument entirely analogous to the one above gives for, Res > 1, A # 1,
Z'(5, A7) <pq log? (1+[s]) +log? ||| - (72)
The classical approach, c.f. Landau, [L, p.91, p.94], implies similar

estimates for the case A =1, 1 < Re s < 2, with bounds \I s T log! | Im s|,

I =1or2, for Z and Z’ respectively, instead of log!(1 + |s|) + log! |||

We now turn to the L-series defined in (59). It is a linear combination
of series Z(s, A\, 7), with 7 running through the ray classes. The estimates
for Z imply similar estimates for L. From (62) it follows that Z(s,1,7) =
=21 + hr(s), with A, holomorphic on Res > 1 — é If the character x of
the ray class group I/ Fy is non trivial, we have L(s,1,x) = >, X(7)h,(s),
holomorphic on Res > 1 — 5. So the finitely many L(s,1,x) with x # 1
have a common upper bound for 1 <Res <2 |[Ims| <1, and so do their
derivatives. Of course, L(s,1,1) has a first order singularity at s = 1. We
summarize:

L(S, >\a X) <<F,C| 1Og (2 + |t|) + C)\ IOg HMH + 5)\,X|t|_1 = b(t,,u,x) )
L'(s,\,X) <pqlog? (24 [t]) + G log? [|ull + Oxq [t 2 < blt, 1, )2,
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for s = o +it, 0 > 1, t # 0, x a character of the ray class group I;/F;. We

use 0y, = 1, if x =1, A =1, and J, » = 0 otherwise, and ¢y = 1 if A # 1,

¢1 = 0. In the case J), = 0, these estimates extend to s = 1 by continuity.
The product expansion of the L-function implies

1 . — - —no n n —nit

og |L(o +it, A x)| =)~ > N(p) " Re(Ap)"x(»)" N ™)
n=1"p:(p,q)=1

From the inequality 3 4+ 4 cos ¢ + cos 2¢ > 0 it follows in the standard way

that for o > 1

|L(o, 1, D) *|L(o + it, A, x) || Lo + 2it, A2, %) | > 1.

We suppose that ¢ # 0 or dy , # 0. Then we have, for o > 1,
Ch(o — 1)3/4

|L(o + 2it, N2, x2)|1/4"
Leaving the exceptional case u = 0, x? = 1, |t| < 1 aside for the moment,
we have b(2t,2u, x%) < b(t, 1, x), and obtain
(o — 1)3/4
b(t, X))/

|L(o +it, A\, x)| >

|L(o +it, A\, x)| > C2 (73)

Furthermore,
|L(o +it, A\, x) — L(1 + it, A, x)|

< (o =1)|L'(1+0+it, A x)

< (o —1)b(t, i1, x)%

Fort #0if 0y, = 0:

|L(1 +it, A\, x)| > |L(o +it, X\, x)| — |L(o +it, A, x) — L(1 +it, A, x))|
N Co(o —1)3/*
bt x) VA

, O<b<o—-1

— C3(0 = 1)b(t, 1, x)*.
One may choose

4 3
c=1+ (20723) b(tvlJ’a X)_9> Cy= (20723) %a
to obtain
|L(1+it, A, x)| > Cab(t, 1, x) " (74)

In the exceptional cases when = 0 (for which we have chosen A = 1),

X2 =1, |t| <1, we find
|L(o +it,1,X)| > (o — 1)**|o + 2it — 1|/,

So these L(s,1,x) cannot have a zero at o > 1, 0 < [¢t| < 1. We know

that there is a pole at s = 1 if x = 1 (see, e.g., [J, Ch.1V, Prop.4.1]). If
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X # 1, then L(s, 1, x) is holomorphic and non-zero at s = 1, see [J, Ch.V,

Prop. 10.2]. Thus, L(s,1,x)~! is bounded on the region ¢ > 1, |t| < 1. The

ray class group I/ Fy is finite, so there are only finitely many exceptional x.
We have thus proved

PROPOSITION 5.2. Let A be a unitary character of I,, which is given by
A& = H;-lzl €93 |25 on the ideals in Iy of the form (€), £ € F*, and which
is equal to 1 if p = 0. Let x be a character of the ray class group Iq/Fy.
Then, for Res = 1, we have

1 log” (2+ [Ims|) +log” ||u|| ifA#1,
o <Fa 7 .
|L(s, A, x)] log” (2 + [ Im s]) ifFA=1.
In view of (58), the function Q(v, A, 7) satisfies the same estimates,
QA7) <pqlogh (2+ [Tmv[) + Cylog” |uf (75)
for Rev =0, with {, =1if A#1, {1 =0.
5.3 Estimation of the term corresponding to the continuous
spectrum. We turn to the estimation of the term [y k(v)dofo™ (v) in (44),
for the test function k& = x;k; with arbitrary k; € £ if j € F, and k; as

indicated in (30), (31) for the other places. From (49), (52), (55), (56), and
(75), we conclude for each cusp k,

D" (iy, ip) < IN(r) (log"(2 + ly]) + log [lull)  if u#0,
DX (iy,0) < [N(r)[* log™ (2 + |y]) - (76)
The implicit constants in the estimates may depend on many quantities,

for instance, the field F, the ideal g, the choice of the elements g,; and gy;
describing cusps, and the choice of ¢ € 77! for elements of the ray class
group.

In view of (44) and (31), the integral vanishes if Q— # 0. So we need
only look at the case {1,...,d} = EUQ+.

/kdoc‘mt<<|N ZcHZ/ ko TT (14 Iy + )™

pELy JjeEE
T e 4 (1ogT (2 + lyl) + G logT ||l dy
JEQ+
with (o = 0, (, = 1if u # 0. For each of the finitely many ~ € P, we

estimate the sum over £, by an integral over the hyperplane Zj z; = 0.
For a € (1/2, 7],
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/kdacont<< IN(r)F ”kumE/ T+l T e

JEE JEQ+

. <log7 (2—{—‘2%‘) + log” (1+mjax‘xj—d_l Zxd))d:p
j l
< IN(IF HkHaaEH/ (1+1e) "

JEE
I / (14 J2])°e """ da
JEQ+
< N | llaya,ps P50 i Q- = 0. (77)
On the other hand, we have seen that [, kdog)™ =0, if Q_ # 0.

6 Proof of Theorem 3.1

The last term to be considered is given by the measure dadlscr =

doy,, — dacont.

i 2
[ f0datznw) = Y sl @) (78)
Y w#l
The sum formula (29), and the estimates in Proposition 4.1, Proposition 4.2,

and (77), give for test functions k as chosen in §4, and 1/2 < a <7, >0
sufficiently small,

. 21+|E|
/Y k(v) dofie () = T /IDr s ()s
+ O (k] oae S\E\ d-l—c)
+ (6 Q- = ) Opge([Fllaa, N (1) s1FI=0C5)
+ OF,oz,a(Hk”a,a,EN(T)zasi(thia)‘QHi(lia)‘Q7‘) ) (79)
Taking into account that

[Hoastso) = ¥ @ bed [[htmy, @

Y w#1 JEE
Aw,j 207j6Q+
Aw,j <0,j€eQ—

and that d = |E| + |Q4+| + |@—|, we obtain the following result:

PROPOSITION 6.1. Let r € O' \ {0}. Choose a partition E, Q1+, Q_ of
{1,...,d} with @ = Q4+ UQ_ # 0 and let R be the corresponding set as




718 R.W. BRUGGEMAN, R.J. MIATELLO AND I. PACHARONI GAFA

in (7). Let g = Xjcp gj, with gj € L for each j € E, let 12<a<7<1
and ¢ > 0 sufficiently small. If Zs(g) is as in (8), then we have
ol+|E| .
Zs(9) = To—g VIDrl [T Alg5)s ™ + O ([kllaa,ps~9*)
(27) :
jeEE
+ (if Q- = 0)Org.c (| lla,a, 5N (r)[7s~1/2+2)101)
+ OFae(HkHQaE|N(T)|2a3*((1+6*a)lQ+\+(1*a)|Qf|)) )

Here ¢ = 1/2 if Q_ # () and ¢ = 1 otherwise, and H(g) is as given in (6).
Also, if E = () then the product factor on the right-hand side should be
interpreted as 1.

We see that all error terms are strictly smaller than s—19 = s~1@+=1Q-[,
Taking into account the relation (5) between the test functions k and g, we
obtain Theorem 3.1.

References

[B] R.W. BRUGGEMAN, Fourier coefficients of cusp forms, Invent. Math. 45
(1978), 1-18.

[BM1] R.W. BRUGGEMAN, R.J. MIATELLO, Estimates of Kloosterman sums for
groups of real rank one, Duke Math. J. 80, (1995), 105-137.

[BM2] R.W. BRUGGEMAN, R.J. MIATELLO, Sum formula for SLs over a number
field and Selberg type estimate for exceptional eigenvalues, GAFA, Geom.
funct. anal. 8 (1998), 627-655.

[BMP] R.W. BRUGGEMAN, R.J. MIATELLO, I. PACHARONI, Estimates for
Kloosterman sums for totally real number fields, J. reine angew. Math.
535 (2001), 103-164.

[DI}  J.-M. DESHOUILLERS, H. IWANIEC, Kloosterman sums and Fourier coef-
ficients of cusp forms, Invent. Math. 70 (1982), 219-288.

[E1] I. EFRAT, Cusp forms and higher rank, preprint (1985).

[E2] I. EFRAT, The Selberg Trace Formula for PSL(R)™, Mem. AMS 359, AMS,
Providence, 1987.

[F] E. FRrREITAG, Hilbert Modular Forms, Springer Verlag, 1980.

[GJ] S. GELBART, H. JACQUET, A relation between automorphic representa-
tions of GL(2) and GL(3), Annales Sci. Ec. Norm. Sup. 11 (1978), 471-542.

[Gul K.B. GUNDLACH, Uber die Darstellung der ganzen Spitzenformen zu
den Idealstufen der Hilbertschen Modulgruppe und die Abschétzung ihrer
Fourierkoeffizienten, Acta Math. 92 (1954), 309-345.

[J] G. JANusz, Algebraic Number Fields, Academic Press, 1973.

[KS1] H.H. KM, F. SHAHIDI, Cuspidality of symmetric powers with applica-
tions, Duke Math. J. 112 (2002), 177-197.



Vol. 13, 2003 DENSITY OF HILBERT MODULAR FORMS 719

[KS2] H.H. KM, F. SHAHIDI, Functorial products for GLs x GL3 and the sym-
metric cube for GLo, Ann. Math. 155 (2002), 837-893.

[Kl]  H.D. KLOOSTERMAN, Theorie der Eisensteinschen Reihen von mehreren
Verénderlichen, Math. Abh. Sem. Hamburg 6 (1928), 163-188.

[L] E. LANDAU, Ueber die zu einem algebraischen Zahlkérper gehorige Zeta-
function und die Ausdehnung der Tschebyschefschen Primzahlentheorie
auf das Problem der Vertheilung der Primideale, J. reine angew. Math.
125 (1902), 64-188; also in “Edmund Landau Collected Works, Vol.1,”
(L. Mirsky, et al., eds.), Thales-Verlag, Essen (1985), 210-325.

[Lal] S. LANG, Algebraic Number Theory, Addison-Wesley, 1968.

[La2] S. LANG, SL2(R), Addison-Wesley, 1975.

[LuRS] W. Luo, Z. RUDNICK, P. SARNAK, On the generalized Ramanujan con-
jecture for GL(n), Proc. Symp. Pure Math. 66:2 (1999), 301-310.

[R] A. REzZNIKOV, On the asymptotic formula of Kuznetsov and existence of
generic cusp forms, Math. Z. 213 (1993), 557-573.
[S] A. SELBERG, On the estimation of Fourier coefficients of modular forms,

Proc. Symp. Pure Math. VIII, AMS (1965), 1-15.

[T) E.C. TircHMARSH, The Theory of the Riemann Zeta-function, Oxford,
at the Clarendon Press, 1951.

[W] D.V. WIDDER, The Laplace Transform, Princeton University Press, 1946.

R.W. BRUGGEMAN, Mathematisch Instituut Universiteit Utrecht, Postbus 80010,
NL-3508 TA Utrecht, Nederland bruggeman@math.uu.nl

R.J. MIATELLO, Facultad de Matematica, Astronomia y Fisica, CIEM, Universi-
dad Nacional de Cérdoba, Cérdoba 5000, Argentina miatello@mate.uncor.edu

I. PACHARONI, Facultad de Matematica, Astronomia y Fisica, CIEM, Universidad
Nacional de Cérdoba, Cérdoba 5000, Argentina pacharon@mate.uncor.edu

Submitted: June 2002
Revision: August 2002
Final version: September 2002



