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SUM FORMULA FOR KLOOSTERMAN SUMS AND FOURTH
MOMENT OF THE DEDEKIND ZETA-FUNCTION
OVER THE GAUSSIAN NUMBER FIELD
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Abstract: We prove the Kloosterman—Spectral sum formula for PSL2(Z{:})\PSL2(C), and ap-
ply it to derive an explicit spectral expansion for the fourth power moment of the Dedekind
zeta-function of the Gaussian number feld.
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1. Introduction

Our principal aim in the present article is to establish an explicit formula
for the fourth moment of the Dedekind zeta-function (¢ of the Gaussian number
field F = Q(2):

oQ

Zo(a.F) = [ [Ge(3+ila(o (L)
- o

where the weight function g is assumed, for the sake of simplicity, to be entire and

of rapid decay in any fixed horizontal strip. The basic implement to be utilized is

a sum formula for Kloosterman sums over F

Se(m,m;c)= Y exp (27riR£ ((md +nd)/c))) (1.2)

d mod ¢
(d,c)=1

with ¢,d,m,n € Z[i] and dd = 1 mod c. It is an extension of the Kloosterman-—
Spectral sum formula for PSL2(Z)\PSL;(R). By a Kloosterman-Spectral sum
formula we mean any method of expressing sums of Kloosterman sums in terms
of spectral bilinear forms in Fourijer coefficients of automorphic forms, and by a
Spectral-Kloosterman sum formula any procedure in the opposite direction. As is
to be detailed shortly, the existing version of the Spectral-Kloosterman sum for-
mula for PSL2(C) concerns only K-trivial automorphic forms over PSL2(C), and
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is unsuitable to handle sums of Sr explicitly. We extend the Spectral-Kloosterman
sum formula to all K-types and invert the Bessel transformation occurring in it,
obtaining the Kloosterman—Spectral sum formula for PSLy(Z[t])\PSL2(C). We
stress that the Bessel inversion has so far been obtained only for PSL;(R) and
infinitesimally isomorphic groups.

The explicit formula in Theorem 14.1 expresses Z2(g,F) as a sum of a term
Mg(g), an integral transform of ¢, and a term based on the spectral decomposition
of L2(PSLy(Z[i])\PSL2(C)). It is a generalization to F of Theorem 4.2 of [25] that
gives for the fourth moment Z2(g,Q) of the Riemann zeta-function an explicit
formula based on spectral data for L?(PSL2(Z)\PSL2(R)); see the final section.
In [6], we have generalized that theorem to real quadratic number fields with
class number one. In all the three cases, the fourth moment Z5(g,-) is linked to
spectral data via Kloosterman sums. Thus one may assert that they are built
on an essentially common basis. Indeed, the structural similarity among these
spectral expansions of the moments is remarkable.

There are, however, notable differences among them as well. In the rational
case, the Mg(g) is the main term, overshadowing the other explicitly spectral
terms. For the quadratic cases, the same does not hold. We shall briefly discuss
this peculiar fact for the present case in the final section.

In the case of the Riemann zeta function, the relevant Kloosterman-Spectral
sum formula is the one due to Kuznetsov [18], [19]. There a sum of rational
Kloosterman sums is expressed in terms of a spectral bilinear form in Fourier
coefficients of automorphic forms over the upper half-plane. The test functions
on both sides of this equality are related by an integral transformation, given
by a Bessel kernel. In applications of the sum formula, it is important to have
control over this integral transformation, and, in particular, to be able to invert
it. Kuznetsov did this in the works quoted above in an ingenious way. The sum
formula for the upper half-plane has been discussed at various places. A, self-
contained treatment along classical lines can be found in the first two chapters
of [25]. For a spectral formulation of the sum formula, the version in [1] has the
advantage to stress that the spectral data are tied not to automorphic forms in
the upper half-plane but, in fact, to irreducible subspaces of the right regular
representation of PSL2(R) in LZ(PSLy(Z)\PSL2(R)).

In the case of [6], we could appeal to [4], which treats totally real number .
fields. There the Bessel transform in the sum formula on (PSL3(R))? had to be
handled, but that is not essentially more difficult than the Bessel transform for

For our present group PSL>(C) such a reduction to smaller groups does not
hold; in fact it is the first step of an induction leading to any algebraic number
field, and we have to start from scratch. It is true that Miatello and Wallach
have given in [23] a wide generalization of the sum formula, to Lie groups of real
rank one. They have, however, good reasons to restrict themselves to irreducible
representations with a K -trivial vector which are comparable to automorphic
forms of weight zero. The relevant integral transform is described by a power
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series expansion of its kernel function; hence its behavior is only known near the
origin. Moreover, the restriction to K -trivial representations makes it unlikely
that the same kernel function can be used to describe the inverse transformation.
However, we need, for the purpose of the present paper, a sum formula that relates
sums of the form

> Selm,n;0)f(e) (13)

ceZlij\{0}

to spectral data for rather arbitrary test functions f on C\{0}. That is, we are
given a sum of Kloosterman sums to begin with, but not spectral expressions as in
[23]. This requires a good control of the relevant integral kernel in much the same
manner as Kuznetsov’s theory allows us to do for PSL,(R). We achieve this by
deriving a Spectral-Kloosterman sum formula for PSL2(Z[i])\PSL2(C) for each
K -type, and combine it into one complete Spectral-Kloosterman sum formula. We
invert the Bessel transform in this sum formula, and arrive at the Kloosterman—
Spectral sum formula. The major part of the present article is devoted to the
development of these Spectral-Kloosterman sum formulas. As is mentioned above,
PSL,(C) is the first Lie group other than PSL3(R), for which this programme has
been carried out completely. The results are stated Theorems 10.1 and 13.1. The
former theorem can be used to get information on spectral data; and it is the basis
of the latter, in which sums of the type (1.3) are spectrally decomposed. The
integral transform in these formulae has a product of two Bessel functions as its
kernel; see (6.21) and (7.21). Theorem 11.1 gives the inversion of the integral
transformation. The integral representation in Theorem 12.1 allows us to bound
the kernel function in (7.21) in a practical way for applications, especially to treat
Z2(g) F) :

Once the sum formula in Theorem 13.1 has become available, we can proceed
with the study of Z2(g, F). The general approach is the same as in the rational
case (Chapter 4 of [25]), but the computations are by far more involved, as can
be expected. Here it should be made explicit that we shall be concerned solely
with establishing an explicit formula for Z2(g, F). The asymptotical study of the
formula is entirely left for future works. Thus the present article does not contain
anything corresponding to Chapter 5 of [25], except the discussion mentioned
above as to be made in the final section.

For F the step from the fourth moment to sums of Sg is carried out in
Section 2, and follows the same lines as in the rational case. In this respect, the
real quadratic case in 6] is harder. There we had to deal with infinitely many units.
As far as we see, it is essential for our method to assume that the class number is
one, for both real and imaginary quadratic fields. We could thus try to deal with
any imaginary quadratic number field with class number one, but have exploited,
in the present article, arithmetical simplifications offered by the specialization to
F = (). On the other hand, the derivation of the sum formula as given in
Theorems 10.1 and 13.1 could be carried out for any imaginary quadratic number
field. If the class number is larger than one, the contribution of the continuous
spectrum is only more complicated. The discrete subgroup can be any congruence
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subgroup, provided we have a Weil type bound of the corresponding generalized
Kloosterman sums; actually, any non-trivial estimate suffices. Without such a
bound, we would run into additional technical difficulties, that would require the
method of [22] for their resolution.

In the present paper we bring together two subjects that have been regarded
virtually independent of each other. We have presented the ingredients pertaining
automorphic representations of the Lie group PSL3(C) in a rather detailed way,
in the hope to make them more widely accessible.

Remark. Main results of the present article have been announced in our note [5)].

Convention. Notations become available at their first appearances and will con-
tinue to be effective throughout the sequel. This applies to those in the above as
well. We stress two points especially: (i) The terms left/right invariance/irreducibi-
lity are, respectively, abbreviations for the invariance/irreducibility of the relevant
function space with respect to the left/right translations by the elements of the
group under consideration. (ii) There are mainly two kinds of summation vari-
ables, rational and Gaussian integers. The distinction between them will easily
be made from the context. Also, group elements, operators, and spaces appear as
variables. They are explicitly indicated if there is any danger of confusion.

2. A sum of Kloosterman sums

The aim of this section is to reduce Z2(g,F) to a sum of Sy with variable ar-
guments and modulus, indicating the core of the problem that we are going to
resolve. We shall partly follow a discussion developed in Section 4.3 of [25].

Thus, let g be asin (1.1). Closely related to Z2(g,F) is the function
I(z1, 22, 23, 24;9) = / Cr(z1 + it)Cr(22 +1t)(r(23 — it)(r(za — it)g(t)dt, (2.1)

where all Rez; are larger than 1. Shifting the contour upward appropriately,
this can be continued meromorphically to the whole of C*. It is regular in a
neighbourhood of the point py = (3,%,2,2), and

Z22(9,F) = J(py;9) + a0g(5%) + bog(—31) + arg'(34) + b1g' (~37) (2:2)

with certain absolute constants ag, a;, bg, b; which could be made explicit. On
the other hand, expanding the integrand and integrating term by term, we get

O I e

1
3(21722323724;9) = E z
ki#0

with k,1 € Z[i]. Here

0u(r) = au(n,0), au(n,p) = 7 3 (&/1d]) | 24)

din
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with p € Z and the divisibility inside Z[t], and
a(z) = / g(t)e’dt. (2.5)

Classifying the summands according as k = [ and k # [, we have, in the region
of absolute convergence,

Cr(z1 + z3)(r(21 + za)CF (22 + 23)Cp (22 + 2a) 5(0)
4Cp(z1 + 22 + 23 + z4) v

Z l I—2zl“—223B (zl — 22’ 23 d z4,g ( ;21,23))7

(2.6)

:](21, 22, 23, 24;Q7F) =

m;éO
where
Bn(a,Bih)= Y. oa(n)os(n+m)h(n/m), (2.7)
n(n+m)#0
and §(2log |1+ 1
g'(ﬂ;'r,5)=g( 0|1+ /ul)- (2.8)

271 + u[*
The first term on the right of (2.6) is due to (14.21).

In order to exploit the relation (2.2), experience in the rational case suggests
that we should continue analytically the identity (2.6) to a neighbourhood of the
point p 1 and that such a continuation should be accomplished via spectrally

decomposing the function B (a, 8;9%(:;7,d)) with a Kloosterman-Spectral sum
formula. We shall see, in Section 14, that this is indeed the case. The long process
to reach there begins with the following fact on the complex Mellin transform of ¢*:

Lemma 2.1. We put, for g€ Z, s C,
(57,0 = 3= [ 9" d)a/lul) " (2.9

where C* = C\{0}, and d*u = |u|"%2du with the Lebesgue measure d ,u on C.
Then g4(s;,8) is regular in the domain

Re(s—vy—4) <0 (2.10)

as a function of three complex variables. More precisely, all of its singularities are
in the set {y+ 6+ 3|q|+!:Z > 1> 0}, as is implied by the representation

1 L(y+46—s+ Lq))
-~ . ’5 — _1 q 2
f°° r(1—-6+it) T(s—vy—it+3lq)
X T . 1
o D@—it) T(l+7—s+it+ )

(2.11)

g(t)dt,
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where the contour separates the poles of I'(1—6+it) and those of ['(s—y—it+1|q|)
to the left and the right, respectively; and s, 7, é are assumed to be such that the
contour can be drawn. Moreover, if 7v, 8, and Res are bounded, then we have,
regardless of (2.10),

Go(s;7,8) < (1+|g| + )4 (2.12)
with any fixed A > 0, as |q| + |s| tends to infinity.

Proof. The first assertion follows from the observations that g*(u;7y,8) <
|u|~2Re(v+d) a5 4 — o0, and that ¢*(u;~,d) is of rapid decay as u — 0, —1,
which is a consequence of respective upward and downward shifts of the contour
in (2.5). To prove the second assertion we assume, temporarily, that

Rey < Res <Re(y +90) <Revy +1, (2.13)
which is of course contained in (2.10). Moving to polar coordinates, we have
e‘i@lﬂ
Gu(5i9,6) = / t)/ p2a—y—it)—1 /_, TR dodrdt. (2.14)

This triple integral is absolutely convergent. Note that we need to deal with the
part corresponding to |[r — 1] < £, [# £ 7| < £ with a small £ > 0 separately. The
innermost integral is equal to

— 1 0 S—~it—1 -—y(l-{-rz) * R
F(5-—it)/0 Y € /__IGXP(1|QI5—2TyCO59)d0dy (2.15)

2n(=1)7 [ 5 0y —y(1+7%)
= * T 2ry)dy.
to=i) ), ? e 1iq/(2ry)dy
Thus we have
= g-Sitg(r) it
Gq(557,0) = (-1)* / pAe=)——it= (2.16)
7 oo F( — it)

OQ
X / yé"i‘_le“’}y(r+1/r)ltq| (y)dy dr dt
0

B q o0 21"’5+"tg(t)
'*“”.[m TG — at)

o0
X/O Y T Koy —s—ie () g () dy dt,

where the necessary absolute convergence follows from asymptotic expansions of
these Bessel functions. The last integral can be evaluated as a limiting case of
formula (1) on p. 410 of [35] coupled with the relation i~191J,y(iy) = fj4(y). Tt
is equal to
[(s —y—it+ 3la)T(v + 6 — s+ 3lal)
F5HT (gl + 1)
x2Fi(s —y—it+ 3lgl, v+ 6 — s+ 3lali gl + ;1)
_ gé—it—a L(L =6 +it)(s —y — it + 3|gNT(y + 8 — s + 3]dl)
T(1+y—s+it+ 3ghT(1 — v — 8+ s+ Llq])

(2.17)

?
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where we have used Gauss’ formula for the value of the hypergeometric function
at the point 1. Thus we get (2.11) with the contour Imt = 0, provided (2.13).
Having obtained this, we use analytic continuation to have the representation
(2.11) for those s,+,8 with which the above separation of poles is possible. Then,
to find the location of singularities, we move the contour in (2.11) to Imt = L
with a sufficiently large L > 0. We may encounter poles at t = i(1 — 8) + il with
integers ! > 0, but the relevant residual contributions are easily seen to be entire
over C3, whence the above assertion. As to the bound (2.12), we note that, when
|s| + |g| tends to infinity while v, 4, and Re s are bounded, the contour in (2.11)
can be drawn. Then we need only to push the contour down appropriately. The
new integral is readily estimated by Stirling’s formula. We may encounter poles
if ¢ is bounded, but then resulting residues do not disturb (2.12) because of the
assumption on g. This ends the proof. |

Now, returning to (2.7), we note the Ramanujan identity over F: We have,
for any n € Z[i], p € 2Z,

S (c/ 1) S (m, 0; ) el >
c#0

_ 4 Jo1-5(n,p/2) ifn#0, Res>1, (2.18)
_CF(S,IJ/2) CF(S_lap/z) ifﬂ:(], R-e3>2,
where 1
Ce(s,p) = 3 > _(n/In])*in| ™ (2.19)

n#0
is the Hecke L-function of F associated with the Grossencharakter (n/|n})??.
Applying this with p = 0 to the factor og(n +m) in (2.7), we see that if
1+ max(0,Rea) < Re(y+94), Ref < -1, (2.20)

then we have the absolutely convergent expression

Bun(, 536" (-57,8) = 1Ge(1 — B) 3 |6~ (2:21)
c#£0

x Y exp(2riRe(dm/c)) Dm(a, d/c; g*(-;7, )

d mod ¢
(d,c)=1

with
Dum(a,d/c;g*(-;7,0)) = Y _ 0a(n) exp(2miRe (dn/c))g* (n/m;v,8).  (2.22)
n#0
Note that we have used g*(—1;v,6) = 0 in (2.21). We expand g*(u;~,d) into
a Fourier series, and apply Mellin inversion to each Fourier coefficient, so that in

view of the last lemma we have, for any u € C* and 7 < Re (y + 4),

7°(57,8) = = S /lu)? [ Gylss, O)lal >ds, (2.23)

m q€eZ (n
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where (7) is the vertical line Res = 7. Thus we have
D (a,d/c;g%(-;7,9))
=—— Z(m/lm[ / X,(s, @;d/c)|m|* §,(s;,8)ds,

qEZ

(2.24)

provided 1 + max(0, Rea) < 7 < Re(y + J), where

Xq(s,a;d/c) = Zoa(n) exp(2niRe (dn/c))(n/|n|)?|n| % (2.25)
n#0
with (d,c) = 1.
Then we invoke (see [27]): If ¢ # 0, the function X,(s,a;d/c) of s is regular
for any a. If ¢ =0 and a # 0, it is regular except for the simple poles at s = 1
and s = 1 + a with the residues =|¢|/X* D(p(1 - a) and x| 2tD(p(1 + o),
respectively. Moreover, we have, for any combination of parameters,

X,(3,05d/c) = (c/|c])*(x/|c])** 22 (2.26)
T(l-s+3lghT 1 +a—s+ 3lal)

T+ Lo —at Jlap 00~ 5754

with dd = 1 mod c. By the convexity argument of Phragmén and Lindelof we
deduce from this that X, is of polynomial growth with respect to all involved
parameters as far as s remains in an arbitrary but fixed vertical strip.

The last lemma allows us to shift the contour in (2.24) to the left as we like.
The functional equation (2.26) yields

Lemma 2.2. If

1 + max(0,Rea) < Re(y+46), |Rea]+ Ref < -2, (2.27)
then we have, for any non-zero m € Z[i],
Bm(o £9"(-37,9)) = [BR + BY(, ;97 (-37,6)). (2.28)
Here
B{Y (e, B; (-7, 9)) (2.29)
_ 2 P(1 —a)(r(1 -B).
= 2n|m|*ca+p-1(m) G- o—F) go(1;7,9)
o 1+ 1-p5).
+ 21r|m]2( +l)0ﬂ—a—l (m) SF (Cp(2(:—)cj-(— 3) ) go(1 + ,9)
and
B (0, B;9° (17, 6)) (2.30)

L. 25 3 -
_ - Zlﬂ'zﬁ ICF( ﬂ)lm'a+ﬂ+l . n)ln‘a-i-ﬂ lSm.n(arﬁ)’Y':&;g):
n#0
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where
‘ 1 o
Sl 6,7, 8,9) =) e Srimnic) [g](?\/mn;a,ﬂ,'r, 5); (2.31)
c#0

9)(u; @, B, 7, 6) = (Ju|/2)~2C0++P)

XZ(“/lul)_z"/( rt—s+ %IQDF(I +a—8+ %lq])

Gq(5 7, 0)(ful/2)**ds (2.32)
e m D(s+3lahDs—a+gla) ™

with n < 1+ min(0, Rea). All members on the left sides of (2.28)-(2.32) are
regular functions of the four complex variables in the domain (2.27).

Proof. This is analogous to the rational case, which is developed in Section 4.3
of [25]. The first condition in (2.27) comes from (2.20). The second condition
there allows us to shift the contour in (2.24) to (£) with 1+ iRe(a + B) <
¢ < min(0,Rea). Then the right side of (2.29), which depends on (2.18), is the
contribution of the poles at s = 1, 1 + a which occur only when ¢ = 0. With
this choice of the contour, in place of (1) in (2.32), the absolute convergence
throughout (2.30)-(2.32) follows solely from (2.12). This gives the regularity
assertion. To finish the proof we move the contour from (£) to (n) as is specified
above. [

Note that [g](u;a, B,7,6) is even with respect to u so that the choice of
square root makes no difference in (2.31). A relatively closed expression for the
transform g — [g] is available, though it is not much relevant to our present
purpose; see Remark at the end of Section 12. The use of the Weil bound (8.14) for
Sk gives the refinement of the second condition in (2.27) to [Rea| + Ref < —% .
It should, however, be observed that the domain (2 27) in C%, even with this
reﬁnement does not contain the critical point (0,0, 3 5 2) that corresponds to p !

in (2.2). In other words, the estimate (8.14) of individual Kloosterman sums
does not suffice; we need a massive cancellation among Kloosterman sums. We
shall demonstrate, in Section 14, that the Kloosterman-Spectral sum formula in
Theorem 13.1 serves this purpose. It can be regarded as a device to separate
the variables m, n in (2.31). Taking the result of the separation into (2.30), a
sum of products of Hecke series emerges. The fact that these functions are entire
and of polynomial growth gives rise to the desired analytlc or more precisely,
meromorphic continuation of (2.6) to C%.

Remark. The right side of (2.7) is called the complex binary additive divisor
sum,; for its rational counterpart see [24]. The dissection leading to (2.6) is crucial
in our argument. We stress that it is not precisely the analogue of the Atkinson
dissection in the rational case (see Section 4.2 of [25]). Observe that on the right
side of (2.6) three times the first term is hidden in the second term; and thus the
latter does not represent the non-diagonal part of the sum (2.3) in the traditional
sense. A direct extension of Atkinson’s device might be to classify the summands
in (2.3) according either to the norms of k¥ and | or to the ideals generated by
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them. Then it would, however, be difficult to relate the result of dissection with
any Kloosterman sums or like. In our argument we exploit a geometric feature
specific to the ring Z[i]; that is, our dissection is based on the lattice, rather than
arithmetic, structure of Z[z]. If one tries to consider the fourth moment of the
Dedekind zeta-function of any imaginary quadratic number field with class number
larger than one, the dissection argument will become an issue. We note that our
argument has, nevertheless, a certain generality as well; it extends to

/_ ” ICr(3 + it, a)(r(3 + it, b)g(t)dt (2.33)

for any a, b € Z. See also Remark at the end of Section 14.

3. The group PSL;(C)

The Sy n in (2.31) is a sum of Kloosterman sums. The spectral decomposition
of it requires a considerable dose of the representation theory of the Lie group
PSL,(C).

With this aim in mind, we shall work with functions on SLy(C) which are
left-invariant over SLj(Z[i]). Since it is implied that they are even, ie., f(—g) =
f(g), we are actually dealing with

G = PSLy(C), I = PSLy(Z[i]). (3.1)

Denoting by [z 3] the projective image of the elements + (‘;3) of SLy(C), we

put

O e O L P S T o
for z,u,a,€C, u#0, o +|B|> = 1; and also
N ={n[z]: z € C}, A= {a[r]: r >0}, K =PSU(2) = {kle,f]: o, € C} (3.3)

with afr] = h[\/r]. We have, for the Euler angles ¢, 8, € R,

k[e, B] = h[e**/?]k[cos(16), isin(16)]hle™/?). (3.4)
We have the Iwasawa decomposition
G = NAK, (3.5)

which we write, e.g., g = nak = n[z]a[r]k[e, 8], and understand as a coordinate
system on G. With it, Haar measures on respective groups are given by

1 1
dn=dyz, da=-dr, dk= sinfdpdidy, (3.6)
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and
dg = —dn da dk. (3.7)

2
We have, in particular,

2
dk =1, dg = = (p(2), 38
/| | 8= (38)

where, with an obvious abuse of notation,
NG=I\G/K-K=IH K. (3.9)
Here H® is the hyperbolic upper half-space, and I'\H? is represented by the set
{(z,r) e H3: |Rez| < 3,0<Imz <, |22+ % > 1}, (3.10)

which is the classical fundamental domain of the Picard group.
Next, the Lie algebra g of G has a basis consisting of the six elements

H, = (1 _1>,V1:%<1 1),w1:§(_1 1), (3.11)
BT SRS

These generate the universal enveloping algebra U{(g). We identify them with
right differentiations on G; that is, e.g.,

Bl

(H2f)(g) = .f (g exp(tHz)) = (9y f)(g). (3.12)

Rtodt

Then U(g) is the set of all left-invariant differential operators on G. The center
Z(g) of U(g) is the polynomial ring C[Q2,,2_] with the two Casimir elements

1 . . .
i = 2 (1 F o)’ + (Vi FiW,)P - (Wi FiV2)?),  (3.13)

where the factor 1 means the complexification of respective elements. In terms of
the Iwasawa coordinates we have

1 1 ; 1 o reﬂP
Q= -2-7-33 0z + -2—re ®cot003,0, — —2—zre Y9,0p — e 03 20y (3.14)
1 1, 1 1 1,
+ §T232 41.7'8r8¢ - gai - grar + Zza¢;
and
1 1 _; 1. _; e
Q_ = .irza,a,-, + Ere ¥ cot 0 9:0, + -izre P (3.15)

1 1 1 1
+ Gr02 4 2ir8,0, — 584 — 2rd, — i,
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Restricting ourselves to the maximal compact subgroup K, we note that its

Lie algebra ¥, and thus its universal enveloping algebra U(¥) are generated by
H;, W1, and W,. The center Z(¥) of U(%) is the polynomial ring C[S] with

1
Qe = §(H§ + Wf + W%) (3.16)
In terms of the Iwasawa coordinates we have

1
Qp =
t T 9sin’6

(82 +sin® 08 + 83 — 2c0s 08,0y, + sinfcos 0 p) . (3.17)

Let L2(K) be the Hilbert space of all functions on K which are square-integrable
over K with respect to the Haar measure dk. To describe the structure of L2(K),
and hence the unitary representations of the compact group K, we put, for |g] <[,

l
(ex —B) 1Bz + &)t = > &, (kla,B))s' 7. (3.18)
p=—1
We have _
e = (-1l . (3.19)

Also we have, with (3.4),
@, ,(kla, B]) = e" P! (k[cos(16),isin(16)]), (3.20)
from which the relations
Qd, = —1(P+1)3, , Ha®, = —igd! (3.21)
follow with the convention @, =0 if [p|, |g| <1 is violated. The set
{®,:120,Ipl,lq) <1} (3.22)

is an orthogonal basis of L2(K) with norms

1%l =[ [ |d>§,,q(k)|2dk]%=-\/%(l V(2 ew
2

The matrices ®&; = (@:,,q) realize all unitary representations of K ; in particular,
we have

Ql(klkg) = @l(kl)Q;(kz), ki, ko € K. (324)
We arrange (3.22) as

L¥K)= P L(K; 1, q), L*K;l, q) =D C . (3.25)

l,g fpi<i
lel<i
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We have
LA(K; 1, q) = {fe L*(K): Wf=-L0®+1)f Haf = —iqf}. (3.26)

We call L?(K; 1, q) the subspace of L?(K) of K-type (,q).

More generally, in a space in which K acts, we shall say an element has
K-type (l,q) if it is a simultaneous eigenvector of {2¢ and H; with eigenvalues
—%(l2 +1) and —1q, respectively. This concept corresponds to the weight in the
theory of modular forms on the upper half plane.

We shall be concerned with representation spaces of g for which we can
use the principal series representations as a model space. The space of K -finite
vectors in the principal series is

H(v,p) = { finite linear combinations of ¢; (v, p) } (3.27)

with
o1,0(v,B)(nalrlk) = r1 @, (k) (v € C). (3.28)

Formulas (3.14)-(3.15) and (3.20) imply that H (v, p) is a simultaneous eigenspace
of S24:

Duia(vsp) = 5 (v F 2~ Deng(v,p). (3.29)

The space H(v,p) is not G-invariant, but known to be g-invariant and irreducible
for values of (v,p) that are of interest for our purpose. Restricting functions in
H(v,p) to K, we have a scalar product on H(v,p). If Rev = 0, the group G
acts unitarily in the resulting Hilbert space — unitary principal series. In Section
8 we encounter these unitary representations as models for irreducible subspaces
of L?(I'\G) to be defined there. The irreducibility can in fact be confirmed by
computing the actions of the six elements in (3.11) over each ¢y ¢(v, p), though we
skip it. In what follows we shall see that in most cases H (v, p) is the space we are
actually dealing with via maps commuting with the action of g or equivalently of

Ug).

Remark. The general theory as well as specific treatments of unitary representa-
tions of Lie groups can be found in [17], [32], [33], and [34]. The fundamental region
(3.10) is due to Picard [29], and its volume, given in (3.8), to Humbert [13]. Formu-
las (3.14), (3.15), and (3.17) are obtained by first interpreting (3.13) and (3.16)
in terms of the local coordinates g = nfz;]h[z] [1 '1] n|zz] with (21, 23, 23) € C3,
over the big cell of the Bruhat decomposition of G, and by changing variables
according to the Iwasawa coordinates. Our choice of basis elements (3.22) is
somewhat different from common practice as is indicated by (3.23). This is for
the sake of convenience for our later discussion. The maps which commute with
the action of g are usually called intertwining operators.
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4. Automorphic forms

Let C°(I'\G) be the space of all smooth left I'-invariant or I'-automorphic
functions on G. We consider subspaces composed of simultaneous eigenfunctions
of 14, ¢, and Hy: Let x be a character on Z(g). We put

Aiq(x) = {f € C®(I'\G) : Qif = x(92+)f, and of K-type (l,Q)}- (4.1)

Elements of A; 4(x) are called left I'-automorphic forms on G of K-type (l,q)
with character x. Obviously they are counterparts of PSL,(Z)-automorphic forms
on PSL;(R).

As being eigenvalues of differential operators, x(€1+) cannot be arbitrary:

Lemma 4.1. If A4, ;(x) # {0} then x = xu,,. Here x,,p is the character of Z(g)
defined by

Xvp(@s) = 5 F9)* ~ 1) (42)

with certain v € C and p € Z, |p| < I, which are uniquely determined modulo
(U,p) = (_Vv _p) .
This assertion is a consequence of a study of Fourier coefficients of automor-

phic forms, which we are going to develop. Thus, for any f € C*(I'\G) we have
the Fourier expansion

f&)= > Fuf(e), (4.3)
wEZ[]
where
Fuf@= [ () f(ng)dn (4.4)
INAN
with
I'vy=ITNN, 1.(n[z]) = exp(2riRe (wz)). (4.5)

Obviously the operator F,, commutes with every element of U(g), implying that,
if f€ A;q(x), then F, f is in the space

Wig(x,w) = {h € C®(G) : h(ng) = Y(n)h(g), (4.6)
of K-type (I, ¢) with character x}.

Thus the above lemma is a corollary of

Lemma 4.2. If W ;(x,w) # {0}, then there exist v € C and p € Z, |p| <1,
such that x = xup-

Proof. Let h € W 5(x,w). We note that for any fixed g € G the function h(gk)
of k € K belongs to L?(K; I, q). In particular we have

h(g) = ) hp(na)®}, (k). (47)

(i<t
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The formulas (3.14)—(3.15) and (3.20) imply that the condition Q+h = x(2+)h
is equivalent to

1
X1 )p= 5 (b= PIr B + £ (1202 = (1+2p)r 0, + 420,05+ 0+ Dby, (48)
1 1
X(Q-)hp=—=(14+p)rdzhp1+ < (r?82+(2p—1)rd, +4r0,0: +p(p—2)) hp, (4.9)
2 8

where it is supposed that h, = 0 if |p| > |. We shall first consider the case w = 0.
Then (4.8)-(4.9) can be written as

r2hf — rhy, + (p° + 1)hp = 3(ay +a-)hy, (4.10)
P"h;; hp = 4(0'— “'a+)hp

with x(€24) = g(as — 1), x(ﬂ ) = g(a— —1). If p # 0 the second equation has
a solution space spanned by rlt¥ w1th v = (a- —a,)/4p; and the first equation
gives ax = (vF p)?. If p=0, we have ay = a_. If a; # 0, then r'** and
r1=¥ with 12 = a, span the solutions of the first equation. If a; = 0 then r and
rlogr are the corresponding solutions; and we have v = 0. This settles the case
w = 0. We next move to the case w # 0. For each t € C\ {0}, let £; be the left
translation

£:.f(g) = f(h[t]g). (4.11)

We have
EWi,q(x,w) = Wig(x, tw), (4.12)

which reduces the problem to the case w =1. Any h € W 4(x, 1) has the form

h(n|z]a[rlk) = exp(mi(z + Z)) Z B (r)®L, q(k). (4.13)

imj<l

Again by (4.8)-(4.9) we have

r2hy, — (2m + V)rhy, + (m? + 2m — 4n°r? — 8x(24)) A (4.14)
= —4mi(l - m)rhm1,
r’h, + (2m — rhp,(r) + (m? — 2m — 4n°r® —8x(Q-))hm  (4.15)

= 4mi(l + m)rhm_1.
We write x(2+) = 3(42 — 1). We may assume, without loss of generality, that
0<Rep;y <Repu_. (4.16)
It is immediate that there exist constants ci, di such that

hiy(r) = cart 1K, (2n7) + der' T 1, (277). (4.17)
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We consider first the case uy € Z. Applying inductively the equation (4.15)
to hi(r) we see that in the expansion of h_;(r) all terms are multiples of either
ri+ —H4E2m o p-pe 1428 with integers m, n > 0. On the other hand, if c_ # 0
in (4.17), then h_i(r) has a term equal to a multiple of r ~#-+!*1_ Thus we have
either py —I+1+2m=—-p_+l+1lor —p, —l+1+2n=—pu_+1+1. The
first identity gives py +u— = 2(l —m), whence 0 < m <! and p, = v+ (Il—m),
p_ = —v+ (Il —m) with a v € C. The second gives g, = p_ — 2(l — n);
that is, uy = v —(l—mn), p = v+ (I — n) with a v € C, where we have
0 < n <! because of (4.16). This settles the case c_ # 0. In other case,
we should have h_i(r) = d_r'*1I, (2nr). Applying inductively the equation
(4.14) to h_;, we proceed in much the same way, and obtain the assertion of the
lemma. Next, if u_ € Z, then the above procedure yields that all terms of h;(r)
are multiples of either r#-—t+14+2m ooy or r¥-—1+142n with integers m,n > 0.
According as either ¢, #0 or =0, we have p_ -1 +1+4+2m=pu, +1+1 or
p- —1+1+2n =p, +1+ 1, respectively. Thus we are again led to the same
conclusion. Finally, we observe that p, € Z implies . € Z; and we end the
proof. |

It should be remarked that in the above it is proved that if (v,p) # (0,0),
then
Wl,q(Xu,pa 0) = C(pl,q(yy P) @ C (pz,q(—'l/, —P); (4'18)
otherwise
Wig(x0,0,0) = C1,4(0,p) ® Cupr o(v, P)u=0 - (4.19)

Thus dim Wi 4(Xv,p,0) = 2, but for w # 0 we know only dim W} 4(xy p,w) < 2 at
this stage.
If a function f on G satisfies the bound

f(na[r]k) = O(r®) (4.20)

as r T oo with a certain real constant b, then we say that f is of polynomial
growth. The dependency of the bound on the set where n and k move around is
to be mentioned in our discussion. Automorphic forms with polynomial growth
are the most interesting ones. The Fourier terms inherit this growth property, and
we put

H’l‘,’:l(x,,,p,w) = {h € Wi 4(xu,p,w) : of polynomial growth,

(4.21)
uniformly over K}.

In this way we get rid of the I-Bessel term in (4.17), which is of exponential
growth. On noting basic properties of the K -Bessel function, we have readily

Lemma 4.3. Let w #0. If W/},’;’](x,,,p, w) is non-zero, then it has dimension one.
Any generator h satisfies

h(na[rlk) = O (!uﬂ'lbe_z"]“’i") , (4.22)

as r | oo, with a certain real b.
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We shall prove in the next section that we have actually dim VV,pm (xv,p,w)=1
for any w # 0. Moreover, we shall later show that dim M,q(x,,‘p,wq) = 2 always
(see (6.17)).

We next introduce the notion of cusp forms: Let

Afml(x,,,p) = {f € Ai,4(xvp) : of polynomial growth,

] (4.23)

uniformly over N and K};

and put ,
A14(xvp) = {f € AT, (xup) : Fof =0}. (4.24)

This is the space of cusp forms of K-type (l,q) with character x,,,. The descrip-
tion of the Fourier terms in (4.17), and (3.14)—(3.15) imply:

Lemma 4.4. All cusp forms f are real-analytic and of exponential decay:
f(nalrk) = O(e™™) (4.25)

uniformly over N, K as r tends to infinity.

Remark. Automorphic forms can be defined on much more general Lie groups,
see, e.g., Harish Chandra’s lecture notes [11].

5. Jacquet operator

In order to give explicitly an element in the space “Qp;](xu,p, w), w# 0, we shall
appeal to the Jacquet integral. This device turns up in the computation of the
Fourier expansion of Poincaré series.

Thus, let f be a function on I'n\G, with which we generate the Poincaré
series 1
Pie)=5 D f(re). (5.1)
~yerw\I"

We shall ignore the convergence issue temporarily. Via the Bruhat decomposition
we have

Pi)= 5 (@) + S0+ Y 3 @ld/chlt/cwnld/c+ ), (5:2)

c#£0 dmode w
(d,c0)=1

where w = [, 7']; dd = 1 mod c. The innermost sum is, by the Poisson sum
formula, equal to

S exp(zmiRe (dw/a)) [ bu@)S(uld/cuit/cwng)in  (53)

[



40 Roelof W. Bruggeman & Yoichi Motohashi
with 1, asin (4.5). If we suppose further that f is such that
f(ng) = v (n) f(g) (54)
with an w’ € Z[i], then we have
1 .
Py() = 5 (£(&) + f(hlie)) (55)

+7 ZZSF(W W' C)/ o, (n) ! f(h[1/clwng)dn.
w c#0

Hence we have

F.P; = --(csw of + bu—wrbif) + Zsp(w w'sc)Aubysef, (5.6)

where & is the Kronecker delta, £ is as in (4.11), and

Aef(g) = ]N ve(n) " f (wng)dn (5.7)

is the Jacquet integral. A property of Ag is
L Agly = Jt|* Apag (5.8)

for any ¢ # 0; thus only Ap, A; matter actually. Obviously A commutes with
any element of U(g).

Now, let us compute A,y q(v, ), which is in W ¢(Xu,p, w). We remark that

-2z T z —T
i =0 |55 1 [,.2 ey ‘| VAR lzlz]; (59)
and thus
Aw‘pl,q(uv 2 na[r]k[asﬁ]) (5'10)
= o (n)r1 Y eimielors) klt__""'___ __i.l___}k[a 8 d.z
v c L+ P A+ 2 I+ 2R '

This shows that for Rev > 0
-Aw(Pl,q(V, P) € vvl?:;l(Xu,p)« (5.11)

We have, by (3.24),

.Aw(pl‘q(l/ N na[r]k) - 'nbw(n) Z m(r)Q q(k)v (5'12)

lmi<i
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where

: - L—u/ e—2%iRe (wrz) ! k[ z -1 ] d (5.13)
v (r)=r — , (2. 5.
" c (1+][zP)rtt P STt e ViRl )

The relation

k[e~*®a, 8] = hle"**/?Jk[e, Blh[e **/?] (5.14)

and (3.20) imply that, after the change of variables z = ue*® | the last integral
becomes

oo u l u 1
L mq)p’m (k[\/1+u2’ \/1_*_”3}) (5.15)
X f exp ((p + m)ig — 2miRe (wrue*?)) d¢ du.

-7

Thus we see that if w = 0, then

! 1w u ! u —1
- (5 . I N .
mlr) = 20,57 /0 A+ w2 e (klx/uuz’ \/1+u2D hi (519

and if w # 0, then

vl (r) = 2mrl Y (fw/|w]) TP (5.17)
oou prm (2T |w|ru) o) ( { u —1 »
x/(; L+ wyr e M e \/1+u2Dd

The integral in (5.16) is, by the definition of &

p—ps €qual to

ZH e (PN (Y [T e

z+ap1+1)r(u+|pn"” (1= 11\ &+ [p])a
vt 1+ L)T(2lp| + 1) g(‘”( a >(2ap|_+1)a
I+1-v) T(p|+v)

I+1+v)T(jpl+1-v)

1~~~ /'\/'\

The last line depends on the identity

k
Z(—l)f(’f)gggi:(ﬂ(;)‘:”‘, (@) =afat 1) (ati-1), (519)
3=0 g

which can be shown by induction. On the other hand, we observe that if p+m < 0
in the integrand in (5.17) then we may replace (p, m) by (—p, —m) without
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affecting the value of the integral, since we have (3.19) and J., = (-1)%J, for
a € Z. Thus, according as sgn(p + m) = +, the integral is equal to

(1) min{@f’@p}(_l)a (z ¥ m) ( l+m ) (5.20)

g a lFp—a

" [m u[m+p[+1+ZGJlm+p[ (27!‘]0.)‘7“&)
o (1 +u2)u+l+1

min{lFm,lFp} a
1y Z P Z(—l)b IFm l+m a
— = a IFp—a/\b

x o0 u§m+p{+1J&m+pi (271“0.)!1‘11.)
g (1 F w2+t u

Exchanging the order of summation, the sum over a taken inside is equal to

bl(2L — b)!
m ) = T -
- 3(m+pl+m—p)\ (1= 3(m+p| - |m - p|)
% ( 2 b )( 2 b )

In fact it is

min{{Fm,t¥p}
l
Y (V)s)6) 62
a IlFp—a/\b

a=b
min{A,B}
(I —m)(l+m)™
bl 2

1
(A—)(B-a)l(a-b)(atc)

a=b

with A=1Fm, B=1Fp, ¢ =|m+ p|; and on the assumption A < B

min{A,B} A
- : (A=) =Bl
; " (A=bDNB=b)l(c+b)! g( 1)( 4 )(c+b+1)d (5.23)

(A+ B +c—b)!
(A=0)B =t A+c)(B+c)

because of (5.19). Hence we get (5.21).
Collecting these and invoking the formula

oo u'r+1J.,(tu) _ (t/2)"
/0 (1 + w?)mtl du = T'(n+ 1)K"'ﬂ(t) (¢>0), (5.24)

which holds for —1 < ReT < 2Re# + 3 (formula (2) on p. 434 of [35]), we obtain
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Lemma 5.1. We have that for w =0
P+1—v) T(pl+v)
rl+1+v)T(p|+1-v

Agprg(v,p) = )‘Pl,q(_Vw -p); (5.25)

and for w # 0
Auiprg (v, p) (malrlk) (5.26)
= 2(-1)""Pr¥ |w|¥ 14, (n) Z (Gw/|w]) ™ Pal, (v, p; ]w!r)(bfn)q(k)
fmi<i
with
o (v, pi7) (5.27)
l~|m+pl/2—|m-p|/2 lyl—j
— 1yiel . (1) (9
Z ( 1) EP(m’J)F(V+l + 1 _j)KIH-l—{TrH-P[_J( WT)'

=0

We see that with respect to v the function Agy; ¢(v, p) is meromorphic, and
for w +# 0 the function Au (v, p) is entire. Thus, taking into account analytic
continuation, we may extend A, so that Ay (v, p) is given by the right side
members of (5.25)—(5.26), as far as they are regular. In this way we define the
Jacquet operator:

3

Au: H(v,p) = WP (xp 5, w) (5.28)
where the right side is the space spanned by all H/&)](xu’p,w), lpl <1, lq] < 1.
The function Ay, o(v, p) spans the space “/,?;](Xu,p,w), w # 0, for all values
of v € C, p € Z. In particular, since the space H/lf’;)]
Hfg”‘;’l(xu’p, w), the function Ay @ q(—v, —p) is a multiple of A, 4(v, p). Checking
the coefficients of ®| ,(K) in these functions we find the functional equation

(rful) ™ (iw/I])PT( + L+ ) Auip(v,p) (5.20)
= (1|w])” (iw/|w]) P + 1 = v) Aup(—v, —p).
Note that the term Jacquet operator is limited to its application to the space

H(v,p), whereas we use the term Jacquet integral wherever it applies. This abuse
of terminology should not cause confusion in our later discussion.

(X—-v,—p,w) is identical to

Now, the most important example of automorphic forms that are not cusp-
idal but of polynomial growth is offered by the Eisenstein series of K-type (I, q):

camB) =5 3 ep)ve)  (Rew>1) (5.30)

~yelN\T
with p € 2Z. We need this condition on p to have a non-trivial sum; note that
(3.20) implies ¢ 4 (v, p; h[i)g) = (—1)Py1q(v, p; 8). The series converges absolutely
in the indicated domain of v, and is regular there, which is the same as in the K-
trivial case. The Fourier expansion of € 4(v,p) can be obtained as an application
of the foregoing discussion. Obviously we have

Aulyep1,q(v, ) (alr]k) = (¢/1e]) e+ Awrg (v, p) (alr]k). (5.31)
Thus, by (2.18), we have
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Lemma 5.2. The Eisenstein series e; o(v,p), p € 27, is meromorphic over C with
respect to v. When it is regular, we have the Fourier expansion

DL +1—v) (p(1 —v,p/2)
T+1+v)e(l+v,p/2)

Y T-u(w,p/2)Awprg(v,p)-

w#0

el»Q(V7p) = "Pl,Q(va) +7 cpl,Q(“Vu _p) (532)

1

We also have the functional equation

7 T+ 1+ v)Ce(1 + v, p/2)erq(v, D) (5.33)
= 2P0 1~ D)G(1 ~ 15/ 2)er(~, ~p).

Proof. These assertions are consequences of the previous lemma, the identity
(5.29), and the functional equation

T T(p| + V) (v, p/2) = 7 0(|p| +1 = v)¢r(1 — v, p/2). (5.34)
This ends the proof. [ ]

Note that in the present arithmetical situation we do not need to establish
Langlands’ analytic continuation [20] of Eisenstein series. We stress also that
the above discussion implies that each cusp-form 1 € %4, 4(x» p) has the Fourier
expansion

Y= Z c(w)Auwiprg(v,p)  or  Fut = c(w)Auprqe(v,p) (5.35)
w0

with certain complex numbers c(w). Because of this, instead of considering indi-
vidual automorphic forms, we study systems that behave under the action of g in
the same way as the ¢ 4(v, p). Thus, automorphic representations move to the
focus of interest; that are linear maps from the model space H(v,p) to C°(I'\G)
that commute with the action of g. Specifically we have, for any X € g,

F,Xy = c(w)AuX1q(v, D). (5.36)

This means that the result of a right differentiation applied to a cusp-form is a sum
of a finite linear combination of cusp-forms, since H(v, p) is g-invariant. Moreover,
we see that the set of automorphic functions gy or U(g)y share the Fourier
coefficients {c(w)} in the sense expressed by the identity (5.36). In passing, we
note that in (5.35) we have

c(—w) = (—=1)Pc(w). (5.37)

This is because h[i] € I" and £;A, = A_ £ !.
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Remark. The operator A, has been studied by Jacquet [14] for more general
groups than PSI;(C). For PSI,(IR), one obtains an expression in terms of Whit-
taker functions. Basic properties, like (5.34), of Hecke L-functions associated
with Grossencharakters can be found in [12].

6. Goodman—Wallach operator

The Jacquet integral has given a solution to the system (4.14)-(4.15), which is at
most of polynomial growth in the sense of (4.20); and it has fixed the operator A,, .
The formula (4.17) suggests, however, the existence of a solution of exponential
growth. To construct such a solution we shall employ a method due to Goodman
and Wallach [10]. We shall have a map

B : H(v,p) = W(xup,w), (6.1)

where the right side is spanned by all W, 4(xu.p,w), |pl <1, |g| <.

Thus, let v € H(v, p) be arbitrary. We shall find an infinite vector {a(m,n) :
m,n > 0}, which depends only on v, p,w, so that

Bup(g) = Y a(m,n)a]" 7 p(wnlz]lw ' g)|.=0 (6.2)
m,n>0
satisfies
B w(ng) = Yu(n)Buw(g), (6.3)
O Bup(n[tlg)li=0 = miwBup(g), OrBuy(nltlg)li=o = miwBup(g). (6.4)
We note that

wfl[z]w'1<g (t])(wn[z]w“l)”1:t<g (1])+tz((1) f’l)-tZZ((l’ 8).(6.5)

Considering the exponential of the right side in a vicinity of ¢ = 0, we have

Beo(wn[2]w ™ nlt]g) =0 (6.6)
= Oyp(hle™|wn(z]w ~g)|i=0 + Bep(wn[2>t + z]w ™ 1g)le=0
= (1 + v — p)ze(wnlz]lw™'g) + 220 (wn[z]w ™ 'g),

since for £ = £; +1&; (&1, & € R)

p(h[efInafrlk) = @(afe®irj[c k) = 26 eivapk).  (6.7)
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The formula (6.6) gives

8, 87 8% p(wnlz)lw ' n[t]e)l(z,H=(0,0) (6.8)
=m(v —p+m)d) " 0Fp(wn(z]w  g)|,=0 .

In just the same way one may show that

8; 07" 0% (wlzlw ™ nlt]g) (2 )=0.0 (6.9)
= n(v+p + )00 82 g(wnlzlw1g) 0.

From these and (6.4) we see that the coefficients a(m, n) should satisfy the recur-
rence relation

miwa(m,n) = (m+ 1)(v —p+m+ 1)a(m + 1,n), (6.10)
miwea(m,n) = (n+ D)(v+p+n+1alm,n+1).

We set the side condition
a(0,0) ={v+1+p(v+1- p)}‘l. (6.11)

Then we are led to

(Tiw)™ (mew)™

- minil(v+1-p+m)C(v+1+p+n)’

a(m,n)

(6.12)

With this choice of the vector, the sum (6.2) converges absolutely for any element
¢ € H(v,p). Indeed, the analyticity of z — (wn[z]w~'g) provides us with a
necessary bound of the derivatives. We stress that the sum is entire with respect
to v.

Obviously the operator B, commutes with all elements of U(g); and it maps
@1,4(v, p) into Wi 4(xu,p,w). Thus there should be an expansion of By, 4(v, p) in
terms of ®, ., |m| < 1:

Lemma 6.1. We have, for any w # 0,

Bu@r,q(v, p)(nalr]k) (6.13)
= ()™ () D (—iw/|w)P T B (v, B [wlr) Bl 4 (K),
fmi<t

where

l—|m+4p{/2~{m-p|/2

B (Vs ;1) = > &(m, 5)

7=0

(mr)lt1=d
Fv+1+1-3)

Lytijmp-5(27r). (6.14)
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We have also

72 (mw]) Y (—iw/|w])PT( + 1 + V) Aupre (v, p) (6.15)

= (:lllw') ( uJ/lu)]) pF(l + 1+ V)'Bw(tol,q(’/7p)

L ()

sin v
which is a refinement of (5.29).

Proof. Let us suppose that v € Z. On the right side of (5.27) we replace the
K -Bessel function by its defining expression:

Ke(u) = (Z-¢(u) — Ie(u)). (6.16)

(W/!w!)pr(l + 1- V).Bw(pl,q(_u‘) _p) )

2sn m€

Then the function o! (v, p;r) is a difference of two parts; one is v/ times a power
series in 7, and the other ™ times another power series. Taking these into the
system (4.14)——(4.15),‘ we see that each part satisfies the system. The first part
is equal to a multiple of 84 (v,p;r), whence the right side of (6.13) belongs to
Wi q(xu,p,w). The other part yields another member of W, ,(x. p,w); and these
two are linearly independent. Since we have shown dim W, 4(x,,p,w) < 2 already,
we find that

dim W, (X p,w) = 2 (6.17)

under the present specification. On the other hand, it is easy to see that there is
a power series P such that By 4(v,p; alr]) = a(0,0)r't* P(r) with P(0) = 1.
Hence Bjiy 4(v, p) should be a constant multiple of the right side of (6.13) with
w = 1. The constant is equal to 1, as can be seen by checking the term with
m = p. Observing that

6B14; =B (6.18)

because of h[t~}|wn[z]w!h[t] = wn[t?z]w !, we get (6.13) for general non-zero
w. As to (6.15) we note that By 4(v,p) and By q(—v, —p) are linearly inde-
pendent elements of Wpo} (Xv,p,w); and thus A, q(v,p) is a linear combination

of them. Computing the coeflicients of ‘I’i’q(k) in these three elements we obtain
(6.15). The case v € Z is settled with analytic continuation, since both sides of
(6.13) are entire in v; and (6.15) is similar. This ends the proof. .

Now, we shall show that operators A, and B,, are related in a way which
will turn out to be important in our later discussions of the sum formula for Kloost-
erman sums. We observe that by (6.13) we have B¢ 4(v, p;na[r]k) = O(rRe¥+1)
as r | O for any wy # 0. Hence the Jacquet integral A, B,,¢1,4(v, p; na(r]k) con-
verges for Rev > 0:

Lemma 6.2, Let wy # 0, Rev > 0. Then we have that

_(_ppsinmv T +1-v) o
‘A'O.sz(lol,q(yap) ( 1) 1/2 _pg F(l+ 1+V)90£.q( v, p)! (6'19)
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and for wy # 0
Awlﬂwz‘pl,q‘(’/ap) (6.20)
= (r®|wiwa]) ¥ (w1we/ kor1wa| )P Bu p (210102 ) A, 1,4 (Vs P)
with
Bup(u) = |uw/21 (u/lul) 7P ), (w) ), (). (6.21)

Here J}(z) is the entire function of £ which is equal to J,(z)(x/2)"" for z > 0.

Proof. Let ¢ € H(v,p) with Rev > 0. We may take the integral defining
Ay, Bu, e inside the sum for B, . The (m,n)-th term is equal to

a(m,n) /; exp(—2miRe (w121))07* 07 p(wnlz + z1]g)|z=0d4z1  (6.22)

— a(mn) [ exp(~2miRe (w1 2)0707 p(wnlele) diz
— afm,m)(miwr )™ (i) Au 0(8).

This and (5.25), (6.12) readily give (6.19)-(6.20). ||

Remark. The operator B, is due to Goodman and Wallach [10], but for a more
general context than PSL,(C). Miatello and Wallach use it to express Fourier
coeflicients of Poincaré series in terms of their 7-function, which coincides with
our J, , if specialized to PSLy(C); see Proposition 2.7 in [22]. An extension of
[10] is given in [21].

7. Lebedev transform

The Lebedev or the K-Bessel transform
oo dr
e[ R (71)
0

plays a significant role in the theory of sum formulas for rational Kloosterman
sums. Since the function K, appears in the Fourier expansion of the classical
Eisenstein series over H?, it appears natural to anticipate that the corresponding
function, i.e., Auprq(v,p), in the Fourier expansion of e; 4(v, p) should work anal-
ogously in the present context. We shall show in later sections that this is indeed
the case. Here we shall carry out some preparatory work. In particular we shall
prove an extension of the one-sided inversion of the Lebedev transform:

W)= [ Kt [ moKeeesneeigan (12

where 7 is to satisfy an appropriate regularity and decay condition.
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Thus, let w # 0 and put
P q(N\G,w) = {1 € C=(G) : f(ng) = wu(0)f(g), of K-type (Lg),  (73)
f(a|r]k) = O(r**t7®) as r | 0, = O(r'77=) as r | oo},

where constants g, 0. > 0 may depend on each f. We define an extension Ly,
of the Lebedev transform applied to an f € P, ,(N\G,w) by

v) (rw])(—iw/lw]) P
2@}, ke N\G

Lof(v,p) =T(1+1-~ f(8)Autprqe(~7,p)(g) dg, (7.4)

where dg = r—3dr dk for g = a[r[k € N\G. From (5.27) it follows that the integral
converges absolutely for [Rev| < og, and that L, f(v,p) is a regular function
there. If Rev <0, then we have an integral representation for A,y q¢(—7,p)(8),
which being inserted into (7.4) yields an absolutely convergent double integral
over N\G x N. Hence for —og < Rev <0 the last integral is equal to

/ f(&)erq(—7, p; wg)dg = / / f(wng)prq(—7,p; g)dn dg (7.5)
G N\G JN
= Ao f(8)p1,q(—P, p; g)dg.
N\G

We may write

Ao f(nafrlk) = Y um(r)®t, (k). (7.6)

jmi<t

Then, we find that for — min(6g,00) < Rev < gq

LYo f(vip) = 72 (mlw]) (—iw/|w]) 7P| D5 oIk DI +1-0) /Owup(r)r“”'zdﬂ (7.7)

Using this relation we shall show that there exists a one-sided inversion of L,

Theorem 7.1. Let us assume that the function n is defined over the set
{(np) ECXZ: [Rev| <o, [p| <} (7.8)

with a fixed o > 1, and satisfies the conditions:
1. n(v,p) is holomorphic on a neighbourhood of the strip |Rev| < o,
2. n(v,p) € e ™™¥/2(1 4 [Imy|)~4 for any A >0,
3. n(v,p) = n(~v, —p).

We put

Winle) = 5 ol [ aun)) T 14y (79

Ipl<t

X Auwpr,q (v, p)(g)v P sin mvdy
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with €(0) = 1 and ¢(p) = —1 for p # 0. Then My n € P, 4(N\G,w), and we have

o pe(p)+1
Lz,quqTI(V p) = 22 H §° - v (v, p). (7.10)

1<5<1

Proof. We shall consider the first assertion. To estimate M}’ n(na[r}k) as r T oo,
we note that the integral formula

F(f—l— ;) 0 eiuT '

Ke(u) = 2 d 7.11
) = 3 e (11

which holds for u > 0, Re£ > —1 5 , gives, after a multiple use of partial integration,
Ke(u) < e ™E2((1 + |g]) fu)Reert (7.12)

for each fixed k > 1, uniformly for |Re{| < 2k, u > 0. This and (5.26)~(5.27)
imply that My qn(na[r]k) is of rapid decay with respect to r as r T 0. Next, to
treat the case where r | 0 we observe that by (7.12) the contour in (7.9) can be
shifted to (@) with 0 < @ < o. Then (3.23), (6.15), and the condition 3. give

. i i/ lel) 7 ) (el
Ml,qn(g) 2,"_{ p " q“K {/ﬂ) /G)} 3p l 3) (713)

X T(U+ 1+ 1) Bugptg (v, D) P
We may shift the contour (—a) to (), and have

My n(g) = % Z .(i“_’.ﬂ“i!).:.. / )n(v,p)(ﬂ!wl)” (7.14)

x T(L+ 1 + v)Buprq(v, p)(g)vPdv

Y M_— 1(0, p)Buwepr,4(0,p)(g)-

ima 1 ®pqllx

The formulas (6.13)~(6.14) imply that as r | O the first sum on the right is
O(r'*+%), and also

n 3 GDT 6 B, (0,0)) (7.15)

1<ipl<it “ Pq "
= (MY (n)r’®g 4 (k) + O(?)
= b(n)Buire(1,0)(g) + O(r?),

where | > 1, and b(n) = —nl - I!n(0, 1)|w|||®} u Collecting these we have
indeed MY, 77 € P, 4(N\G, w). We note that the last lme in (7.15) is to play a role
in Section 9
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Consequently we may use (7.7) in computing Ly My n(u, p). We thus apply
Aqg to the identity (7.14). It is easy to check the absolute convergence that is
necessary to exchange the order of integration, and by (6.19) we have

AoMY 1(g) = Z (il @ k) (7.16)

’ L<..l H p,qHK

(P} i
vV sinTy 4_
— vy

" /u.) A= D)) T+ 1= )5

This and (7.7) yield, via the Mellin inversion,

V<P gin v

LeMEm(v,p) = =2nTU+ 1+ )0+ 1 - u)—-;z—-p—zr](u, p), (7.17)

which ends the proof. [ |

The above discussion implies in particular that M n € L?*(N\G). Related
to this we shall show a Parseval property of the transform Mj':q:

Lemima 7.1. Let i1 and 0 satisfy the three conditions in the last theorem. Then
we have

/ M ()7 0g) di (7.18)
N\G

2e(p)+1 sin Ty

Z/ (v, p)0(v, p) g H(72~u

| <l

Proof. We replace M}’ 6(g) by its defining expression. The resulting double in-
tegral over N\G x iR is easdy seen to be absolutely convergent; and consequently
we have

f M (e) VE70@) di

(7.19)
=5 Zf LM qn(u,p)ﬂ(u p)v*®) sin v dy,
which gives the assertion. [ |
Further, we shall show
Lemma 7.2. For any non-zero w;, we, T we define the map
K(wy,we, T) 1 71— Ky o (277/wiws)7, (7.20)
where .
:KV,P(f) - sin - ,—p(&) "3v,p(£)} (7'21)
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with J, , defined in (6.21). Then we have, for 7 as in the last theorem,
A M1, 9) = 7 M, w2, ) (34 ) (7.22)

Proof. It is trivial that x(w,ws, 7)7 satisfy the three conditions in the last the-
orem. Hence the right side of (7.22) is well-defined. To transform the left side we
use (7.14). Formally we have

w0, 25 T WZ/I'f?'wzl)_” RV SN
Ao, €M 5m(v, p)(8) = l I;%‘ 19, x /(a)n( ,p) (7| W) (7-23)

X F(l +1+ U)Awlﬁ‘ﬂwzwl,q(uy p)(g)uf(p)du

12 wa Tzwz -
+Ur ) C 3 /l P ) pTI(O,p)Aw1Br2wz‘Pl,q(01p)(g)a
1<ipl<it P\

where we have used (6.18). To verify the exchange of the order of integrals implicit
in (7.23) we need only to invoke (7.15); note that it also allows us to use (6.20)
even for Ay, Br2,,01,,(0,p), p # 0. Thus we have, by (6.20),

1.(4) w
'A'Lqu M ﬂ(U p (g —‘7"2 Z ( 1/l” 1‘
lpi<t p,q

X T 4 1 4 1) p (27 /BTD3) A 010 (v 2) )Pl
+ P Z = ‘“’1/'“’1' Cr/lo) 0 p)lo.p (27 v/@153) Au 91,0(0, 7)),

/( Pl (729

We shift the contour (o) of one half of the last integral to (—a); then the last sum
disappears. To the integrand over (—a) we apply the functional equation (5.29).
After a rearrangement we get (7.22). [ ]

Remark. This section is a detailed work-out of the last chapter of [34} in the case
of PSLy(C). It is in fact the harmonic analysis of the space of N-equivariant
functions. The Ly, could be called a Whittaker transform, but we regard it
rather as an extensmn of the Lebedev transform, paying respect to its origin. For
(7.1)—(7.2) see Section 2.6 of [25). For an interpretation of X, , see Section 15.

8. The space L*(I'\G)

In the next section we shall treat inner-products of certain Poincaré series, es-
pecially their spectral decompositions. Here we shall briefly develop the relevant
spectral theory of the space L?(I'\G) composed of all left I'-automorphic func-
tions on G- which are square integrable over I'\G with respect to the measure
induced by dg. To this end we shall employ the unitary representation of G re-
alized over L?(I'\G) via right translations by elements of G. We shall see that
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automorphic forms on G, especially the basis elements for the Parseval formula
over L?(I'\G), do not occur singly but are parametrized through maps of the
model space H(v,p) and live in right-irreducible subspaces of L?(I'\G) sharing
Fourier coefficients, as is indicated at the end of Section 5. This point of view will
be essential in describing the sum formula for Sg.

We first observe that the constant function and all cusp-forms over G belong
to L3(I'\G), because of (3.8)—(3.10) and (4.25). We have

LY(I\G) =Ce&L*(I'\G) & L*(I'\G). (8.1)

Here °L2(I"'\G) is the subspace spanned by all cusp-forms, and called the cuspi-
dal subspace; the subspace °L2(I'\G) is the orthogonal complement. The space
9.2(I'\G) is G-invariant, and we have a decomposition

°L2(1\G) = PV (8.2)

into countably many subspaces V irreducible with respect to the action of G. Each
V has a dense subspace that is a common eigenspace of the Casimir elements, and
Lemma 4.1 implies that we should have

Lilv = Xov,pv (24) - 1. (8.3)

It is known that for the group I' all V are of unitary principal series type, and
we can suppose that
vy € 1[0, 00). (8.4)

Moreover, there exists a linear isomorphism

Tv : Hyvy,pv) =V, (8.5)

which has a dense image and commutes with the action of g. This has the following
immediate consequences: We have the decomposition

V= @ W,q: W,q = CTV‘Pl,q(VVJ’V); (86)
IPV!SI”QISL

where V; 4 is the subspace spanned by all cusp-forms of K-type (I,4) in V; that
is, dimV, 4 = 1. Besides, the unitary structure of H(vv,py) mentioned at the
end of Section 3 is transferred by Ty into (8.6), and we have

1 Tvera(vv, pv)lime = |95, 4ll& (8.7)

with the norm || - ||;\g corresponding to (8.9). By (5.35) we have the Fourier
expansion

Tvoig(vv,pv) = Y cv(w)Auprg(vv,pv). (8.8)
w#0
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The Fourier coefficients cy(w) depends only on V and w. This is because both
Ty and A, commute with the action of g. The vector {cy(w)} is fixed by V
up-to an arbitrary multiplier of unit absolute value.

We now restrict the decomposition (8.1) to the subspace L?(I'\G),,4 spanned
by all square-integrable left I'-automorphic functions of K-type (l,q). Then the
cuspidal part is well described by the above assertions. What remains is the non-
cuspidal part, and it is rendered in terms of Eisenstein series of K-type (l,q), as
is embodied in the fundamental

Theorem 8.1. Let fi, f2 € L?(I'\G).,4, and denote their inner-product by

(f1, 2)n\c :/ f1(g) f2(g)de. (8.9)
ne
Then we have the Parseval identity
2
(f1, 2)me =5102C %) (f1,1)r\c(1 f2ire (8.10)

+Zu
+ Z “q, qnz / E; (v, p; [ Eqlv, p; foldv

[p i<l
pE2Z

B (fu,Tveg(vv,pv)) me(Tveqe(vv, pv), f2) e
q[

where the convergence is absolute throughout. Here V runs over a complete or-
thogonal system of right-irreducible cuspidal subspaces of L?(I'\G) that intersect
the space L2(I'\G), 4 non-trivially. Also

Eiqlv,p; f5] = ]P . fi(g)erq(—7, p; 8)dg (8.11)

in the sense of norm convergence.

Proof. This is a special case of a general result due to Langlands [20] (see also
[11]). We stress, however, that our particular assertion could be established in a
direct way. [ |

Next, we shall take into consideration the action of Hecke operators: We
define the Hecke operator labeled with n € Z[i] by

To: 9(g) — z;l;q ; b :4,; Vlalb/anly /), (8.12)

where 3 is to be left I'-automorphic; the choice of the square root is irrelevant.
If 1 € ®°4; 4(xv,p), then we have, from (5.8) and (5.35),

Tap = /D" d_cw) Y 1dP(@/1d) TP Aunjarpra (v, ). (8.13)

v
4["] w#0 di{w,n)
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The commutativity of the algebra {7} and the metric property of each 7, in
L?(I'\G) are analogous to the rational case. Since the right side of (8.12) com-
mutes with the right translation by elements of G, we may assume that every V
in (8.2) is an eigenspace of T, for all n with the eigenvalue ty(n) € R. The Weil
bound

Sp(w1,ws; €) < |(wy, w2, c)||cloo(c, 0) (8.14)

yields the estimate
ty(n) < |n|*/2te (8.15)

for any fixed £ > 0, where the implicit constant depends only on ¢; see Corollary
10.1 below. The equation (8.13) implies that in (8.8)

v (Wey (@) = Zlnl o/ lal) P 37 A ()P ey (wn/d). (8.16)
dj{w,n)

In particular we have, for all n € Z[i],
cv(n) = cy(1)[n[™Y (n/|n])P¥ tv (n), (8.17)

where we have used (5.37). This and (8.16) give

1
ty (m)ty (n) = 7 Y ty(mn/d?). (8.18)
d|(m,n)
We have
tv(l) =1, ty(-n)=tv(n), ty(in)=-ecytv(n) (8-19)
with ey = %1.
Further, let
Hy (s) = Z tv(n)|n| 2 (8.20)
n#O

be the Hecke series associated with the irreducible subspace V under the conven-
tion (8.17); note that when ey = —1 this vanishes identically. The identity (8.18)
implies that in the region of absolute convergence

Hy (s1)Hy (53) = 360(61+ ) 3 0 -sa(mliv (mlinl 0. (8:21)
n#0

Properties of Hy (s) as a function of s can be read from

Lemma 8.1. Let b € Z, and put

Hy (s, b) Ztv(n )(n/in])®n| 2. (8.22)
n#O
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Take b € 27 and i® = ey to have a non-trivial sum. Then Hy(s,b) is entire in s
and satisfies the functional equation

r0(s + Lipv + b+ w)E(s + 3oy — bl — ) Hy (5,8)  (8:23)
= (—1)mex(lbblevDa2-ip(l — s + J(lpv — bl + 1v))
x L(1 - s+ 3(lpv + b —wv))Hy (1~ 5, -b).

Proof. We consider the integral
Yv (s, by k) (8.24)
= [l /) Top(blulas
Cx

= [ >t (lu]4=s-2(u/’ul)—szvcp(h[u]k) + l“lz_“(“/‘ul)szvcp(h[u]wk))dxu

where p = ¢, (vv,pv) with | = max(|b], |pv]), and w is as in (5.2). Obviously
Yv(s,b;k) is entire in s, and Yy (1 — s, —b;wk) = Yy (s,b;k). In view of (5.8),
(8.8), and (8.17), we have, for Res sufficiently large,

Yv (5,b; k) = dcy (1) Hy (s, b) fc ) |}t 2 (u/|u])~ 2 A p(hlujk)d . (8.25)
By (5.26)—-(5.27) this integral is equal to

oo
2(_1)I—PVibnpvﬂ.l-{-vvq)l_b‘l(k)/0 2s 2 lb(VV v )d (826)
(_1)1—Pv ib—Pv,,rl+2+VV
rd+1+v)

o0
€, (=084, (0) [ 1P Ky (2r)i.

On noting that fbiyl(wk) = (—1)"*'6‘1)‘_,,,;(1(), we obtain (8.23).

Remark. For the spectral theory of automorphic forms on semisimple Lie groups
see, e.g., [11]. The assertion (8.4) depends on the absence of exceptional eigenval-
ues for the non-Euclidean Laplacian over I'\H?® (see Proposition 6.2 in Chapter
7 of [9]). That suffices, as the complementary series occurs only for p = 0. The
bound (8.14) is a special case of Theorem 10 of [2], which applies to all number
fields. It should be stressed that for our purpose it is enough to have any non-
trivial exponent in place of 1 + £, which is best possible, In the proof of the last
lemma we followed [15]; see the proof of Theorem 6.4 there.

As to (8.2) it may be worth mentioning the following multiplicity one result:
For given +(v,p) € iR x Z and {t(n) € C : n € Z[i], n # 0}, there is at most
one irreducible subspace V of °L*(I'\G) with (vv,pv) = £(v,p), and ty(n) =
t(n) for all n. Indeed, the Fourier expansion (5.35) and (8.17) show that an
automorphic form of a given K-type is determined by (v, p) and the t(n) up to a
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scalar factor. This shows that the decomposition (8.2) is unique if we impose the
condition that the spaces V' are invariant under all Hecke operators.

9. Preliminary sum formula

We now enter into the discussion of the sum formula for Kloosterman sums Sy .
The formula will be derived via spectral and geometric computations of an inner-
product of two particular Poincaré series. This is analogous to the rational case.
However, the choice of these series gives rise to a discussion. A possible way to
take is to use an explicit function as a seed to generate the Poincaré series, which
extends Selberg’s argument for the rational case. This works well if we restrict
ourselves to the K -trivial case, but it does not seem to extend easily to the K-
non-trivial situation. On the other hand, a method that Miatello-Wallach [22],
(23] developed for a far more general situation offers us a flexible way to choose
the seed function. Here we shall follow their argument, adopting it to our present
specifications.

Thus we shall employ M}’ 7 to generate a Poincaré series, where 7 is to
satisfy the three conditions given in Theorem 7.1. We notice immediately that
(7.15) causes, in general, a convergence problem. This reminds us a similar situa-
tion that Hecke encountered in his investigation of holomorphic modular forms of
weight 2. He used analytic continuation to overcome the difficulty. In much the
same spirit we shall consider, in view of the last line of (7.15), the sum

[Bulr,e(v, ) (g Z Bupt,e(v, P)(78) (9.1)
‘YEFN\F

with non-zero w € Z[i], though we actually need only the case p = 0. By (5.30)
and (6.13) we see that the sum converges absolutely, for Rev > 1, to a left I'-
automorphic function of K-type (I,g) with character x, . The combination of
(5.5)~(5.7) and (6.18)—(6.21) yields that

DO | \./

(Bw + (1)’ B-u)p1,q(v, p)(2) (9.2)

sinmy I'(l +1-v) o_,(w,p/2)
V2—-p?T(l+1+0) (1 + u,p/2)‘p“Q(_V’ —7)(e)

+ Z JV,P(UJ) UJ’).Awr @l,q(uy p) (g)y

w'#0

[Bulerq(vp)(g) =

+(=1)°

where the second line appears only when p € 2Z; and

no_ 1 LN 2m ol
Toplw, ') = yrTRWIT (]ww’l) Z e 12 Flw,w’;6)du,p (—;:- W ) . (9.3)

The bound (8.14) implies that for Rev >
and of polynomial order in w, w’. Thus [B,e

the function 7, p(w,w’) is regular
1,(V,2)(g) is regular for Rev > 1,

.—N.p—-
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and analytically continues to a left I"-automorphic function of K -type (1, q) with
character x, 5. It is, however, of exponential growth with respect to », g = nalrik;
and thus it does not belong to L#(I"\G). We then appeal to a common practice:
we attach a factor p(yg) to each summand of (9.1). Here p(g) = p(r) with an
abuse of notation, and p(r) is smooth, being equal to 1 for r < rg and to 0 for
T >1rg+ 1 with 79 > 2. If » > 1 then this affects actually only two terms in
(9.1), which correspond to the cosets represented by v = 1 and h[i]. We thus
have, instead of (9.1)—(9.2), that

[PBuler,q (v, p)(g) = : > p(18)Butprg (v, p)(78) (94)
2 yEIN\I

for Rev > 1, and that if » > 1, Rev > %,

[pBulerq(v. p)(8) = [Buliwrqe (v, P)(g) (9.5)
506 = DB + (1B L)pug(vp)(@).

Note that as r T oo
[pBulr,q(v, P)(g) < 7' (9.6)

uniformly for Rev > % .
Returning to (7.14)-(7.15) we define M, by

My = M0+ b(n)pBuprqe(1,0), (9.7)
and (MY |n by
M Im = M1+ b(n) [pBufr (1, 0), (9-8)
where
M = Z M n(7e)- (9.9)
'yGFN\I'

By the construction we have that M;"n(g) <« r*** with an € > 0 as 7 | 0, and

& r A for any A > 0 as r | co. Thus [M‘l"&*]n(g) <« 77 ¢ as r T co. This and
(9.6) give

Mg hn(e) < 1. (9.10)

Now, let n, @ satisfy the three conditions given in Theorem 7.1, and let us

consider the inner-product (M}, [M"’Z]G) g With wy, w2 € Z[i], wwa # 0.

We arc going to apply Theorem 8.1 to it. To thlS end we note first that the above
discussion implies

([M?:q]n: f) NG — ([M‘[‘j;*]nr f)l"\G + b(’]) Uﬁﬁo(bﬁwlw,q (Vl 0)1 f)l‘\G (911)
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lor any left I'-automorphic f which is integrable over I'\G. In this we have, by
the unfolding argument,

wl ok 1 W, * T £/ NJs
O e = 5 [ Mm@ Fa @, (9.12)
N\G

(pBolera0) N =3 [ o081l O FLTEE

Thus, assuming that

lim / p(8)Buwrq(v, 0){(g) Fu f(g)dg (9.13)
v—1140 g
- / p(8)Buiry(1,0)(8) P F (3) ds;
N\G
we have
(M, I, e = = ] M (&) Fo Flg)ds (9.14)

The functions Tverq(vv,pv) and e o(v,p) with Rev = 0 are integrable over
I'\G and satisfy (9.13). Hence we have, on noting (7.4), (8.8), and (8.17),

(M Tveerg (vv, pv)) me (9.15)
o 1 Apv, 2~vyv . 71Y. ” PV;CIHK w w
—5(—2) n CV(l)tV(w)m z,qM:,qTI(VVxPV)
e(pv)
. T v sinwry
= (=P ey (L)ty (w) P}, qllKF(l+1+VV)lp—_'—"V€—‘ﬂ(WxPV)
Vv

hy virtue of Theorem 7.1 or rather (7.17). Similarly we have, from (5.32),

yer2 Tlel) " (w/lw])Po, (w, —p/2)

Ly v, p; [PV 9.16
l,q[ D5 [ q]n] ( ) (_.I‘(]- -, _p/z) ( )
vP) sin 7w
X || g e T(E+ 1+ V)WTI(%P)
for Rev = 0, p € 2Z. Further, we have obviously (M, Im 1) e = 0.
Collecting these we get, by Theorem 8.1,
(P31, ME310)

= ZICV )Pty (wi)ty (w2)Mi(vv, pv)n(vw, pv)B(vv, pv) (9.17)

(wiwe/|wi1wa|)? [ oulwi, —p/2)o, (w2, —p/2)
+ > /( ,

: Ay, y g , d
2mi ) Jwrn PGl + 5, pr2)p P PO, p) dv

[pi<t
pc2Z
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where V N L3(I'\G);,, # {0}, and

v<(P) gin wu)z ' (9.18)

,\l(y,p)':[‘(l—i—l—‘-ll)[‘(l“'l_u)( V2 _ p?

Next, we move to the geometric computation of the inner-product. To this
end we make a trivial observation that

Fin VG216 = Fo V2710 4 b(0) lim  Foo [pBunliprg (1,0). (9.19)

Here we have, by (5.6),

g ¥ 1 W, %x W, &
Fuu, [M2716 = (awl,w,m,,;’ 0+ by, LML 9) (9.20)

1 g &
+ 7 Z Sr{w1, wa; ) Au, £1).M, .70
0

as well as

P [0Bs)iotq (0, 0) = 5 (B Bt (1, 0) + b, i Bnipio(1,0)) (9:21)
+ ;11- Z Se(w1,ws; €)Au £1/cpBunipr,q (v, 0).
c#0
We have, by definition,
A by /epBu e1,q(v,0)(g) (9.22)

= (c/lc])?P|e~2+) /N Y (n) 7 p(h[1/clwng) By, /21,4 (v, 0) (Wng) dn.
In view of (5.9) this integral is bounded by a constant multiple of
[ B O (omlzlg)id 2, (9.23)

where N* = {z : r < 2r|c[?(r? + |2|?)} with g = a[r]k. By Lemma 6.1 we have,
for z € N*,

r 1+Rewr
Bt OOl < (perors ) (020
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where the implicit constant depends on v, ws but neither on ¢ nor on r. In this
way we get the estimate

Aur£1/cPBuy1,q(v,0)(g) K rle| 4720V (9.25)

uniformly for r > 0, Rev > 0, and Z[i] 5 ¢ # 0. This means that we may take
the limit of (9.19) inside the sum of (9.21). Then, by virtue of Lemma 7.2, we
have

1
P - 1 (5wl,w2m;‘j;a n 5,,,1,_‘,29,-M§f;9) (9.26)

2
1 w
+ T Z WSF(wl, wa; C)MZ,;“(“’M w2, 1/6)0
¢#£0
The formulas (7.22) and (7.24) with appropriate changes of notation imply that

Z ZISF(‘UL‘UZ;C)”M gflw1, w2, 1/c)0(v, p)(alr]k)| (9.27)
c;éO

~A
T asr | oo,
<<{r12‘ asr | (,

where 4 > 0 is arbitrary. Thus F,, [M[?]0 satisfies the condition (9.13) with
w =wj, and (9.14) gives

(M g)m, N30 G = % /N \ M () Fu, MG 5)0(g) dé. (9.28)

Moreover, we may insert (9.26) into this and perform the integration inside the
infinite sum, getting

(Mg, (MG 316) rye

1 o
= s+ b ) [ W) (9.29)

Szllzsp(ul,uz,c) e T, T7000E) s
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Invoking Lemma 7.1, we have, from (9.12) and (9.29),

Lemma 9.1. Let 17, @ satisfy the three conditions given in Theorem 7.1. Then
we have, for any non-zero wy,w» € Zl[i],

ZFCV(I)PtV (wl)tv(wg)’\l (VV;PV)TI(VVy pV)g(VVapV) (930)

1%
14
wiwy oy, (w1, —p/2)o, (w2, —p/2) L

lwiwal A s S o : d
+ Z 27” (lwuugl) /(0») lwlw?lu‘CF(l+V,p/2)P (v p)r](y »)0(v,p)dv

pE”Z

6&) Sl +6(u P2
R 2. /0 (v, )n(v, p)O(v, p)(p° — v*)dv

Ipl<t

by e Splwr, wy;c) Z / ( \/‘Ulw’?> M (v, p)n(v, p)O(v, p)(9* — v*)dv,

8mi|c|?
c#0

where V N L2(I'\G)1 4 # {0}.

Remark. For the idea of Hecke see Section 2.2 of [25]. The inner product of two
Poincaré series is the basis of almost all proofs of the sum formula. In Kuznetsov’s
original proof in [19], the seed function is explicit; and the sanie is in [26], where
the K -trivial case is treated. A more general class of sced functions is used in [1]
for PSL2(R), and in [23] for the K-trivial case on Lie groups of real rank one.
Our discussion in this section is different from that of Miatello and Wallach [23]
in that we positively exploit the arithmetical situation. Any non-trivial estimate
of Kloosterman sums suffices for the continuation of (B, ] ¢(v, p) to a neighbour-
hood of v = 1, as has been indicated already. In the general situation considered
by Miatello and Wallach a spectral decomposition is needed for analytic contin-
uation. It gives in fact a meromorphic continuation to C. In this respect our
argument is specific.

10. Sum formula. 1

Based on the above discussion, we shall establish the first version of our sum
formula, in which a given bilinear sum of Hecke eigenvalues, or equivalently Fourier
coefficients, of cuspidal irreducible subspaces of L*>(I"\G) is expressed in terms of
the arithmetic sums S :

Theorem 10.1 (Spectral-Kloosterman sum formula). Let h(v, p) be a func-
tion defined on aset {v € C : |Rev| < 3 +a} x Z for some small a > 0, satisfying
the following conditions:

L. h(l/,p) = h(-—l/’ _p)y

2. h(v,p) is regular,

3. h(v,p) < (1 + |[v] +|p])~*~° with a small b > 0.
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Then we have, for any non-zero wy,ws € Z[if,

Elcv(l)lztv(wl)tv(wz)h(VV;PV) (10.1)
1%
p
wiws Uu(wla -—p/Z)O'V(UJQ, —p/2)
+ —_ 4 s—h(v,p) dv
22:7 2m1 ( wlun ) ./('0) IU-)]UJQIUIQF(l + l/,p/Z)‘“ ( )
50)1,&)2 + (51-01,“&)2 2 2
R ) f(o) b, p)(7® — v)dv

2
+ZI E 5 S (w1, wa; ¢ )Bh( ,/“"'“wm,)

c#0

Here V' runs over all Hecke invariant right-irreducible cuspidal subspaces of
L*(I'\G) together with the specifications in Section 8; and

1 2_ 2
B = 3 /( | Keolw)hiv, )¢ ) (10.2)

with X, , as in (7.21). Convergence of these expressions is absolute throughout.

Proof. We denote the left and right sides of (10.1) by L., w,h and Ry, w, h
respectively. We may regard L., o,, ., o, as linear functionals on the space
of functions defined on iR x Z. The eigenvalues of Hecke operators ty (w) are
real, and so are the quantities (w/|w|)”o,(w, —p/2)|w|™. Thus L o is positive
definite for any non-zero w € Z[i]. We put

mo(v,p) = (1 = *)2(d = ?) (4 = * + p?) 272, (10.3)

In (9.30) we may set n(v,p) = Ai(v, p) ‘no(v, p)e , and O(v,p) = e’ with
d > 0. Thus we have
Lwhwznfs = Rwuwzngv (10.4)

where nk(v,p) = m(y,p)e”"g, if |p| <1, and = 0 otherwise. Using this we are
going to show that
lim lim L, 0,75 = Luywamo- (10.5)

I—00 650+

Since Ly, w,mkl < (Lwl,wlng-Lw?,wzng)l/g, and n} is increasing on iR x Z as
610,11 00, it is obviously sufficient to show that L, .7t is uniformly bounded
for I > 0, d > 0. To this end we shall prove that uniformly for { >0, 4 >0

Br(u) < |uf't® (10.6)

as |u| | 0. Here € > 0 is small and may depend on b. Then, by the bound (8.14),
one may confirm our claim by showing that lim;_,co lims_,0 Rw,wng =Ry oM.
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By definition we have
Bnj;(u) (10.7)

l &2 9 P
=Y o [ Keplwrm ) @ — oty
Ipl<t (©)

ey [ Bl e g - s = Y P (wm(0, )

(a) sin 71'1/ i<t

where % < a < 1. Since we have

Jo.p(w) = (—1)P [Ty (w)]® < (fuf /277 /(1p]1)?, (10.8)

the last sum of (10.7) is negligible compared with (10.6). Also, we have, as |u| | 0,
Rev = «,

3vp(u) 2o |T(lp| = v)|
sirfm/ L Jul [F(fpl + 1+ v)| (109)

Ip| -1 2o

vl o lul
l(pl+V)F H i+l S T+ olloP

= Jul*

Inserting this into (10.7) we indeed get (10.6).

Next, we put
hs(v,p) = —ie® 1/ = f ME D) ace- v de. (10.10)
(0) To g: p)

We repea.t the above discussion with # = h; and the same 7. We have first
Lunws fs = Bunnfs, where fi(v,p) = no(v, p)hs(v, p)e®” for |p| <1, and =0
otherwise. Then we note that fi(v,p) < no(v,p) uniformly for § >0, l > 0, and
that f} = hon iR x Z as § | 0, 1 T co. Thus, by (10.5), we get

lim lim Lo, w,fi = Loy wyh. (10.11)

l—00 650+

Correspondmg to (10.6) we have to estimate Bfi(u). In (10.7) we replace n} by
f} and set a = — +a with a > 0 given in the condition 2. above. Accordingly, we
shift the contour in (10.10) to (), and see that fi(v,p) < |no(v, p)| uniformly
for I > 0, § > 0 with Rev = a and arbitrary integer p. Hence we have the
counterpart of (10.6) for fi. This gives

lim lim R, o, ff = Ro, w.h, (10.12)

l—0co §—0-+

which ends the proof. |
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As the first application of the sum formula (10.1) we shall prove

Corollary 10.1. There exist infinitely many V'’s, and we have, uniformly for
N, P > 1 and non-zero w € Z[i],

S (Pt ) € (VP + o] )N + P?) (10.13)
ey |<N,|pvi<P

with any fixed € > 0. In particular, we have the bound (8.15).

Proof. The deduction of the last assertion from (10.13) is analogous to the case
of PSLy(Z); see the proof of Lemma 3.3 of [25]. To prove the first and the second
assertions we put in (10.1) w; = wy = w and

h(v,p) = h(v,p; N, P) = exp((v/N)* — (p/P)?). (10.14)

We note that (p(1 + v,p) > log (|| + |p| + 2) for Rev = 0, with the implied
constant being absolute. This can be proved as in Sections 3.10-3.11 of [30]. The
necessary uniform upper bound for {z(s,p) in the critical strip follows from the
functional equation (5.34) and the convexity argument of Phragmén and Lindel6f.
Thus we have

> lev (M Pty (W) h(vv, pv; N, P) + O(N Pog(w)? log? (NP +2))  (10.15)

1
= —87-(-5/3 Z(2Np2 + _[\/'3)(:;"('.‘7/13)2 + Z ﬁgSF(w,w;C)Bh(Zﬂw/c)_
0

pEZ !C

We are going to show
Bh(2mw/c) <« min(1, |w/c|2)(N? 4 P?). (10.16)

This and the bound (8.14) give (10.13), as well as an asymptotic formula for the
first sum in (10.15), which gives the first assertion.

By (12.1) below we have

Bh(27w/c) = -2%—/2 f] - Cu/e(y; N, P) exp(—(N log yﬂ%, (10.17)
where
Cusely; N, P) = Y _(=1)P((p/N)? - (Nlogy)® + 1) (10.18)

pEL
X Jop (27|w/cl|x|) exp(—(p/P)* + 2pitp)
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with z = |z|e® = ye® 4 (ye®)~!, ¥ = arg(w/c). Using an integral representation
for J2, we have also

CuseltiNP) =5 [ " exp(2riluw/cllal cos(0 + ) (10.19)
x Y ((p/N)? — (Nlogy)® + 3) exp(—(p/P)* — 2pi6)do
pEZ

™

P
N .

X > ((PINY?(3 = (P(6 4 qn))*) — (Nlogy)® + 3) exp(—(P(6 + gm))°)dd,
qeZ

exp(2mijw/cliz| cos(f + )

where the last line is due to Poisson’s sum formula. This gives
Cu/o(y; N, P) < (P/N)* + (N logy)® + 1 (10.20)

uniformly for all parameters involved. Now, the case |w/c| > 1 is settled by
inserting (10.20) into (10.17). If |w/c| < 1 then we divide the integral in (10.17)
at y = y/|c/w|. For the infinite integral thus obtained we use again (10.20), and
see that the contribution is negligible compared with (10.16). To estimate the
remaining part we use (10.18) together with Jo,(a) = (1 + O(a?))(a/2)*"/(2p)!
for small a > 0. We have, for 1 <y < +/|c/w|,

Coe(y; N, P) = —(Nlogy)’ + % + O (lw/c*z*((N logy)® + 1)) . (10.21)

The contribution of this error term to (10.17) is < |w/c[?N?. As to the main
term, we note that

[ - ogyy? 4 B e~ 1ogu) 2 0 (1022)

Thus the relevant contribution to (10.17) is easily seen to be negligible. This ends
the proof. [ |

Remark. The class of test functions in Theorem 10.1 is as large as possible. The
strip on which the test functions are required to be defined is narrow, due to
the Weil bound (8.14) (cf. (3.6.24) of [25]). The use of general seed functions in
Lemma 9.1 leads to an extension step with a functional analytic lavour. The proof
is similar to those in [1] (for PSL2(R)), and [3] (for PSL, over the product of the
archimedean completions of a number field). The proof in [26] for the K -trivial
case is an extension of Kuznetsov’s original treatment [19] of the rational case.

The corollary is a counterpart of Kuznetsov’s estimate for the spectral mean
square of the Fourier coeflicients of Maass forms over the modular group; see
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Lemma 2.4 of [25]. In Lemma 11 of [26] the K -trivial case of the corollary is
given. The bound (10.13) is essentially the best possible. We could prove an
asymptotic result in which the main term is a constant multiple of NP(N? + P?).
Note that the proof of the corollary requires the rather deep integral representation
of X, in Theorem 12.1, whereas the series expansion defining d,, suffices for
the theorem.

Generalization of the Spectral-Kloosterman sum formula and the bound
(10.13) to other imaginary quadratic number fields and congruence subgroups
seems possible, as long as we have a counterpart of (8.14). Without such a bound,
one has to be content with test functions which are holomorphic for |[Rev| < 1+a
with an @ > 0, and have prescribed zeros at v = *1 for most values of p (see
(9.18) and Lemma 9.1). In contrast to what we have seen in the above there
might be, in general, irreducible subspaces V of complementary series type as
well, corresponding to exceptional eigenvalues. We note also that the assumption
that the spaces V are Hecke invariant is not essential for the spectral sum formula;
that is, the sums over V in (10.1) and (13.1) could be formulated in terms of
Fourier coeflicients in place of Hecke eigenvalues.

11. A Bessel inversion
The aim of this section is to demonstrate a one-sided inversion of the transform
B defined by (10.2). Results of the present and the next sections will play basic

roles in the proof of the second version of our sum formula for Sg, which is to be
developed in Section 13.

Theorem 11.1. We put

KFp) = [ Kougl) ()"0 (11.1)

Then, for any f that is even, smooth and compactly supported on C*, we have
2rBKf = f. (11.2)

Proof. We shall prove, instead, the Parseval identity
X 1 2 2
fwgd*u=3 = [ Kf(x,p)Kg(wp)(p® - v")dv, (11.3)
X
c peZ t J(0)

where f, g are to satisfy the condition given in the theorem. This implies (11.2),
since a simple manipulation shows that the right side is equal to

/cx BK f(u) - g(u)d*u. (11.4)
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Here the necessary absolute convergence follows from the estimate

Kf(v,p) < (1+ ||+ [p])~*, (11.5)

where A > 0 is arbitrary, and the implied constant depends on Rev, A, and the
support of f. To show this we put

flv,p) = /C @) ), (116)

so that

Kf(v,p) = {Jf(=v,—p) = Jf(v,p)}. (11.7)

sin Tv
By definition we have

v,p) = 2m Z (—1)m+n2—2(v+m+n)Mf(u t+m4np-m+n)

11.8
e mnll(v —p+m+1)'(v+p+n+1) | )
where
v—1 1 o i0 117
flv,p) = fp (¥ dr,  for)= = [ fre®)e PPd0. (11.9)
0
A multiple appllcatlon of partial integration gives, for any integers A, B > 0,
A
Ts 1 I'(2v) 3 Rev|+A+B

f 7‘) <<_—“': Mf(V;P < " y 11.10
P €T ) T T+ B) (1110)

where the constant r; depends on the compact support of f, and the implied
constants only on A, B and f. Collecting these, we get (11.5). Thus we see also
that the right side of (11.3) is equal to

lim Z /_ Kf(v,p)Kg(v, p)(p* — v*)dv (11.11)

Ipl< P

= lim {/ -{-/ }f(u)g(v)Rp'T(u,v)dxudxv,
T=eo (Jlui<iel  Jjul>(vl

where P = P(T') € Z is to be chosen later, and

Rpr(u,v) = Z Jc,,p ()X, (V) (p* — v7)dv. (11.12)
e

We shall consider the case |u| < |v|. We indent the contour [—:iT, iT"] with
the right half of a small circle centered at v = 0. Denoting the new contour by
Lr, we have, by (11.7),

9

Rer(uv)= Y 4 { / ) /}3 W%y, (1113
]<P
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where Ly, == {v: —v € Lr}. This implies that

2

. p2 —_
Rpr(u,v)= > = ]C PTa,,,p(u)x,,?,,(u) ——dv (11.14)

p[<P

t5 E Z —1)%aqdq,p(u) Xy, p(v)(p 7),

m<P 0<qsP

where ag = 1, a4 = 2 for ¢ > 0, and Cpr is the oriented polygonal line connecting
the points —iT', P+ % —iT', P+ %—H’T, ¢T" in this order. This double sum vanishes,
because of the identities, for any p.q € Z,

dop = (“1)p+q3p,q = (‘1)p+q3|pi,qsign(p)» Kap = Kiplqsign(p)- (11.15)

In fact, the first identity is trivial, and the second follows from the expression

_l)tr‘rl

Kqp(u) = (_"ﬂ_—' {Yqp(v)Jpiqg(@) + Jp—q(u)Ypiq(@)} . (11.16)

Here Y, with n € Z is the Hankel function, which satisfies Y, = (-1)"Y _,, (see
p- 59 of [35]). Hence we have

i 2 2
p°—v
Hp] u ‘U) e iE<P /CP‘T ﬂy,p(u).’K,,,p(v) p— dv (1117)
2 2
P — v
by 5 B @) = D )

= Ry, p(u,v) - R;,T(u, v),

say, in an obvious mode of division.
Now we have trivially

[ SO o) = [ ram) 1@t £ )i dre
u|< r

1<r2
(11.18)
where

Ir p2m
QF p(r1,r2; f,9) = [ / Fr1e™)g(rae®® ) RE p(r1 €™ r2€™ ) do; dOs.
o Jo
(11.19)
The series expansion of J,,, implies that

2 2
v —v U

B 0100, -pl) g = = —”(M) ( ) (11.20)

(—1)+ e /2)%(2/2) % (0/2)°™ (5/2)
x> KminiA(v, pi &, 1, m, n)

klmmn>0
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where AMv,p;k,l,m,n) = (v—p+1)e(v+p+1)i(—v+p+ Dm(—v —p+1), with
(a)x asin (5.19). Thus we have

Qpri(ri,re f,9)
_ Z Z (a—l)k+t+m+"’(1‘1/2)2(k+l) (r2/2)2(m+") (11‘21)

k'tYmin!

fpi<P EklImmn>0

X fp-kil (rl)g~p—m—+—n(TQ)S;’T(TI/TQ:p; k,l,m,n),

where gq is analogous to f;, and

v

B . P
. — 9 dv. 11.22
Spr(p,pik,l,m,n) “/CP,T ANopi K, Lmyn) (11:22)

Similarly we have

Qpr(ri,m2; f,9)
T S R e s V) sl T i B YP

k'l'min!

ip|<P klmn>0

X fp-k+l(7'1 )gp—m+n(r2)‘s?3-,T(r1r2y p; k, t,m, n)?

where

SET([J,P; k1 l’ m, TL)
et (2 = V) o/ 1)
cpp BNTV)?T(v—p+k+ DI +p+1+1)
X ! dv
Tv-p+m+1)I'(v+p+n+1)

(11.24)

Assuming that 2P < T, we shall estimate QPT(T‘l,T‘g,f‘g), implicit con-
stants may depend only on the parameter A and the supports of f and g. To
this end we stress that the first estimate in (11.10) implies readily that for any
A>0

(r1/2)2 50 (3 /2)20m 40 S -
_ _ L (12
k,t,glzo k'l'm!n! Vp-kri{r)gsp-mon(ra)l < (1+ [ph)4 (11.26)

Arguing as in (10.9) we see that the integrand in (11.24) is O((p/4)**e¥|T'(-v)/
T'(v)|?). Hence we get immediately

1 1
Qpr(ri,2; f,9) L—r (11.26)

ogT ' PV
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where the terms on the right come from the horizontal and the vertical parts of
Cp,r, respectively. Asto Q% p(r1,72; f, g) we note first that

iT

Spr(p,0;0,0,0,0) = —Zi/ p*dv. (11.27)
—iT

If (k,I,m,n) # (0,0,0,0), then on the horizontal part of Cpr we have |A(v, p; k, (,
m,n)] > T, and if p < 1, then the corresponding contribution in (11.22) is
<min(1, (T|log p|)!). We restrict ourselves to the vertical part of Cpr. We may
assume naturally p > 0. Then, if either { > 0 or n > 0, we have |A(v, p; k, I, m, n)|
> P + |v|. By partial integration we see that the corresponding contribution to
(11.22) is

1
L (k+1+m+n)logT min (1,—-————), 11.28
( )log Fow (11.28)

provided p< 1. If l=n =0, and 0 < p < P/2, then obviously we get the same
conclusion. Otherwise the contribution in question is < logT', provided p < 1.
Collecting these, we have, for 1y <12, 2P < T,

iT
Qpr(ri,raf,g) = =21 Y fo(r))g—p(r2) f 'T(rl/rz)"’”dv (11.29)

[pi<P

+0 (logTmin (1, ) ) + 0 (27 ),

which ends the discussion of the case |u| < |vu].

The case |ul > |v], i.e,, 11 > r2, can be treated in just the same way. We
return to (11.12), and this time we shift the relevant contours to the left, getting
the same assertions as (11.26) and (11.29). In this way we now have

/ f(u)g(v)Rpr(u,v)diti dyv (11.30)
CX xCX
. iT . o T
- I12<:P/'iT M7 p)Mgl=2, ~p)dv + O (IOST * P ) .
p|<

Hence we set P = [log® T]. We find that the right side of (11.3) is equal to
—2iy / M/ (v, p)Mg(~v, —p)dv. (11.31)
pEL’ (0)

With this and the Parseval formulas for Mellin transform and Fourier series ex-
pansion, we finish the proof. [ |
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We shall also need the following property of the transform K:

Lemma 11.1. Let f be an even simmooth function on C* with a compact support.
Then we have

Z/O Kf(v,p)(p® - v*)dv = (11.32)

peZ

Proof. Let v € C be such that Rev > 0 and |v — k| > 5 forall k € Z. Then
(11.8) and (11.10) give

s

(rf/z)QRcu-f»Q(nH-n)
mn! |y —p+m+ )|y +p+n-+1)

A+B
i

% 1+ p-m+n))?dy+m+n|P

vy < Y

m,n>0

(11.33)

If [p—m+n| < ip|, then we have n+m > 3 [p], and consequently |v+m+n| >
vl + |pl; otherw1se we have |p —m+ nllv + m +n| > |pv|. Thus we have, for any
fixed large C > 0,

(r/2)*"”

4 1o -C (
P+ DN § ol + 1)’(};»\ e (11.34)

If(v,p) < e

This estimate allows us to carry out the same procedure as in (11.13)-(11.14):
We have, for any positive integer P,

"

»

P )
p?—v

K —vi)dy =2 Jf(v,
Z/ f(w,p)(p” —v?) > /(Pﬂ/z) fv,p)——

p=~—P p=-—P

dv.  (11.35)

As beforc, the sum of residues arising from this shift of contour vanishes because
of the (irst relation in (11.15). The last integral is, in view of (10.9) and (11.34),

AN A 2-C
P4t dt 1.36
<<(2P) Lm( + [t]) (11.36)
uniformly for |p| < P. This obviously ends the proof. |

Remark. The inversion formula (11.2) could be formulated as a discontinuous
integral of new type in the theory of Bessel functions. The idea of the proof is to
view the transformation K in (11.1) as a perturbation of the Mellin—Fourier trans-
formation on C*. Insert the power series expansion of d4i, +, into the integrals
hidden in Kf(v,p)Kg(v,p) on the right of (11.3). Two of the four lowest order
terms describe the Mellin—Fourier transformation on C* in polar coordinates, as
is well indicated by (11.20). The proof of the inversion consists of showing that
all other terms do not contribute. The key to achieve this is the vanishing of the
double sum in (11.14). That is, a certain rearrangement of products of J-Bessel
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functions of various orders is taking place behind our argument, which further
points to a relation with the Neumann expansion (see Chapter XVT of [35]). The
basic idea is present in Section 2.5 of KKuznetsov’s preprint [18], which deals with
the Bessel inversion for the modular case, and is indeed the first instance of such
investigations (see also Section 2.4 of [25]).

Our proof is, however, admittedly technical, and one may wish to find a more
structural proof that takes into account the way through which the functions g, ,
and X, , come into our discussion. They correspond to functions on the big cell in
the Bruhat decomposition of G, transforming on the left and the right according
to non-trivial characters of the subgroup N, and turn out to be a basis of the
solutions of Qy f = L((v Fp)? — 1)f. These and the adjoint formulation (11.3)
suggest that the inversion should be a part of the spectral theory on the big cell.
A proof along such a line might work for other Lie groups of rank one as well. A
further discussion is given in the final section.

As to Lemma 11.1, we remark that there are test functions & such as the
one introduced in (10.14), for which

Zfo h(v, p)(p" ~ v*)dv # 0. (11.37)

Thus Lemma 11.1 shows that (11.2) gives only a one-sided inversion of the trans-
formation B. Also see Remark at the end of Section 13 for an alternative argument.

12. The Bessel kernel X, ,

The main feature of Theorem 10.1 rests precisely in the integral transform B
defined by (10.2), and thus in the kernel X, ,. In this section we shall prove an
integral formula for X, ,, which has a practical value for our purpose, and an
interest of its own.

Theorem 12.1. Let |[Rev| < ;. Then we have, for any p € Z and non-zero
u e C,

Ky p(t)

2 [ ye® + (yew)-—l 2p ' )
=(=1)*= 20 -1 i i J . i iy —1 d
(22 [Ty (B ) e e + ()

(12.1)

where u = |ule®?

Proof. Since X; ,(u) = X, _p(u), we may assume that p is non-negative. We
shall first show that we have, for Rev > —p,

3 p(2mu) = (—=1)P|u/2|?P Z (pipm)(iu/ju])'gm (12.2)

[mi<p

X “2—1[; eXp(27T€ — mRe (u‘z)/f)fu_m(W]Ulz/ﬁ)f_zp“ldg,
(1)
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The basis for this formula is (6.20), where the function J, , enters into our inves-
tigations. We set there wy = 1, ws = u?, [ = p, and ¢ = p. On noting (6.18), we
have, for Rev >0, » >0, and k € K,

[ B v, )bl il < (12.3)
= 7r'“2"‘u]23U1p(27ru).A1¢pp,p(u, p)(a[r]k),
where, by (5.9},

h{u]wn|z]a|r]| (12.4)

e [ )

Using (3.24), (5.26)-(5.27), and (6.13)-(6.14), we equate the coefficients of
@5 (k) on both sides of (12.3), getting

2p,.—2p
K, (277) 3y p(27u) = [ 27"; > i (ufjul) U m(u, ). (12.5)
{m|<p
Here
Reu?z
U, (1) = | ex (—2‘~Rez—2 ez 12.6
m(u,7) /Ce p Tty mr(1+ 13’2)) (12.6)

2mjul? « (]2 =1 dyz
I,,_m(———-—-—— P —_—,
) (1 + ]:[2)) ™o Gl z D (14 {2?)Ptt’

where the asterisk denotes that we have extended the definition (3.18) in an obvi-
ous way. We are going to compute U, ,(u,r) asymptotically when r tends to infin-
ity, so that the result yields the cancellation of the factor K, (2nr) ~ 2r=1/2¢=2""
on the left side of (12.5). We put z = z + iy with z,y € R in (12. 6), and then
regard the integral as a double complex integral. Studying partial derivatives of
the argument of the exponentiated factor, we see that a saddle point exists at
T = —i+ c1/r, y = caf+/T, where ci1, ¢z are asymptotically constant as r 1 co.
Because of this we make the change of variables (z, y) — (—i(1-1/r)+z/r, y/+/T).
Here the factor 1 — 1/r is to avoid the singularity at (—i,0). We have

Usm i D (12.7)
at — a(z + 1) /r — by//T
-2 2

/ / exP et 7r12+y2—2i:1:+(:1:+z')2/'r)

P ([~Z+(m+z)/'r—zy/\/'. -1 )
m,0 . . .
1 —i+ (z+i)/r+iy/yr
2mju|? ) dzdy

242 -2+ (z+1)2/r/ (2 +y? — 2iz + (z + 1)%/r)2P+1’

thm(
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where ¢ = Reu?, b= Imu?. It is easy to check that this double integral converges

absolutely and uniformly as r | oo, provided Rev > 0. Thus we have

Upp(u, 1) 2ma
— L = — e 12.8
/ / exp 21r(1 iT) — S 2z$) (12.8)

e )
o ‘I’f,’:o([_z -1.])111_"‘( 27r‘u,|2 ' ) d;x:dy’ i .
: 1 —i 24 9% = 2iz/ (24 y? — 2iz)?PH?

We shift the contour of the z-integral to Imx = —3?/2. We then find that

Uy p(v7) (12.9)

r—co r2P K, (271)

i [ o (ane - 2ot ([ () K

£

—1 -1

On noting that &} ([ ]

]) = (—=1)Pi™ ( 3pm), we get, from (12.5) and (12.9),
the representation (12.2) at least for Rer > 0, and then we use analytic continu-

ation with respect to v.
We move to the proof of (12.1). We shall treat first the case p > 0. Since
J—v,—p(u) = -5 (1), we see that (12.2) gives, for |Rev| < p,

Ky p(2m0) = (=1)P l | > <p+m) (!—:-l)—zm (12.10)
M) Koo (”'“Iz)g—% e,

X ! 2n€
amm— e’ 7r —
omi Joy ; ¢

Observing that Re£~! > 0, we have

5 (o7 (1) e () .

fm|<p
1 \7% miul? 1
T e ‘"9 'Y — — v-1
2/0 (\/_6 \/,!—Iew> ekp( % (y+ y))y dy

= u,p(ua g) + I—V;P(ﬂx g)!
say, where 9 is as in (12.1), and I, (%, ) is the part corresponding to y > 1

We put

fK:’p (27mu)
2
mRe (u )) Ly, €)E~ 7. (12.12)

z(ul)P;%lglzpll)exp (27r§— £
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We insert into this the integral representation of I, ,(u,£). The resulting double
integral is absolutely convergent for Rev < 0, and X} ,(27u) is regular there. To
get analytic continuation to Rev > 0, we turn the line of integration of I, ,(u,§)
around the point ¥y = 1 through a small angle which has tlie same sign as Im&.
We get immediately the bound 1, ,(u,€) < [€[%¥ 1P which means that X, ,(27u)
is regular for Rev < p. Thus we have the decomposition

Ko p(2ru) = K5 (2mu) + X2, ,(274), (12.13)

=P

provided |Rev| < p. We now assume that —p < Rev < 0. Then, because of the
absolute convergence mentioned above, we may exchange the order of integration
in (12.12). We get

X (2mu) =(—-1)? u‘2pf v—1 NG Wy ! 3’” (12.14)
W) = (— e 1 1 .
vp T 2m21 12 1 Y ye
1

™
X / pl 2nw¢ mluf?
ex —_ P
1) 2¢ Jyer?

[ (e

; 1
X Jap (27r[uf Ve + N ) dy.

By the asymptotic property of the J-Bessel function, the last integral converges
absolutely for Rev < i. This fact and the identity (12.13) gives rise to (12.1), if
p#0.

We shall next consider the case p = 0. We are unable to use the formula
(12.2). Nonetheless, the right side of (12.1) converges absolutely for p = 0 and
|Rev| < %, By Neumann’s addition theorem for Jy we see that it is equal to

\/ﬂciﬂ +

) £7?Pldg dy

2 It e 2 — 5
=Y [ Gl lulidy, (1215)
0

meZ

where the necessary absolute convergence is easy to chicck. By Lemma 6 of [27]
this is transformed into

2

) ) w/2
— cosmy Y (=1)"e™ ] Jom(JulsinT) Ko, (2]ulcos T)dr  (12.16)
- 0

w/2
= — CcOS MY / cos(2]u| cos ?sin 7) Ko, (2|u| cos T)dr,
0

where the second line depends on the definition of the ./-Bessel function of an inte-
gral order. According to Lemma 8 of [26], the last integral is equal to 372K, 0(u)/
cos . This ends the proof. |
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Next, we turn to the mean of X, , over C*. We shall later require that it
is not too large.

Lemma 12.1. Let

1
2[Rev| < p< 3" (12.17)
Then we have
1Ko (w)Pluf*d"u < (14 [p))* 7, (12.18)

Cc~
where the implied constant depends only on p and Rev.

Proof. The formula (12.1) and the Cauchy-Schwartz inequality give
; 4 [ .
Ixy’p(reu?)[’j S_{)/ (y.,Reu+y<2Reu).,y n Idy (1219)
LS |
: / y" o (rlye™” + (ye™) ) dy,
1

where we assume 4[Rev| < < 2p. We multiply both sides by 1 and integrate
with respect to r and ¥, getting

| Kep @ (12.20)
Cx

00 2r o0
<</ / y"_llyew+(z;€”)'11_2"d'f’dy/ Jojp) (r)*r? " V.

1 0 0

The right side converges. Then we invoke

I'(1 —2p)L'(2[p| + p)
L1 —p)*I'2lp| +1 - p)

(see p. 403 of [35]). This ends the proof.

/ Jajp) (r)* 7?0 dr = 2% (12.21)
0

Remark. The integral formula (12.1) appears to be new; despite its classical
outlook we have not been able to find its tabulation. An alternative proof of
(12.1) is indicated in Section 15.

It seems worth remarking that X, , appears in the context of Section 2 as
well: We consider, more generally than (1.1), the mean value

| e ving it dpPata, (12.22)
where p € 27Z. Then we need to treat

Y. oa(n ip)os(n+ m,—1p)g*(n/m;~,6) (12.23)
n(n-+m)#0
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with m # 0. Corresponding to (2.31) we have the sum of Kloosterman sums
1 2w
ZWSF(m’n;C) [glp(? an;a,ﬁ,'y,é), (1224)
c#0

where

[g]p(u; o, ﬁ, Y, (5) — (lul/z)—2(1+a+ﬁ) Z(_1)max(ip{,!qi)(iu/[u!)2(p+q) (1225)
qEZ

F(1-s+ilp+g)Pl+a—s+1ip—ql). \

Y, 0 2)¥5ds.

) f;,,) [(s+ilp+a)T(s~a+ilp—dl) Gp+q(5:7,0)([u]/2)%ds

with 7 < 1 + min(0, Rea). We compare this with (14.13), and are led to the
expression

l9]p(u; e, B,, ) (12.26)
= i/ (ud 2P0 [ " 01, 8K i) ol o 7.

This belongs to the family of Voronoi transforms in the theory of lattice points.

13. Sum formula. I1

We are now ready to invert the sum formula (10.1). The result is one of the main
assertions of the present article, and is embodied in

Theorem 13.1 (Kloosterman—Spectral sum formula). Let f be an even
function on C*. Let us suppose that there exist constants p and ¢ such that
0<p< % < o, and

1. f(u) = O(|ul*") as |uf | O,

2. f is six times continuously differentiable, and for a + b < 6

/ [(ud)® f(w)*|u|>~?Pd*u < oco.
Cx
Then we have, for any non-zero wi,ws € Z[t],
1 2w
Z@SF(WI,“&;C)." ('—c*\/wlwz) (13.1)
c#0

=2 Z lev (1)t (w1)tv (w2)K f(vv, pv)
v

—iy (wlwz )p/(O Uu(w1,~p/2)0u(wz,—P/2)Kf(V,p) v,

sz \wiwz| y lwiwa|”|Cr(L 4+ v, p/2)P
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where the transformation K is defined in (11.1), and V runs over all Hecke in-
variant right-irreducible cuspidal subspaces of L*(I'\G) together with the speci-
fications in Section 8. The contour is the imaginary axis, and the convergence is
absolute throughout.

Proof. Wedenote theleft and the right sides of (13.1) by L, ,,(f) and 2 . (f),
respectively. Let X > 0 be large, and let x(r) be a smooth function which is equal
tol for 1/X <r < X, and 0 for »r < 1/(2X) and r > 2X, and monotonic oth-
erwise. Also let ¢ be a smooth function on C such that

pd>u=1, ¢(u)>0,and ¢(u) =0 if |u—-1}> X1 (13.2)
C)(
With these we put

() = [ #umx(oDso) . (13.3

This function is smooth and compactly supported on C*, and converges pointwise
to f as X T oc. By virtue of Theorems 10.1 and 11.1 coupled with Lemma 11.1,
we have

Lle,wn(fX) = R:wag(fx)' (13.4)
By the condition 1. and by the bound (8.14) we have readily

_Xli—r)ljoo L:JI ;w2 (f-x) = L:J]_,wg (f)‘ (13°5)

To deal with the right side of (13.4), we observe that

wufx(w) = [ pufo)ud, ()@, (13.6)

and that
K[bufx|(v,p) = (v — p)*Kfx (v, p) (13.7)

with by = (ud,)? + u?. The latter is due to the fact that J,, and thus X, ,
are eigenfunctions of Bessel’s differential operator b, with eigenvalue (v — p)2.
Invoking Lemma 12.1, we have

K fx(v,p) < min (|| fxllo, b3S x|lv ~ 0| 7%) (13.8)

for any v € iR, p € Z, where || - ||, is the norm of the Hilbert space L*(C*,
luf~2,d*u). By the definition we have Wfxllo < | fll,- A multiple use of (13.6)
gives that

b
llu (wdn)* fxllp < Nu®(@d)*x e < D u®(@du) il (13.9)

=0
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since (u8,)’x is bounded. This and the condition 2. imply that ||b3 fx|f, is
uniformly bounded. That is, we have, from (13.8),

Kfx(v,p) < (1 + |v|+ |p))~® (13.10)

uniformly in all involved parameters. Following the argument leading to (10.5),
we find that

lem Ry, w0 (fx) = By, L (). (13.11)

This ends the proof of the theorcm. ]

Remark. Note the similarity between Theorem 13.1 and Theorem 2.3 of [25].
Comparing (11.1) with (2.4.8) of |25], the impression will be enhanced. One may
improve Theorem 13.1 by relaxing the second condition. It appears, however, that
our assertion is sufficiently precise for practical purposes. For a possible alternative
approach to Theorem 13.1; see the final section.

The identity (13.4) does not contain the delta-term corresponding to that in
(10.1). This is of course due to Lemma 11.1. Then, it might be worth remarking
that the assertion (11.32) is a consequence of the spectral sum formula as well.
Namely, one may prove it alternatively in the following way: We write (13.4) with
the f in Lemma 11.1, in place of fx, but without using the lemma, so that the
delta-term remains in the identity. Specialize it by setting wy = | and wa = n,
multiply both sides by (p(1 — B)o_o(n)n/* P! with |Rea] + Re8 < —2, and
sum over all non-zero n € Z[i]. Applying some rearrangement partly depending
on the arguments in Sections 2 and 14, one is lead to the conclusion that (r(1— 3)
times the left side of (11.32) is regular at 3 = 0, which is naturally equivalent to
(11.32). This is definitely far more complicated than the above proof, but seems
to have certain interest of its own.,

It seems possible to extend Theorem 13.1 to other discrete subgroups of
PSL4(C), provided we have a non-trivial bound for the sums corresponding to our
Sp. Otherwise, the test functions in Theorem 10.1 have to live on a wider strip
[Rev| £ 1+ & with an £ > 0, and have prescribed zeros at v = 1. Then the
problem is that the transforms If, for f even, smooth, compactly supported,
need not posses those zeros.

14. An explicit formula

In this final section we shall apply Theorem 13.1 to the sum (2.31) and establish
a spectral decomposition of Z3(g,F) defined in (1.1). The underlying principle is
the same as in the rational case but the procedure is naturally more involved (cf.
Sections 4.4-4.7 of [25]).

We have first to examine if the two conditions in Theorem 13.1 are satisfied
by the function [g](u;c,3,,d) while (2.27) is assumed. The first condition is
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easy to check. As to the second we observe that [g] is smooth and, together
with its derivatives, of rapid decay as |u| T co0; indeed, by virtue of Lemma 2.1,
it is enough to move the contour in (2.32) far to the left. Thus we may restrict
ourselves to the vicinity of the point © = 0. Then we note that ud, = (ra —idg)
with u = re®. This implies that when applied to [g] the operator ua does not
change essentlally the asymptotic behaviour of the function as |u] | 0. Note that
again Lemma 2.1 plays a role. Hence we have to check only the case a = b =10 in
the condition 2. of Theorem 13.1. The confirmation is then immediate.
Now, let us put

Bo0) = B30 8,7.050) = [ Kol lolwicn foy )au. (14)
Theorem 13.1 gives, on (2.27),
Smn(c,8,7,6,9) = {SG) + S He. 8,7, 6 9), (14.2)
where
S0, (a, 8,7, 8 9) —%thcv ()Ptv (m)ty (n) By, (vv), (14.3)

@ (a _ v(m, —p/2)o.(n, —p/2) o
Sl 8,7, 5:9) z;z( R e e MR

To consider the function ®,, let K, ,(r,q) and G(r,q) be the 2q-th Fourier coef-
ficients, in argu, of the functions X, ,(v) and [g](u; o, 3,7, 6), respectively. We
have, from (2.32),

G(r,q) = (r/2)” X1 teth) (14.5)

Pl —s+3lghlQ+a—-s+3lg) . , N
f(n) Do+ s —at Bl 2o o)r/20de

with 7 < 1+ min(0, Rea). Note that on (12.17) the assertion (12.18) induces

E/ |Kyp(r, q)?r? tdr < o0, (14.6)

q€EZ

and that by the above discussion we have, given (2.27) and 0 < p < %,

E/ (r, )|?r % ldr < 0. (14.7)
geZ
These imply that
P,(v) = 27r2/ Ky p(r, q)G( r,q)(—if—. (14.8)
r

qeZ
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Further, let Rv,p(s,q) and G(s,q) be the Mellin transforms of K, »(r,q) and
G(r, q), respectively, as functions of . Then the last expression is transformed
into
Bp(v) = =iy / K, p(5,9)G(~s, q)ds. (14.9)
qCT, (r)

This is the result of an application of the Parseval formula for Mellin transforms to
each integral in (14.8) (see Theorem 72 of [31}). The formula (14.5) is obviously
equivalent to ‘

G(s,q) =migy(A(1 + a + B) — 1s;7,6) (14.10)

go1 LG8+ 3(1—a— B+ ]a))0(5s + 301+ o — B+ |a)))
L1 +a+8+q) — )31 —a+ B+ |g]) — 38)°

provided (2.27) and Res > 2(Re3 + |[Rea| — 1). To find K, ,(r, g) we combine
Theorem 12.1 with Graf’s addition theorem (formula (1) on p. 359 of [35]), getting

o2 [ o
Ky p(r,q) = (~1)m=(rtiad = /0 v ipra () p-q (r/y)dy - (14.11)

for |Rev| < 3 (cf. (12.15)). Via the formula

(36 + )
T(3(€-5)+1)

[« o]
/ Je(y)y*'dy = 2°7! (14.12)
]

with —Ref < Res < %, and the Parseval formula for Mellin transforms, one may
express K, »(r,q) by an inverse Mellin transform. Then we get

> . 28—2
Kyp(s,q) = (=1)m>phlad =

C(is+ 30w+ p+a)l(Gs— (v —1lp—4q])
Pl-3s—s(w—lp+a))T(1~3s+ 3(v+ip—q)))

(14.13)

provided 2|Rev| < Res < 1 — 2|Rew}.
The combination of (14.9), (14.10), and (14.13) yields

Lemma 14.1. The function ®, continues meromorphically to C°. We have the
representation

1 f
Pp(v; 0, 8,7, 8;.9) = 5 ) _(~1)x{ipblal (14.14)
qeZ

100
xf Ga(8:7, )0y (55 )T pgls, v; o, B)ds,

—100
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where

L1 —s+ 3lgh)l(1 — s+ o+ 3lq])
(s + 31g)T(s — o + 314))
P(s —3(a+B-v+1)+ 3lp+4q|)
P(l-s+g(a+B-v+1)+3lp+4q)
(s —Ha+B+v+1)+3lp—q])
“Tl=s+latBrv+)+lp—gq)

Fq(3§a) =

, (14.15)

[po(s, v, B8) = (14.16)

In (14.14) it is supposed that the poles of g,(s;,8)I'(s; @) and those of T, 4(s,v;
o, 3) are separated by the contour to the right and the left, respectively; and the

parameters are such that the contour can be drawn. It follows in particular that
if Rev, a, B3, v, and § are bounded, then we have, for any fixed A > 0,

®y(v; 0, B,7,6;9) K (1+ |v] + |p)) ™4 (14.17)

as |v| + |p| tends to infinity.

Proof. We assume first (2.27) and (12.17). Then we may insert (14.10) and
(14.13) into (14.9). After the change of variable s — 45 — 2(1 + a + 3), we
get the expression (14.14) with the contour (0). The expression for the general
situation follows by analytic continuation. The meromorphy of ®,, is an immediate
consequence of (14.14). As to the bound (14.17), we need only to shift the contour
in (14.14) far to the left. The resulting integral and the residues are estimated by
Stirling’s formula and (2.12). This ends the proof. ]

We assume (2.27) again, and collect (2.30)-(2.31) and (14.2)-(14.4). We
obtain

B (a,B,6°(-37,8)) = {B$’1)+B$i’2)}(a B 9*(-;7,6)). (14.18)
Here we have

BLY (e, B;9°(-37,0)) = —2inP|m|* Ay ey (1)tv(m) - (14.19)
v

x Hy(3(1 —a = ) Hv (3(1 + & = §))®p, (vv),

and
B2 (a,8; g (-5, 8)) = =~ Ym|e+At1 (14.20)
4p _
.3 (_rp_) / oy (m, —2p) i
7 \Iml @ m*|¢p(1 + v, 2p)|

x (p(3(1 —a—B+v),p)r(3(1—a~B-v),—p)
x P31 +a—B+v),p)Fr(3(1+a—-8—v),—p)Py(v)dv
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The expression (14.19) depends on (8.15), (8.21) and (10.13). On the other hand,
(14.20) depends on the following formula: For any a,b,c € Z, 7, € C we have,
in the region of absolute convergence,

—Z (n/|n|)*o-(n, b)os(n, c)ln| 2 (14.21)

n#0
Cr(s,a)Cp(s —T,a+b)p(s & a+)p(s —T =& a+ b+
(25 —7—&2a+ b+ ) '

This is an extension of Ramanujan’s well-known identity for the product:of four
values of the Riemann zeta-function, and the proof is similar (see (1.3.3) of [30]).

Returning to (2.6), we specialize (2.29) and (14.18) with a = 27 — z3,
B =23 —24,77=21, and § = 23. We shall assume temporarily that

1<Rez; <Rezp<Rez;+1, 1 <Rezz<Rezy—3. (14.22)

The condition (2.27) is satisfied. Hence, via (2.28)-(2.29) and (14.18)-(14.20),
the formula (2.6) is transformed into

(21,22, 23, 24;9) = {J(r) +39 + 3(6)} (21, 22, 23, 24; 9) (14.23)
in the domain (14.22). Here we have

Cr(21 + 23)Cp(21 + 24)Cp (22 + 23)Cr(22 + 24)
4¢r(z1 + 22+ 23 + 24)
Cr(2z1 + 23 — 1)Cp(22 + 24)Cp(1 + 22 — 21)Cp(1 + 24 — 23) _ (L, 21, 23)
2Cr(2+ 22+ 24 ~ 21 — 23) gotl; 21, 23
7rCF(Zz + 23 — 1)(p(21 + 24)Cp(L+ 21 — 22)Cp(1 + 24 — 23)
2Cp(2 + 21 + 24 — 29 — 23)
x Go(1 + z1 — 225 21, 23),
2(z3 z4)

J( )(21122) Z23,24,9) = Z ‘CV l HV %(Zl + 29 + 23 + 24 — 1)) (1425)

j("’) (211 22, 23, 24;g) = ( ) (14 24)

+m

X Hy(3(22 + 24— 21 — 23 + 1))Hv(3(z1 + 24 — 22 — 23 + 1))
X

@PV(W)Zl 22,23 — 24721;2319)1

and
I (2y, 20, 23, 223 g) = ZJ;‘E)(zl, 22, 23,245 §), (14.26)
p€EZ
where
7r2(z3—zq)-»1
1) (21, 22, 23, 241 9) = ), )Cp(%(zl + 22+ 23+ 24 — 1+ v),p) (14.27)
0

X CF(%(ZI t+2z22+23+2z4—1 —V),—p)CF(%(Zz +2z4—21-23+1+v),p)
X CF(%(Zz‘i‘ z4—-21—23+1 —V),-p)CF(%(h +24—20—23+1+4v),p)

(I)‘}p(u; 21 — 22,23 — 24, 21, 23;g)d
CF(l +, 2p)CF(1 -V "'217)

x CF(‘%(Zl +2z4—20—23+1-v),-p)
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We then observe that by Lemma 8.1 the function Hy(s) is entire, and of polyno-
mial order in s, py and vy if Re s is bounded. Thus 1) is meromorphic over C*
by virtue of Corollary 10.1 and Lemma 14.1. To see the situation at the point p 1
we note that if (21, 22, 23, 21) is sufficiently close to py, and v € iR (see (8.4)),

then we may take (2) as a contour in (14.14). This implies readily that 30 js
regular at p 1 and we have

1
1Upy;9) = 52 D lev(DPHv(3)*®py (30,0, 3, 3:9). (14.28)
1%

76

As to the sum of over p # 0, it is analogous to 3¢9, and we have

) Z (1+v),p)°

(e) . —_ lCF( s 0 1 1 2
peZ > P3i9) /0) K (1 + v, 2p)|? Pap(v:0,0, 3. i g)dv. - (14.29)
p#0 p;éO

It remains to consider the function .’J((,e). We note first that it is meromorphic
over C*. This can be proved either shifting the contour appropriately or simply
observing that all terms, except for J((,e) , in (14.23) are already known to be
meromorphic over C*. Thus, to see the nature of .’J((,e) near the point p 3, We may
let (z1, 22, 23, 24) approach to p 1 in a specific way, as we shall do shortly.

We start from the domain defined by (14.22), where we have the repre-
sentation (14.27) with p = 0. We shall move the contour, closely following the
discussion on the corresponding part of the rational case (Section 4.7 of [25]). In
the process we shall encounter singularities of the integrand, and the difficulty lies
in that they depend on zi, 22, 23, 24 . To facilitate the discussion we put

vi=z1+z2tzs+ 23 -3, va=22+23— 21— 23— 1, (14.30)

Vg = 21+ 24 — 20 —23 — 1.

The zeta-part of the integrand in .’Jge) has singularities only at the six points *v,,
Fva, *v5 and at the zeros of (p(1 +v){r(1 — v). Then we make an observation:

Lemma 14.2. The singularities of ®o(v; z1 — 22, 23 — 24, 21, 23; ¢) as a function of
v is contained in the set

{ + (1 +2a), £(va 4 2b), £(vs +2) : Z 3 a,b,c > 1}. (14.31)

Proof. The singularities can occur only when we are unable to draw the contour
in (14.14), that is,

{%(a+ﬁ:tv+1)—li:ZBli20} (14.32)
n{l—Hl, 14+ atly,y+6+1s: Zall,lg,1320}?€@.

Such situations are covered by (14.31) under the current specialization. This ends
the proof. . n
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We now set
1 1 1 1
21:§+t, 22:§+2t, 23:—2-+t, 24:§+6t, |Imtl<€0 (1433)

with a sufficiently small g9. If % < Ret < 1, then (14.22) is satisfied, and
moreover the points 17 = 10t — 1, v = 6t — 1, v3 = 4t — 1 are not in the set
(14.31). Thus, the last lemma implies that we can move the contour in flge) 50
that the points v;, vs, 3 are on the left of the new contour, but none of the
points in (14.31) and zeros (r(1 — v){p(1 + v) are encountered in the process.
Leaving the residues at 14, 15 and vs for a later discussion, we consider the
resulting integral as a function of ¢t as t — 0, while keeping Ret > 0 and moving
the contour stepwise. We observe, via the last lemma, that, except for the cases
t = 32-, %, %, we can draw the contour. These exceptional points obviously make
no trouble; for instance we may assume Imt > 0. Thus the integral continues
analytically to a small right semicircle centered at the origin. Then, having ¢ in
this domain, we shift the contour back to the original, i.e., the imaginary axis.
This time we encounter singularities at —v;, —ve, and —v3 but none else. Note
that at this stage we may leave the specialization (14.33), and suppose, instead,

that (z1, 23, 23, 24) are in a small neighbourhood of py. The integral fl( ) thus
obtained is regular at Py and we see readily that

(e)
78 (py:

6
g) = ~i[) ]CIFC(F((I )?g] Po(v;0,0, 1, 1; g)dv. (14.34)

Gathering these, we obtain the assertion
Jpyig) = {M +3© +3§e)}(p%;y)- (14.33)

Here 9 is the sum of the right side of (14.27) over all p € Z, but with a different
(21, 22, 23,24). On the other hand M is the sum of 7(") and the contribution of
the poles at v = 14, *rv9, and tu3 that we encountered in the above procedure.
We stress that M is regular at p L This is because all other functions involved in
(14.35) are regular at Py -

Hence it remains for us to compute M (21, 22, 23, z4;g). We have, in a small
neighbourhood of p L,

Cr(z1 + ZS)CF(Zl + 24)(r (22 + 23)Cp(22 + 24) .
4Cp(z1 + 22+ 23 + 24)

M(21, 22, 23,24, 9) = g(0) (14.36)

Gz + 2= Vela +2)Gr(Lt 22 =)l bz —28) -y
ZCF(2+22+Z4—21—23) goll; 21, 23

+ 7
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Cr(z2 + 23 — 1)Cr(z1 + za)F (1 + 21 — 22)Cp(1 + 24 — 23) .

+m — 29,
2Cp(2 + 21+ 24 — 29 — 23) go(l ta -2, 23)

a(zs—za)+1 F(22 + 24 — 1)CR(2 — 21 — 23)(p(21 + 22 — 1)(p(2 — 25 — 23)

+
4Cp(4 - R] — Z9 — 23 = 24)

X ®o(z1 + 22+ 23 + 24 ~ 3,21 — 22,23 — 24, 21, 23;9)

izt Cr(z2 + 24 — 1)Cp(21 + 23)Cr (24 — 23)(p(21 — 22 + 1)
ACr(2 — 29 — 24 + 21 + 23)

X ®Pg(z2 + 24— 21 — 23— 1,21 — 29,23 — 24,21, 23, 9)

2(z3—24)+1 SE(21 + 24 — 1)Cp(22 + 23)(p(24 — 23)(p(22 — 21 + 1)
Ap(2—21 — 24 + 22 + 23)

+ i

X Do(21 + 24 — 20 — 23 — 1521 — 22,23 — 24, 21, 23; 9).

This is obviously a linear integral transform of the weight function g. The six
members on the right side have singularities at p L, but these have to cancel out
each other as M is regular at the point. Thus, what matters actually are the
constant terms m; (1 < j < 6), respectively, in the Laurent series expansions of
these members at pL- That is, we have

6
' M(pyig) =Y m; (14.37)
=1

The computation of m; can be carried out in much the same way as in the rational
case (see pp. 176-178 of [25]). It is possible to write M(pl g) down explicitly in
terms of g and derivatives of the I'-function, but we stop here to restrict ourselves
to the description of the overall structure of our subject.

To state our final result we put A,,(g) = (2)71®,(1;0,0,1,1;0), and
Mr(9) = M(py,9) + aog(3¢) + bog(—3%) + arg'(3i) + big’(—3%) with ao, a1,
bg, b1 as in (2.2). We thus have established

Theorem 14.1. Let g be as in (1.1). Then, with the transformations Mg and
A, defined above, we have the identity

Z2(9, F) )+ EICV WP Hv(3)* Auy v (9) (14.38)

e (31 + v),p)I°
27TZ Z KF 1 T, 2p)|2 Augip(g)dva

where V' runs over all Hecke invariant right-irreducible cuspidal subspaces of
L?(I'\G) together with the specifications in Section 8. The contour is the imagi-
nary axis, and the convergence is absolute throughout.
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Remark. Despite the special nature of our dissection in (2.6) the arithmetic
ingredients in (14.38), i.e., the functions Hy(s) and {r(s,p) are in fact defined
over integral ideals of Q(%).

15. Concluding remarks

In this final section we shall develop a discussion of elements involved in our main
result (14.38), in the light of recent developments made to understand the explicit
formula for Z3(g,Q), the fourth moment of the Riemann zeta-function ¢ = (g.
We shall also ponder on an intriguing nature of (14.38).

Theorem 4.2 of {25] is now translated into

22(9,Q) = Mg(yg +E{cv 1)IPHv(3)*Au (9) (15.1)
1 G+ y
2m'/<o> Carop O

Here Mg has a construction similar to Mp, V runs over all Hecke invariant right-
irreducible cuspidal subspaces of L?(PSL2(Z)\PSL2(R)), and cy(n) (Z 2 n #0)
are the Fourier coefficients of V, to which the Hecke series Hy is associated. The
vy is the spectral parameter of V; that is, being restricted to V, the Casimir
operator over PSLa(R) becomes the constant multiplication (1 — 1)-1. The
functional A, is to be made precise shortly.

The similarity between the formulas (14.38) and (15.1) appears to the au-
thors to suggest the existence of a geometric structure yet to be discovered. In
particular, these results are expected to extend to a wide family of automorphic
L-functions (cf. [16]). To enhance this observation, we quote, from [28] with minor
changes of notation, the integral representation

[ dlog(1 4 /)
Au(g) = f otz (15.2)

where ¢ is as above, and

:T:l ’ur'_ud_xu X xu,zu.u.
500 =g [ o0 T RE=R\O), du=du/ul (159

i) = V1M {524 (am ) - ) 4o/} (15.4)

sin Ty
with J = J,, J; = I,. Correspondingly, we have, for F = Q(3),

Mple) = [ LRz, uya (15.5
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where . o~
— . . v
‘—‘V,P(u’) - '}E; /(;x Jv,p (V U/u) Jo,0 (\! _'U) ‘T{jl_, (156)
with
- — 92112 0.2 |U|2 _
Jup(u) = 2n°u|"K, 5 (27u) = 27 r— (A-v —p(2mu) ~ 3 p(27u)).  (15.7)

The last three formulas follow readily from (12.26), with p = 0, and (14.1). As
a matter of fact, the Bessel kernel 3, that originates in Kuznetsov’s works {18],
[19] can be identified as the Bessel function of irreducible representations of the
group PSLy(R), and so is the j, , in its relation with PSL2(C). For these facts
see |28] and [7], respectively. This interpretation of j, is given in Cogdell and
Piatetski-Shapiro [8]; and |28] contains an alternative and rigorous approach to it
via the concept of local functional equations of Jacquet and Langlands [15]. Its
extension (15.5)-(15.7) is proved in [7]. Hence, the resemblance between (14.38)
and (15.1) in fact reaches deeper than the sheer outlook suggests. At any events,
the last expressions sliow how tightly the mean values of zeta-functions are related
to the structure of function spaces over linear Lie groups.

This is naturally the same with sum formulas of Kloosterman sums. The
work [8] in fact indicates a way to directly connect the Kloosterman-Spectral sum
formula with j7,, without the inversion procedure of the Spectral-Kloosterman
sum formula for PSLy(R) as Kuznetsov did. Since the principal means on which
[8] is based have been extended to the present situation, in |7] as remarked above,
one may argue that we could prove our Theorem 13.1 without first establishing
Theorem 10.1. That appears to be the case, but in tlie present work we have chosen
the way to extend the argument of [23] to include all K -aspects. This is because
the combination of the Jacquet and the Goodman~-Wallach operators provides us
with a flexibility, perhaps greater than the extension of [8] could. Moreover, the
present version of the sum formula for PSL,(C) is more suitable than existing
ones for applications in the study of Kloosterman sums and in the investigation
of the distribution of automorphic spectral data. It should, however, be remarked
that Theorem 12.1, the above proof of which depends on the Goodman-Wallach
operator, could be derived also from the interpretation of j, , as Bessel functions
of representation of PSLz(C). For this see [7] again.

Finally, we make a naive comparison between (14.38) and (15.1), in their
asymptotic aspects. Here exists a remarkable difference between these formulas.
That concerns the nature of the term Mp(g) in (14.38). In (15.1) the Mg(g) is
indeed the main term in the sense that with a specialization of g it gives rise to
the main term in the asymptotic formula

T
f IC(2 +it)|*dt = TP,(log T) + O(T ¥ log® T (15.8)
o

as T'T oo, where Py is a polynomial of order 4 (Theorem 5.2 of [25]). The function
that is the counterpart of the above M for ¢ has an expression similar to (14.36),
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and at the point p 1 the terms involved in it have singularities of order 4 at most;
see Section 4.7 of [25]. Analogously the functions on the right of (14.36) have
singularities of order 4 at py, and the construction of Mp(g) is similar to that of
Mg(g). We have, however,

T
| a3+ inftae = ariog*7), (15.9)
~T
which can be proved by the argument in Section 7.19 of [30]. Thus, it is hard to
regard Mp(g) as the main term in (14.38). This appears to raise a basic question
about the fourth moment of (g, and remotely the same about the eighth moment
of the Riemann zeta-function.
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