PERIOD FUNCTIONS FOR MAASS WAVE FORMS AND COHOMOLOGY

R.BRUGGEMAN, J.LEWIS, AND D.ZAGIER

ABsTRACT. We construct explicit isomorphisms between spaces of Maass wave forms
and cohomology groups for discrete cofinite groups I' € PSL,(R).

In the case that I" is the modular group PSL,(Z) this gives a cohomological frame-
work for the results in Period functions for Maass wave forms. I, of J.LEwis and
D.ZaGIer in Ann. Math. 153 (2001), 191-258, where a bijection was given between
cuspidal Maass forms and period functions.

We introduce the concepts of mixed parabolic cohomology group and semi-ana-
Iytic vectors in principal series representation. This enables us to describe cohomol-
ogy groups isomorphic to spaces of Maass cusp forms, spaces spanned by residues of
Eisenstein series, and spaces of all I'-invariant eigenfunctions of the Laplace operator.

For spaces of Maass cusp forms we also describe isomorphisms to parabolic co-
homology groups with smooth coefficients and standard cohomology groups with
distribution coefficients. We use the latter correspondence to relate the Petersson
scalar product to the cup product in cohomology.
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Introduction

These notes proceed from the ideas and results of [21], in which Maass forms for
the full modular group were studied, but now treating arbitrary Fuchsian groups and
stressing the cohomological interpretation. They can be read independently of [21].

The classical theory linking holomorphic automorphic forms to cohomology starts
with Eichler [10], and Shimura [31]. To an automorphic form F on the upper half-
plane with even weight k£ > 2 one associates a cocycle with values in the space of
polynomial functions of degree at most k — 2 by y,,(¢) = fy Z'_Ol ZO(t — )2 F(1) dr, with
a base point zg in the upper half-plane. If F is a cusp form, one can put the base point
at co. The coefficients of the resulting polynomials are then values of the L-function
of F. All this has important number theoretical consequences. (See, e.g., Manin [23].)

With the base point at oo, the cocycle is, in the case of the modular group SL,(Z),
determined by its value on S = (? _(1) ,

Ys(t) = f m(r—r)"‘z F(r)dr,
0

called the period function (or period polynomial) of F, and the condition of being a
cocycle is equivalent to the two functional equations

1 1 1
¢(r)+r"‘2w(—;) =0, w®+F 2yl -0+ —r)"‘zw(l—_t) =0. (1
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In this case, it is also known that the map assigning to a cusp form F(7) the odd part
of the polynomial ys is an isomorphism between the space of cusp forms of weight k
and the vector space of odd polynomials (¢) satisfying (1). An elementary argument
shows that this latter space can be characterized by a single functional equation

() = Y@+ 1) + 52yl +1/p).

The starting point of [21] (see also the survey paper [20] and §2 of [33]) is the obser-
vation that this functional equation is identical in form to the relation

W(t) = Y+ 1) + 25yl +1/0) )

that occurred in the work of the second author [19], which gave a bijection between
the space of even Maass wave forms with spectral parameter s on the full modular
group and a class of holomorphic functions satisfying (2). Since (1) is just the cocycle
condition for SL(Z), this immediately suggests the possibility of describing Maass
forms for arbitrary Fuchsian groups by an appropriate generalization of the functional
equation (2) having an interpretation in terms of cohomology.

The principal goal of these notes is to carry out this generalization by constructing
explicit isomorphisms between, on the one hand, spaces of Maass wave forms on dis-
crete cofinite groups I' € G := PSL,(R) and, on the other, certain cohomology groups
of I'. Recall that a Maass wave form (or simply Maass form) on I' is a I'-invariant
function on $ satisfying Au = Au for some A € C, with polynomial growth. Here
$ is the complex upper half-plane with the usual action of G and A is the hyperbolic
Laplace operator A = —%(9> + 85). The Maass wave forms which are small at the

cusps (this is relevant only for I'\$ non-compact) we call Maass cusp forms." The
eigenvalue A is most naturally written as s(1 — s) for some s € C (spectral parameter),
and our cohomological description of Maass wave forms will depend on picking one
of the two roots of this equation. We assume throughout that 0 < Re (s) < 1.

In [21] we studied the case of the full modular group I := PSL,(Z) in detail and
showed that the Maass cusp forms with eigenvalue s(1 — s) are canonically in one-to-
one correspondence with the real-analytic functions ¢ : (0, c0) — C which satisfy

Y@ = p+ D+ @+ D PY(—)  @>0) 3)

x+1
and for which both ¥(x) and xzsw(x) are bounded. It turns out that any such function
can be written (non-uniquely) as
Y(x) = h(x) — x> h(-1/x) (x>0) 4)

for some real-analytic function 4 : R — C and that, when we do this, the map

((1)_(1)) =0, ((1)1) = (x h(x+ 1) - h(x) (5)

extends to a cocycle on I with values in the analytic vectors V” of a model of the
principal series representation V,. Changing the choice of & changes this cocycle by a
coboundary, and we get an isomorphism between the space Maass?(rl) of Maass cusp
forms on I} and a specific subspace of H!(I'1; V). Our goal in these notes is to give
an analogous result for all I".

I [21] the word “wave form* was used for cusp forms only.
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To achieve this, we will use several descriptions of the principal series: The model
indicated above consists of functions on the boundary IPIIR of the upper half-plane. We
shall also use models of the principal series in functions on $) itself. The relevant in-
vestigations led to the paper [4]. We shall recapitulate the results we need in Sections
2 and 3. Specifically, the well known Poisson transformation realizes the principal se-
ries representation with spectral parameter s as the space &; of all solutions on $ of the
differential equation Au = s(1 — s)u. For the construction of the map from cohomology
to Maass forms, we introduce a transverse Poisson transformation PI, which provides
us with a model of the principal series in a space of solutions of Au = s(1 — s)u near
the boundary of & in Pé. Both Poisson transforms are given by integration against the
kernel function R(-;z)!~%, where R(t;2) = Im(z)/(t — 2)(t — 7), the integration being
over PI{& for the usual Poisson transformation, and from z to Z for the transverse one. We
also need the inverse of the Poisson transform. It can be given explicitly by integration
of the differential form [u, R(t; - )], where [u,v] = ‘Z—Zz)dz + ug—’; dz is the Green’s form,
already used in [21], which is closed if # and v are eigenfunctions of A with the same
eigenvalue.

These facts are reviewed in Chapter I. See §1.3 for the Green’s form and Section 2
for the principal series. The Poisson transformation is recalled in §2.2, and the trans-
verse Poisson transformation is defined in §3.2.

In Chapter II we suppose that the discrete subgroup I' € G is cocompact. Here,
Maass’(I') is just the space &L of all I-invariant solutions of Au = s(1 — s)u. Our
first main result relates it to cohomology groups with values in the spaces of analytic,
infinitely-often, and finitely-often differentiable functions in V:

Theorem A. For cocompact” C G and s € C, 0 < Re s < 1, the space 85 is canon-
ically isomorphic to the cohomology groups H' (T'; V), H'(T'; V>°), and H'(T'; V?)
forpeN, p>2.

To describe this isomorphism we associate to a given Maass form u the analytic
cocycle

r(t) = f [u,R(t; -)°] , (6)
Y120

depending on a base point 7oy € . In the other direction, the value of the Maass form
u(z) associated to a given analytic cocycle {¢,} is given in any compact subset of 9 by

an explicit finite sum of terms of the form PI(tpy) |y withy, v eT.

Bunke and Olbrich, [6], [7], proved that &' = H'(T; V¥) = H'(I'; V™) in a more
general setting (for automorphic forms on rank 1 symmetric spaces and torsion-free
discrete cocompact groups). Our approach is more concrete and gives the isomorphism
&' = HY(T'; ¥*) much more explicitly. The integral in (6) gives the map from Maass
forms to cohomology. For the map from cohomology to Maass forms, the starting
point is the model ‘W of the principal series in the solutions of Au = s(1 — s)u near
the boundary. We use a space G¢ of functions on the whole of $ such that G —
W is surjective. The kernel N of this morphism consists of compactly supported
functions. A 1-cocycle on I' with values in ‘W gives rise to a 2-cochain with values
in N“. Evaluation of this 2-cochain on a 2-cycle that represents the fundamental
class in H,(I'; Z) provides us with an element fy € N, which is unique up to linear
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combinations of the form f|(1 —y) with f € N and y € I'. The locally finite sum
u(z) = Xyer fo(yz) is independent of all choices, and is the Maass form we looked for.

The construction of maps in both directions between &' and H'(T'; V) is the main
result of Chapter II.

Chapter III presents results concerning H'(A; V) and related cohomology groups
for infinite cyclic subgroups A ¢ PSL,(R). It turns out, for instance, that the restriction
map from H'(T; V) to H 1(A;(VS‘") in the theorem above, where A is the subgroup
generated by any element yy € I of infinite order, is injective, so that a Maass wave
form u € EL can be reconstructed from the single element r,, € V¥, without knowing
the rest of the cocycle. The results for the case that A is generated by a parabolic
(rather than a hyperbolic) element of PSL,(R) are used in the following chapter.

In Chapter IV we consider groups I' with cusps. Here the spaces Maassg(r) C
Maass,(I') c E! of, respectively, Maass cusp forms, Maass forms (at most polynomial
growth), and arbitrary invariant eigenfunctions, are all different. The dimension of E!
is infinite, while the other two are finite dimensional. The approach used for cocompact
groups has to be modified in several ways, as follows.

We have to look at more general cohomology groups. For I'-modules V, the par-
abolic cohomology group H]iar(l"; V) c H'(T'; V) is given by cocycles {,} that are of
the form ¥, = a, | — a, for all parabolic 7 € I', with a, € V. For the mixed parabolic
cohomology group H]lar(l"; V, W) the cocycle {¢,} has values in V and the a, are in a
I-module W o V.

The example of the period functions for I} = PSL,(Z) leads us to the space Vy’ 00
of “semi-analytic vectors” in the principal series. This is a I'-module satisfying V;* C
vy Rl V., consisting, in the standard model of the principal series representation
(functions on Pnlg), of smooth (C*) functions on Pﬂg that are real-analytic except for
finitely many points.

With these modifications one has the following analogue of Theorem A for cusp
forms on non-cocompact groups:

Theorem B. For cofinite discrete subgroups I' C PSLy(R) and 0 < Res < 1, the
spaces Maass{(D), H,(T; Ve, V%), HY (T V™), HY (T3 V), and HY, (T VE)
with p € N, p > 3, are canonically isomorphic. The relation between Maass cusp
forms and the associated analytic cocycle has the same structure as in Theorem A.

o FExample. In the case [T = PSL,(Z), the cocycle determined by (5) represents a
class in the mixed parabolic cohomology group H;ar(l“l Ve VY *’°°): its values are in
V¢, and its value on the parabolic generator T = =( (1) }) eI is of the form h|T — h,
with h € VY’ “®_ The period function i, on the other hand, is related to a class in

Héar(l“; V¥ *)_ It determines a cocycle with values in V", defined on the standard
generators by

0-1 w(x) ifx>0, 11
i(1 O)H{—|x|_2S¢(—1/x) ifx<0; i(01)'%0' )

This cocycle vanishes on the parabolic element i((l) i). Finally, the last isomorphism
in Theorem B, applied to the modular group, implies that any C*-function on (0, co)
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satisfying (3) and the growth conditions given there is in fact real-analytic, giving a
strengthening of the main result of [21].

We prove most of the isomorphisms in Theorem B in Chapter IV. The isomorphism
with Hy, (T; Vi®) and H,, (I; VY) is established in Chapter V.
If s # %, the correspondence between Maass forms and cohomology classes in the

Theorems A and B can be extended to the whole of E'. To do this, we introduce two

further spaces V"¢ 5 V@ and V* hexe 5 V¢, The first consists of functions on
Pﬁg which are real analytic except for finitely many points and have singularities of a
special type (Definition 9.17) at these points, and the second is the same except that
the finitely many singularities must all be at cusps. Then we have:

Theorem C. For cofinite discrete subgroups I' C PSLy(R) and 0 < Res < 1, s # %,
the spaces &L, Héar(l"; Ve, vy XY and Hliar(l"; Vv § Y are canonically isomorphic.

For the modular group we show in Proposition 14.1 how Hrlm(l] VY & ) can be
described as a quotient of the space of all holomorphic functions on C \ (—o0, 0] that
satisfy the three term equation (3). In Proposition 14.3 we show that the mixed par-
abolic cohomology group H;ar(Fl sV VY 1) s a genuine subspace of H'!(I; V).
We discuss briefly a notion of “quantum Maass forms” which provides us with a space
of objects with a modular flavor that corresponds bijectively with H'(I7; V).

If I" has no cusps then parabolic cohomology is standard cohomology. Theorems B
and C give no more information than Theorem A in the cocompact case.

Bunke and Olbrich have shown that the space MaaSS(S)(F) (which is equal to 81; for
cocompact I') is isomorphic to H'(T'; V), where V;® denotes the space of distribu-
tion vectors in V. In Chapter VI we give an explicit realization of the isomorphism on
the cocycle level and use it to express the Petersson scalar product in cohomological
terms (Theorem 19.1).

e Holomorphic automorphic forms and Maass forms. We have mentioned at the
start of the introduction that the classical theory of cohomology classes attached to
holomorphic automorphic forms has similarities to what we do in these notes. There
are also many differences, due in particular to the anomalous behavior of the principal
series representation of SL,(R) when the spectral parameter is an integer. We refer to
Chap. IV, §2 of [21] for a discussion of the similarities and differences in the modular
case.

One of the differences is that here we need infinite-dimensional modules for the co-
homology, in contrast to the the spaces of polynomials in the classical theory. Infinite-
dimensional modules are also needed by Knopp [16], for the cocycles attached to
holomorphic cusp forms of arbitrary real weight.

o Selberg zeta function and transfer operator. ~ As is well known, the values of
the spectral parameter s for which the space of Maass cusp forms is non-zero occur
among the zeros of the Selberg zeta function. The relationship between this fact and
the functional equation (2), in the case of the full modular group, can be seen using
the transfer operator of Mayer [24]: on the one hand, the Selberg zeta function can be
expressed as the product of Fredholm determinants built with this operator, and on the
other hand the solutions of (2), i.e., the period functions of even Maass forms, give
rise to eigenfunctions of this operator with eigenvalue 1 (or —1 if the plus sign in (2) is
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changed to a minus sign, corresponding to odd Maass wave forms). These connections
are discussed in detail in [20], [21] (Chap. 1V, §3), and [34].

For a number of families of other Fuchsian groups, including the congruence sub-
groups ['g(p) of the modular group and the Hecke triangle groups, Moller and Pohl
[25] and Pohl [27, 28, 29] have obtained a similar relationship between the more gen-
eral period functions of Maass forms considered in these notes and eigenfunctions of
appropriate transfer operators. For the case of the full modular group again, the paper
[5] relates cocycles for the group to the eigenfunctions of a transfer operator different
from Mayer’s original one. It would be interesting to have a similar relationship for
general Fuchsian groups between the Selberg zeta function, eigenfunctions of transfer
operators and cohomology classes.

o Acknowledgements. The preparation of these notes has taken many years. The
Max Planck Institute in Bonn and the College de France in Paris have enabled us
many times to work on it together. The two first-named authors thank both institutions
for this support and the excellent working conditions that they provided.

e Notations and conventions. ~We work with the standing assumption that s € C
satisfies 0 < Re s < 1, and use A; = s(1 — 5). By N we denote the set {n € Z : n > 0}.
We denote by G the Lie group PSLy(R) = SLy(R)/{+Id}, and denote by [ Z]

the element +(* Z) of G. We shall use various right representations of G, and use
g : v v|g as a general notation for the action of G in a right G-module.

Chapter I. Eigenfunctions of the hyperbolic Laplace operator

This chapter has a preliminary character. It discusses concepts and results needed
in the next chapters. In Sections 1-3 we recall results concerning eigenfunctions of
the Laplace operator and principal series representations that we treat in more detail
in [4]. The averaging operators in Section 4 form another important tool used in these
notes.

1. Eigenfunctions on the hyperbolic plane. Maass forms are functions on the hyper-
bolic plane that satisfy Au = A;u and are invariant under a group of transformations.
We define in this subsection the space of all such eigenfunctions of the Laplace oper-
ator and introduce several related spaces. An important result is Theorem 1.1, which
plays for eigenfunctions of A the role of Cauchy’s theorem for holomorphic functions.

1.1. The hyperbolic plane. By H we denote the hyperbolic plane. We use two realiza-
tions as a subset of P(lc. The first is the upper half-plane model = {z = x+iy : y > 0},
the other the disk model D = {we C : |w| < 1}. In the upper half-plane model,
geodesics are Euclidean vertical half-lines and Euclidean half-circles with their center
on the real axis. In the disk model, geodesics are given by Euclidean circles inter-
secting the boundary 9D = S' = (¢ € C : |¢] = 1} orthogonally and Euclidean
lines through 0. The real projective line Pﬂlﬁ = R U {oo} is the boundary of the upper
half-plane. See Table 1 for a further comparison between both models.

o The space of eigenfunctions. By &E; we denote the space of solutions of
Au = Aguin H, As=5(1=13). (1.1)
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model of H 9 D

coordinate z=x+iy = i%i_i w= %

Laplace operator A (0 + 6;) —(1- |w|2)26w6u—,

= (z - 2)%0,0;

infinitesimal distance v~ @02+ (@dy) | 2 Vu Relu_jijlz(dlm w)?

hyperbolic distance d

p(-, ) = cosh(d(-, -)) 1+ E2E L+ e

volume element du d);f Y %

fsréf;‘;‘{‘rﬁyogrgﬁ?er"i“g G = PSLy(R) G = PSU(1, 1)

lepl =0 Eall; ! [cal:zm &% | [Gal:we 52

maximal compact subgroup K PSO(2) PSU(1)

point fixed by K i 0

boundary 0H 09 =PL oD = §!
TaBLe 1. Upper half-plane model and disk model of the hyperbolic
plane H.

The Laplace operator A = —y?3> — yzﬁi is an elliptic differential operator with real-

analytic coefficients. Hence all elements of &; are real-analytic functions. This opera-
tor commutes with the action of the group G (on the right) given by

(u|9)(z) = u(gz) .

(We will use z to denote the coordinate in both $ and D when we make statements
applying to both models of H.) Obviously, & = &;—;. If U is an open subset of H, we
denote by &(U) the space of solutions of Au = A,u on U, thus defining & as a sheaf
on H. We will refer to elements of & = E;(H) and of E;(U) as As-eigenfunctions of A.

So &, denotes a sheaf as well as the space of global sections of that sheaf. For other
sheaves we will allow ourselves a similar ambiguity.

1.2. Examples. The functions i;(z) = y* on 9 is an element of &; that occurs in the
constant term of Fourier expansions of Maass forms. That term is a linear combination
of is0 and ij_sp, or of ijj20 and €1)20(z) = yl/z Inyif s = % This function €12 is
the value at s = % of the family €50 = 2s+1 (is0 — i1-50) of N-invariant elements of
&;. The other terms of those Fourier expansions may contain the following elements
of &;: _
ks,a(z) = \/st—l/anw) etax’
I(s+1) (12)

isa(2) = W «/z?ls_l/z(laly)ei“x,
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for @ € R \ {0}, with the modified Bessel functions /,(-) and K,(-). These functions
on $ transform according to the character [(1) 1] e of N = {[(1) I cG.

The group K = PSO(2) C G has characters [_Cs(i’sz (fg:g] - 2" with n € Z.
Functions transforming according to such a character are easiest described in the disk

model, with Legendre functions or with hypergeometric functions:

. 1+7r2 .
Ps,n(re’g) — P;’l_ (—rz) oo

1
1-
(1.3a)
I'(s +n) il r?
= T p (1 s s 1+ k).
TG s s b )
i 1+72
Quulre®y = Q1 ()"
’ 1-1r2
(1.3b)

L ED IO+
2 I'2s)
(Note the shift in the spectral parameter in P | and Py ,.) We have P, = Pi_s, € &
and Qs , € E,(D \{0}).
Section A.1.3 in the appendix of [4] gives also formulas for elements of &; that

P2 oFi(s —n, 5328,1 — 1)

transform according to a character of the group A = {[yg2 y_? 2] ¢ y>0}cG. Of
these functions we will use £, and f . See (4.2).

Starting from the /ls—elgenfunctlons of A considered up till now, we can produce
other ones by translating them. If g - 0 = w’ for g € G and w’ € D, then r = |g~'w|

satisfies ”’ > = = p(w,w’), with p as in Table 1. The functions
psw,w)) = Poolg™'w) = P (p(w,w), 14
gsw,w') = Qsolg™'w) = Q) (pw,w),

are point-pair invariants, i.e., they depend only on the hyperbolic distance between w
and w’. Hence they are symmetric in w and w’, and satisfy for all g € G:

ps(92,97) = ps(z,7),  qs(9z.97) = qs(z, 7). (1.5)
They are A;-eigenfunctions of A in both variables. One calls g, the free-space resolvent
kernel. We have py(-,uw’) € 85, and g4(-,w’) € E;(D \ {w'}) for fixed w’ € D.
Shifting i : z — y° by [ ] with ¢ € R, gives

N

LNS I \s _ y
R(t;2)° = (Im:) = (1.6)

We have R(t; - )° € E;. Moving t off the real line gives rise to a multivalued function

¥y
(-2 -2)°
For ¢ € C it is an element of Ey(U) for simply connected U C $ not containing £ or Z.

We choose the branch such that arg({ —z) + arg({ —2z) = 0for { € R.
For @ € R and Re s > 5, we can integrate ei“’R(t; z)’ over R to obtain

N

R(:2) = (L.7)

29
T'(s—5

olax foo elat y'dt _ \/_ F(S) ll 5.0(2) (@=0), (1.8)
_ydr n .
o PRy | yERs e o (@2 0).
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This continues meromorphically, holomorphically in s if @ # 0, and having in the
region Re s > 0 only a first order singularity at s = % ifa=0.

1.3. Green’s form. We recall the bracket operation from [21], already mentioned in
the introduction. There are two versions, which differ by an exact form:

[u,v] = u,vdz + uvsdz, {u,v} = 2ilu,v] — id(uv). (1.9)

These formulas make sense in both the upper half-plane and the disk model of H, and
have the properties

[Uog,vog] = [u,v]og foreachgeG, (1.10a)
[u,0] + [v,u] = du), (1.10b)
dlu,v] = Zli(uAv—vAu)dﬂ, (1.10c)
{U’M} = _{M’U}' (llOd)

So [u,v] is a closed 1-form on U if u,v € &E(U) for an open U C H.
The bracket with g, gives for elements of &, a substitute for Cauchy’s theorem:

Theorem 1.1. Let C be a piecewise smooth simple closed curve in H and u an element
of E(U), where U C H is some open set containing C and its interior. Then for
w € H\ C we have

| A A (1
C 0 if w is outside C,

where the curve C is traversed in the positive direction.

See Theorem 3.1 in [4].

2. Principal series. All the coefficient modules used in the cohomology groups men-
tioned in the introduction are spaces of vectors in the principal series representation
associated to the spectral parameter s. The standard realizations of the principal series
representation use spaces of functions on the boundary 0H of the hyperbolic plane.
With the Poisson transform we can also use a realization in &E;.

We write V, to denote “the” principal series representation when we do not want
to specify precisely the space under consideration. Spaces V;° and V;’ of smooth and
analytic vectors are identified with the appropriate superscript.

In [4] we treat the material in this section in more depth. In particular, we study the
various models more systematically. Each of the models of V has its advantages and
disadvantages.

2.1. Models of the principal series on the boundary of the hyperbolic plane. We list
some standard models of the principal series.

e Line model. In the introduction we already mentioned the well known model of
V., consisting of functions on R with the transformation behavior

a
Cc

b ax+b
(’0|2s[ d )

cx+d

(x) = |ex+ dl_zsw( 2.1
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under [ z] € G. To get a sensible result at x = —%, we need to require that ¢ behaves

well as [x| — oco. By V°, the space of smooth vectors in V, we denote the space of
¢ € C*(R) that have an expansion

ot) ~ 17 Y et (2.2)
n=0
as [t| — oo. Similarly, the space V¢’ of analytic vectors consists of the ¢ € C*(R)
(real-analytic functions on R) for which the series appearing on the right-hand side
of (2.2) converges to ¢(x) for |x| > xo for some xo. Analogously, we define V', p € N,
as the space of ¢ € CP(R) satisfying (2.2) with the asymptotic expansion replaced by
a Taylor expansion of order p.

We call this the line model of V,. It is well known and has a simple transformation
formula (2.1) that reminds us of the transformation behavior of holomorphic automor-
phic forms. It has the disadvantages that we need to specify the behavior as [x| — oo
separately, and that it requires some work to check that the spaces V', V(°, ... are
preserved under the action of G.

Often we shall write ¢ | g instead of ¢ly; g if there is no danger of confusion.

e Projective model. The relation
g0 = 1+ ) (2.3)

gives a model for which V¢, V°, and the V! correspond to respectively C‘“(]Pﬁ&),
Cw(PI}Q) and CP(P%&) of respectively real analytic, smooth and p times continuously
differentiable functions on PI]R. The action of G is described by the more complicated

formula

(t) _ ( t2+1 )S (dl"l‘b)

C Mat+ b2+ (ct+d)? TNet+d”
The factor (Wﬁ%)s is real-analytic on the whole of PJIR. Thus it is immediately
clear that the action of G preserves real-analyticity, smoothness and p times continuous
differentiability. A drawback is that the point i, corresponding to the choice of K as
maximal compact subgroup, plays a special role. In §2.1, [4], we mention the plane
model of the principal series that does not have this drawback.

b
e 2.4

e Circle model. The circle model is directly related to the projective model by

the inverse transformations ¢ = = and r = 2 in Pl identifying the projective

+i 1-¢° c>
line Pnl% to the unit circle S' in C. This leads to the circle model of V,, in which
the action of g = [‘C’[d’] € PSL,(R) is described by g = [} _l.’]g[} S = [%g] in
PSU(1,1) € PSLy(C), with A = J(a +ib —ic + d), B = 3(a—ib —ic — d):
s o fAE+ B
= |Aé+ B — —
flh, 9@ = |A£ + B| f(B§+A)
The factor |A¢ + B| is non-zero on the unit circle, since |A]> = |B|* = 1. The relation

with the previous models is given by

> (€72 = ¢F(coth) = |sinb > ¢(coth). (2.6)

(€1 =1). (2.5)

e Realization of V¢ in holomorphic functions. The restriction of a holomorphic
function on a neighborhood of S! in C to S' is real-analytic, and since every real-
analytic function on S! is such a restriction, C*(S') can be identified with the space
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lim O(U), where U in the inductive limit runs over all open neighborhoods of S! and
—

where O(U) denotes the space of holomorphic functions on U. One can rewrite the
automorphy factor in (2.5) as ((A + BE)(A + Bf‘l))_s, which is holomorphic near st.
It can be extended to a holomorphic and one-valued function on a neighborhood of S!

in P}, in fact, outside a path from 0 to —B/A and a path from co to —A/B. In other
words, in the description of V¢ as lim O(U), the action of G becomes
—

U
oS, g (w) = [(A+ Bw)A + B/w)]™* ¢(Gw) . 2.7)

In the projective model, we have similar descriptions. Now U runs through neigh-
borhoods of Pﬂg in Pé:' The action (2.4) can be rewritten as

P ab] 2 I\—5 Z_i N Z+i K aZ+b
= —+ . 28
B¢ 0@ = @+ (o) o) (G e®
This unwieldy formula shows that the automorphy factor is holomorphic on ]Péj minus
a path from i to g~'i and a path from —i to g~ (=i).

e Topology. We have not yet discussed topologies on the spaces in V.. For the
cohomology groups, we will use V¢, V°, and other spaces in V,, algebraically.

The natural topology on V? is given by the finitely many seminorms |l¢|[;, 0 < j <
p, where

llgll; = suplel, W/(x)|, (2.9)
x€OH

and where W = [_? (1)] in the Lie algebra of G. By ¢ — ¢|»s W we denote the corre-
sponding action in V. In the circle model, W corresponds to the differential operator
2i £ O¢, in the projective model to (1 + %), and in the line model to (1 + x2) d, + 2s x.
The natural topology on the space V{® = (e VP is given by the collection of all
seminorms || - [,, p € N.

The topology on V¢ = h_)m O(U) can be defined as the inductive limit topology

given by the supremum norms on the sets U. The inclusion V¢ — V;° is continuous
with dense image. With these topologies, V& and V;° are irreducible continuous
representations of G. Here the restriction 0 < Re s < 1 is essential. Irreducibility does
not hold when s € Z.

e Hyperfunctions. We put

H(S) = h_rn)O(U\Sl), H(P}) = li_m)O(V\P]%{) (2.10)
U Vv

where U runs over the neighborhoods of S! in C and V over the neighborhoods of PIIR
in P(.. The spaces C~(S') and C™“(P}) of hyperfunctions on S', respectively P}, are
the quotients in the exact sequences

0— cs" — HESH — cesh —o0,

2.11
0 — C¥(Pg) — H(PL) — C“(Pg) — 0. 1D

See, e.g., §1.1 of [30]. Actually, the quotients O(U \ $')/O(U) and O(V \ Pﬂg)/O(V)
do not depend on the choice of U, respectively V, so they give models for C"“(S') and
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C “"(P]}{) for any choice of U, respectively V. Intuitively, a hyperfunction is the jump
across S!, respectively Pﬂg.

The actions in (2.7) and (2.8) make sense on the spaces of holomorphic functions
in deleted neighborhoods O(U \ S') and O(V \ Pg). This gives an action of G on
H(S') and H(P]IR), and hence on the corresponding spaces of hyperfunctions. We call
H; the space H with this action, in the realizations H(S!) and H(IP’I{K), and V¢ the
resulting representation of G in the hyperfunctions. Thus we have an exact sequence
of G-modules

00—V’ —H; >V, —0, (2.12)

realized in the circle model and in the projective model. The line model is inconvenient
for hyperfunctions.
We can embed the space C“(S!) of analytic functions on S! in the following way:
ifwe U, <1,
peOW) b we] fW Hwel (2.13)
0 fweU, |w>1.
Let [f] € C™“(S') be the hyperfunction represented by f € O(U \ S'). Then [f] €
C“(S") if and only if the restrictions of f to U N {{w| < 1} and U N {|w| > 1} both
extend holomorphically across the circle. In the projective model we have a similar
embedding.

e Duality. Let ¢,y € H(S") be represented by f, h € O(U \ S') for some neighbor-
hood U of S'. There is an annulus e~ < |w| < ¢” contained in U. Let C, be a contour
lw| = ¢+ € [e7%, 1) encircling O once in the positive direction, and let C_ be a similar
contour |w| = c_ € (1, e*]. Then the integral

1 d
) = 5= f - f ) Fphw) < 2.14)
JTl C, C_ w

is independent of the choice of the contours, as long as they are continuously deformed
within U \ S'. So the actual neighborhood is not important. Moreover, if f and & are
both in O(U), then Cauchy’s theorem gives (¢, ) = 0. Thus, we get an induced pairing
C?(S") x C~¢(S') — C, which we denote also by (-, - ).

The description in the projective model is

(.0 = }T(fc—fc)
dz

~p(2) 9(2) Tzz >

2.15)

where ¢ € O(U) for some neighborhood
U of Py in Pl, and g € O(U \ Py)
represents i € C““(P&R). The contours
C,coHnUandC_ c 9 NnU are ho-
motopic with P%R. The orientation in C of
C, is positive and the orientation of C_
negative. It turns out that for allg € G

(Pl-259, Ylasg) = (@, ¥). (2.16)

Thus, we have a bilinear invariant pairing V}* - X V7 — C.
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From (2.14) we see that for fixed h € O(U \ S!) the map f — (f,h) is continuous
with respect to the supremum norm of f on U. Thus ¢ — (¢, ) is a continuous linear
form on V}” _for fixed ¢ € V. It turns out that this gives an identification of V"
with the continuous dual of V}” .

It may happen that ¢ — (¢, ¥) can be continuously extended to V;* for the topology
on V;°. Such linear forms are distribution vectors in “V,. The space V> consists of
the distribution subspace of V. It can be identified with the continuous dual of V}® ..

e Basis. There are elements e, € V, n € Z, such that (ej_g , €sn) = On—m:

e = @+ 17 (1) 2.172)
t—i\n

a0 = () (2.17b)

€, = & (2.17¢)

Fourier theory gives an expansion ¢ = »,”_ ¢, €, of each element ¢ € V. We
have

Ve = {Z Cnesn 1 cp = 0(e™ M) for some a > 0},

Ve = (D cusn t o= O((1 +1n))™) forall A > 0}, o18)
Vo = {Z Cnesn ¢ =0O((1 + |n)*) for some a > 0}, '
Ve = {Z Cnesn : cn=0(eN) forall A > 0}.

e [Isomorphism. For 0 < Res < 1, the G-modules V' and V,“ are isomorphic.
The intertwining operator I5 : Vi — V[ “ can be given on the basis vectors in (2.17):

I'(s)T'(1—s5s+n)
TA-9)T(s+n) =5

Is sn =

(2.19)

e Sheaves. The definitions of V¥, V™ and the V?, are local. We can form the

corresponding sheaves. We shall use this often for V". We formulate this for the

projective model and leave the analogous definitions in the other models to the reader.
For each open set I C PL, we define

Ve = li_m>O(U), (2.20)
U

where U runs through the neighborhoods of 7 in Pé‘;' Note that we allow ourselves to
write V" instead of Vy’ (P]%%).
We also use the notation

VEIF] = Ve (PL N F) (2.21)

where F is a finite subset of Pﬂg. We will simply write V[£,...,&,] instead of
VUér, ..., &l If we impose a condition on the sections of V{ at the points ¢;
we write VMg, ..., &,]. For instance, ¢ € VY [£),...,&] is an element of V™
with analytic restriction to Pﬂlg \ {é1,.... &)
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The G-module V¢ is naturally included in the G-module

VI = m VY (PN F). (2.22)
F

where F runs through the finite subsets of Pﬁ. So V¥’ can be viewed as the union of

all V¢[F], with identification of f € V[F] with its image in V°[F]if F; C F. The

space V" is not a subspace of V. “. We call V" the space of semi-analytic vectors

in the principal series representation. With an additional condition we write

(V;U*,cond — li_)nl(sz,cond(PI{K N F) ) (2.23)
F

By BdSing (f) for f € V" we denote the minimal finite set {£1,...,&,} C Pﬂl{ such
that ' € V[&1,...,&,]. We call these &; the singularities of f.

e Terminology. Usually one denotes by V! the space of p times differentiable
vectors in a Hilbert space (VSL2 in V,, for which the e,, form a complete orthogonal
system. We use V? to denote functions that are p times continuously differentiable
in the projective of circle model. This space is smaller than the space of p times
differentiable vectors in V.

Our spaces V', V;° coincide with the spaces of analytic and smooth vectors in (VSLZ,
and similarly for V;* and V;“. It seems hard and hardly interesting to characterize
spaces like V" in terms of the Hilbert space (VSLZ. To summarize: our upper indices
in V; refer to the behavior of functions in the circle and projective model, not to the
behavior of vectors in a representation.

2.2. Poisson transform. The Poisson transform in this section provides us with & as
a realization of V. It and its inverse can be described with the function R(#;z)'~* in
(1.6) as the kernel function. (For more details see §3.3 of [4].)

On V0 the Poisson transformation is the linear G-equivariant map given in the line
model by the simple formula

Pa@ = ~ [ (E2F + 1)y et = [ R0 L. @24
™y . n

The image is in &;, since R(t; - )= isin &; for all # € R. Since R(-;z)'~* is an element
of V¢ (line model), the G-equivariance follows from

R(-;92)hsg = R(-;2)° forallg eT. (2.25)

A comparison of this invariance property with (1.5) shows that R(-; -)® is similar to

ps and g;.
‘We can write the Poisson transform as

Psa(z) = (R(-;2)' %, a). (2.26)

This can be used to define the Poisson transformation as a linear map P : V¢ — &,
satisfying Py(a|g) = (Psa)|g for all g € G. The following diagram, involving the
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isomorphism /; in (2.19), commutes:

Vv p
~
lh P, Es =81 (2.27)
— /
V5
We also have
(PR(-52))2) = ps(z,7); (2.28)
LR(-3Z) = R(-;2)'. (2.29)
(See (3.25) and (3.32) in [4].) In the other models, the Poisson kernel has the form:
Poodes _ aos(E TSN RGN
o= =y (g—z) (g—z) - (R(g;i)) ’ (2.302)
Seg \l-s _ 1 — |w] I=s
R (&w) ™ = ((1 m—re —wg)) (2.30b)

e Bijectivity. Crucial for these notes is that Py : V¥ — &; is an isomorphism of
G-modules. This follows from the next result of Helgason (Theorem 4.3 in [13]) and
the G-equivariance of P;.

Theorem 2.1. The Poisson transformation Py : V, — & is an isomorphism of G-
modules for all s € Cwith() < Res < 1.

Thus, &; is a model of the principal series representation. This model has several
advantages: the action of G involves no automorphy factor at all, the model does
not give a preferential treatment to any point, and all vectors correspond to actual
functions, with no need to work with distributions or hyperfunctions.

Theorem 4.2 in [4] and the discussion preceding it give an explicit way to describe
the inverse of the Poisson transformation:

Theorem 2.2. Let u € E;, and zo € 9. Then the hyperfunction @ on 09 = PIE repre-
sented by the following function g on U \ IP’]lR for a neighborhood U of IPH% in Péj

Clu R -]+ @) R Gz ifLes,
FIRG ) u) ees

is independent of the choice of the base point zy, and u = Pa.

g() =

e Polynomial growth. We define E;°, EF and &Y as the images under Py of V7,
V¢° and V¢, respectively. For &, we can indicate here an independent characteriza-
tion: We say that a function f on D has polynomial growth if (1 - |w|2)a fw) = 0()
as |w| T 1 for some a € R. For functions on $, this corresponds to z — (IZ filz ) £(2)
being bounded for some a.

Theorem 2.3. (Lewis; Theorem 4.1 and Theorem 5.3 in [18]) Let 0 < Res < 1.
The space E;%° = Py(V®) consists of the functions in E; having at most polynomial
growth.
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3. Boundary germs and transverse Poisson transform. In a comparison of the
eigenfunctions P, and (, introduced in (1.3), a nice property of P, is that it is
defined on the whole of D, whereas Q;, has a singularity at 0. On the other hand,
near the boundary dD the expression in (1.3b) of Qg , in terms of a hypergeometric
function implies a simple asymptotic relation Q;,(re”’) ~ c(1 — r?)*e™ as r 1 1,
whereas P ,(re”) has a more complicated behavior at the boundary. We can observe a
similar distinction between the eigenfunctions i, and ko, with @ # 0, in (1.2). The
asymptotic behavior of the modified Bessel functions implies that k;,(z) is quickly
decreasing as y — oo, whereas i;,(z) has exponential growth. Near R ¢ 9% however
we have i, (z) ~ e y* as y | 0, whereas ks« has a more complicated behavior.

We capture the special boundary behavior of is, and O, by defining in Subsec-
tion 3.1 a space of eigenfunctions on Q N $ for a neighborhood Q of dH in Pé: with
a special behavior near the boundary. Actually, we use germs of such eigenfunctions
by taking an inductive limit over all such neighborhoods Q. In this way we define a
space of boundary germs ‘W;” isomorphic to V. The isomorphism V" — W is de-
scribed explicitly in Subsection 3.2 by an operator that we call the “transverse Poisson
transformation”. In our study of cohomology groups the space W will turn out to be
an excellent model of V;".

For cohomology with coefficients in V;° we shall also need an isomorphic space
W;°. This cannot be a space of germs of eigenfunctions. In Subsection 3.3 we will
define it as a space of expansions.

This whole section is a brief presentation of results discussed in much more detail
in §5 and §7 of [4].

3.1. Boundary germs. We turn to Ag-eigenfunctions only defined near the boundary
OH of the hyperbolic plane. Our aim is to use such functions to define a space W
isomorphic to V.

o The space of all boundary germs. Put

Fy = lim&E;(QNH) , 3.1)
o

where Q runs over the neighborhoods of 0H in Péj. This is a large space. The action of
the group G is induced by f|g(z) = f o g(z) = f(gz) on representatives f. We identify
& with its image in 7.

Functions representing an element of ¥ may grow fast near the boundary. We
define a subspace ‘W by prescribing the boundary behavior:

Definition 3.1. The space ‘W is the subspace of ¥, represented by functions f €
&,(QND) for some neighborhood Q of S! in PL such that f(w) = 272 (1 —wl*)" f°(w),
where 5 € C¥(Q).

In the projective model there is a similar definition, with f(z) = (IZ filz)‘Y f¥(z) where
f¥ is real analytic on a neighborhood of IP’IlR in Péj. The space W is invariant under
the action of G in F;.

The definition can be localized to define “W(/) for open sets I ¢ JH. Then 7S
or f¥ is real analytic on a neighborhood Q of I in Pé:' For I c R, the line model is

most convenient. Then each element of ‘W’() is represented by f € E;(Q N H) for a
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neighborhood Q of 7'in C, and f(2) = y* f(z) on QN $ for some real analytic function
fonQ.
We use the notation WP [F] = W (H \ F) for finite subsets F' ¢ JH, and define

W = lim WGHN F), (3.2)
—
F
like in (2.21) and (2.22). For a given f € ‘W, the set of singularities BdSing f is
the minimal finite set ' ¢ 0H such that f € W[F]. The Bd in this notation reminds

us that we consider singularities on dH, and not at points of H near 0H where the
functions f° or ¥ may have a singularity.

o Decomposition. Suppose f € E(U), withU ={weD : 1-9§ < [w| < 1},
represents a germ in . Taking a closed curve C in the annulus U going round once
in the positive direction, with the Green’s form in (1.9) we form the integral

f[f’qv("w)]-
c

This integral represents functions u € &(I) and v € E((E), where I is the region
inside the curve C, and E the annulus outside C. In Proposition 5.2, [4], we show
that v represents an element of ‘W, which vanishes if f € &;. Moving the curve C
closer and closer to S! = 9D, we see that u extends to D and is an element u € &;.
Theorem 1.1 shows that % f = u—v. Thus we have obtained ¥, = &, + W, If
the original function f is in &, then v = 0 and u = % f, also by Theorem 1.1. So
EsNWE = {0}, and

Fs = S;Y@(Wsw- (33)

e Restriction to the boundary. If w represents an element of ‘W, then f(w) =
(11w’ £°(w) near the boundary, with f° extending analytically across the boundary.
Thus p, f(£) = f5(£) is a well defined analytic function on S', which is an element of
the circle model of V. This restriction map p; intertwines the actions of G in Wy
and V¢. We should note that f* is real analytic on a neighborhood Q of S! in ]P’(lj, and
that ¢ = p, f is a real analytic function on S! extending as a holomorphic function on
some neighborhood Q; of S! in Péj. These functions ¢ and f coincide on S', not on
the whole intersection Q N Q.

In the upper half plane model of H, we obtain p,f = f* in the projective model of
V¢ on Pﬁ. The restriction p, also gives linear maps p; : W (I) — V(1) for open
I c OH. In particular, for I ¢ R, we obtain p,f = f in the line model.

3.2. Transverse Poisson map. The restriction map p, : W — V¢ is bijective. In
§5.2 of [4] we explicitly describe the inverse, in two different ways.

One way is by an integral transform, with the following expression in the three
models:

1 < )
Plo)D) = —— f R w0 dL, (3.4)
lb(s) z
i P 1 fz P, -5 P dg
F0 = 55 | FeaF oS, (3.4b)
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(Pl )w) = f l/wR%- W)= 2 (3.4¢)
: 2b(s) Ju ’ n’ '
where  b(s) = B, %) _ r\f i(f; (3.4d)
3

An element ¢ € V{’(I) for some open I C JH extends holomorphically to some neigh-
borhood Q of 7 in Pé:. The integrals in (3.4) define PI(,O on Q N Q N H, representing a
germ that can be shown to be an element of W< (I). (By Q we denote the image under
complex conjugation.) On the other hand, Theorem 5.7 in [4] gives also an integral
representation of ¢ in terms of u = F’igo, showing that if (in the line model) u = y*A
with A real analytic on a simply connected open set Q = Q intersecting R then ¢ is
holomorphic on Q.

The integral transformation in (3.4) has the same kernel function as that in the Pois-
son transformation. The path of integration is different. We call P! the transverse
Poisson transformation.

Theorem 3.2. The restriction map ps : W) — V(1) is an isomorphism for each
open set I C OH. Its inverse is given by PI.

The other way to describe the transverse Poisson transformation works locally with
the line model. The action of G allows restriction to an interval I C R. Any f € W)
is of the form f(z) = y*A(z), with A real-analytic on a neighborhood Q of 7 in R. Let
¢ = psf. Then it turns out that the fact that f € E,(Q N H) implies that A has the
expansion

X (~1/4FT(s + 1)

AQR) = @0 (x) y?* . 3.5
) ;k!l"(s+%+k)¢ (x)y (3.5)

(See Theorem 5.6 in [4].) If Q, C Q is an open neighborhood of x € I on which the
power series of ¢ at x converges, then (3.5) converges on Q, as well.

This relation between the expansions of A and ¢ illustrates that being a A-eigen-
function of A is a very strong property. Note that the description in (3.4) shows that if
¢ is holomorphic on Q, then A is real-analytic on €, but that conversely if A is real-
analytic on €, we know only that ¢ is holomorphic on some neighborhood Q of / that
may be much smaller than ;.

e Examples. For the functions in (1.2), (1.3a), (1.6) and (1.4) we have:

Plel®™ = i, on R in the line model, (3.6a)
—1)"TI(s + %
Ples, = (\/;F(%ni) Qs on 9H, (3.6b)

PIR(-:2)* (Z) = b(s)"' ¢s(z,7) onR in the line model.  (3.6¢)
The first two examples are easily checked by computing the restriction pg of the left
hand side. The third example is equation (5.19) in [4]. See §A.3 in the appendix of [4]
for more examples.
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o Splitting of &Y. For s # %, Proposition 7.3 in [4] gives the following description
of &Y = PyVY:

c(s) PT(,D +c(1-5) F’1 s,
tan s 3.7)

Psp

c(s) =

with the intertwining operator I, in (2.19), and b(s) as in (3.4d). This implies that each
of the isomorphic G-spaces &7, W’ and ‘W}” ' is contained in the sum of the other
two, and that each two of these spaces have intersection {0}.

e Duality. The G-invariant duality of V" X V[ “ — Cin (2.14) can be transported
to a G-invariant duality W x &_; — C by

< sP> Pl Va> <()D9 O,’> ((1 € (V]__a; , P € rv;)) . (38)

In Proposition 5.8 in [4] it is shown that for u € &, and f € W we can describe
this duality with the Green’s form of §1.3:

b(s
o) = ()f[f a = =22 [ g, (3.9)

c
where C is homotopic to 0H in the domain of a representative of f, going around once
in the positive direction. Actually, fc[ f, u] is well defined for f € Fy, u € &, being
zero for f in the component & = & of the splitting -, = &5 ® W/ _in (3.3).
The second equality in (3.9) follows from (1.10b) and the fact that C is a closed curve.

3.3. Boundary jets. In Chapter V we study cohomology with differentiable coeffi-
cients. We need a substitute ‘W for p = 2,3, ..., o for the space ‘W of boundary
germs. In §5.4 of [4] we have constructed these spaces as a quotient. We recall the
definitions and main results. For p = 2,..., 00, w we consider the space of functions
f € C*(D) for which f(w) = (1 — |w|*>)~* f(w) extends to a C” function on some neigh-
borhood of S! in C. By A, we denote the differential operator on f corresponding to
A — Ay on f. We define G% and N as the subspaces of functions f = (1 — [w[?)*f that
satisfy the conditions

o((1 - wPy) ifpeN,
Asfw) = { o((1 —|w)9) forallgeNif p=oco, (3.10a)
0 if p=w,
respectively
o(1 - lwPy) ifpeN,
fw) = { o —w??) forallgeNifp=oco, (3.10b)
0 ifp=w,
as [w] — 1 in some annulus 1 — & < |w| < 1. In [4], Lemma 5.10 it is shown that

NP c G%. We define the space of boundary jets WY as the quotient G5 /N7 for
p =2,3,...,00,so that the following sequence is exact by definition:

00— N —-G" WP —0. 3.11)
For p = w this agrees with our previous definition of W’ because a function f € G¥

is in N“ = C2(D) if and only if it represents the zero element of ‘W, The group G
acts on G- and N¥ by (f|g)(w) = f(gw). This induces an action in W’
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These definitions also work locally. For I ¢ S' open we define G%(I), NY(I) as
above (with f still defined on all of D) but with the extendability across S! and the
growth conditions (3.10) near S! required only near I. Thus, G, and N are sheaves
on S'. We define ‘W” as the quotient sheaf. One can show that W’ (I) = GZ(I)/ NP (I)
for all /. In the upper half plane model we have corresponding definitions with the
factor (1 — [w[?)* replaced by (IZ filz )" (or simply by y* on I C P, with co ¢ I).

We define G-equivariant sheaf morphisms pg : G5 — V? by sending f € G{(I) to
the restriction to I of a C” extension of 22(1 — |[w|*)™* f(w) (resp. of (y/|z + iI*)* £(z)).
In Theorem 5.11 of [4] we prove:

Theorem 3.3. The restriction py induces a sheaf isomorphism pg : W' — V! for
p=2,...,00,W.

Notice that we have global representatives in G4 (I) ¢ C*(H) of elements of ‘W’ (I),
even if I c 0H is a tiny interval. We impose twice differentiability in all of H in order to
be able to apply A freely. Even in the analytic case p = w the representatives f € G (1)
need not be analytic on all of H, and satisfy Af = A, f only near the boundary.

Definition 3.4. For any f : H — C the set of singularities Sing f of f is the comple-
ment of the maximal open set U C H such that f € E(U).

This is a rather broad notion of singularity. It depends on the spectral parameter s,
and even an analytic function may have singularities in our sense. For f € G¢ the set
Sing f is a compact subset of H. This set may be empty. The function i5(z) = y* is an
element of &; and of G¥(R), with Singi;o = 0. Note that i; o represents an element of
“WX(R) which can be considered as an element of ‘W', as defined in (3.2). As such
BdSing iy = {oo}.

4. Averages. For v in any G-module V all finite sums v|),;g; = 2;v|g; converge.
Some infinite sums converge as well, for certain modules. In this section we discuss
infinite sums that will be used in the next chapters. It has turned out that these operators
form a useful tool when dealing with transfer operators. (See [5], [21].)

The infinite sums that we discuss in this section are

0 -1 %
+ n - n n + -

Avg = ;)g , Avg = —n;oog , Avg = n;mg = Avg —Avg, 4.1
for g € G with infinite order. If we can make sense of the convergence of such sums,
the one-sided averages AV; and Avg_ provide us with a substitute for (1 — ¢g)~!. The
average Avg produces a g-invariant vector.

The elements of G of infinite order are either hyperbolic or parabolic. We treat these
two cases separately, and consider the one-sided averages and the spaces of invariants
for spaces in V,, in particular for V.

e Notation. We shall use both f| Avg and AVg( f) to denote the average of f over the
powers of g. The latter notation emphasizes the average as an operator, whereas the
former stresses that Avg is an element of the completion of the group ring of I'.

4.1. Invariants and averages for hyperbolic elements. We start with the easiest case,
where g is hyperbolic.
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Any hyperbolic 7 € G leaves fixed two points of P(lj, which are situated on P]lR: The
repelling fixed point a(n) and the attracting fixed point w(n). The latter is characterized
by lim,,e 17"x = w(n) for all x € PfR \ {a(m}. By conjugation in G, we can arrange

=13 s with > 1. Then a(y) = 0, w(n) = .

By V¥ we denote the elements of V invariant under g € G for any G-module V.

Proposition 4.1. The spaces (V)" are {0} for p = 2,..., 00, w, and also the spaces
(VE[OD" and (VP [oo])T are zero.

See (2.21) for the definition of V°[£].

Proof. 1t suffices to consider VO(R) = V[co] and VO(PL \ {0}) = VI[0]. Let f €
(V?(R) be given in the line model. Then #*f(rx) = f(x) for all x € R. There is
a periodic function p on R with period log¢ such that f(x) = x *p(logx) for x €
(0, 00). This implies that lim,_,_o p(u) = lim,_,_ e™f(e*) = 0. Hence f = 0 on
(0, ), and analogously on (—c0, 0). Conjugate with [(1) _(1)] to obtain the statement for
VOBLN{0). =

With the isomorphism PI, we obtain also that the corresponding spaces (‘W’)7 all
vanish.
For larger spaces in the principal series, the spaces of n-invariants are large. They

contain the spaces of functions transforming according to the character | ‘g i /O\/B] -
y'@ for all a € %Z. For each @ € R we give in (A.20) of [4] functions S’fa and SLﬂ
in &; that form a basis for the invariant functions for the character specified by a. We

have forz = pe? € $,p>0,0< ¢ <
Val(s+ 1)

s+ia s—ia 1

fatpe?) = stia iz P (sin )’ oF, 1( g ; =3 (cos ¢)2)
I“( +2+1)F(T+1) B B 5
24nl(s+ 1) .
- MP“ cos ¢ (sin ¢)° (4.2)
I'(=5)TIS)
stia+1 s—ia+1 3
"2 ‘( ;T ;5;(cos¢)2),

and we obtain fSL’a by taking the sum of the two terms instead of the difference. We have
chosen the basis such that fw represents an element of ‘W”(0, co) and SLﬂ an element
of W (—c0,0). We have BdSing fX, = {00} U (=00, 0], and BdSing /%, = [0, 00) U{eo}.
Note that the first term in (4.2) is invariant under z — —Z, and the second term anti-
invariant.

Let ¢ € V&. For large |x| it is of the form ¢(x) = |x|‘2sgom(l/x) with ¢, the real-

analytic function on a neighborhood of 0 given in (2.2). For x # 0 we have
ehen"(x) = 1P0("x) = ()

asn — oco. Since Res > 0 and ¢ > 1, the series 3}, t"¢(t"x) defining AV’;'(QO)()C)

converges with exponential rapidity for x # 0, so that this function is defined and real-
analytic on Pnlg \ {0}. It may have a singularity at 0, so in general it will belong to the
larger space V[0]. In fact, we may allow ¢ itself to belong to this larger space, since
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then the convergence goes through. For Avn_(go) we proceed similarly. Now the point
oo may be a singularity. We have obtained the following left inverses of 1 —7:

AVEVPI0l — V0] and - Av: Vfeo] — Vo] (4.3)
If ¢ € V&, then the total average AVn((p) = AV;((,D) - Avrl_(gp) is defined and belongs to
V[0, co].
Proposition 4.2. The following three statements are equivalent for ¢ € V:
1: AV;(go) eV, 2: Avn_(<p) eV, 3: Avn(go) = 0. 4.4)
Proof. (1) = (3): If AV;((,D) € V¢, then Avn((p) = AV;(t,o) - Avn_(go) € V¥[eo]T = {0},

by Proposition 4.1. (2) = (3) goes similarly. (3) = (1)&(2): If Avn(cp) = 0, then
AV; (@) = A (9) € VPIOINV[eo] =V, m

Corollary 4.3. The kernel of AVn : Ve = V[0, o] is equal to VI | (1 — 7).

Proof. Clearly, V¢ |(1 —n) C KerAVn. If Avn(go) = 0, then ¢ = golAVT;rl(l -1n) €
VeI1-n). =

For other hyperbolic elements we have

AVt Av' AV, = —nAV = -AV 7. 4.
Ve flaa g A = A = A (4.5)

e Averages in G. With the transverse Poisson transformation these statements can
be transformed into analogous statements for GF.

For f € GF, with p = 2,..., 00, w, we use that, in the line model, f(z) = y*|lz7| >
foo(1/2) on QN H where f, € CP(Q) for some neighborhood Q of 0 in C. This implies
that Avr;r f@@) = y'l™% Yot feo(1/1"2) converges absolutely, uniformly on compact

sets in . We see that for each neighborhood € of o in Pé: not containing 0 there is
A € N such that for z € C the function

2P T fo(1/172)
is in CP(Q;). This shows that AV’;"f € G (P \ {0}). Similarly we get Avn‘f € G'R).
Observe that Avr;r f is in general not an element of G£ = G¥ (PI{R).

The following lemma will be needed for the proof of Theorem A (see Lemma 7.7).
Lemma 4.4. Suppose that for f € G¢ the set Sing AVI;' f is compact in H. Then
AVT;' fegy.

Proof. The singularities of AVU_ f (see Definition 3.4) are contained in
U n"Sing f .
n<—1

Since Sing f is compact there exists £ > 0 such that

SingAVTI_f C Se={z€eH :y>¢e,e<argz<n—g¢g}.
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Se

—g/tane 0 g/tane

Decreasing € > 0 if necessary, we arrange that the compact set Sing AV];' f is also
contained in S.. So the p-invariant function AVn f = AVT;r f- AVn_ f determines an
element h € Ey(H \ S,), which satisfies h(tz) = h(z) whenever z,7z ¢ S.. Hence

h extends as an element of &E,(H)". Thus, & has a Fourier expansion with @ running
through %Z:

1 log ¢

h(z) = ;ha(z), het@ = o | e (e ) dut (4.6)

For each such «, the function 4, is a linear combination of the functions fa and fL,
in (4.2).

The function 4 represents an element of W[0, co]. Hence near R it has the form
h(z) = ysil(z), with 7 real analytic on a neighborhood of R \ {0} in C. For x > 0 and
small values of 6 > 0:

log t o )
(xsin H)Sl—tf e p(e" xe'") du
0gl Jo

(xsin§)* - (real-analytic on a neighborhood of (0, )) .

ho(xe™)

So h, represents an element of ‘W;’(0, o), and the coefficient of fslja is zero. Proceed-

ing similarly near (—oco, 0) we obtain that the coefficient of S’fa vanishes as well. This

works for all a € lg—gtz, and hence & = 0. This means that AVn f € GYR). Since Avn‘ fe
G“(R), we have also AVT;r € GY(R). For all f € G¥, we have AV];r fe gf;’(PﬂlR \ {0)).
Hence Avﬂ+ feGYPH=GY. =

4.2. Invariants and averages for parabolic elements. For parabolic elements of G the
invariants in subspaces of V, with high regularity vanish, like for hyperbolic elements.
The convergence of the averages is more delicate than in the hyperbolic case.

Each parabolic element of G is conjugate in PSL(R) to T = [(1) }] or to T~!. Para-
bolic elements have only one fixed point, situated on P]%Q. The element T fixes co € P]%{.

Proposition 4.5. The space (VP)T is zero for p =2,..., 00, w.

Proof. Bach ¢ € V! (line model) satisfies ¢(x) = x‘zsww(l/x) =o(l)asx — oo0. If
is also periodic, then it must vanish identically. =

For ¢ € V? (line model with p = 2,. .., 00, w), the averages

-1

NSO = D pxtn),  AZ@W = - > ex+n), @47
n=0

n=—o0o
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converge if Re s > 2 or if Re s > 0 and the number C = ¢ (c0) vanishes. In general
we have ¢(x) = C|x|™ + O(|x|">*1) as |]x| — co and we define (for Re s > 0, s # 2)

. N C
AV P)() = ZO P = o) + CL2s),
- 4.8)
AP = - Z plx—n) - —) - CLQ2s).

Since differentiation only improves the convergence, we see that if ¢ € V’, then AVTt(.p
is in CP(R). So we have Av;—f : VP — VPloo] = VP(R), and more generally

Av;f s VP((b,a).) = VEI(b, ), A YVI((b,a)) > VP(-0,a+1) (4.9)

for a, b € R with a < b, where we use the convenient notation (b, a). for the “cyclic
interval” (b, 00) U {co} U (=00, a) C P%&. It is clear that these one-sided averages satisfy

pl(L-T) A = p|AI(1-T) = . (4.10)

Furthermore, if we denote by C,,, (0 < m < p) the coefficient of x” in the Taylor expan-
sion of ¢|os [(1) _é](x), then using the Euler-Maclaurin summation formula or arguing as
in [21], Chap. III, §3, we find that the functions AVT+ (¢) and AVT_ (¢) have the one-sided
asymptotic behavior

p-1
AE(@)(x) = 7 Z Cix™ + O(x™7P)  as #x — o (4.11)
m=—1

(in the line model) with the coefficients C;, in both cases given explicitly by

1
. (= E m+2s
Co = 5= D BiCunii| ). (4.12)
k=0

where By is the kth Bernoulli number. If p = oo or p = w, then (4.11) must be
interpreted as an infinite asymptotic expansion (not necessarily convergent for any x,
even in the analytic case).

For other parabolic 7 € G, we define AV: by conjugation and the relations AVI:Z1 =

—mAV” and AV, = -1 AVT = —AvT .
Ve T Ve Ve
Using the transverse Poisson transformation PI in §3.2 we can transport the one-
sided averages to W’ = GV/NP for p = 2,...,w. But we can also define the maps

AV; directly at the level of G/ in the obvious way (for instance, Av;r f(z) is defined as
2o f(n+2)if C = fF(c0) vanishes and otherwise as 3,2 (f(n +z2)— Cy*/(n+ 1)*) +
CZ(25)y®). We thus obtain maps as in (4.9) with V replaced by ‘W or G, still satisfying
the relations (4.10). The new aspect is that, as partners of the asymptotic relations
(4.11) on R, we get new asymptotic relations for AVTi f(x+iy)asy — oo.

Lemma 4.6. Let f € GY(I), with p = 2,..., 00, w, for some interval I C ]P;R contain-
ing oco. For s # %, we have

+ _ \/_( 1-s K
AT = 2 2 ooy + O ™) + 0.

as y — oo, uniformly in x.
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Proof. If fF(co) = 0, then f(z) = O(y*|z|>*~") for |z large, so
VN y* s [T dr s
Avp f2) = ;O(MHPM) = O(y Iw (t2+y2)s+1/2) = 0(™).

To treat the general case, it suffices to consider one function f with f¥(c0) # 0. We
choose f = Fy, where Fy(z) = y’|z/ ™. If Re s > J we have

0 1 x+n+1 dt
A +FS =y (— - f —)
VT (Z) Yy ;0 ((x + n)z + yZ)s tn (t2 + y2)s

0
dt
+ y’ — t+ )y,
Y fx (2 +y?)S ()Y

where c(s) = fom(t2 + 1D)73dt = \nT(s - %)/2 I'(s). The sum on the right converges
for Re s > 0 and the formula remains true in this domain (for s # %) by uniqueness of
meromorphic continuation. We then have the uniform estimate

B x+nl + 1 f" )
AVTF — sy <y +y *dt

= O(y™) + O(xy™).

This completes the proof for AV; . The estimate for AVT_ is exactly similar. m

Chapter II. Maass forms and analytic cohomology: cocompact groups

In this chapter, we define a map from the space EL of T-invariant A-eigenfunc-
tions of the Laplace operator to the cohomology group H!(I'; V). In Section 5 this
is carried out for any discrete I' € PSL,(R). If " has elements of infinite order, this
map is injective. In Section 7 we prove that the map is a bijection if I" is cocompact,
thus proving part of Theorem A. As mentioned in the introduction, it is known that
&' and H(T'; V) are isomorphic for cocompact I'. Here we construct a map from
cohomology to Maass forms explicitly. This also forms a preparation for Chapter IV,
where groups with cusps are considered.

The constructions in Section 7 require a description of the cohomology using a
complex based on the geometry of the action of I' on H. We discuss this description in
Section 6.

5. From Maass forms to analytic cohomology. This section starts with a review
of the standard definitions of group cohomology. In §5.2 we construct a map EL —
H\T; V&) for any discrete I' ¢ G = PSLy(R).

5.1. Group cohomology. See, e.g., [1], Chap. I and Chap. III, §1, for a general refer-
ence.
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e Resolutions. For the moment let I denote an arbitrary group. We recall that the
homology and cohomology groups of I' with coefficients in a (right) Q[I']-module V
are defined with help of a projective resolution

03 02 01 P>
S5 F —Fy—Q—0

of the trivial Q[I']-module Q as the (co)homology of the induced complexes
0 a
RRNEN F1 ®qr) V= Fo®qmnV—20,

0 1
0 — Homgry(Fo, V) - Homgyr (F1, V) -5 -+ ,
namely
H,(T;V) = Ker (8,)/Im (0;41),  H'(T:V) =Ker(d)/Im@"). (5.1

We work with coefficients in Q because this gives us more freedom in the construc-
tion of projective resolutions (c.f. §6.1). These cohomology groups do not depend
on the choice of the projective resolution. If F and F are two projective resolutions
of the trivial Q[I']-module Q, the identity map Q — Q can always be lifted to an
augmentation preserving chain map between the resolutions. This lift is unique up to
homotopy, and induces isomorphisms of the homology and cohomology groups deter-
mined by the resolutions. The construction of such a chain map F — F may depend
on many choices, so it may take work to describe the corresponding isomorphism of
the (co)homology groups explicitly. For this reason it is important for explicit coho-
mological constructions to choose a specific resolution with good properties.

e Standard resolution. The standard model of group cohomology is obtained from
the standard resolution F&, where F?' is the free Q[I'l-module Q[I'"*']. The boundary
maps 0;, the augmentation &, and the I'-action are induced by

ai(y09 e 77i)

(_1)1'( s YY)
JZ::() Yo Vi Y (5.2)

&(lo)

In this model, an i-cochain is represented by a I'-equivariant map ¢ : I'*! — V,
which is then extended by linearity to ¢ : F lféf — V. The equivariance implies that c is
completely determined by its restriction ¢ to IV x {1} c T"*!, and one often uses this
inhomogeneous version. (The last variable is then omitted from the notation and the
definition of the coboundary map is modified in the obvious way.)

Each F Igr is a free Q[I']-module. In dimension i > O the rank is infinite if |['] = oo.
In dimension i = 0, the cocycles satisfy c(y) = ¢(1)v|vy, and hence are determined by
¢(1) € VI, and since there are no cochains in dimension —1 we have

H'T;V) = VI = (veV : v|y=vforallyel}. (5.3)

1, o=y ly = oy, . viy)-

For homology we find that Ho(I"; V) = Vi, where Vr is the submodule of coinvariants
VIiol(1=y) : veV,yel).

In dimension i = 1 the standard model gives homogeneous cocycles (yg,y1) +—
c(y0,7y1) € V satisfying for all y; € I':

c(yo, ¥ ly2 = cyoy2,y1yv2) and  c(yo,y1) + c(y1,y2) = c(y0,72) -
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Such a 1-cocycle is a coboundary if c(yo,y1) = f(yo) — f(y1) for some f : ' —
satisfying f(y1y2) = f(y1)|y2. Going over to inhomogeneous cocycles y —
c(y, 1), we get the following well-known description of the first cohomology group:

<

H'T;V) = Z'T;V)/B'T; V),
Z'\T:V) = (YT —V & gy =ty |6+ s forally,6 €T} , (5.4)
BT, V) = {yo|(y-1) : veV}.

5.2. From invariant eigenfunctions to cohomology. Let ' C G be an arbitrary sub-
group, provided with the discrete topology. We now shall explicitly define a linear
map r : 8 — HYI; V%), and show that it is injective if I" has elements of infinite
order.

e Definition of analytic cocycles associated to invariant eigenfunctions. Letu € EL.
We associate to it three inhomogeneous cocycles (r,) € Z\T; V), (py) € Z\T; &Y)
and (¢q,) € A (I'; W) which correspond to one another under the isomorphisms
V¢ = & = W given by the Poisson transformation and the transverse Poisson
transformation. These cocycles are obtained by integrating the I'-invariant closed 1-
forms

[u, R(; -)’], [u, ps(-, 2], [, q5(-,2)].

The I'-invariance follows from (1.10a), (2.25) and (1.5). We choose a base point zg €
H, and integrate over a path from y~!z to zo:

(0 = f [LRQ: )], (5.59)
7’120

Py(2) = f [u, ps(-, 2], (5.5b)
y~lz0

gy(2) = f [ gs(-, 2. (5.5¢)
)

Sor, € V¢, p, € E. We identify ¢, with the element of ‘W’ represented by it.
Changing the choice of the base point changes the cocycles by a coboundary. Thus,
we find respectively ru € H'(I'; V), pu € H'(T; &%) and qu € H'(T; ‘W), which
depend linearly on u. Relations (2.28) and (3.6¢) imply that

p=Pr, q=b(s)Pr, (5.6)

with b(s) as in (3.4d).

The Poisson kernel R in (5.5a) is considered to be general. Strictly speaking, (5.5a)
defines the cocycle y +— r, in the line model of V{’. In the projective model, work
with R¥, and in the circle model with R® and a base point in D. See (2.30).

e Symmetry s < 1 —s. Since &' = &7, we can carry out the construction with

s replaced by 1 — 5. Denote the corresponding cocycles by 7, p, and g,. For s # %
tanzs

we have 7, = I;ry, p, = p,, by (2.28) and (2.29), and p, = *£*(q, — g,), by (3.6¢)

n
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and (3.7).

b(1-5) P
H' (T;Ve ) — H' (T, W)

Pi-s TA q
r

(5.7)

b(s) P!
HY (13 vey 225 gt (s we)

o Formulation with hyperfunctions. Another point of view uses the isomorphism
&L = (V)" induced by the Poisson transformation. The short exact sequence (2.12)
induces a long exact sequence of cohomology groups, which gives a connecting homo-
morphism (V)" = HOT; V) — H'(T; V). To describe this map explicitly, we
choose for a given a € (V;“)! a representative g € Hy. This gives the inhomogeneous
cocycle y =y, = g|(y — 1) with values in V"

For a given u € &L let a € (V) be chosen such that Py = u. Theorem 2.2 gives
an explicit choice (depending on u and a base point zg € $) for a representative g of «,
in the projective model of the principal series. Using the same base point in (5.5a), we
find for £ € © near ]P]}% andy eI

4

W0 = ulzo) R (52015, ¥ () + f [u@), RE(-3:2) 5, ¥ (O],
e

— u(z0) R ({320)° — f [, R*(Z: ']

20

Y4 4
u(z0) RE (-3 20)° 15, (y = D (O) + f [, R*(¢; +)°] - f [u, R*(¢; +)*]

¥~ 'z0 20

u(zo) R (+:20)’l5, (v = D) + 15(0)

where we have used (1.10a), (2.25) and the I'-invariance of u. For ¢ in the lower
half-plane, near P!, we also use (1.9) and (1.10d) to find the following equality.

w0 = |

f R E, v @, u)] - f( R Yol
Y /4

(f; i fg) (o R )+ dr® )

() + u(y"'20) R* (&3 v 20)° — uz0) R° ({3 20)°
ry(0) + u(z0) R°(+:20)°l, (¥ = D (D),

which is the same expression as we obtained for £ € $. By holomorphic continuation
this description also holds for £ € PI{&. Thus, the cocycle y + ,, represents the same
cohomology class ru as y = r,.

Proposition 5.1. Ifthe discrete subgroup I C G is infinite, thenr, p and q are injective.
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Proof. For the injectivity it suffices to consider only r, since p and q are isomorphic
transforms of r. The formulation with hyperfunctions shows that r corresponds to the
connecting homomorphism ¢ in the part
—H Vo S H ) —

of the long exact sequence associated to (2.12). Hence it suffices to show that ng = {0}.

We use the circle model. Let g = g° € HL \ {0}. Interchanging if necessary the roles
of the interior and exterior of S!, we can assume that ¢ is holomorphic and non-zero on
the annulus R = {c¢ < |w| < 1} for some ¢ < 1. Then the 1-form w = dlogg = % dw
is meromorphic on R, with integral residues. Since D \ R is compact and I" is infinite
and discrete, we can choose y = [% g] € I' such that RU yR = D. The I'-invariance
implies g(yw) = g(w)((A + Bw)(A + Bw™"))’, and hence

1 1 1

w+A/B w w+B/A
near 0D. It follows that w has a meromorphic continuation to all of D and has integral
residues everywhere except at w = 0, where its residue equals s. (Note that the point
—B/A = y~'0lies in R.) This is a contradiction since ﬁ f|w|=C w= ﬁ wl=c dlogg € Z
ands¢Z. =

Woy—w = S(

6. Cohomology for cocompact groups. The description of group cohomology in
§5.1 with the standard resolution F#" does not use the fact that I" acts on the hyperbolic
plane. We will mention in §6.1 and §6.2 several resolutions of geometrical nature, and
describe group cohomology with these resolutions in §6.3. There we also formulate
the linear maps r, p and q in terms of these geometrical resolutions.

6.1. Projective resolutions of geometric nature. Group cohomology can be computed
based on a free action of the group on a contractible set. Here we consider cocompact
discrete I' C G, i.e., discrete subgroups for which the quotient I'\H is compact. The
space H is contractible. However the action of I on H is not free if I' has elliptic
elements, which have finite order. We circumvent this problem by working only with
I'-modules that are vector spaces over Q.

First we discuss a resolution that is similar to F&" in §5.1, but rather large. More
practical are smaller resolutions, based on a I'-tesselation of H.

e Chain complex on H. The action of I" on the contractible space H is taken into

account in the complex FMP defined by Ff.lyp = Q[H™*!'], with boundary maps ;,
augmentation &, and group action determined by

0i(Po, -+ ,P;)

Z(—l)j(Po,'” PP,
=0
(6.1)
&Py =1,
(Po.-- . P)ly = ("' Po,--- .y 'P).

In low dimensions, we can think of the generators of Q[H*!] as geometric objects:
(P) corresponds to the point P € H, and (P, Q) corresponds to the geodesic segment
oriented from P to Q (degenerate if P = Q). The generator (P, Q, R) corresponds to a
(possibly degenerate) triangle with a numbering of it vertices.
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The Q[I']-modules Q[H*!] need not be free if I' has elliptic elements, which fix
points in H. To see that Q[H"*] is a projective Q[I']-module, we have to show that
there is a Q[I']-linear lift s : Q[H*'] — B for each given ¢ : Q[H*!] — C in each
exact sequence of Q[I']-modules:

0 A B C 0
T / 6.2)
Q[Hi+l]

This is done by taking lifts b, € B of #(x) € C for a set of x € H*! generating the
Q[I']-module Q[H™*!], and determining s by s(x) = Il"_lx\ Zyel-x by |y, where I', is the
stabilizer of x in I'. Then s can be extended Q[I']-linearly. See [1], Chap. I, §8, for a
further discussion of projective modules.

There are augmentation preserving chain maps F& — F™P and F™P — F' that
induce isomorphisms in the cohomology groups. The latter requires uncountably
many choices to be made. The former can be obtained with only one choice: Take
a base point Py € H. This leads to the explicit chain map induced by (yo, - ,7¥i) —
(Vg Po. -+ ¥ ' Po).

This description of (co)homology, with the chain complex on H as the projective
resolution, can be used to describe group cohomology for any discrete subgroupI' ¢ G
for which the isotropy groups of elements of H are finite.

The symmetric group S;;; acts on F?yp by n(Pg,...,P;)) = (Pro,...,Pri). Let
F ?yp_ be the subspace on which S;;1 acts by the sign character. These spaces form

a subcomplex F™P~ ¢ F™P_ which is also a projective resolution of Q. A chain map
F"YP — FMP= ig the antisymmetrization A determined by

Ai: (Po,...,P)

Z sign(m) (Pro, - . ., Pri) . (6.3)

m€Cit1

i+ 1!

This variant thp— (in which, for example, (P, Q,R) now corresponds to a triangle
which is still oriented, but no longer has a numbering of its vertices) is often more
convenient than the resolution F™P itself. (One could avoid introducing denominators
by defining F™P~ as a quotient complex rather than a subcomplex of F™P, but in any
case they do not disturb us since we work over Q.)

e Resolutions based on a tesselation. The models that we like best are geometrical,
and finite in two ways: Each Fj is finitely generated as a Q[I']-module, and F; vanishes
for i > 2. Here we use that I' C G is discrete and cocompact.

By a tesselation we mean a locally finite I'-invariant covering 7~ of H by compact
polygons with geodesic boundary segments. The polygons overlap at most in their
boundaries. Such a covering gives rise to the set X, = XZT of polygons of 7~ (with the
orientation inherited from that of H), the set X; = X;r of oriented edges of 7~ (with
each element of X; arising as a boundary component of two neighboring elements
of X»), and the set Xy = Xg of vertices. For vertices P we have ¢(P) = 1. Each
e € X is the oriented edge ep g (or e(P, Q) when we want to avoid subscripts) joining
some vertex P of 7" to a neighboring vertex Q. Thus egp = —e in Q[X;], so that
we have chosen only one of the two possible orientations of the edge in defining X .
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We then define 91 : Q[Xi1] — Q[Xo] by d1e = (Q) — (P). A polygon V € X; has
vertices Py, -, P;, ordered corresponding to the orientation of H. The boundary is
8V = ep, p, + ep,p, + - +ep_, p +ep.p,. The [-action is induced by P — y~'P
in H. In this way, we have for each tesselation 7~ a resolution F” :

0 — Q%] 2 QX1 25 Q[Xo] -5 Q — 0 6.4)

of the trivial Q[I'l-module Q. So F/ = Q[X;] fori =0, 1,2, and F/ = {0} otherwise.
As above, we can check that the Q[X;] are projective.

Iff=amx¢ F;r with x; C B for all [ for some subset B C H, then we say that
f is supported in B. The support Supp f of f is the intersection of all such B. Itis a
compact subset of H, or empty if f = 0.

It is clear that F7 is a complex. We check the exactness. We pick a base point
P € X. Suppose that f = 2.pex, ap (P) is in the kernel of €. If f # 0, take P € Supp f
with maximal distance to P, where the distance is computed along edges in X;. If
there is a neighbor Q of P with smaller distance to P subtract d(ap e p) from f.
This removes P from the support of f. Otherwise, choose an ordering of the points
with maximal distance to P, and remove them successively. (Each of them has a
neighbor that has at most the same distance from P.) This process stops when f = 0,
or Supp f C {P}, and then ef = 0 also implies f = 0.

We call a 1-chain an element C = )’ cx, a. e € Z[X1]; so all a, € Z. We may view C
as a (possibly non-connected) path in H along edges of 7, with integral multiplicities.
If 0;C = 0, we call it a 1-cycle. In this case, the number of times that a point P € X(;r
occurs as the terminal point of an edge in C (counted with multiplicities) is equal to
the number of times that it occurs as the initial point of an edge in C. Thus, a 1-cycle
corresponds to a combination of closed paths along edges in XIT. To each z € H not on
the edges in C is associated a winding number mc(z) € Z of C around z. This function
mc has bounded support, and is constant on the interior of the polygons in XZT . The
2-chain D = Y yex, mc(V)V € Z[XZT ] satisfies oD = C. In particular, the kernel of
01 : Z[X1] — Z[Xo] is equal to 0,Z[X>]. Since Z[X;] has no torsion, tensoring with Q
gives the exactness of F” at dimension 1.

If f = Xyex,avV € Q[Xz] is non-zero, consider an edge e in the boundary of
Supp f. So e is a boundary segment of only one V € X5, and ay # 0. In 9, f, this edge
occurs with coeflicient ay or —ay. This shows that 0, is injective.

If the tesselation S is a refinement of the tesselation 77, there is an augmentation
preserving chain map F7 — ES, where each x € XI.T is mapped to the sum of the
y € Xf into which it is subdivided. This induces an isomorphism in homology and
cohomology. Since any two tesselations have a common refinement, this permits an
explicit identification of the (co)homology groups constructed using the resolutions
coming from distinct tesselations.

A triangulation is a tesselation for which all polygons V € X, are triangles. Any
tesselation can be refined to a triangulation. By A(P, Q, R) we denote the triangle with
vertices P, Q and R ordered by the positive orientation of H.
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Let 7 be a I'-invariant triangulation. An augmentation preserving chain map a, :
F7 — F™P~ can be defined by

ao(P) = (P) (P € Xo),
1 1
ayepg = E(P’ 0) - E(Q’ P) (epp € X1), 6.5)
AP, Q,R) = é > sign(m) (xP, Q. 7R) AP, Q.R) € Xa).

7T663

Since every tesselation can be refined to a triangulation, this gives explicit chain maps
between any F” and F™P.

Next we discuss an augmentation preserving chain map f. : F& — F” for any
tesselation 7~. Choose a base point Py € X(')T , and define F (g)r - FOT by fo(y) =y~ ' Py.
In dimension 1, choose for each y € T" a path p, € Z[X;] from Py to vy~ ' Py along
edges in X'lr , and extend the definition fi(1,y) = py to F’ fr in a Q[I']-linear way. For
(1,7,6) € FS', the sum C = fi(1,y) + fi(y,6) + f1(5, 1) is a 1-cycle in Z[X] ]. Take
D € Z[X] ] such that ;D = C. The map f; is determined by f3(s, ye, 6g) = &' D. For
i>2,put f; =0.

The resolutions coming from tesselations and the chain maps between them work
with coefficients in Z instead of Q. We need the order of elliptic elements as denomina-
tors for the projectivity, and we have used the denominators 2 and 3 in the construction
of the chain map a, : F” — F™P,

6.2. Choices of tesselations. We shall use four special types of tesselations in partic-
ular, leading to four models of cohomology.

Tesselations of type Fd: Let § be a connected closed fundamental domain of
I'\H with finitely many geodesic sides. Use the tesselation 7~ with the I'-
translates y& as the set of polygons X, = X; ={y& : y eI} If an elliptic
fixed point occurs at the center of an edge e in 9%, we add this point to X, and
divide the edge e into two edges.

In the resulting resolution, Q[X;] is a free Q[I']-module of rank one, with
basis (F). The fundamental domain has an even number 2n of of edges in
its boundary. There exists a set E of n of these edges and a set of generators
{ye : e € E}of T'suchthat 0, = Y,cp(e—7,'e). The module Q[X;] is a free
Q[I']-module with the e € E as a basis. If I has elliptic elements, then Q[Xp]
is not free.

Tesselations of type Dir: Fix a point Py € H that is not an elliptic fixed point
of I'. Form the Dirichlet fundamental domain ¥ consisting of all points P € H
for which d(P, Pg) < d(yP, Py) for all y € I'. This fundamental domain
shares sides with finitely many translates ', a € . These a’s form a finite
set A = A~! generating I'. We take Xy = I' Py, and X = {y‘lepw_lpo
v € T; @ € A}. The elements of X; divide H into polygons indexed by the
I"-orbits of the vertices of §. This tesselation is dual to the tesselation of type
Fd for the same Dirichlet fundamental domain. Q[Xy] is free on the generator
(Py). The fundamental domain & is not necessarily the union of elements
of Xz.
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Tesselations of type Mix: Start with a tesselation 7~ of type Fd for a Dirichlet
fundamental domain & with a base point Py in the interior of . We add to
XOT the I'-translates of P, and to X? the I'-translates of the edges from Py to
the vertices of . We call the resulting refinement S of 7 a tesselation of type
Mix. It is a triangulation.

Tesselations of type Mix’: This is a further refinement of a triangulation of type
Mix. We add the I'-translates of the intersection points of the geodesic seg-
ments from Py to @~ ! Py, with @ € A as above, and the sides of §. We also add
the I'-translates of the resulting edges from Py to the new points. The resulting
refinement is a triangulation.

e Fundamental class. Let 7 be a tesselation of type Fd. Since V ®g Q = Vr, for the
trivial Q[I']-module Q, we have

HyT;Q) = Ker((F))r — (F)r) = (F))r = Q,

with the class of () in (FZT )r as its generator. This element of Hy(I'; Q) is the fun-
damental class. We denote it by [['\H]. If the fundamental domain § on which 7 is
based is a Dirichlet fundamental domain, we have the chain map constructed above
to the resolution FS for the refinement S of 7~ of type Mix or Mix’. This chain map
induces an isomorphism in homology. The fundamental class is also represented by
& = ZVeXf, veg(V) in the descriptions of these types. In the description of type Dir,

the fundamental class is not represented by an element of Z[X>].

6.3. Cocycles. In each of the models, the group cohomology of I" with values in a
right Q[I']-module V is obtained up to isomorphism as the cohomology of the complex
C'(F;V) = Homqry(F, V). If F; = Q[X;], this is equal to the complex Map(X_, W)L,
where we define Map(X;, V) as the Q-linear space of all functions X; — V, with the ac-
tion f?(x) = f(yx)|y. We denote by Z!(F; V) the kernel of d' : C/(E; V) — C*(F; V),
and by Bi(F; V) the image d=' CY(E; V).

e Dimension 0. In all models, it is easy to check that H)T; V) = VI,

e Dimension 1. In the model based on a chain complex on H, the 1-cochains are the
maps ¢ : H?> — V that satisfy

cy 'Py'Q)=c(P,Q)|y  (I-equivariance). (6.6)
For ¢ to be a 1-cocycle, the additional condition is
c(P,Q)+c(Q,R) = c(P,R) (cocycle relation) . (6.7)

This implies that ¢(P, P) = 0 and that ¢(Q, P) = —c(P, Q). The 1-cocycle c is a 1-
coboundary if ¢(P, Q) = f(P) — f(Q) for some I'-equivariant map f : H — V.

In models built from a tesselation, the description is similar. A 1-cochain is deter-
mined by an equivariant map ¢ : X; — V. We can define ¢(p) for any path p along
edges in X; by linearity. If ¢ is a cocycle, then ¢(p) depends only on the end points
of p, so we get a map c : Xé — V satisfying (6.6) and (6.7). There is always a map
f : Xo — V such that c¢(P, Q) = f(P) — f(Q). (Choose f(Py) € V arbitrarily for some
Py € Xy and define f(P) as f(Poy) + c(P, Py).) The 1-cocycle c is a 1-coboundary if
such an f can be found satisfying f(y~'P) = f(P)|y forall y € T.
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For a 1-cocycle ¢ in the model using a chain complex on H, or in a model built
on a tesselation, the choice of a base point Py gives a corresponding group cocycle
¥y, = c(y~' Py, Po) in the standard model in §5.1.

e Dimension 2. Here the most convenient choice is a projective resolution of type
Fd, based on the tesselation 7 derived from a fundamental domain &, since Q[F3] is
free with basis (). Any v € V determines a 2-cochain by () — v, which is automati-
cally a 2-cocycle since F3 = {0}. It is a 2-coboundary if there is ¢ € Map(X, V)I such

that
b= cle) = Y @ -7.).

ecoy ecE
Since the c(e) € V can be chosen arbitrarily and since the elements y € E generate I,
we have
HXT,V) = HXF";V) = Vp = V][ S VId-7y). (6.8)
The space Vr is called the space of coinvariants.
For general projective resolutions, the isomorphism (6.8) is obtained by evaluating
a 2-cocycle b on a representative of the fundamental class. With the cap product

(-,y: H¥;V)® Hy(T;Q) — Ho(T; V) = Vr,

we can formulate this as b — ([b], [['\H]). (See, e.g., §3, Chap. V of [1].) This is
a case of Poincaré duality for I'\H, which holds since ['\H is a rational cohomology
manifold.

In the model using the chain complex on H, a 2-cocycle corresponds to a I'-equi-
variant map b : H? — V satisfying

b(P,Q,R)+b(P,R,S) = b(P,Q,S)+b(O,R,S). (6.9)

Such a cocycle is not necessarily an alternating function of its three arguments. If we
antisymmetrize it by composition with A, in (6.3), then we get an alternating cocycle
in the same cohomology class.

e Cocycles associated to Maass forms. In (5.5) we defined cocycles r : I' — V¢,
p:T — &Yandq: T — W associated to u € EL in the standard model of group
cohomology. In the model built on the chain complex on H, the corresponding cocycles

are defined for P, Q € H as follows:

0

reo($) = f [u,R({; -)°], (6.10a)
P
0

pro(2) = fp [u, ps(-,2)], (6.10b)
0

qro(2) = f [u,qs(-,2)]. (6.10c)
P

These cocycles describe the linear maps r, p and q of §5.2 in terms of the description
of the cohomology groups with a tesselation. We identify gp o with the element of ‘W’
represented by it. Note that the function gp g is notin Gy C C?(9) (it may jump across
the path from P to Q). The I'-equivariance follows from that of the bracket operator
and that of the kernel functions. The cocycle relation (6.7) is ensured by the fact that
[1,v] is a closed form if u# and v are Ag-eigenfunctions of A. See (1.10c). The same
formulas work for models based on a tesselation 7, provided P, Q € Xg .
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6.4. Algebraic description of cycles and chains. This subsection gives some algebraic
results expressing 1-chains and 1-cycles in terms of the group ring.

Let R denote the group ring Z[I'] of an arbitrary group I and Ry C R the augmenta-
tion ideal, consisting of }};n;y; € R such that ) ;n; = 0. For a finite subset A of I' we
consider the map

mRY >Ry, £ ) (I-)é@).
a€A
Since Ry is spanned by the elements 1 —y with y € T, the identity 1 —ya = (1 — @) +
(1 -7)a and an obvious induction show that the image of 74 is the kernel of the natural
map from R to Z[I'/A], where A is the subgroup of I" generated by A. In particular, m4
is surjective if (and only if) A generates I'. As to its kernel, we have:

Lemma 6.1. Suppose that A generates I and ¢ € Kermy. Then
D valé@ =0 ©.11)

acA

holds for all Q[I']-modules V and all cocycles € Z Nia%)

Proof. For a coboundary ¢ = db, we have ) s Wo | € (@) = —b|ma (£). So if my(€) =
0, then (6.11) holds for coboundaries. Any Q[I']-module is a submodule of an injective
Z[T'l-module 1, for which H'(T';I) = {0}. (See [11], §1.4, Théoreme 1.2.2.) So any
cocycle ¢ € Z!(T'; V) is a coboundary in B'(T'; I), and (6.11) holds for all cocycles. m

Now we again take I" to be a discrete cocompact subgroup of G, and choose A = A~
to be the system of generators associated to a Dirichlet fundamental domain & with
base point P. Let 7 be the tesselation of type Dir associated to . The edges in X;r
starting from P are of the form ep,-1p with @ running through the set A. Since every
oriented edge in XT is the image under I of one of these, any 1-chain C € Z[XT] can be
Written as Y ,eq €po-1p | E(@) for some & € RA. Then 9,C = Y ,ea([Pl-[a"'P]) | &() =
[P]|ma(€), so Cis a 1-cycle if and only if ¢ € Kerma.

7. From cohomology to Maass forms. In §5.2 we constructed an injective map from
&' to H'(T'; V) for any infinite discrete subgroup I of G. In this section we prove the
bijectivity of this map when I' is cocompact (Theorem A), and give explicit descrip-
tions of the inverse map H'(T'; V¥) — &L

The fact that H'(T'; V¢) and &L are isomorphic for cocompact groups T' follows
from the work of Bunke and Olbrich. 2 Our approach is different and more elementary,
and will also form the basis for the proofs in the non-cocompact case.

2By Theorem 1.1 in [6] the hyperfunction cohomology group H!(I'; V) has finite dimension for
torsion-free cocompact I'. It is the dual of the analytic cohomology group H 1(F;(Vl“j ,); this is obtained
in Proposition 5.2 with Poincaré duality. Proposition 7.2 in [7] gives the same duality for the distribution
cohomology group H'(I'; V;*) and the smooth cohomology group H'(I';V;° ). Corollary 7.3 states the
equality H'(T; V;*) = H'(T; V) in all degrees i.

Without the assumption of cocompactness the isomorphism of H'(I'; V) with a space of Maass
forms is derived in [7]. The vector bundle E in §2 is, in our situation, the constant vector bundle C over
G/K = %. The operator B in §3 corresponds to A — A;. The space Ey in §6 corresponds to C*(I'\9). The
space Ey(B)cusp at the bottom of p. 71 is the space &' of invariant eigenfunctions if T is compact. If T
has cusps it is the space Maass’(I') of Maass cusp forms. Proposition 8.1 in [7] gives the isomorphism
between Sy (B)esp and H'(T'; V7).
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The map from Maass forms to cohomology was given in three versions p, q and r
in §5.2 (defined by (5.5) for the standard model of cohomology and by (6.10) for the
model based on a tesselation), depending whether we use the model V", W¢ or &Y
for the analytic vectors in the principal series representation. For the inverse direction
we will work with W and the map q. We construct an explicit one-sided inverse
of q in §7.1, and give a second description of it in §7.2. The injectivity of this inverse
map is proved in §7.3. Most of the proofs use the description of cohomology with
resolutions based on a tesselation discussed in §6.1; in Theorem 7.2 we also give a
formulation in terms of the standard model of group cohomology.

7.1. Construction of a Maass form from a given cocycle. We start with a cocycle
yez I(E 7. W), given in a resolution based on a tesselation 7 as described in §6.1.
This means that for each edge e € X(lr the boundary germ y(e) € W = GY/N is
given. To make this concrete, we take representatives i(e) in G¢ of the y(e). This
can be done in a I'-equivariant way: TIT has a finite Q[I']-basis B C X‘IT, and we lift
each y(b) € W to Yi(b) € G and then extend by I'-equivariance to get a cochain
in C! (F 7. G¢) = Homgqyr X7 G¢). This is in general not a cocycle, but the cocycle
property dyy = 0 implies that the values of di are in N“ = C2(H). This defines
an N“-valued 2-cocycle which we still denote by di, although it is now no longer a
coboundary.

We now construct a Ag-eigenfunction uy of A on H. Recall that the set of singulari-
ties Sing f of an element f € G¥ is defined as the smallest subset of H outside of which
f is a Ag-eigenfunction of the Laplace operator, and is compact. For compact x ¢ H
we denote by N,(x) the r-neighborhood of x with respect to the hyperbolic distance.
We choose R such that Sing ¢/(b) is contained in Ng(b) for each b in the finite set B.
Then by I'-equivariance it follows that Sing J(e) is contained in the R-neighborhood
Nr(e) of e for every edge e € Xlr. For z € H we define

1 .
up(z) = —9(C)R), (7.1)

where C is a cycle in Z[XIT] going around z once in the positive direction at a distance
greater than R. We claim that this is independent of the choice of C. Indeed, if C;
is another 1-cycle with the same properties as C, we can deform C into C; in finitely
many steps, where in each step we add to or subtract from C the boundary of a polygon
Ve X;r whose distance to z is greater than R. The difference between ¢(C)(z) and
Y(C1)(2) is the sum of contributions ¥(0V)(z) = dy(V)(z). Each function dy(V) is a
As-eigenfunction outside of Nz(V) and is compactly supported, so vanishes identically
outside of Ng(V) (because Ng(V) is simply connected). In particular, each dy(V)
vanishes near z, so (7.1) is the same for C and C;. (An alternative argument would
be to choose a larger R for which di/(V) vanishes outside the R-neighborhood Ng(V)
for every V € X/, which is possible by equivariance since XZ /T is finite. Then the
vanishing of diy(V) near z is immediate.)

The function uy satisfies Auj = Asu;, since by the definition of R the point z lies
outside the singularities of /(e) for every e in C. It is also obviously I'-invariant,
since we can use the cycle yC in defining ug(yz) and Y is equivariant. Moreover,
u; 1s independent of the lifting Y, and can hence be denoted simply uy, because any
two choices of i differ by an equivariant C2(H)-valued on X‘lr , so that if we choose the
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cycle C far enough away from z the two values of J(C) agree. Finally, u, depends only
on the cohomology class of i, because if we replace ¢ by another cocycle | = Yy +dF
in the same class, where F is an equivariant map from Xg to W, then we can lift F
equivariantly to a map F : X(()T — G¥ and hence, choosing C in (7.1) suitable for ¢
and ¢, find wuy(2) — uy,(2) = ug(@) — ug,qp = F(AC) = 0. This completes the
construction of the map H'(I'; W) — &L,

We can also use the isomorphism between the various models of cohomology to
write upy) in terms of the standard model. We first observe that our construction is
independent of the tesselation chosen, since any two tesselations are contained in a
common one and a cycle C that works in (7.1) for a given tesselation also works
for any finer one. If we use a tesselation of type Dir, with aset A = A™! ¢ T of
generators of I' giving the transition from the Dirichlet fundamental domain § to the
adjacent fundamental domains o~ ! &, then every edge e € X(lr can be written uniquely
asy le 1 po.p, Withy € ' and a € A, where Py € & is the base point of the tesselation,
s0 we can associate to any group cocycle ¢ : I' = W a cocycle ¢ on X(lr by setting
Y(e) = c(a)ly. It also follows that u, has the property stated in Theorem A that (up to a
constant factor depending on the normalization) it can be represented on any compact
subset of H by a fixed finite Z-linear combination of functions P}L (p)ly’ withy, v €T,
where ¢ : I' = V{’ represents the cohomology class.

We now show that the map just constructed is a left inverse to q. Start with u € L.
The class qu is represented by the map g : XT — W defined by

4O = f [, q5(-,9)]

Notice that the element g(e) itself is not in G¢, because it is singular on e. We choose
a lifting of ¢ to a map ¢ : X'lr — G¥ by multiplying g(b) for b € B by a smooth
function that is 1 near 0H and O near b and then extending equivariantly. Now we
apply formula (7.1) with C chosen far enough from z that /(C) and ¢(C) agree near z,
obtaining by Theorem 1.1 the identity

1 . 1
Uuu(z) = ug(z) = —yY(O)X2) = — f[u, qs(-,2)] = u@) . (7.2)
e m Jc

In summary, we have constructed an explicit map o : [y/] = uy from H T W)
to &L such that the restriction of the function uy to any compact subset of H is a finite
linear combination of translates v, |y’ (y,y’ € I), and such that ug, = u foru € 81:

7.2. Construction of a Maass form from a cocycle as an average. In the previous
subsection, we constructed the Maass from uy, associated to a ‘W’-valued cocycle ¢
using the surjective map G¥ — W, where G¢ is a space of functions defined on
the whole of H. (Recall that W is a space of boundary germs.) We now give an
alternative description in which uy, is represented as the sum of the I'-translates of a
compactly supported function. This will be used in §7.3 for the proof of the injectivity
of the map [y/]  uy.

We choose our tesselation 7~ so that there is a fundamental domain & for I'\H con-
sisting of finitely many elements of X(Zr . (This can be done by choosing 7~ of type Fd
or by refining any given tesselation appropriately.) By deforming the 1-cycle C used
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in the definition of uy, we can assume that it bounds a region D consisting of finitely
many ['-translates of this fundamental domain. Then

miuy(z) = P(O)2) = POD)2) = dp(D)(2) = Z dy(&)(yz).

vel'; y~1§ inside C
But d:j/(y‘l () = dw(y‘l &) (2) = 0 for y‘l & outside C, because i is a cocycle. Hence

1 -
ui@) = — > i) (7.3)

yell
Let us define the averaging operator on T for f : H — C as follows:

A = flag = Y fly. (7.4)
yell
(This is not really an average since we do not divide by |I'|, but the term is convenient.)
If the sum converges absolutely on H, the result is a I'-invariant function. For com-
pactly supported f the sum Ay.f is locally finite, and hence absolutely convergent.
Note that the function dy/(F) is compactly supported. We have obtained:

Proposition 7.1. Suppose that the I-invariant tesselation T contains a fundamental
domain §. Then for y € Z'(F”; W) and all lifts y € C'(F” ; G°) of ¥, we have

1 ~
Uy = ;AVr(le/(g'))

It is remarkable that AVF(dJ/(Tsf)) is an analytic function on H, whereas d/(§) €
N =C 5 (H) is not (unless it is zero). We consider this a little more concretely.

Let f, be representatives of ¥(b) for b € B and choose a closed non-selfintersecting
curve C c H (for instance, a circle near 9H) such that all the f;, are A,-eigenfunctions
of A on and outside C. Now choose /() € G¢ which agrees with f, outside C and has
singularities only in the e-neighborhood N,(C) of C for some & < 1. (For instance,
we can multiply f, by a smooth function which is 1 outside C and vanishes on the
bounded component of H \ Ng(C).) We extend ¢/ equivariantly as usual. Then all
singularities of all /(e) are contained in I'N;(C), and the same holds for dy(§) = J(0F)
and for AVr(d;Z(i})). Moving C and changing the £, on C, corresponds to adding to i
a cochain with values in N¢ = C?(H). This means for di that we add an element of
Zyer N |(1-7), which is annihilated by AVF, SO Uy, = (ﬂi)_lAVr(dlZ(g’)) is unchanged.
Since we can deform C so that N (C) avoids the I'-orbit of any given point in H, this
makes it clear why u,, cannot be singular anywhere.

7.3. Injectivity. It remains to show that the map o : [¢¥] — uy of the previous
section is injective. This map fits into the commutative diagram

H'(T; W) —2~ HXT; N“)
EL(u(?&))
o N = N/ Z NI -y ()

l/ Avl-

EMY < _ cxmyr
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in which ¢ is the connecting homomorphism in the long exact sequence

s HU(T:6Y) — BT W) 5 HATNY) — - (7.6)
corresponding to the exact sequence (3.11) with p = w and the vertical isomorphism

is the one given in (6.8). We will show the injectivity of Ay. in Proposition 7.3 and

the vanishing of H'(I'; G¥) (and hence injectivity of §) in Proposition 7.4. Together
with what we have already done this gives a proof of the following theorem, which is
a somewhat more detailed statement of Theorem A in the analytic case.

Theorem 7.2. Let T be cocompact. There is an isomorphism o : H'(T; V¥) — &L,
given by ¢ — up, as defined in (7.1), inverting q introduced in §5.2.

In the description of cohomology based on a tesselation T, the function Ugt,, ASSO-
ciated to a given V-valued cocycle ¢ can be given on each compact set in H by a
finite linear combination of I'-translates of P, <p(b) where b runs through a finite set of
edges in XT In the standard description of cohomology the function Ui, associated
toa cocycle ¢ : I' = V¢ can on any compact set in H be given as a multlple of a finite
sum of translates Psgoyly (vy,y €T).

We prove the injectivity of Av. in slightly more generality.
Proposition 7.3. The map Av. : CP(H)r — CP(H)! is injective for p =0, 1,...,00

Proof. Let f € CY(H) with Ay, (f) = 0. We must show that f € Zyer CIH) | (1 = ).
Choose y € C(H) such that Z'yer xly = 1 on H. (For instance, choose ® € C’(R)

with C # 0, where C is the constant value of the integral fH D(o(z,7))) du(z’), with
p(-, -)=coshd(-, -)asin Table 1 in §1, and set y(z) = é fg ®(p(z,7)) du(z’).) Then

F= Ay = D0y f =y ) = Dy HIa =y,

yel yell

In the last expression we can replace I' by the set {y € ' : y~'Supp (x)NSupp (f) # 0},
which is finite because both y and f have compact support. m

Proposition 7.4. IfT is cocompact, then H'(I'; G) = {0}.

The proof of this proposition will occupy the rest of this subsection.

Let 7 be a I-invariant tesselation, as in §6. We put X = X7 UH, where H c dH is
the orbit of a fixed point of a hyperbolic element of . A given element of Z!(F” ; G¥)
can be viewed as a ['-equivariant function c : X(')T X X(()r — G¥ satisfying the cocycle
relation (6.7). We will extend ¢ to a function ¢ on X x X[/ with the same properties,
with values in a larger space.

For each & € H let nj¢ be the generator of I's for which & = a(7,), the repelling fixed
point of nz. We put

Gy = Gv+ ) AL, (7.7)
¢eH
where AV];; is the one-sided average defined in §4.1. This average maps G% into

G¥(OH \ {£}). Thus the elements of gf;"” represent germs in the space W' defined
in (3.2). Definition 3.4 gives Sing (f) for any f : H — C as the smallest set such that f
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is a A -eigenfunction on H \ Sing (f). For f € gf;’*ﬂ , the set Sing f is not necessarily
compact in H. Its closure in Pé: may contain points of H.

Lemma 7.5. The map c : XoxXo — GY corresponding to a cocycle ¢ € Map(X, Q‘;’)r
can be extended to a map cf : Xé’ X Xg - g satisfying the conditions (6.6)
and (6.7) for a I'-cocycle.

Proof. Let ¢ = a(n) € H, with n = ¢ as above. For P € X, we set
M(Pg = ~MEP) = AP, n'Pye g (7.8)

Since the convergence of AV];' (c(P, "' P)(z) is absolute for each z € H, we have

N
A (P P)@) = lim e P P)@) = lim (P P)@),
n N—oco = N—oo

where the second equality follows from the cocycle property. For P, Q € Xj:

N
PO = MQ.8) = lim Y (et PP~ " Q. 0)
=0 (7.9)

= lim (C(Q,P)IUN“ —@.P) = ~(Q.P) = (P.O).
For &, £; € H we define
&g = Hpey-1@e . (7.10)

In (7.9) we see that this does not depend on the choice of P € X;. This defines ¢ on
X(I){ X Xg satisfying the cocycle relation.

Let & =y~ ¢ with y € T. Then g, = ¥~ '5¢y. The I'-equivariance follows:

MRy = 7 Py Iy P A

= 7Py T P Iy Ay = (P P) Ay = HRHy. m

The construction of ¢/ shows that for P € X and &, &, € H:
Singc(P,§) NOH C {¢}, Singc(£, &) NOH C {&,&1}. (7.11)

We have defined c”(-, -) as a Q‘;’*’H -valued function with the one-sided averaging
operator. Of course, we think of ¢//(P, &) as ¢ evaluated on an infinite path from P to &.

Lemma 7.6. Let ¢ be as in Lemma 7.5. Then c"(&1, &) € &, for all €,,& € H.

Proof. Write n; for ng; (j = 1, 2). We look for a path p from &; to & consisting of
three pieces:

(1) The union J,5o n{" Py-py Py with a 3

chain Pyipyp, € Z[X1] from r]flPl to P; P

for some P; € Xj.

(2) a chain pp, p, € Z[X;] from P to

P, € Xp.

(3) The union Uyz07,"Pp,yz1p, for a P

chain p Py P from P; to i, 'p,. &
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As in §7.1, there exists large R > 0 such that Sing e is contained in the R-neighbor-
hood Ng(e) for every e € X;. We can choose the path p such that Nr(p) = U, Nr(e)
does not intersect any given compact set Z. Then the singularities of

cM(p) = AV ey Pr. Pr) + c(ppy.p,) + AV c(Po 1y P)

do not meet Z. Since ¢ (p) = ¢ (&), &) does not depend on the path p, but only on &
and &, there are no singularities at all. m

Lemma 7.7. Let ¢! be as in Lemma 7.5. Then c*'(P,&) € G forall P € Xy, ¢ € H.

Proof. We have Sing (c(P,&)) N 0H c
{¢}.  Let & be another point of H. .
Then ¢(P.&) = (P.&) - (&£, Ing A\ (£&)
so Sing (c(P,£)) = Sing (c'(P,£1)) by
Lemma 7.6. Hence Sing (cf(P,&)) N 0H
C {&) N {€) = 0. Thus Sing (c”(P,£))
is a compact subset of H. Now apply
Lemma 4.4, using (7.8) and (4.3). m &

- Singc{P.&1)

Lemma 7.8. We have cf'(¢1,&) = 0 for all £, & € H.

Proof. For P € Xy we have cf(¢1,&) = (P, &) — cH(P,&) € & N G by the two
preceding lemmas. But & N G = {0} by virtue of the splitting (3.3). =

Proof of Proposition 7.4. For a cocycle ¢ € Z'(F”; G¥), we have constructed the ex-
tension ¢ to X}/ x X}. For P € X] and ¢ € H we have forally e T

cy'PP) = My Py + ey EE + M EP) = 0+ POy -1).

Lemma 7.7 shows that ¢//(P,£) € G“. Thus y = c(y~!P, P) is a coboundary, and the
cohomology class [c] € H r; GY)is trivial.  m

Chapter III. Cohomology of infinite cyclic subgroups of PSL,(R)

The general theme of these notes is the relation between I'-invariant eigenfunctions
and cohomology with values in the principal series, i.e., between the cohomology
groups H(T', &) and subspaces of H!(I'; &), where T is a discrete and cofinite sub-
group of G = PSLy(R).

In this chapter we consider the corresponding question when I' is replaced by an in-
finite cyclic subgroup A = (y) generated by a hyperbolic or parabolic element y of G.
This case is of course far easier, since the structure of A and the geometry of A\H
are much simpler than those of I' and I'\'$, so that we can get very explicit descrip-
tions of the corresponding cohomology groups. This will give information for the case
of real interest, since the natural morphisms H!(T'; &) — H'(A;&;) are injective for
both i = 0 and i = 1 and we can therefore identify the I'-invariant eigenfunctions and
the cohomology groups of I' with subspaces of explicit vector spaces. In particular,
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we show in §8.3 that a V{’-valued 1-cocycle corresponding to an I'-invariant eigen-
function in EL can be reconstructed from its value on a single hyperbolic or parabolic
element of I'. And in the Propositions 9.11 and 9.15, and in Theorem 9.20 we give
a cohomological characterization of various spaces of eigenfunctions invariant under
a parabolic element of I'. These results will be essential in Chapter IV, where I is a
discrete subgroup with cusps. The results in the present chapter are the technical heart
of these notes.

As in §4, we arrange by conjugation that in the parabolic case A = (T'), with T’ =
(l)i] leaving fixed oo, and in the hyperbolic case A = (n), with n = [, 1(;z]’ > 1,
leaving fixed a(n) = 0 and w(n) = oo. By conjugation the results that we obtain are
valid for general infinite cyclic A C G. It is convenient to work in the upper half plane
model of H.

8. Invariants. The elements of & have a periodicity under z + z + 1 (parabolic
case) or z — tz (hyperbolic case). In §8.1 we discuss the corresponding Fourier ex-
pansions, and in §8.2 we show how to associate A-invariant holomorphic functions to
elements of E}. In §8.3 we show how we can recover u from the value r, of a cocycle
r representing ru, where r : &8 — H'(A; V) is the injection given in §5.2.

8.1. Fourier expansion. Recall that Propositions 4.1 and 4.5 show that ((VSO)A = {0}.
On the other hand, (V;¢)* = &2 has infinite dimension. We now consider this space
in more detail.

e Parabolic case. Each u € E! has an absolutely convergent Fourier expansion

u = AO il—s,O + BO is,O + Z(An kS,27T11 + Bn is,27m)- (81)
n#0

with kg, is, as in (1.2). For s = % the Fourier term of order zero must be replaced
by agiso + bo{so with £ defined as in §1.2. The terms with a factor B, represent
elements of W (R). We will sometimes write A, = A,(u) and B,, = B,,(u).

The modified Bessel functions have the asymptotic behavior K;_1/2(f) ~ eV /2t
and I,_12(f) ~ €'/ V2nt as t — oo ([32], §7.23). This implies the following necessary
and sufficient conditions for the convergence of (8.1) in the upper half plane:

A, = O™y, B, = O(™®) foralle>0. (8.2)

For s # %, we write
g =K, oI, (8.3)

where elements of 7 have only terms with i, ., in their Fourier expansion, and ele-
ments of K have only k2., and i1_50. The space ‘K? inside K is characterized by
the additional condition By = 0. So KV is the space of elements of E! that have only
ksom, n # 0, in their Fourier expansion. This characterization works also to define
7(? 120 whereas K2 is undefined.

The K-Bessel function and all its derivatives have exponential decay at oo, as follows
from §7.23 and §3.71 in [32]. This implies that if u € K then 6.02'u(z) has exponential
decay for all choices of /,m € N.
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e Hyperbolic case. Here we use the eigenfunctions fa and SL,(, in (4.2). Each
u € E! has an absolutely convergent Fourier expansion

u = Z(A(l’fsl?a-i-Baféa)’ (84)

a

2n
where a runs through @Z.

Lemma 8.1. The coefficients in (8.4) satisfy
Ao, By < ™12 (ja] - ). (8.5)

Proof. Tt is convenient not to use the basis { S’fa, SL,a} of the space of functions trans-

forming according to [ \(/)g 1/0\@] > y'®, but the basis {fer fsa) in (A17) of [4].

We write the Fourier terms as po fo ¢ + gofy.s- For each ¢ € (0,7) the terms in the
Fourier expansion of u(pe#) are bounded, uniformly in o € %Z. The same holds for
the derivatives with respect to ¢. Then equation (A.18) in [4] implies that the p, and
q. are bounded. We express A, and B,, in p, and g, by inverting relation (A.20) in [4],

and use of Stirling’s formula to obtain (8.5). =

8.2. Holomorphic functions associated to periodic eigenfunctions. The growth con-
ditions (8.2) and (8.5) for the coefficients in the Fourier expansions give the possibility
to encode elements of & by a pair of holomorphic functions or by a holomorphic
function and a hyperfunction.

e Parabolic case. Let s # % For u € &', the formula

BaNQ) = ) By (8.6)

nez

defines B(u) € O(C)T, and each element of O(C)T occurs in this way. Alternatively,
one may use Y, B, ¢" € O(C*), with g = ¢*™. The coefficients A, give rise to

au) = Y A€, € CUP), (8.7)
nez
with e]f,n as in (2.17b). Thus, the bijective correspondence u < (a(u),B(u)) codes
elements of & as pairs consisting of a hyperfunction in C“”(IP]IR) and a holomorphic
function in O(C)T. The following proposition shows that the function B(u) can be
related independently to the V{’-valued cocycle r associated to u in (5.5a).

Proposition 8.2. Let s # % ue SST, 20 € 9.
1) With rp(0) = fzio_l[u, R({; +)*], and with the average Av, in §4.2 and the
gamma factor b(s) in (3.4d):
~b(s) ~b(s) [0+
Bw){) = TAVT(rT)({) = [u, R(; -)"] . (8.8)

iy()foo

i) Put Ry(t; -) = AV (R(t; -)*). Then Ry(1,2) = R(z — 1) where R} € E! has the
Fourier expansion
I(s—1)

1y 2). 2r* s-1
Rl = vn o zl_s,o<z>+r(s)m;|m| ks 2mm(2) - (8.9)
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iii) The functions B(u) and Ry are related by
—b(s
Bu) () = ()f u, Ry(t; - (8.10)

The integral in (8.8) converges absolutely if Re s > 5, and has to be understood in

the regularized sense discussed in §4.2 if 0 < Re s < é
Before giving the proof of Proposition 8.2, we state the corresponding result for the

hyperbolic case, which will be proved in §8.3.

59

e Hyperbolic case. Elements u € & are coded by two holomorphic functions

R = > Anl® withReZ > 0,

8.11
B Q) = ) Ba(=0"  withReZ <0, ¢

where a runs through 1§_th' The Fourier coefficients A, and B,, are those in (8.4). The
holomorphic functions 8% (u) and B~ (u) are invariant under ¢ ~ . We shall prove:

Proposition 8.3. Let u € E!, and zo = iyo, yo > 0. With r,({) = fl;i(;t[u, R(; +)*]:

BRw)(Q)  forRel >0,
~BHu)Q)  forRel <0.

(S)

AV () = { (8.12)

Proof of Proposition 8.2. We can assume that Re s > % since the Fourier expansion

(8.1) with fixed coeflicients A, and B, gives an analytic continuation of the function
u(z) (still belonging to 8?), and hence also of r7({), to all complex values of s (with
Bw) € OC)T constant), and since all of the expressions in (8.8), (8.9) and (8.10)
are meromorphic in s. For Re s > the sum defining the average Av,.(rr) converges
absolutely and by (1.9) and partial 1ntegrat10n we get for |[Im {] < yo

AV, (rr)(§) = fl‘ [, R(5 )] = fI %l{u,R(f; )’
mz=yo mz=yo

= -3 [ (R 00 i+ 0= utivo + ) SR G + 07 )
2 Oy Jy

(59
The function u and its derivatives may be unbounded when z varies in $. On a hor-

izontal line however, they stay bounded. We insert the Fourier expansion of u, and
consider the term of order m, which has the form fm(y) grimx,

i TTimx )
I L e AT RG], Jdx .

= —Eez’”"@ (£240) Lin(yo) = fuo) Li(y0))

00 i mex
_ Timx C S —
Lm(.’/) = f:oo e R(0;2) dx = f (x2 + yZ)s

The last expression is considered in (1.8). The contribution of the term of order m is
given by a Wronskian, and can be computed with use of the definitions in (1.2) and

where
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(A.4)in [4]. We find:

mil'(2s) 2mim . _1
AT = =53 ; B = —nib(s)”' B)(). (8.14)
Now equation (8.9) is obtained with the summation formula of Poisson, and finally
Z0—1 20
A = ) f [ R@ )] = f LR 1. .
n Zo—n— 20—

8.3. Reconstruction. Proposition 5.1 has shown that u +— r, is injective, both for
vy = T and y = n. To reconstruct u explicitly from r,, we first pass to the image

qy = b(s)P! ry under the transverse Poisson transform and then reconstruct u from ¢,
With the base point zg € $ as in the previous subsection, we have

Av(qr)(2) = f

Imz'=z

[u,qs(-,2)], AV (g9)(2) = fo [u,qs(-,2)].

The second integral converges absolutely for Re s > 0, while the first has to be un-
derstood in the regularized sense, under the assumption s # % Both integrals define
As-eigenfunctions of the Laplace operator outside the path of integration. Thus we
have up, uy, ur, ug in E4(X), where X in each case is a component of $ minus the path
of integration:

up(z) for z below the path,
f [u,q5(-,2)] = b P (8.15a)
Im 2=y uy(z) for z above the path,

(8.15b)

ico ur(z) for z on the left of the path,
[u,qs(-,2)] =

ur(z) for z on the right of the path .

Local deformation of the path of integration shows that these four functions extend
to 9, yielding four elements of &;. Theorem 1.1 implies that

uy(2) —up(z) = up(x) —ugr(z) = miu(z). (8.16)

In the parabolic case, up represents an element of ‘W (R). We use that the restric-
tion to the boundary p; inverts the transverse Poisson transformation. With (5.6), §4.2
and Proposition 8.2, we have for £ € R:

(0sAv,qr)(€) = b(s) (psAv, Pirr)(€) = b(s) (Avprr)&) = —mifu)&).
Since i 270(z) ~ ysez’““ as y | 0, this implies that

up(z) = —mi Z Bnis,Znn(Z) .
n

This Fourier expansion identifies —up as the component of 71i 1 in J; in the direct sum
decomposition SST = K ® I of (8.3). Then uy is the component in K;. We have
obtained:

Proposition 8.4. Let s # % Each function u € ET can be recovered as
u = (mi) uy — (2i) up € K, & I, (8.17)

from the value gy € W of the cocycle q in (5.5¢c) representing qu, by the regularized
integral in (8.15a).
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Remark. By (3.6¢) the transverse Poisson transform of the function Ry( -, z’) occurring
in part ii) of Proposition 8.2 is the resolvent kernel function

04(z.7) = b(s)™ (Avpqs(z. @) (8.18)

on{(z,7) € $* : Imz # Imz’}. It satisfies Qs(z,2’ + 1) = Q,(z,2') = Oy(Z,2). On
Imz < Imz we use Pge'™ = iy, to obtain the expansion

04(z,2) = b(s) (PR(z(-,2)()
(8.19)

Z |m|s—% k2,snm(z) iS,—an(Z’) .

m#0

| , ’
= 1 l]-S,O(Z) ls,O(Z ) +

§S—5 F(S+

25ty
1
2)
In the hyperbolic case, uy, represents an element of ‘W’(—c0,0), and ug an element
of ‘W&(0, ). Thus (7i)"'uy is given by the part of the Fourier expansion of u with
L, and —(i)"'ug by the part with /X :

s,
w, = 7Y Bafly, g = —mi ) Aofh. (8.20)
a @

Hence p,ug(&) = —mi BR(&) for & > 0, and pyuy (&) = mipH(€) for € < 0. This proves
Proposition 8.3. Furthermore, we have obtained:

Proposition 8.5. Let u € &!, and let ¢ € Z'((n), W¥) be a cocycle representing
qu. The integral in (8.15b) reconstructs u from q, as u = (i)~" (ug, — ug), with the two
terms corresponding as in (8.20) to the f* and fR terms in the Fourier expansion (8.4).

9. Coinvariants. In this section the subject of study is V¢/(V¥|(1 — 1)), for y =
nand y = T, as before. The parabolic case y = T is more complicated than the
hyperbolic case vy = 1. The parabolic case will lead us to consider several G-modules
between V< and V", like V> and V" **° mentioned in the introduction.

The main theme in this section is the correspondence between various spaces of
T-invariant eigenfunctions and cohomology groups. The main results are Proposition
9.11, Proposition 9.15 and Theorem 9.20. We will use these and other results from this
section in Chapter IV, where we study the cohomological characterization of various
spaces of I'-invariant eigenfunctions for discrete subgroups I' € G with cusps.

9.1. The first cohomology group and averaging operators. Lety = T ornand A = (y)
as in the previous section. We have H'(A; V¥) = (V¥)p = V2/(V?|(1 - y)), by
associating to v € Vi’ the cocycle ¢ with i, = v. (This can be seen as a special case
of Poincaré duality, since Vx = Hy(A; V) and the classifying space of A is a circle.)

To apply the averaging operator Avy defined in §4, we assume in the parabolic case
that s # % Since v| (1 —7y)| AV;—' = v, the space V;’ | (1 —7) is contained in the kernel of
AV, = AV;r - Avy_ c VY (V). So Av, induces a linear map H LA V@) - (VA

The hyperbolic case is easy to treat. Here the image of Avy is contained (V{[0, co])A
= Y@(—c0,0)2 & VY(0, 0)2 (cf. (2.21)), and we have:

Proposition 9.1. Let A = () with n hyperbolic. Then the map Avn C HY(A; VYY) —
Yvelo, co]? is injective, and the natural map H'(A; V) - H L(A; (VS‘”*) is zero.
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Proof. The first statement is equivalent to Corollary 4.3. For v € V" we set h =
AV, (v) € V,[0,0]" and define f € V' by f(x) = —Tell h(x). Since Alp = h, the
function f satisfies f|[(1-n)=h. =

The parabolic case is more complicated. In that case the map Av, : (V{")r —
(‘V@[e0])” is no longer injective.

9.2. Invariant eigenfunctions on subsets of the upper half-plane. In the main theo-
rems of these notes, we give isomorphisms between on the one hand spaces of Maass
forms and larger spaces of invariant eigenfunctions, and on the other hand cohomol-
ogy groups. In this section we study similar relations, but now between spaces of
T-invariant eigenfunctions and cohomology groups for (7). This subsection serves to
define such spaces of T-invariant eigenfunctions.

Definition 9.2. We put

gl = lim&(lze$ : Imz>7Y})), & = lim&(lze9 : 0<Imz<e}). (9.1)
B i

Thus, elements of 81 may be viewed as eigenfunctions defined on some half-plane
Imz > Y, where Y may depend on the function. Similarly, elements of 8£ are defined
on some strip 0 < Imz < &. Representatives of elements of (SI)T and (8£)T have
Fourier expansions of the form indicated in (8.1) (modified as indicated there if s = %)
converging on some half-plane or strip. The Fourier coefficients satisfy weaker growth
conditions than those indicated in (8.2), namely

ue EH o A, = 0 for some & > 0 and B, = O(¢"?) forall e > 0,

9.2)
ue@EH o A, = 0 forall € > 0 and B, = O(e "/?) for some & > 0.

Definition 9.3. For s # %, we define ‘KsT = KN SE as the subspace of elements of
(SI)T represented by functions with only terms kg oz, 7 # 0, and i1_g o in their Fourier
expansion. For all s we define (K?)T as the subspace of (SI)T of elements represented
by a Fourier expansion containing only terms kg2, n # 0, and 7, Yl as the subspace

of elements of (8£)T with representatives containing only terms i o, in their Fourier
expansion.

The cocycles r, p and g on (T') in (5.5) make sense for u € (BI)T, provided we take
Im z sufficiently large. The proof of Proposition 8.2 can be extended to give:

Lemma 9.4. Let s # % Letu e (SI)T. The cohomology class ru is represented by the
cocycle r determined by rr({) = f “ u, R(Z; -)°] for Im zg sufficiently large. The av-

20—1
erage AV (rr) € Ve [0o]” is represented by the holomorphic function —ni b(s)™" B(u),
where B(u) € O(C) is defined by an expansion similar to (8.6) with B, the coefficient

of is2nn in the Fourier expansion of u.

We note that although u € EH is represented by a function on some half-plane
Imz > Y, the corresponding series ), Byis2mm converges on all of $, and hence S(u) is
holomorphic on C.
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The average Av,.(rr) in Lemma 9.4 is defined on a neighborhood of R in C. The
average Av,(gr) makes sense on two regions in . We now consider the consequences
of this fact.

Let & be a function on $ representing an element of ‘W®. Such an element is
in E(H \ C) where C C $ is compact. The averaging operator defines two As-
eigenfunctions of the Laplace operator, on regions Imz > Y and 0 < Imz < &, where
e>0and Y > 0 are such that the regions {z €  : y<e}land{z€ 9 : y> Y}are
both contained in the domain of 4. We obtain:

T .
AVT(h) represented by Av,.(h) on aregion Imz > Y,

9.3)
AV]‘E(h) represented by Av..(h) onaregion 0 <Imz <e.
n AL ()
Imz=Y
C
Imz=¢
R Avy.(h) R
Lemma 9.5. i) If s # 3, then for all boundary forms h € W

Almery, Al ex!.

ii) If the boundary form h € W satisfies (psh)*(c0) = O then for all s with
O<Res<1

At eIt Al e (K.

Proof. Using the restriction p; : W — V&, we put ¢ = psh € V. We follow
the reasoning in the proof of Proposition 8.2 with u replaced by Av%(h), keeping the
integral on a line with yg < &. Thus, we get a holomorphic 1-periodic function on
Im{Z| < &. Applying PI, we get a series expansion for AV]l,(h) in the eigenfunctions

is,27rn-

Next we turn to AV;(h). There is no corresponding “AV;(QD)”. Let first s # %
Lemma 4.6 implies that Av,.(h)(z) = Cy'™ + O(y™*) as y — co. This shows that the
Fourier expansion of this periodic function consists of multiples of ij_s and kg 2z,
n # 0. If (psh)F(c0) = 0, the same lemma gives an estimate O(y~*), which shows that

we have only terms kg2, 7 0. ®

Proposition 9.6. For u € (ENT put h(z) = I ;"_1 [, g5(-,2)]. Then Avi(h) € I, and u
is reconstructed from h by

u@) = (@) AL(h)(2) - () AVLNG)  (Imz sufficientdy large), 9.4)
giving the decomposition (SI)T = ‘KsT ® Iy, which generalizes (8.17).

Proof. The definition of & generalizes the cocycle g in (5.5¢). We have to take zg in
the domain of a representative of u. The function 4 is in ‘W by the properties of the
kernel function g,. Following the reasoning in §8.3 we get the decomposition (8.17),
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and obtain also that AV%(h)(Z) doe depend on zg with Imzg > Imz. This implies that
Av;(h) €l,, =

9.3. Smooth semi-analytic vectors. It will turn out, in (12.6) and (14.8a), that the pe-
riod functions i attached to modular Maass cusp forms in the introduction are elements
of the space V;’ “* defined in (2.23), which is equal to V¢ N V. We call it the space
of smooth semi-analytic vectors in V.

For ‘W we use the analogous notational convention W™ as for V in (2.23) and
below (2.21), where “cond” denotes a condition imposed at the singularities.

The space “W;’ “* consists of the elements of WY with representatives f(z) =
(\zfilz )S a” (z) with a” real analytic on an open set Q C Pé: with P]}Q \ Q finite, such that
ps € a (€)on P]}Q N Q extends as an element of V;°.

The G-modules V*** and W** are isomorphic with the inverse isomorphisms
pst WE® s qpie o pl e qpete (9.5)

We can produce elements of ‘Vs‘”*"x’ by the following integral, discussed in [21],
Chapter 2, §2:

Proposition 9.7. Let u € (K°)!. Then

10 = [ ke, 9.6)
20
with Re zq sufficiently large, defines f,, € V" [col, independent of the path of inte-
gration from g to oo, provided oo is approached along a vertical line.
As zp tends to oo along a vertical half-line, then f;, tends to O in the topology of V;°,
defined by the seminorms || - ||, in (2.9) for all n € N.

The second part of this proposition is one of the few places in these notes where we
mention the topology of principal series spaces. We will use this part in the proof of
Theorem 19.1.

Proof. In part I, the first statement has been proved with the proposition in §2 of
Chap. II and use of L-functions. Here we also consider the limit in the topology of V.

It suffices to consider zg = iyy with yg > 1. We work in the projective model. From
(2.30) and (1.9) we conclude for £ € R:

N S A A R
e B e N e LA G

The exponential decay of u and u, implies convergence. The coefficients in the expan-

. 22+1 s 1 2+1 S[—iy . .
sion in { — ¢y of Yo and of y p | &y Atagiven {o € R are bounded functions
of y. Hence after integration we get a converging power series representing f;,,({) on
a neighborhood of {y. So f;,, € V{’[oo].

On a neighborhood of { = co we use the variable & = %:

1 —iyé
1+ iyé

o 2\
fn10) = [ o (75555 ) (it + - ut

NG )dy. 9.8)
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This converges as well. The coefficient of £” in the expansion of the integrand at £ = 0
contains a term y**"u(iy). So analyticity at co seems out of the question. Differentiation
with respect to & can be carried out inside the integral. This shows that f;,, € V.

Next we estimate the supremum norm ||f;,, | W"||c on R for all n € N, where the
differential operator W is given by (1 + £ 2)05 on R, and by —(1 + fz)é?g on a neighbor-
hood of ¢ = co. From (9.7) we check that (1 + £2)d;)" fy,(¢) is a linear combination,
with coefficients depending only on s and n, of integrals

00

fiy, O Ui(y) dy,
Yo

1 N
)
Uily) = u(iy), aj = 0 or  Uiy) = uiy), aj = -1,
bj,ci €[0,n], -1<d;j<n, 0<ej<n+1,
bij+cj =dj+ej+n.
For { in a bounded interval [-A,A] and y > yo we have f;(y,{) <, A"y’. With the
exponential decay of u and its derivatives we obtain on [—A, A]:

(1 + 3 fiyo () <sne A'yie ™, (9.9)

where

fiy.0) =

2
s+a; g +
2+

¢

I <

(& = DY+ D) — iy +iy)™
i <

with € € (0, 27).
For |£] < A~! < 1, we have a similar linear combination of finitely many integrals
fyzo gy, &) Uj(y) dy with U; as before and

1+ . . _
90,6 = 4 - ++y§§2) (1= i&PI(1 + (1 — iye) (1 + iyé) ™,

aj,de—l, bj,Cj,eJ'EN, dj+€j20, aj<n.

Now we have g;(y, &) <, y**% (1 + y?£2)~ite)/2 < 5. This leads to

(=(1 + EM0e)" fiyy(1/€) <sn Yo e 0. (9.10)
This estimate and (9.9) show that limyo_mH Sivo |W"||D0 =0foreachneN. =

Applying the transverse Poisson transformation PI to f;, in Proposition 9.7 and
multiplying by the gamma factor b(s), we obtain with use of (3.6¢)

hy(2) = f [u,qs(-,2)], (9.11)

20
representing an element of “W;”, also called hy,.
Let ¢ be a cocycle as in (5.5¢), representing qu, u € K°. We would like to write
qr = hgy—1 — hy,. To do that, we need the following extension of Theorem 1.1:

Proposition 9.8. Suppose that C is a piecewise smooth positively oriented simple
closed curve in H U {oo}. Suppose that near oo the curve C consists of geodesic half-
lines. For each u € K?:

u(z) ifzisinside C,

i 0  ifzisoutside C.

1
— | lu,qs(uy,2)] = {
C
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Proof. Approximate C by C,, where near co we have replaced the part of C in the
region y > a by a curve [, along {x + ia : x € R}. Theorem 1.1 can be applied to C,,.
The integral fl [u,qs(+,z)] tends to zero as a — oo for each z € §, by the exponential
decay of u and its derivatives. The same holds for the difference of the integrals over
C and C,. The results follows. =

We apply Proposition 9.8 to the curve C that consists of geodesic paths from oo to
zo — 1, to zg, and then back to co. For z outside C:

f gD = g1 2) =)

So gr = hyy—1 — hy, in WY Application of restriction map p; : W 5 P
gives for the cocycle r, with f;, € Vy”*™ as in (9.6):
T = fa1 = fa 9.12)
Thus we have, with A = (T'):
rky © Ker(H'(A:Ve) — H' (A V™),
qK? © Ker (H'(A; W) — H' (A W),

Notation. We will often deal with such kernels of natural maps between cohomology
groups. For A-modules V ¢ W we put

H'(A;V,W) = Ker(H'(A; V) — HY(A; W)). (9.14)

For A = (T') one may view this as a mixed parabolic cohomology group, as we will
discuss in Definition 10.1. We reformulate:

rk? c H' AV, V), qKY ¢ HY(A, W, W), (9.15)

(9.13)

Proposition 9.9. The following statements are equivalent for ¢ € V:
a) ¢"(c0) = 0 and AV () = AV, (¢).
b) There exists h € V> such that h|(1 - T) = @ in Ve
If a) and b) hold, then there is only one h € V{° as in b), namely h = AV;((,D) = Av; ().

Proof. Suppose that a) is satisfied. Since ¢*(c0) = 0 the averaging operators Av;r
and Av_- converge absolutely on ¢, without regularization and without the assumption
s # % In (4.12) the constant Cy vanishes. Hence the expansions in (4.11) start at
m = 0. From AV;: (o) = AVT_ (¢) we conclude that the averages define an element
h € V¥ [oo], which satisfies b).

Suppose that b) is satisfied. This implies that ¢ (c0) = 0. Hence the averages con-
verge without regularization. If s # % we immediately obtain a) from Proposition 9.14
below. In a proof valid for all s with 0 < Res < 1, we note that AV;: (¢) converges
without regularization and satisfies AVT+ (©)(x) = O(|x|72*) as x — oco. Since & has the
same behavior, and since h — Av;f (¢) is periodic we conclude that & = Av;f (¢). From
the behavior as x | —oo we obtain i = AVT‘ (). =

Corollary 9.10. The kernel of Av,. : V¢ — (V;"* contains the space of ¢ € V{ that

N
satisfy the equivalent conditions a) and b) in Proposition 9.9, but is larger than this

space.
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Proof. The first statement follows directly from Proposition 9.9. For the second state-
ment, consider u € ‘K_?, u # 0, and put () = fzo_l[u,R(g; -)*] for some zp € . Then

20
¢ € V¢, and it satisfies condition b) in Proposition 9.9 (by Proposition 9.7). Since

¢ = rr as defined in (5.5), the injectivity of r in Proposition 5.1 shows that the class
ruin H\(T; V) represented by r is non-zero. Sop ¢ V¢ |(1-T7). =

In §9.6 we shall prove:

Proposition 9.11. The maps r and q give the following isomorphisms.
(KO =5 HI(T: Ve, V), (KT =5 HI (T W, W),

9.4. Semi-analytic vectors with simple poles. We turn to a G-module between V” and
V%" that obtained by replacing the condition of smoothness at the singularities by the
condition “simple”, which allows simple singularities:

Definition 9.12. We define (sz Simple oS the space of f € (Vf"* such that for each ¢ €

\)
BdSing (f) the function x + cg(x) ¥ (x) is smooth at &, where c¢ is a local coordinate

on P} at &, e.g., col(x) = 1, and cg(x) = x — £ if & € R. We define WP o6 the
space of those elements of (Ws“’* for which pf € (vsw simple

The spaces V5™ and W S"™P' 4re isomorphic G-submodules of V¥ respec-
tively ‘W', by PZ and p;.

We have the following generalization of Proposition 4.5:
Proposition 9.13. The spaces (V;’ K Simple)T and ((Wsw*’ Simple)T are zero for s # %
Proof. Consider the expansion ¢(f) ~ |f|72* Ye_q Cnt”" at oo in the line model, and

insert the T-invariance. If ¢; is the first non-zero coeflicient, it follows that (I + 2s)¢; =
00 m

Proposition 9.14. Let s # % For ¢ € V¥ the following statements are equivalent:

a) Avy(p) =0.

b) Av/(¢) = AV, ().

c) There exists f € V' Simple cich that f1A-=T)=¢.
If these statements holds, then f in c) is unique, and is equal to AV;_:((,D).
Proof. The equivalence of a) and b) is clear. If a) and b) hold, then apply the asymp-
totic behavior in (4.11) to conclude that f = Av; (o) = AVT_ (@) € V-5 le. Conversely
if f € VP satisfies f|(1 - T) = ¢ € V¥, then f — Av*(¢) has for x T oo an as-
ymptotic behavior as indicated in (4.11). Since f — Av;f (@) € (VY Simple)T = {0}
(Proposition 9.13), this implies f = Av;f (¢). Proceed similarly for AVT‘ (). =

In §9.6 we shall prove:

Proposition 9.15. If s # %, the maps r and q give isomorphisms

K1 5 H(Ty; Ve, v smoey gl L gy we, wesmeley
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9.5. Semi-analytic vectors with support condition on the singularities. For a cohomo-
logical characterization analogous to Propositions 9.11 and 9.15 of the much larger
spaces r(SI)T and q(SI)T we need to introduce yet another space of semi-analytic
vectors.

To show the need for this larger space, we consider ¢ representing an element of

V¥, in the line model. The corresponding function ¢* in the projective model is holo-

morphic on a neighborhood of IP%& in Pé. Hence ¢ is holomorphic at least on a strip

Im | < £ and on half-planes Re ' > é and Re ¢ < —é for some small positive &. For
s+ % the one-sided averages
-1

NSO = Y e +m, AW = = DL e+
n=0

n=—co
are both holomorphic on the strip [Im | < &. Furthermore, AV;: (¢) is also holomorphic
onRel > é, and AVT‘ (p)onRe < —%, provided ¢ is sufficiently small. Suppose now
that Av,.(¢) extends holomorphically as an element of O(C)T. (Proposition 8.2 shows
that this is the case if ¢ = ry associated to u € SST.) Then AV; (o) = AVT((p) + AVT_ (o)
has a holomorphic extension to the half-plane Re { < —é. Hence AV;: (p) € V¢, and
also AVT’ (¢) € V¢ have representatives with large domains containing both a left and

a right half-plane. They are elements of the space V" that we now start to define.

Definition 9.16. Let F' C P]{R be finite. We call a set Q C Péj an excised neighborhood
of IP’]IR \ F if it contains a set of the form

U, (9.16)

éeF

where U is a (usual) neighborhood of P]}Q in ch and where W is the set containing &
and the sectors in $ and $H~ between two geodesic half-lines with final point &.

In the upper or lower half-plane, the sets W, in this definition are the region between
two vertical half-lines. For & € R sets W, are the regions between to half-circles
through ¢ with centers on R to the left and the right of £&. See Figures 1 and 2 for
sketches of excised neighborhoods.

Definition 9.17. Let F C PI{& be finite. We say that ¢ € (Vs“’* [F] satisfies the condition
“exc” if ¢ is represented by an element of O(Q) for an excised neighborhood of PfR \F.

This means that V"¢ is the direct limit lim O(Q) where Q runs over excised
—

Q
neighborhoods of Py, \ F with F finite. Figure 3 depicts the relation of Vy’ X Wwith
other principal series subspaces that we have defined up till now. The space V" S™Pl
is defined only for s # 1. The definition of V- makes sense for s = 1 as well.
The space V" is a G-invariant subspace of V. The elements AV () discussed

in the introduction of this subsection are in V> “*“[c0]. We have even more:

Proposition 9.18. Let s # % For ¢ € V¥ the following statements are equivalent:
a) Av.(¢) € O(C)".
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Ficure 1. An excised neighborhood Q of P]]R \ {£1, &7, o0}

FiGurE 2. An excised neighborhood of S! \ {e™™/4, 1, ¢™/4 i} for the
disk model.

S Vgl SN VA I S A

(Vw*, simple
N \
Ve Vv

N

Ficure 3. Subspaces of the principal series space V.

b) AV;: () and AV (¢) are elements of V& o0].

Proof. We have already discussed the implication a) = b).
For a) & b) we suppose that AVT+ (¢) and Av_ (¢) are in V>*°[o0]. By construction,
they are in V;’[co]. They are given by holomorphic functions on aregion { : |[Im{| <



PERIOD FUNCTIONS FOR MAASS WAVE FORMS AND COHOMOLOGY 57

efu{l : |Rel| > &1} for some € > 0. On Im{] < & we have AVT((,O) = AVT+(90) -

AVT‘ (¢). So Av,(p) extends holomorphically to Re { > &', and the invariance under
T stays valid by analytic continuation. The T-invariance on a right half-plane implies
that Av,.(¢) extends holomorphically to C.  m

We will now define the condition “exc” for the behavior of sections of W at
singularities:
Definition 9.19. An element of ‘W satisfies the condition “exc” at the points of the
finite set F' C P&g if it has a representative of the form f(z) = (Iz fl.lz)s a"(z)on QN 9,
where

a) Qis an excised neighborhood of P%K \ F for some finite set F.
b) a is real analytic on Q.

The transverse Poisson transformation gives a G-equivariant isomorphism
PI . (Vsa),exc SN (Wsw,exc )

To see this we use the integral representations of PI and its inverse in Theorem 5.7
in [4]. To apply this we note that the intersection Q N Q of an excised neighborhood Q
of ]P’]lR \ F'is again an excised neighborhood of Pﬂ% \ F, for finite sets F C Pﬁa-

Propositions 9.11 and 9.15 can be viewed partly as specializations of the following
result:

Theorem 9.20. If s # %, then the maps r and q give isomorphisms
EDT = H'(Ty: Ve, Vo), @D — H' (T W, W),
We shall give a proof in §9.6.

Definition 9.21. We define G5 as the space of f € C2($) that are in E(H N Q) for an
excised neighborhood € of P]%Q minus a finite set, and we put

ng, X = {f eGP : frepresents an element of Wy’ s

The minimal closed set X C $ such that f € &E(H \ X) is the set of singularities
Sing (f).

Examples: The function i;o(z) = y° is an element of &; that represents an element
of WZ(R), also called i, and BASing (is0) = {oo}. Soiso ¢ GY. We have i o(z) =
(\zfﬂz)s (x2 +(y+ l)z)s. We conclude that a"(z) = (x2 +(y+ 1)2)s is real analytic
on C. Hence iz € GY e, and Sing (is0) = 0, BASing (is0) = {co}. To get more
examples of elements of Wy’ “*, we consider ¢ € V¢ such that Av,.(¢) € O(C)”, as
in Proposition 9.18. If s # 3, then PZAV;S (p) = AV} (Pl¢) and PSTAVT‘ () = AVT_(PIga) are
elements of W,

For general h € W, the average Av,.h may very well have singularities in horizon-

tal strips in the upper half-plane. Then the average is not in g‘;’ e,

The example of iy shows that if f € G represents h € W<, then the set
BdSing (#) can be larger than Sing(f) N d$. On the other hand, the zero element
n € W« satisfies BdSing (n) = 0. It may be represented as an element of W by

any f € C%(9) that is equal to 0 outside the region |x| < 1, y > 1, and equal to 1 on
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Ix| < 4,y > 2. In this example, Sing (f)NA$ is larger than BdSing (k). Definitions 9.19
w*, exc

and 9.21 imply that we can always represent 1 € ‘W< by an element f € G
such that Sing (f) N 8% € BdSing (h).

The exact sequence (3.11) extends to an exact diagram

0 0 0
\J ) l

0 — N® - G¥ — wg - 0 (9.17)
) ) l

% * *
0 — Nw , €XC - g(;) , €XC N (Mw , €XC N 0

We recall that N = Cg(Sf)), and define N~ as the kernel in the lower row. The
support of an element of N> need not be compact; it may contain regions between
geodesic half-lines to the same point of 0H. Siegel domains of IT = PSL(Z) are
examples of such sets.

Lemma 9.22. The spaces (W )T = (G %) are equal to I,, and the space
(NN s zero.

Proof. If f € (G“*)T, then the set BdSing (f) is a T-invariant finite subset of P,
and hence is contained in {co}. The set Sing (f) is also T-invariant. It is contained in
the union of a compact set and finitely many vertical regions. Hence Sing (f) = 0 and
f € &L Since f represents an element of ‘W®[co], it is in Iy. If f € (N“")T then
Sing (f) = 0 implies f = 0.

We are left with the proof of (W) =~ (G¥**)T . Clearly, each element of
G T = T, represents an element of (‘W;’ “ex)T - Restriction of a given h €
(W) gives psh € (V@[eo])T. Hence h has a representative f € Ey(H \ W),
where

W, = {ze€$ :|Rezl <& !, Imz > &} (9.18)

for some & > 0. By extending f as a C*-function on W, we obtain a representative
FeG¥ ™ So fl(1-T)e N After diminishing &, we have f(z) = f(z+ 1)
on H \ We. Since f represents an element of ‘W [co], it has a Fourier expansion with
only is2., and hence is in 7, sl . This expansion converges on $ and defines another
representative of /1, whichisin 7;. m

W, exc

Lemma 9.23. Suppose that g € G, satisfies:

a) Sing () is a compact subset of H.
b) 41(1-T)egGy.
Then there exists p € I such that g — p € GY.

Proof. From a) it follows that § represents an element ¢ in the space 7 defined in
(3.1). The direct sum decomposition (3.3) implies that there are unique p € &, and
f € W& such that ¢ = p + f. Condition b) implies that ¢|(1 — T) € W. Hence
pl(=T)=q|(1-T)—f|(1-T) e W¥nE; ={0}. Sope &, and p = g—f € ’Ws“’*’exc.
As in the proof of the previous lemma, this implies p € Z;. Now, §— p € gg" “*“isa
lift of f € W, for which Sing (§ — p) = Sing (§) is compact. Hence g —p e G%. =
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9.6. T-invariant eigenfunctions and cohomology. In this subsection we prove Theo-
rem 9.20 and Propositions 9.11 and 9.15. We treat these three proofs in parallel, since
the statements are closely related.

e [Images. First we consider u € (8I)T and s # % We represent ru by the co-
cycle r determined by rr({) = fz (Z)O_ l[u, R(Z; -)*] with a suitable base point zg. Rela-
tion (4.10), Lemma 9.4 and Proposition 9.18 show that ry = Av;f (rr)| (1 = T)is in the
space V< ¢ |(1 = T). So r maps ()7 to the subspace H'(T); V?, V¥"%). Ap-
plying the transverse Poisson transform, we see that q(SI)T is contained in the space
H(T); We, W),

Ifue ‘KST, then Lemma 9.4 shows that Av,.(rr) = 0. Hence Av;f(rT) = AVT_(r,), and

then AvY (rr) € VY’ ~simple 4y Proposition 9.14. This show that

rq(sT c H1(<T>;(sz’(V;u*,exc&simple) c H1(<T>;(V;)’(sz*,exc).

Again we apply P;r to get the analogous statement for q. (The space V;’ -excdesimple 3o

equal to Vy’ hexe % . Simple, since at the singularities both the conditions “exc” and
“simple” are imposed.)

We have seen in (9.15) that q(K?)T ¢ H'(T); We, W), even if s = 1. Since
the restriction map p; is an isomorphism on ‘W and Wy’ *_the corresponding state-
ment for r follows. The integrals in (9.6) and (9.11) show that r and q map (‘K?)T to
H'(T); Ve, V&) respectively H((T); W2, W X&),

o Comparison result. For Propositions 9.11 and 9.15 it is important to have:

Lemma 9.24.
H' (T V2, Veoeks) = HI(T: V2, V), (9.192)
H'(T); We, We-exc&=y = qI(T)y; We, W), (9.19b)
and if s # %
H'(T); Ve, VS 8smiey = JI (1) vy, vy, (9.19¢)
H' (T W W8y = H Ty Wy, wy e (9.19d)

Proof. We have H 1((T);(Vs“’,(V;”*’ simpley — py YTy, ve, vy *’_eXC&Simple). Conversely,
if y7 € V is of the form 7 = f|(1 — T) with f € V"™ then AV, (Y1) = 0
(Proposition 9.14), and hence Av*(yr), AV (¥r) € V¢ (Proposition 9.18). This

gives (9.19c¢). For (9.19a), we proceed similarly, with use of Proposition 9.9 to obtain

AV, (yr) = 0.
The transverse Poisson transformation provides us with an injection

it . W' exc & simple w*, exc & simple
P, : V. — W,

S 2

and a bijection
* simple w*, simple
Pl SIPE __, qyesimple
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The resulting commuting diagram

" i =(9.19 .
H! «T); (V;‘)’ (V;u , EXC &s1mple) #l H! «T); (sz, (sz , s1mple)

lPI ElPI

Hl(<T>’ (Wsw’ (W;U*, exC&Simple) H1(<T>’ (W;U’ (W;"‘)*’ Simple)

shows the equality in (9.19d). For (9.19b) we proceed similarly. =

e Injectivity. This is Proposition 5.1.

e Surjectivity in Theorem 9.20. Since V> and ‘W are isomorphic it suffices
to prove that for s # %

q: (EN' — H'(T); We, W)

is surjective.

We recall that q associates to u € (SI)T the cohomology class gr + W (1 - T),
where gr can be represented by §r € G given by Gr(z) = fz 20—1 [u, gs(-,z)] outside a
small neighborhood of the line segment from zg — 1 to zg. The class does not depend
on the choice of zp with Im z¢ sufficiently large. In this proof we will mainly work with

representatives in G5 and N“. See the diagram (9.17).

For the proof of the surjectivity we start with f € W such that h := f|(1 = T)
belongs to ‘W®. The aim is to construct u € (SI)T whose associated function gr
satisfies h — gy € W@ |(1-T).

Let f € G¥"% and h € G* be representatives of f and h, respectively. Since the
set BdSing (f) is finite and T-invariant, it is contained in {co}. We choose N > 2
sufficiently large and € € (0, 1) sufficiently small to achieve the following situation:

Sing (h) c [-N,N]x i[e, N] Sing (f) c© [-N,N] x i[&, co)
iN . ..
(singularities) (9.20)
(singularities)
ic ie
-N N -N N

The difference k = h — f|(1 — T) is an element of N“~*¢_ It satisfies
Suppk € [-N — 1, N] X i[&, c0) . (9.21)
We set
u(z) = Av.(k)(2) forImz > N. (9.22)

This will turn out to represent the element of (SI)T corresponding to the cocycle on
(T) given by h. We prove this in several steps.

. T
Lemma 9.25. The function u represents an element of (81) .
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Proof. The average Av,k is given by a locally finite sum. For z = x + iy € [-1,1] X
(0, 00) we have

N+1 N+1
A (@) = > kz+m) = fG+N+2)-fc-N=-2+ > hiz+n).
n=—N-2 n=—N-2

The terms f(z + N + 2) and f(z — N — 2) have no singularities in the region Imz =
y > ¢& |x <1, and h has no singularities in the region y > N. Hence AVT(k) is a
As-eigenfunction of A on the region y > N, |x| < 1. Since it is 1-periodic, it is a
As-eigenfunctionony > N. ®

We take yo > N + 2¢, and define

Yo
qr(z) = f [u,qs(-,2)] (9.23)
iyp—1
outside the box [—1—g, ]Xi[yo—¢&, yo+&], iyo-1==io
and extend §r inside the box as a C*-
function. Thus we obtain gr € G¢ rep- @T_ given by
resenting gr. Our aim is to show that integral
h-Lgreg?|(1-T)+N®. .
We apply Proposition 9.6, which writes
1 1 R N
u=—@-u) = = (@ - ALar), (9.24)
i i

with u! := AV;(h) € 7(ST equal to Av,(gr) on the region Imz > yo + & and ub =
AV}(QT) € I equal to AVT(@T) on Imz < yg — €. Both functions do not depend on the
choice of yy.

The next step is to relate Av,.(Gr) to Av,(k), AVT(fz) and f . To do this, we use the
functions p; and p_ in the next lemma:

Lemma 9.26. The following two functions p. belong to I:
pe = AW =0 -F po = AL - AR - T

Proof. Av;r (k) is given by a locally finite sum, and Av;f (h) can be understood in reg-
ularized sense, since h € G¢. Hence p, is defined on 9, except for its singularities,
which occur on a locally finite union of curves in the region{z € H : x <N, y > ¢}.
From (h — k)lAv;l(l —T)=h—-k= f|(1 -T)it follows that p.|(1 — T) = 0. Since
P+ has no singularities in the region x > N, the T-invariance implies that there are no
singularities at all. Hence p, € &'

On 0 < y < &, we have k = 0. Moreover, Av;f (fz) represents an element of W¢[co],
and f € G¥**°[0]. So p, represents an element of ‘W*(R). Hence it is in 7.

The case of p_ goes similarly. m
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Lemma 9.27.
AVT(iz) on Imz>yy+e,

1 R
_.AVT(QT) = {
i p+—p- on Imz<yy—e¢.

Proof. On the region Imz > N we have
u = Av, = Av(h)+p_—p..

Lemma 4.6 implies that AVT(iz) =y + 0@y ¥ asy — oo for |x| < 1. By T-
invariance this estimates holds for all x, and shows that the restriction of AVT(fl) to

y > Nisin ‘KST. Lemma 9.26 gives p. — p— € I;. Hence we have obtained the terms
in the decomposition of u in (SI)T = K" + I given in Proposition 9.6:

"= AGr) = midv(h). wT = AgGr) = mi(pe - po).

The averages AV;(QT) and AVYL,(QT) are both given by Av,(gr) on the regions Imz >
yo + € and Imz < yg — &, respectively. =

We will choose a function g € C?($) that will turn out to satisfy g|(1 - T) €
h - %QT + N“. First we prescribe g on the union of the following three overlapping
regions:

[

777 /7

-N N -N

gy

H:{zeb : y>yo+s} R:{ze$5 : x>N or y<s} L:{zei) 1 x<—=N or y<€}

777
N

Avi(h) = AV (r) = ps  onH,
g(1) = [+ AV (k= %qr) onR, (9.25)
[+ AV (k= 4r) +p-—p+ onlL.

To see that this is possible, we have to do some checking on the intersections. On
y < g, i.e.,on RN L, we check:

[ - 1
AV (k= —=gr) — (A, (k= —=4r) + p- — p+)
g e

1

0 - =Av.(gr) + p+ — P- sincck=0ony<e
i

=0-py+p-+p-—p+ =0 byLemma?9.27.

On HNR,ie. fory >yg+ecand x > N:

f+A (k- —gr)— (A (h——=gr)—psy) = 0 byLemma9.26.
T i T bid)
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OnHNL,ie., fory>yy+ecand x < —N:

N _ 1. ~ 1
f+ AV (k= =ar) + p- - pr = (A (h - =ar) - p.)
T i T i

N 1 A 1
AV (h) — —AV. (1) — AVI(h) + =AY (G7) by Lemma 9.26
T mi T T i T
A
= —AVT(h) + EAVT(C]T) =0 by Lemma 9.27 .

Thus, we have g on HURU L, i.e, only on the exterior of the box [-N, N] X i[e, yo + €].
We extend it by 0 on the box, and change it on an (¢/2)-neighborhood of the boundary
to bring it into C2.

Lemma 9.28. We have g € G and g|(1 - T) € G°.

Proof. The function f + AV;r (k- %QT) =f- %Av;f (gr) on RN L represents an element
of W¢(R). The singularities of g are contained in the box [-N, N] X i[&, yo + ]. Hence
g€ gw*, exc

s .

On the region R:
~ 1 A ~ 1 A
gl1-T) = fId-T)+k—-—=4r = h——=qr.
i i

Since h — 7%6]7 € G%, the equality g|(1 = T) = h - %@T extends to the region in $
outside the box [-N — 1, N] X i[¢, yo + €]. So there is g; € N“ such that

~ 1
g|(1—T):h—EqT+gleg‘;’. [ (9.26)

For the given h € W and f € W% with h = f | (1-T) we have given u € (ED)7,
and have given in (9.23) a representative gr of the corresponding gr € Wy which
determines the cocycle qu. In Lemma 9.28 we see that /1 — ,%CA]T e N9+G | (1-T).
Hence h — Lgr € WYC| (1 = T). This completes the proof of the surjectivity in
Theorem 9.20.

e Surjectivity in Proposition 9.15. 'We need only prove the surjectivity of q. Ap-
plying Theorem 9.20 to a given ¢ € H'((T); W@, WY W5 e obtain a
unique u € (SI)T such that qu = c. We have to check that u € 7(3 .

In the proof of the surjectivity that we have just given, we now have the addi-
tional information that f € W ¢ n W 5P Hence Av,.(h) = 0 (by Proposi-
tion 9.14), and AVT(fl) vanishes near R. Since k also vanishes near R, the difference
p+ — p— € I in Lemma 9.26 vanishes near R as well, and hence ¢, — p- = 0 ev-
erywhere. In Lemma 9.27 we see that AVT(C}T)l = 0. Hence (9.21) takes the form
u=LAav.(gn e k.

o Surjectivity in Proposition 9.11. Now s may be equal to % This forces a further
review of the proof of the surjectivity of q for Theorem 9.20.

We start with f € W 1 W with h = f|(1 — T) € W<, This implies

that h(z) = (=%5)’a*(z) with a*(c0) = 0. So AvZ(h) and AV;(il) converge without

|z+i?
the need for regularization. The absolute convergence of AVTi(k) is clear anyhow. We

have by Lemma 9.25 a function u € (SI)T given on y > N by Av,(k). We cannot
yet use the one-sided averages of g7, but still have p, and p_ in E' in Lemma 9.26.
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Proposition 9.9 and an application of the isomorphisms p; : W ® — V“** and
PL: V™ — W imply that Av; (h) = Av_ (k) near R. Near R, we also have k = 0.
So py —p- = AVT(fz) = Av,(k) vanishes first near R, and then everywhere on $. On
y > N we have AVT(fz) = Av,.(k) + p+ — p- = Av,(k) as in the proof of Lemma 9.27.
Hence AVT(fz) =uony > N. Lemma 4.6 gives u(z) = AVT(fz)(z) <y fasy — co. So
u can have only terms with kg2, 7 # 0O, in its Fourier expansion. Thus, u € (W?)T.

With g7 as in (9.23), we use (9.11) and Proposition 9.8 to write gr € hjy, | (T — 1) +
N with by, € G2, Sing (hiy,) C ilyo, ) and BASing (h,,) C {eo}. In par-
ticular, (0;g7)F (c0) = 0, and AV; (gr) and AVT_ (gr) converge absolutely. Now we can
proceed as before.

Chapter IV. Maass forms and semi-analytic cohomology: groups with cusps

In this chapter we start the generalization of the results for the modular group
PSL,(Z) mentioned in the introduction to general cofinite discrete subgroups I' ¢ G
with cusps. We will prove those statements in Theorems B and C that concern coho-
mology groups with semi-analytic coefficients. The results concerning smooth (C*)
and differentiable (C? for some p € N) coefficients will be proved in Chapter V.

In Section 12 we consider the isomorphisms Maass’(I') = Hy, (T Ve, VY ) (in
Theorem B), 85 = Héar(l“; Ve,V E *¢) (in Theorem C), and a similar isomorphism

using the space V"™ 5 @5 inroduced in §9.4. The method of proof is the
same as that followed for cocompact groups in Chapter II. The presence of cusps
makes it necessary to look at geometrical models for cohomology again, especially
in connection with parabolic cohomology. That is the subject of Section 11, where
we also discuss an interpretation of our approach to parabolic cohomology in terms of
sheaf cohomology.

In Section 13 we prove the isomorphisms Héar(l“; Ve,V Ly Héar(l"; Py

(in Theorem B) and Héar(l";(v;”, Py o Hgar(l"; (VS“’O’ ) (in Theorem C), where

V> consists of the elements of V"% that have singularities in cusps only. This
requires an analysis of the set of singularities of cocycles. In §13.2 we give a recapit-
ulation of the proof of Theorem C.

This chapter generalizes results of [21], where Maass cusp forms on SL,(Z) were
related to “period functions”. The link with the period function is discussed in Sec-
tion 10, where we also give some general definitions, and in Section 14. In (8.6)
we gave a holomorphic function associated to a As-eigenfunctions invariant under the
parabolic element 7 = [(1) }] of G. Such linear maps to the space of 1-periodic holo-
morphic functions on C can also be defined for I'-invariant eigenfunctions. That is the
subject of Section 15.

10. Maass forms. Throughout this chapter the group I' € G = PSL;(R) is assumed
to have cusps. For such groups we discuss several spaces of Maass forms and general
invariant eigenfunctions, which coincide for cocompact groups discussed in Chapter II.
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The image of the map from invariant eigenfunctions to cohomology with values
in the space V" of analytic vectors in the principal series is contained in a mixed
parabolic subgroup, of which we will give a preliminary definition in this section.

Here the upper half-plane $ is the natural model of H. A discrete subgroup I' C
G is called cofinite if the quotient I'\$ has finite volume for the measure induced
by the invariant measure du on $. The cusps of I are points « € Pﬂl{ for which the
isotropy subgroup I'y = {y € I' : yk = «} is non-trivial, and hence infinite cyclic with
a parabolic generator. We denote by C the set of cusps of I'. This set depends on I'. It
is infinite, but consists of finitely many I'-orbits.

For each k € C we fix g, € G such that g,c0 = k and such that 7, = g, Tg; ' generates
I, with T = [(1) }] This leaves some freedom in the choice of the g,. We arrange the
g such that gy, € v9.T% within each I'-orbit of cusps.

The standard example is the modular group I7 = PSL,(Z), generated by T and
S = [? _(])], with relations S2 = (T'S)? = 1. Its set of cusps C = Pé@ forms one I7-orbit.

10.1. Notations and terminology. We call the elements of E! invariant eigenfunctions,
and reserve the notation Maass(T') for the finite-dimensional space (E;°)' of invari-
ant eigenfunctions with polynomial growth, whose elements we call Maass forms. An
invariant eigenfunction u € E' has polynomial growth if and only if

u(go(x + iy)) < y* as y — oo for some a € R, uniform in x, forallk € C. (10.1a)

Inside Maass,(I') the space MaaSS(S)(F) of (Maass) cusp forms is determined by the
stronger condition of quick decay at all cusps:

u(ge(x + iy)) < y* as y — oo for all @ € R, uniform in x, forallk e C.  (10.1b)

By the I'-invariance, it suffices that these growth conditions hold for one representative
k of each I'-orbit of cusps. In [21] we used Maass; to denote the space which we now
call Maass?(l"l). For cocompact groups, the spaces Maass?(l") C Maass(I') c 81;
coincide.

Letu € 81: For each k € C, the function u|g, : z — u(gz) is in 8{,, and has a
Fourier expansion (8.1), with coefficients A, (u|g,) and B, (u|gy), and also ao(u | gy)
and bo(u|g,). The space Maassy(I') is characterized by B, (u|g,) = 0 for n # 0 for
all «, and the space Maassg(l") by the additional requirement Ag(u | g«) = Bo(u|gi) = 0
(for s # %), or ap(u|gy) = bo(u|gy) = 0 (for all ), for all k. The form of the Fourier
expansion implies that we can weaken (10.1b) by replacing “for all @ € R” by “for
some a < min(Re s, 1 — Re s)”.

For s # % we define the space Maassi(l“) - SE by the condition that B,(u|g,) = 0
for all x € C and all n € Z. We have Maass(I') ¢ Maass!(I') ¢ Maass(I'). It may
happen that Maass}_ S # Maassl(l“) (e.g.,if ' =I7 and 2s is a zero of the Riemann
zeta function), whereas Maass?(l“), Maass,(I") and 85 are invariant under s — 1 — s.

10.2. Invariant eigenfunctions and parabolic cohomology. We start with an example.
A 1-cocycle ¢ on the modular group I} with values in a right Q[I7]-module V is, in the

group model of cohomology, determined by 7 and ys on the generators S = [(1) _(1)]

and T = [(1) }] subject to the relations g | (1 +S) =0and yrs |[(1+ TS +TSTS) =0
(and Yrs = Y7 |S + ¥s). There are various possibilities of normalization. We may
for instance require that ¢ = 0, which can be arranged by subtracting da from ,
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with a € V given by % ¥s. Another normalization is by arranging yrs = 0; then ¥ is
determined by s = Y7 satisfying ¥s | S = —s. For the cocycle r in (5.5a) associated
to an invariant eigenfunction, the former normalization is arranged by choosing the
base point zg equal to i, and the latter by choosing zo = %(1 +ivV3).

In general, it is impossible to choose ¢ in its cohomology class such that Y = 0.
However, in the case of a cusp form u € Maass?(l"l), and r as in (5.5a), we know
from (9.12) that rr is of the form f;, |(T — 1), with f,, € Vy’ ~*_ Thus, subtracting
df., from r, we obtain a V" *-valued cocycle satisfying 7 = 0. This cocycle is
determined by its value . Since (V") ¢ (V=)T = {0} (Proposition 4.5), this
cocycle is unique. This motivates the following definition:

Definition 10.1. Let V ¢ W be Q[I']-modules. We define the mixed parabolic coho-
mology group Hy, (s V, W) as Z}, (T'; V, W)/B'(T'; V), where

Zéar(l“; V,\W) = {y € ZNT; V) Y € W|(r—1) for all parabolic 7 € T’}
is the space of mixed parabolic cocycles.

We define the parabolic cohomology group Héar(l"; V) as Héar(l"; V, V), and call the
elements of Z;ar(l“; V, V) parabolic cocycles.

It suffices to impose the parabolic condition only for © = m, with « running through
a set of representatives of I'\C. The mixed parabolic cohomology group H;ar(l“; V, W)
is the kernel of the natural map

H'T:V) — P H' T w). (10.2)
kel'\C
We may view the group H'((T); V, W) in (9.14) as a mixed parabolic cohomology
group.
Returning to the case I' = I3, we see that the V;’ “*_valued cocycle ¢ with Y7
0 associated above to a Maass cusp form u satisfies g € V" % since f,, €
eiexc&e (Gee Definition 9.17 for V< °.) Actually, the singularities of s =

rs — f |(S — 1) can occur only in co and 0 = Sco. So the cocycle ¢ has values in
(Vwo, exc & oo
s

, where we use the following definition:

Definition 10.2. Let (VS‘”O be the I'-submodule consisting of the f € V¢ such that
BdSing (f) ¢ C. With a condition “cond” imposed on the singularities, we put

(szo, cond _ ‘V_;"O A (sz*,cond.

For ‘W; we follow the same convention.

We recall that elements of V" can have a finite number of arbitrary singularities
on 9% = Pﬂ%, those of Vy’ " simple (Definition 9.12) have a “simple pole” ( i.e., T
(t — 70)(smooth) at real points 1), and the singularities of elements of V;’ S oecur
outside an excised neighborhood of IP’I%g minus a finite set (Definition 9.16).

Proposition 10.3. The injective maps r and q determined by (5.5) have images in the
following equal cohomology groups.

rMaass)() C Hl ([ Ve, V™) = HL (T, Ve, V), (10.3a)
qMaass)(I) ¢ H),(T; W, Wy = H (T, WE, W), (10.3b)
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If s # %, then we also have

rMaass!(l) C Hl (T3 Ve, Ve simley = gl e ap@simpley — (10.3¢)
qMaass! () C H. (T We, W SmPe) = gl e awesmeley - (10.3d)
r&l ¢ HL @Cve,vedheey = gl ([, ve, yehee), (10.3¢)
a8l ¢ HL@Cwe, we'ee)y = gl ([, We, weee), (10.3f)

Proof. By definition, Hgar(l"; 0 g it N H;ar(l" Y@ Y Consider a para-
bolic cocycle ¢ € Zgar(l“; VY@, P ) and a parabolic element 7 = 7, k € C. Then
¢l (1 =) € V¢ implies that the m-invariant set BdSing (c,) is contained in {x}. So
[c] € Hy, (T; VE, VY by This proves the equality of these cohomology groups. The
same proof works for the other equalities of parabolic cohomology groups.

For the inclusion r & in Hy, (T; Ve, VY’ %) we take u € E, and suppose that s #
%. Let zo € $ be the base point in the definition in (5.5a) of the cocycle r : I' = V.
Let k € C. The value r,, on the generator m, = gKTg,j1 of I', satisfies

20 9;120
e () = f [u,R({; )] = fT (] g R, Dhasge (D],
)

T g 20 gtz
where we have used the G-equivariance of the Green’s form [ -, -] in (1.10a) and of
R(-; -)*in (2.25). Hence

g;]ZO
o 19 () = fT ulge RE: )],

“lge'zo
which shows that ry, | g« = ry, where r* is a cocycle on (T') that represents r(u|g,) €
H'(T); V&), with the base point g;lzo. Theorem 9.20 shows that

r(ulge) € H' (T); Ve, V),
as defined in (9.14). Hence there is a, € V**% such that s = ac|(T - 1), and

rn = al(T=Dlg = (algHm—1).
This works for all x € C, and hence ru € H., (I'; V&, V),

par
The other assertions go similarly, using also Propositions 9.11 and 9.15, and taking
into account that Maassi (') is characterized in 85 by u| gy € K for all cusps « € C,

and Maass(I) by u|g, € K? forallk e C. m

We can use Proposition 8.4 to reconstruct u € E' from the value g, of the cocycle g
in (5.5¢) on any parabolic 7 € T.

11. Cohomology and parabolic cohomology for groups with cusps. We now turn
to a more geometrical description of the cohomology of cofinite discrete groups with
cusps, like we did in §6 for cocompact discrete subgroups of G. For the standard
cohomology groups we do not work with resolutions built on $, but on a contractible
subset Hy C H, where Y is a parameter. For the parabolic cohomology, we work on
9" O 9, where all cusps of I are added to H. Using tesselations of H* we will define
Hf",ar(l“; V, W) for all i > 0, extending Definition 10.1. In Proposition 11.8 we will relate

these mixed parabolic cohomology groups H[’;ar(l“; V, W) to sheaf cohomology groups.
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11.1. Resolutions. For x € C and a > 0, we define the horocycle H,(x) and the open
horocyclic disk D,(k) as follows:

Hy(k) = gilia+R), (L)

D,(k) = {gez : Imz>a}. H,(c0)
D, (o) is a euclidean half-plane, whereas
D,(x) is a euclidean disk touching R in «
if k € R. Wedenote 9, = HD\Uyec Da(k).

We provide the extended upper half-

plane $* = $ U C (depending on I via
C) with its usual topology that induces Dy (k)
the standard topology on 9, and has the
extended horocyclic disks D,(k) U {«},
a > 0, as a basis of open neighborhoods
of k € C. This topology is finer than that induced by the inclusion $* C  C P..

D,(e0)

Ha (k)
e R

e Fundamental domain.  We shall work with a fundamental domain & for I'\$H
that satisfies the following conditions: We require that & is a Dirichlet fundamental
domain, constructed from a base point Py that is not an elliptic fixed point. There is
a finite set A = A~! c I" such that o, @ € A, runs through the I'-translates of & that
have an edge in common with §. We add the cusps in the closure of & in H* to F.
We require that this extended fundamental domain meets each I'-orbit of cusps exactly
once. This is possible ([17], Chap. IV, §7G on p. 151). In particular, F* = § N C can
and often will be used as a set of representatives for I'\C.

The standard fundamental domain § = {z€ o : |x| < % , |z| = 1} for the modular
group satisfies these requirements, with F = {co}.

o Tesselations. For a fundamental domain § as above, we choose Y > 0 large

enough that all Dy(x) are pairwise disjoint and that the following geodesic segments

are contained in the interior of $y: the segments e(Py, @~ Py) for a € A, all segments

connecting Py to the vertices of & N Hy, and all segments connecting those vertices.
In the sequel we will need tesselations of the following four types.

i) Tesselation of type Dir. With Xg = I'Py, X; = F{e(Po, o 'Py) e A}, and
X5 the collection of the closures of the connected regions enclosed by the edges
in X, we get a tesselation of a contractible region contained in $y. This leads
to a projective resolution F, = Q[X ], which computes the group homology and
the group cohomology of T'.

ii) Tesselation of type Fd. The fundamental domain § gives a tesselation 7~
of $. We add to the edges the I'-translates of the intersections of & with
0Dy(k) for k € F. These edges are not geodesic segments. In this way,
§ = &y U Ugegen Vo Where Fy = § N Hy, and where V, = {g,z : Imz >
Y, x, — 1 < Rez < x} for some x, € R, is a triangle with infinite height
and finite hyperbolic area, with vertices x, P, = gi(x¢ + iY) € 09y and
7P = gi(x — 1 +iY) € 0%y.

We write e, = e(Py,«) and f, = e(P, n;]PK) C OHy(k) N F. So e, is a
geodesic half-line and f; is a horocyclic segment. We have

Ve = ex—mlec— fe. (11.2)
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There is a finite set E of edges e of §y and corresponding vy, € I' such that

By = D fet De= > vle. (11.3)

KEF ecE e€E

We denote
B = Eule, [ : k€ T}, (11.4)

See Figure 4 for an illustration in the modular case.

Voo
T‘lem 7 €oo
P

T e |

=
h<

Le|

'/‘S/e;.\e;\'lﬂ'\@

2

Ficure 4. Modular group, parts of tesselations of type Fd (left) and
Dir (right).

We put
Xg = I'{vertices of &y} , Xo = X(’)/I_IC,
X' = T{fe : ke FUTE, X; = X{ uT{e, : keF}, (1L5)
XY = I(y), X, = XY UT{V, : ke F).

Here, and in the sequel, we consider the elements of the sets X; as compact
subsets of $*. We have arranged that all elliptic fixed points are elements of
X!

OThe translates of ¥y form a tesselation 7~ of the contractible space Hy, and
F TY - Q[X_Y] is a projective resolution of the Q[I']-module Q. It is contained
in the chain complex F7 = Q[X ], which is not projective, due to the cusps in
C C Xo. The set Bin (11.4) is a Q[I']-basis of F(lr, and the following set is a

Q[I']-basis of F :
{Sriu{Vi : ked"}. (11.6)

All other tesselations that we consider (apart from type Dir), are refine-
ments of a tesselation of type Fd.
Tesselation of type Mix. Add to a tesselation 7~ of type Fd based on a Dirichlet
fundamental domain as above the interior base point Py and the edges from Py
to the vertices of §¥y. Taking I'-translates of the new points and edges we
obtain a refinement of 7, which turns out to be a triangulation. See Figure 5.
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iv) Tesselation of type Mix’. Take the common refinement 7~ of tesselations of
type Mix and Dir built on the same Dirichlet fundamental domain. Add all
I'-translates of the geodesic half-lines from Py to the cusps in " and the
resulting additional vertices on the edges f,. We call the resulting triangulation
a tesselation of type Mix’. See Figure 5.

Ficure 5. Modular group, part of tesselations of type Mix (left) and
Mix’ (right).

e Chain complex on $*. The chain complex on $* gives the resolution F ?yp =
Q[(9*)"*!], with boundary maps, augmentation and group action as in (6.1). It has a
subcomplex F?yp’y = Q[gigl].

11.2. Cohomology groups for I'. For all tesselations 7~ that refine a tesselation of
type Fd, the complex F”+ is a subcomplex of F” that gives a projective resolution
of Q and can be used to compute the cohomology groups H (I'; V). For this purpose,
we can also use the complex corresponding to a tesselation of type Dir, and the com-
plex FPY,

If there are cusps, then H?*T; V) = {0}). In model Fd, FzT’Y is generated by Fy.
For a cocycle ¢, the freedom in c(Fy) is determined by a coboundary db(Fr) =
Yiece b(@) | (1 = ye) + Yyegen b(fi). The b(f) € V can be freely chosen.

11.3. Parabolic cohomology. We will base the definition of parabolic cohomology
groups on parabolic resolutions defined below. For the definition of mixed parabolic
cohomology groups we use resolutions based on a tesselation of type Fd or a refine-
ment of such a tesselation. To put these definitions in context, we shall prove (Proposi-
tion 11.8) that the resulting cohomology groups are isomorphic to certain cohomology
groups in sheaf cohomology. Moreover, we will show that in dimension 1 these coho-
mology groups are isomorphic to those in Definition 10.1.

e Parabolic resolutions. For all resolutions obtained from a refinement of a tessela-
tion of type Fd there is an exact sequence

0 0 0
s Fy S F 5 F 5 Fy -5 Q0—0

of Q[I'l-modules such that
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a) Fy has a set Gg of generators over Q[I'], such that for each x € Gy the subgroup
I'y C T fixing x is either finite, or equal to I', with x € C. (In the modular case,
with a tesselation of type Fd based on the standard fundamental domain we

may take G consisting of i, ”;\6, P and c0.)
b) For each k € C the Q-subspace (Fy)™ has dimension 1, and the augmentation &
is non-trivial on this subspace. (In the modular case, (Fy)! = Q().)

¢) The F;, i > 1, are free Q[I']-modules.

In resolutions coming from a tesselation of $*, we have F; = 0 for i > 3.

We call any resolution with the properties a)—c) a parabolic resolution of Q. For the
moment, we have only the example of resolutions based on a refinement of a tesselation
of type Fd. In Chapter VI, we will use another example, obtained by taking tensor
products.

Most of the properties of projective resolutions carry over:

Lemmal1l.1. If f : F — F and g. : F — F are augmentation preserving chain maps
of a parabolic resolution F of Q, then they are homotopic.

Proof. In dimension 0, we have for each k € C a unique element b, € F( such that
b = by, and b, = 1. This forces fob, = gobyx. From € o fy = € o gg, we conclude
that there is a ['-equivariant map hy : Fo — F such that d1hy = fy — go. It satisfies
hob, = 0 for all k € C. The further construction of a homotopy between f. and g, goes
in the same way as for projective resolutions. See [1], Lemma 7.4 in Chap. 1. m

Lemma 11.2. If F and F’ are parabolic resolutions of Q, then there exists an aug-
mentation preserving chain map f. : F — F'.

Proof. For each k € C, we are forced to have fyb, = b,. The further construction of
the f; on the generators can be carried out as for projective resolutions. See [1], §7 of
Chap.l. =m

Definition 11.3. The parabolic cohomology groups Hfm(l“; V) of I" with values in a
Q[I'-module V are the cohomology groups of the complex

Homgry(F, V) = Map(X., V)
for any parabolic resolution F of Q.

The parabolic cohomology groups for different parabolic resolutions are canonically
isomorphic.

In the case of the parabolic resolutions 7 based on a refinement 7~ of a tesselation
of type Fd, there is a subcomplex F7-¥ which forms a projective resolution of Q. We
use such parabolic resolutions to define the mixed parabolic cohomology groups:

Definition 11.4. Let V ¢ W be an inclusion of Q[I']-modules. We define C'(F”; V, W)
to be the space of I'-equivariant maps c¢ : XZ.T — W such that c(X;r’Y) c V. We define
coboundary maps d Ci(ET; V,W) — C”l(ET; V., W) by dic(x) = (=D (041 ).
We call the cohomology groups of the resulting complex

dO 1
0 — COET; VW) -5 CUET VW) -5 CUET; VW) — 0
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the mixed parabolic cohomology groups Hli)ar(l"; V., W):
Hy (T;V,W) = ZI(ET SV, W)/B(ET;V, W),

ZET VW) = Ker (¢ CET v — caTvw)
. i—1i-1 FT if i .
B vw) = | 4 CTERW >0,
‘ 0 ifi=0.

The definition is justified by Lemmas 11.1 and 11.2, which show that up to canon-
ical isomorphisms the space Hf,ar(l“; V, W) is independent of the choices made. Note
that Hp, (I; V,W) = {0} for i > 2. In the case V = W we denote H},(I';V, V) by
Hf;ar(l“; V). Since F” is a parabolic resolution, Definitions 11.3 and 11.4 lead to iso-
morphic parabolic cohomology groups. Finally, this definition is a redefinition in the
case i = 1; in Proposition 11.5 we will see that Definitions 10.1 and 11.4 lead to
isomorphic spaces H;ar(l"; V,W).

e Dimension 0. Forall V c W, we have HO(I'; V, W) = V' (use that X(()r g 0).

o Dimension 1. Consider the newly defined Héar(l“; V, W) in a tesselation 7 of type
Mix. If ¢ € ZY(F7; V, W), then Uy = c(y‘lPo, Py) is a cocycle on I with values in V.
For x € C:

Yr, = c(Po,0)|(me—1) e W —my).
So  is a parabolic cocycle. If ¢ = db is a coboundary, then ¢, = b(Py)|(y — 1), so
W € BY(T'; V). This gives a map from Hgar(l"; V, W) defined here to the mixed parabolic
cohomology group in Definition 10.1.

Conversely, since F7-Y is a projective resolution, there is associated a cocycle ¢ €
ZY(F7*Y; V) to each parabolic cocycle ¢ on T. For each P € X!, the cocycle y
c(y~'P, P) is in the same cohomology class as i, and hence is parabolic. For each cusp
k € §, there is w, € W such that ¢(fy) = c(n,ij,(,PK) = wg|(r, —1). Extend cin a
QI[T']-linear way to X; by defining c(e,) = —w, for all k € . Then ¢ € Z'(F”;V, W)
corresponds to the parabolic cohomology class [y]. Thus, we have:

Proposition 11.5. The mixed parabolic cohomology group H'(T'; V, W) defined in Def-
inition 11.4 is isomorphic to that defined in Definition 10.1.

o Dimension 2. The second mixed parabolic cohomology groups do not necessarily
vanish:

Proposition 11.6. If |['\C| = 1, then for each k € C:

Ha TV W) = W[(Wia -mo+ Y vida-y),
yer

Proof. We work with a tesselation of model Fd. Let § = {«}. Any cocycle a €
ZZ(ET; V,W) = CZ(ET; V, W) is determined by its values a(Fy) € V and a(V,) € W.
The freedom consists of adding dc with ¢ € C 1(F TV, W). Choosing c(e) € V for
e € E changes a(Fy) by c(e)| (1 — y.) and leaves a(V,) unchanged. These elements
generate ), V(1 — ). Choosing c(e,) € W changes a(Vy) by c(ey)|(1 — m,) and
leaves a(&y) unchanged. Finally, the choice of ¢(f,) € V changes (a(§71),a(V,)) by
(c(f), —c(f)). Thus, we can arrange a(F7) = 0, and get a(V,) € W with freedom in
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W (1-m)+ Xyer | V(1—7). This completes the proof, and implies that the description
is up to isomorphism independent of the choice of « in its I'-orbit C. To make this
isomorphism explicit we consider 6 € I', and note that w — w|6 leaves W and V
invariant, and sends W [(1 —m) + Xyer V(1 —y) to

WIS(1 = 67" med) + D VISl = 67'y0) = Wil =m0+ ) VI(l=y). =
Y Y

Along the same lines, we arrive at the following more complicated description for
the general case. We recall, from §11.1, that we use a fundamental domain § for which
& is a system of representatives of the finitely many I'-orbits of cusps.

Proposition 11.7. For any cofinite group I" with cusps the mixed parabolic cohomol-
ogy group Hgar(l“; V, W) is isomorphic to the space @Kegcu W modulo the sum of the
following three subspaces: '

BHwia-r, PIViai-n, {owe@v: > =0}

KEFY KEFY yel' KEFY K

In the special case V = 0, we have H{)ar(r; 0,W)=1{0}fori=0,1, and

Hy(T;0,W) = D W/WI(-m) . (11.8)
KE‘&C”
If V.= W, then
HZ, (V) = V. (11.9)
This isomorphism is given by evaluation on the fundamental class represented by
@) =@+ > (Vo). (11.10)
KEE’?C“
Thus we have
HY, (T V,W) =  Hyp@V) = HTV) = Vv,
Hy,[T:V) c HLT:V,W) c H'I:V), (11.11)
H, (T;V,W) o Ho, (V) = Vr > HT;V) = {0}.

o Sheaf cohomology. We now show that the mixed parabolic cohomology groups
can be identified with cohomology groups of certain sheaves on I'\$*. This will then
be used to give a long exact sequence for mixed parabolic cohomology groups (Propo-
sition 11.9).

The topological space X := '\ 9" is compact. It contains the open subspace Y = I'\'H
and the closed subspace Yy := I'\Hy. We denote the projection map by 7 : H* — X.
Let V ¢ W be Q[I']-modules. On $* we have the constant sheaf W x $* with subsheaf
(VXHy)UW X (9" \ Oy)). The group I' acts by (w, P) |y = (w], y‘lP). The quotient

Fuw = (Vx50 U WX\ )T (11.12)

is a sheaf on X. For open U C X the space Fy,w(U) consists of all locally constant I'-
equivariant functions 7~ Y(U) — W that take values in V on the components of a I(0)
that intersect 771 (Yy).
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For a given P € X, choose z € $* with P = nrz. The stalk (Fy,w), is isomorphic to
VI=if P € Yy and to W= if P € X \ Yy. The isotropy group I, is trivial for all but
finitely many P € X.

Proposition 11.8. Let V C W be an inclusion of Q[I']-modules. Then
Hl (G V,W) = (X Fyw)  forall j20.

Proof. For any refinement 7 of a tesselation of type Fd, we form for z € Xy the open
set

Q. = gUfe : ec X zeefUfV : VeXy zeV).

in $*. By &, we mean ¢ minus its end points, not the (empty) interior as a subset of $*.
For z € Xo N $, the set Q, contains finitely many é and V. If « € C, then Q, is equal to
Dy(k)U{«}. If I'; is non-trivial, the set €2, necessarily contains I',-equivalent points. We
require that the tesselation 7 is such that all 2, contain no more I'-equivalent points
than necessary: If I', = {1}, then Q. should not contain I"-equivalent points; otherwise,
if z1, 7 'z1 € Q. for y € T, then y € I',. We also require that X, consists of triangles.
A tesselation of type Mix’ satisfies these conditions.

The set A = {1Q, : z € Xp} is a finite open covering of X. The intersection of two
different elements of 2L, if non-empty, contains the image we for exactly one I"-orbit of
e € X;. The non-empty intersection of three different elements of 2 corresponds to
the 7V for exactly one [-orbit of elements V € X,. In this way, we can check that the
complex C'(F, V, W) is isomorphic to the complex (Ci (u, TV,W))I_ in Cech cohomology.
This implies the following isomorphism:

Hi (VW) = H (U Fuw) -

See, e.g., [12], Chap. III, §4 for Cech cohomology.

Leray’s theorem (Exercise 4.11, loc. cit.) states that H (; Fyw) = H' (X; Fyw) if
H*(U; Fvwlu) = {0} for all intersections U of elements of U for all k£ > 1. To finish
the proof, we have to check that this condition holds in the present situation.

We first consider a connected set U that does not contain the image of an elliptic
or parabolic fixed point of I'. It may happen that U is contained in Yy or in X \ Yy.
Then the restriction G = Fywly is the constant sheaf V or W, and H i (U;Fvwlu) =0
for i > 1, since constant sheaves have trivial cohomology. The other possibility is that
U is a neighborhood of wé for some edge e contained in dHy. Then G(U;) = W if
Ui c X\ Yyand G(U;) = V otherwise. The set Uy = U N Yy is closed in U. Let
k : Uy — U denote the inclusion. We have an exact sequence of sheaves of Q-vector
spaces on U:

0—G—>W—k(W/)V)—0, (11.13)

where W is the constant sheaf given by W on U, and W/V the constant sheaf on
Uy given by W/V. For i > 1, we have H (U;W) = {0}, and H (U; k. (W/V)) =
H (Ug; W/V) by Lemma II1.2.4, loc. cit., and hence also H'(U; k. (W/V)) = {0}. The
long exact sequence corresponding to (11.13) starts with

0 -V > W - WV - H\(UG - H{(UW) -

I
0
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Since W — W/V is surjective, this implies that H (U; @) = {0}. The later parts

- HYU;k.(W/)V) - H(U;G) — H(U;W) —
Il |
0 0

of the long exact sequence show that H'(U;G) = 0 for i > 2.

Suppose now that U contains the image of a parabolic or elliptic fixed point. Then
U = nQ, where z € C or z is an elliptic fixed point. We treat the case z = xk € C. The
other case goes similarly.

Let P = mk. The restriction of G to U \ {P} is the constant sheaf W. With the
injection k : {P} — U, we have the following exact sequence of sheaves on U:

0—G—W—k(WW,)—0,
where W, is the constant sheaf W/ W'« on {P}. We proceed as in the previous case. ®

This proposition shows that the concept of mixed parabolic cohomology in Defini-
tion 11.4 can be interpreted as sheaf cohomology. Since a sequence of sheaves is exact
if all corresponding sequences of stalks are exact, we have:

Proposition 11.9. Suppose that the rows in the following diagram of Q[I']-modules

are exact
0 v’ )% v 0
[ [ Yr (11.14)
0 w’ w w” 0
and that for each k € F the sequence
0— (W) — wh — w"'* —o0 (11.15)

is exact as well. Then there is a long exact sequence of mixed parabolic cohomology
groups

s —HUC VW) — H (T V W) — HL (T V, W)

par
—H ([T VW) — Ht /(T V, W) — -

Parabolic cohomology groups are sometimes defined as the kernel of the restriction
to the boundary in the Borel-Serre compactification, e.g., in [8], §2. In dimension 1
this leads to parabolic cohomology groups isomorphic to the groups H;ar(l“; V) defined
here.

The category with as its objects inclusions V ¢ W of Q[I']-modules and the obvious
morphisms is not abelian. To get a fully satisfactory cohomological treatment of mixed
parabolic cohomology, one should extend Definition 11.4 to morphisms V — W of
Q[I'l-modules. We refrain from carrying out this extension, and mention only one
case, which will be used in Section 13. Let V < W be an inclusion of Q[I']-modules.
Define Qv as the quotient in the exact sequence of sheaves on X

0 — Fvw — Fww — Quwyy — 0. (11.16)

So Qw;v(U) = 0 if the open set U is contained in X \ Yy and QW/V_(U) = W/V
otherwise. By generalizing the proof of Proposition 11.8 one sees that H'(X; Qw,y) =
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H{(; W/V) for all i > 0. As a consequence of the exactness of (11.16) we obtain a
long exact sequence
.. —H™\TW/V) — HL, [TV, W) — H, (T: W)
—s H([; W/V) — HYL(T v, W) — ..

par

(11.17)

12. Maass forms and cohomology. This section generalizes the results concerning
the relation between Maass forms and analytic cohomology given in Chapter II for
cocompact groups to groups with cusps. We follow the same method as for cocompact
groups, with some modifications to handle the complications caused by the cusps. The
presence of cusps brings also a simplification: The cusps are vertices of the tesselations
situated on JH. There is no need to extend cocycles to hyperbolic fixed points on JH,
like we needed to do in §7.3.

12.1. From invariant eigenfunctions to parabolic cocycles. The linear maps r and q
from invariant eigenfunctions to cohomology classes have been described in (5.5) only
in the group model of cohomology. In a model based on a tesselation 7~ of type Fd or
a refinement of it, cocycles r and ¢ representing ru, respectively qu, for u € &EL, are
determined by:

rOQ) = f RG], q@E) = f [u.q(-.2)] forxe X' (12.1)

We know from Propositions 10.3 and 11.5 that ru is a parabolic cohomology class in
Hgar(l“; Yo P ) where V" consists of elements with finitely many singulari-
ties of a special type, discussed in Definition 9.17. The following result gives explicit
cocycles in the classes ru and qu.

Proposition 12.1. Let T be a tesselation refining a tesselation of type Fd.

For a cusp form u € Maass(s)(l“), the cocycles r and q in (12.1) have unique exten-
sions r € ZVFT Ve, VY ®) and g € ZV\FT; We, W), given by the integrals
in (12.1) for all x € X7 .

Ifuce Maassi(l" )and s # %, the cocycle r has a unique extension as an element of

ZNET,ve, vy - Simple) determined by
r(epy) = —AV;;T"(en_;lP’P) = —AVH_‘(I”(eﬂ;lP’P)
fork e Cand P € X;r on the horocycle Vy(k). (See §4.2 for the one-sided averages.)

If s # % and u € E' is a general invariant eigenfunction, then r can be extended,
non-uniquely, as an element of Z\(F” ; V¢, V> ) by defining

r(epx) = —AV;Kr(eﬂ;l pp)
Jor k € C and for P € XIT on the horocycle Vy(k).
In all cases g = b(s) P}Lr gives an extension g € Z'(F” ; W, fWS“’ &,

Proof. If uis a cusp form, then the integral in (12.1) converges also when one end point
of x is a cusp. Use Proposition 9.7 and (9.12), and Proposition 4.5 for the unique-
ness. In the general situation, we have r(e,-1pp) € V", and hence AV7:r r(epq1p) €

V¢[k]. Lemma 9.4 and Proposition 9.18 imply, after conjugation, that Av;K r(e,1pp) €
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Vi °[]. The I'-equivariance of r follows from 7,1, = y'mcy. For the cocycle

property it suffices to consider dr on the triangles V at the cusps « € F:

dr(V) = rlep) (1 —m) +r(e-1p p,)

= (~AV regip p ) (L= + r(egap, p) = 0.

If u € Maass!(I), then Proposition 9.15 implies that e ipp) € VY Lsimple ) (7,
and then the choice r(epy) = AVT+ r(e,r;1 pp) = AVT_ r(eﬂ;l p.p) 18 unique. See Propositions
9.13and9.14. =

12.2. From parabolic cocycles to invariant eigenfunctions. The ideas in §7.1 and §7.2
can be applied, with some modifications. In this subsection, we construct an element
of &L starting from a parabolic (W<, W )-valued cocycle in two ways: a local
representation as a sum of values of the cocycle, like in §7.1, and as an average over
I, like in §7.2.

We work with a tesselation 7~ of type Fd based on a Dirichlet fundamental do-
main §. A difference with the cocompact case is the presence of edges in X;’w with
a cusp as one of their end points. For the interior edges e C $y we can work with
R-neighborhoods Ng(e), like in §7.1. The R-neighborhoods with respect to the hyper-
bolic distance of edges ep, with k € C intersect infinitely many I'-translates of ep,. We
define instead for R > 0

Nr(eps) = {giz : [Rezl <R, Imz > 1/R}. (12.2)

This is the set g,W1,g with W; g as defined in (9.18). It is of the form $ \ Q for an
excised neighborhood Q of P]IR \ {«}. It contains ep, if R > Y.

For a given cocycle ¢ € Z'(FT; W2, W*"%°) we choose a I-equivariant lift i €
C(F”;G%,GY %) by first choosing lifts of y(b) for b in a Q[T']-basis B of F” ; e.g.,
B =EU({f,e« : k€ "} For interior edges ¢ € E or ¢ = f,, we choose any lift
U(e) € G of Y(e) € W, For the edge e, to the cusp k € F it is sensible to take a
lift of Y(e ) € W™ satisfying

Ue,) € G¥°, Sing #(e,) C Ng(e,) forsomeR > Y. (12.3)

To see that this is possible, we note that y(e,)|(1 — m) = Y(fi) € W, Hence
BdSing y(e,) C {«}.

Next we fix R > Y large enough that SingJ/(e) C Ng(e) for all e € X'IT. LetZbea

finite union of I'-translates of &. We can find cycles C € Z[Xrlr] with winding number 1
on Z such that Ng(C) = U.csupp c Nr(e) does not intersect Z.

The cycle C has to pass through the finitely many cusps in Z.
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We define uy on Z by

1.
uy(z) = E"/’(C)(Z)' (12.4)

Like in §7.1 this does not depend on the choice of the cycle C, on the choice of the
lift i, or on the choice of  in its cohomology class, and satisfies uy(6z) = uy(z), and
leads to uy = upy) € .

Suppose that i is the cocycle ¢ in (12.1) representing qu, with u € E.. We can
take a lift J(b) € C*($) of q(b), for b € B, equal to the value of the integral in (12.1)
outside N.(b). If & is sufficiently small, then there is a non-empty open set V C &y not
intersecting the e-neighborhood of any e € XIT. With Theorem 1.1 and Proposition 9.8
we obtain for z € V:

W@ = — f o gs(-,2)] = u().
Tl 58;},

By analyticity uy, = u everywhere on .

If s # %, we have q&! ¢ Héar(r; "WS“’,(WS‘“ €%¢), from Theorem 9.20. Thus, ¢ — uy,
induces a one-sided inverse of q. For s = % we have u, = u only for those u €
81;/2 for which qu € Héar(l"; Wi, (H/l“;;’exc). This includes the Maass cusp forms in
Maass! ,(I").

We summarize:

Proposition 12.2. There is a linear map ¥ + uy, from Z'(F7; W@, W) 10 &L
The invariant eigenfunction uy, depends only on the parabolic cohomology class (] €

Hgar(r; W, W) and can be given on each compact set in $ by a (finite) C-linear
combination of translates of y(e), where e runs through the Q[I']-basis B of F ‘17' in
(11.4). If s # 1 the induced map o H, (T W, W) - &L satisfies o q = 1d
on EL.

In §12.4 we will discuss the question under what conditions on ¢ the invariant
eigenfunction uy is in Maass?(I") or Maass!(I').

Now we have generalized the approach in §7.1 leading to Theorem 7.2. To gener-
alize §7.2, we use the diagram (9.17). It satisfies the exactness condition (11.15), as
follows from Lemma 9.22. Proposition 11.9 implies that there is a long exact sequence
associated to (9.17), from which we use the following part:

— Hpo (TG, GV ) — Hyy (T WY, W)
SN Hgar(r; Nw’Nw*,exc) N
We choose a lift y € C/(F”; G, G ") of y € ZNFT W, W) a5 above. Then
dy € Z2(F; N9, N¥>¥) As in §7.2, we obtain

1 5
Uy = EAVr(dtﬂ(%)), (12.5)

independent of the choice of the lift . The support of d(F) € N> is not compact,
but meets only finitely many I'-translates of . So the sum defining AVr(dvﬁ(‘f\;)) is
locally finite and converges absolutely. The representation of uy as an average does
not depend on the choice of the lift i satisfying (12.3).
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12.3. Injectivity. Starting from a cocycle ¢ € Z'(F” ; W<, W®"%) and a lift § of
 satisfying (12.3), we have constructed in two ways, (12.4) and (12.5), a I'-invariant
eigenfunction uy, thus obtaining a linear map o from Hy,,(T'; W, W) 1o .
Now we will prove:

Proposition 12.3. Let s € C, 0 < Re s < 1. The map
gl o B r
@?) : Hpar(r’ (Wsw’ (M/sw exc) — ‘Ss
in Proposition 12.2 is injective.

With Proposition 12.2 and with the fact that the transverse Poisson map gives iso-
morphisms V¢ = W< and V" ¢ = W this implies:

Proposition 12.4. Let s€ C, 0 <Res < 1, s # 5. Then
Hy (T3 V2, V) = 81
To prove Proposition 12.3 we use the following results, of which we postpone the

proofs.

w*, exc

Proposition 12.5. The cohomology group Hgar(l“; GY,Gs ) is zero.

Lemma 12.6. Suppose ¢ € C*(F7 ; N, N“"%) satisfies the following conditions:

i) There exists R > 0 such that Supp c(Vy) C Ng(e,) for all k € F.
i) Av.(c(F) = 0.
Then the class [c] € HSaI(F; N©, N js the zero class.

Proof of Proposition 12.3. For a given cocycle ¢ € Z'(F7 ; W, W) we suppose
that u, = 0. We have to show that [y] = 0 in Hgar(l"; We, Wy’ hexey

To obtain uy, from ¥ we have chosen a lift y € CL(F”; G, G ) satisfying (12.3).
The assumption implies that Avl_(d&(%)) = miuy = 0. For each x € F" we have

dh(Vi) = =P(f) + dlel(1 = )

as an identity in G °. The singularities of §(fx) are contained in a compact subset
of , and those of /(e,), and hence also of ¥(e,)|(1 — 7,), in a set N,(e,) as in (12.2).
So there is an open neighborhood Q of PIIR \ {«} in Pé: that is an excised neighborhood
of PI{& \ {k}, for which d(V,)) € E(Q N H). Since the cochain y represents the co-
cycle ¢ we have dy(V,) = 0 on Q N H. In particular Supp (Vi) C Ng(e,) if R is
sufficiently large. Now we can apply Lemma 12.6 to conclude that the class [di/] in
Hgar(l"; N©, N“>) is zero.
We use the part

1 . ’ 1 . ’ S 2
Hpar(r9 g(sue g? eXC) — Hpar(r’ (Wgw’ (Wsw GXC) — Hpar(ra Nw’ Nw CXC)

of the long exact sequence associated to the diagram (9.17) by Proposition 11.9. Since
[dy] = 6[¥] we have [¢/] = 0 by Proposition 12.5. m

Proof of Lemma 12.6. The cochain c is automatically a cocycle. It is determined by
its values on the basis {Fy} U {V, : k € F"} of FZT.
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The support of ¢(Fy) is a compact
subset of $. Condition 1) in the lemma
ensures that we can find a large a > Y
such that Suppc(Fy) C ', and that Fs
Supp (Vi) € I'(F, U V) for all k € F.
In particular Supp c(V,) does not inter-

sect I'V¢ for some 4 # «, 1 € F*. Con- ?
dition ii) implies that Av.(c(V,)) = 0 on
rve. A
We take @ € C°(R) such that ),z a(x +n) = 1 forall x € R, and 5 € C*(0, o0)
equal to 0 on (0,a) and equal to 1 on (a + &, 00) for some € > 0. We define for

each k € F the function y, € N by x,(g,z) = a(x)B(y). Let ¢ be given by
¢(&Fy) = ¢(Fy) and for each x € F

eV = (Vi) - Z(C(VK) QT = ™).

nez

The second term on the right is a finite sum. So ¢ and ¢ are in the same cohomology
class, and AV(&(%)) = Av-(c()). We rewrite ¢(V,) in the following way:

V) = eV (1= xumd) +x - ) eVl

nez nez

For z € V{** this gives

VIR = 0+xc ) neZe(Volr"(2)
and

0 = AV(c(®)@ = Avp(c(VI)@) = ZC(VK)IN,?”(Z)-

nez

So ¢(Vy) = 0 for z € f/,‘j*‘g. Since £ > 0 was arbitrary we conclude that ¢(V,) has
compact support for each « € F. Hence ¢(§) has compact support, and is an element
of N¢.

The proof of Proposition 7.3 works for ¢(&), although the support of the function y
constructed there is not compact and intersects infinitely many fundamental domains.
Thus we see that ¢(F) € >, N“|(1—-1v). The cocycle ¢ is in the same class as the cocycle
¢ given by ¢(Fy) = &(F) (which is in 3, N“|(1 —y)) and ¢(v) = O for k € F. The
cocycle ¢ is a coboundary. =

Proof of Proposition 12.5. Let ¢ € Z\(FT;G%, G, where T is a tesselation of
type Fd. The presence of cusps gives us directly ypg = ¥(epg) € Q‘s" ¢ for all
P,Q € X7, including the cusps. There is no need of an extension to hyperbolic fixed
points as in Lemma 7.5. For P, Q € Xg’Y = Xg— N H, we have Ypp € GY.

The cocycle ¢ is determined by its values on the Q[I']-basis B = E U {fi} U {e}
in (11.4). For interior edges we have y(e), y(f) € GY. Since i is a cocycle, we have
Yle) | (1 —m) = w(fi). This implies that (12.3) holds automatically for the cocycle .
Thus, we know that there is a number R > 0 such that Singy¥(x) C Ng(x) for all
x € XT, with Ng(-) as defined in §12.2.
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Let cusps &,7 € C be given, and let Z C $ be compact. There is a chain p =
2.j€jej € Z[X;r], representing a path from £ to i, with g; € {1, -1}, ¢; € X'IT such that
Ngr(ej) N Z = 0 for all j. For z € Z we have

Ven(2) = Y(PIQ) = ) &jde))@).

J

So y¢, € SS(Z). The path can be adapted to any compact Z C $, and hence y¢;, € &;
for each pair of cusps.

LetP e X(()T’y. From ypg | (1 —mg) = lvl’P,nglP € G it follows that Sing (Y pe) N OH C
{&}. Letn € C, n # &. In the relation g, = Yp, — Yps singularities near & of Ypg
cannot be canceled by singularities of Yp,,. So Sing (¥p¢) is a compact set in $.

We apply Lemma 9.23 with ¢ = ypg|ge. Since Ypg| (1 — ) = gl/RﬂglP € GY,

condition b) is satisfied as well. So there is ps € G NE;* such that ps — ps € G¥.
Forn =y~ ¢,y €T, we take Py = pely. The mg-invariance of pg implies that this does
not depend on the choice of y such that n = y~1¢.

Let i € COFT;G%, G¥°°) be given by h(Q) = 0if Q € X] N §, and by h(¢) = p;
for £ € C. So h takes values in &. We go over to the cocycle §y =  — dh in the
cohomology class of . Then g, € & for all &,17 € C, and Yrpg = Ypg — pe € G So
t,lA/Sc,,, = t,lA/p,,7 - (,/,}P’g € &N GY = {0}, as follows from (3.3). Taking the base point in C
we obtain a group cocycle corresponding to ¢ that is zero. m

12.4. Restriction to subspaces. The map o? : Héar(l"; W, W) 5 &L has been
constructed in §12.2 for all s with 0 < Res < 1. Under the additional condi-

tion s # % it is an isomorphism. Now we turn to its restriction to subspaces of

HL (T W, W),

Proposition 12.7. Let s € C, 0 < Res < 1. The following linear maps are isomor-
phisms:

. Pl . @
H W0 Ve, Vo) 25 Hl @ We, W) 25 Maass)(T) . (12.6)

Under the additional condition s # % the following linear maps are isomorphisms as
well:

- P - ©
H. (T3 Ve, ysimeley 2 gl (s we, weosmPey 2 Maassl (D). (12.7)

Proof. We consider two cases: (a) W = W™, s = 1 allowed; (b) W = Wy’ " simple
s # % Consider a group cocycle ¢ € Z;ar(l"; W, W). Proposition 12.2 implies that
[¥] = quy.

Consider a cusp k € F“. Propositions 9.11 and 9.15 imply that there is a unique
eigenfunction v, such that the class qu, € H'(T; W<, W) is represented by the re-
striction of ¢ to I'y, i.e., ¥, = v,. We have v, € (W?)T in case (a), and v, € ’KST in
case (b). Proposition 5.1 shows that v, = uy,. Since this holds for all cusps k € F,
we conclude that u, € Maass?(l“) in case (a), and uy, € Maass}(l") in case (b). Propo-
sition 10.3 shows that a¢ gives isomorphisms in (12.6) and (12.7). The proof is com-
pleted by the fact that the transverse Poisson map gives isomorphisms V" — W¢ and
(V;u*, exc (Wsw* exc. -



82 R.BRUGGEMAN, J. LEWIS, AND D.ZAGIER

13. Parabolic cohomology and mixed parabolic cohomology. In this section we
shall prove the isomorphism
Hp o (T;VE, V) = HY (V) (13.1a)
in Theorem B, and also, under the assumption s # % the isomorphisms
oDV V) = B (D) (13.1b)
Hpo (T, VE, Vo) = HY (T peexcy (13.1¢)
Together with the previous section, this will complete the proof of Theorem C.

We recall that (VS“’O’ ¢ consists of the f € V<" for which the set of singularities
BdSing (f) is contained in the set C of cusps of I'. In Proposition 13.7 we shall give

IR

an example that shows that there are I" for which we cannot replace V;’ hexe by V& exe
(0]
in (13.1c). The proofs will show that (13.1c¢) still holds if we replace V;"*“* by the

I'-module of those f € V¥ for which BdSing (f) does not contain hyperbolic fixed
points.

13.1. Space of singularities. The Q[G]-module S; = (V;” [V is the space of singu-
larities of semi-analytic vectors in the principal series. For & € 9% we denote by S; ¢
the subspace represented by elements of V’[£]. For each g € G the map f — f|g
induces an isomorphism

Ss,f — Ss,f | g = Ss,g’lf .

Clearly, S, contains the direct sum of all S;¢ with & € IP’IE = 0%. We note that Sz is a
subspace of S, not a stalk of a sheaf.

Proposition 13.1. The space S; is equal to @ S;e

.fePnlg
Proof. Suppose that f € V" represents an element of S;. We write BdSing (f) =
{é1,...,&:). Weidentify f (in the circle model) with a holomorphic function f € O(Q),
where Q2 € C is an open set such that s'\Q = {é1,...,&,). We choose open sets €
and , such that

Q=0 NQ,,

& e, &,...,6 ¢, E &, &,...,E €.
62 52

Q] QZ

A theorem in complex function theory (e.g., [14], Proposition 1.4.5) gives the existence
of fj € O(Qy), f» € O(,), such that f = fi + f> on Q. (Apply Theorem 1.45 in [14] to
the covering {Q1,Q,} of Q) Uy, and put g12 = —g2,1 = f on Q) N Q,. The theorem
gives g; € O(Q)) such that g1 » = g1 —g> on Q1 N€,.) Thus we have BdASing (f1) C {&1}
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and BdSing (f2) € {&2,. .., &,}). Repeating this construction gives f+ 7V as an element
of @fePﬁ Ss,f' |

e Exact sequence. For any Q[I']-module W with V¥ ¢ W c V", we conclude from
(11.17) that the following sequence is exact

H(T; W/Ve) — Hy (T;VE, W) — Hy (i W) — H' T W/Ve).  (13.2)

par

Since all I'-orbits in 9% are infinite, we have (W/(VS‘”)r C SE = {0}. Hence the nat-
ural map Hp, (U; V&, W) — Hp, (T W) is injective. If the image of Hy,(I'; W) in
H\T; W/ V&) is zero, then this map is surjective as well.

It seems unnatural that we go from parabolic cohomology to standard cohomology.
The following lemma makes this step more explicit in the description of cohomology
based on a tesselation 7 of type Fd, discussed in §11.1.

Recall that XT has three kind of edges: the edges going to a cusp, which are the
I-translates of finitely many e, (x € §"), the edges in 09y, which are the I'-translates
of finitely many f, € X;T’Y (x € §"), and the interior edges in XIT’Y of the form ye
withyeTl,e€E.

Lemma 13.2. Let c; € Z'(F” ; W). There is a cocycle c in the same cohomology class
such that c(e) = 0 for all edges e going to a cusp and for all edges contained in 09y.

Proof. For each k € §, the edge e, goes from a point P, € 99y to «. Define f €
Map(X] , W)' by f(Py) = ci(e,) forall k € F, and f = 0 on all other I'-orbits in X .
Take ¢ = ¢ — df, then c(e,) = 0 and c(fy) = c(ex)|(1 —m) =0forallk € T =
The new cocycle c is effectively a 1-cocycle on F”-Y, and this resolution computes
the standard group cohomology, as we have discussed in §11.2. Actually, the condi-
tion that c(f,) = 0 for all x € F for some ¢ in a cohomology class can be used to

characterize Hrl,ar(l“; W) inside H'(T'; W).

Definition 13.3. We call a Q[I']-module W such that V¥ ¢ W ¢ V¥ locally defined
if the image S¥ of W in S; has the form

w w
Ss = @ Ss,f ’
feIPll.«

where S&; =SV NS,

Since W is a Q[I']-module, the local summands satisfy Smly = SXVTI p for all

& € PL. The subspaces Vy’ b0 qpsimple e "X and YL of Yo are all locally
defined.
If W is a locally defined Q[T']-module between V¢ and V", we have

H'(T:8M = P H' ([:SY (), (13.3)
xel\PL
where S¥(x) is the Q[I']-module tex S;}VE. So for the bijectivity of the natural map
Hrl,ar(l“; Ve, W) - Hrl,ar(l“; W) it suffices to show that the image of

H (T W) — H'(T; SV (x))
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is zero for all I'-orbits x € F\Pﬂ%.
The main result of this subsection is the following proposition:

Proposition 13.4. Let W be a locally defined Q[T']-module between 'V and V. Let
& € ]P’I{&. If &y is a hyperbolic fixed point fixed by n € I, n # 1, we assume that the map

1-n: SZQO — SE’EO (13.4)

is injective. Then the image of Héar(l“; W) in H'(T; S¥(T'&y)) vanishes.

This implies that H]lar(l“; Ve, W) = Hgar(l"; W) for all locally defined W between

V¢ and V¥ for which the map in (13.4) is injective for all hyperbolic fixed points
of I'.

Proof. The proof is long. Starting from ¢ € Z'(F”"Y; SW(I'&))) representing a class
in the image of Hrl,aI(F; W), we will show that ¢ is a coboundary, separating the cases
where I'¢, is trivial, hyperbolic or parabolic.

We can assume by Lemma 13.2 that ¢(f,) = 0 for each « € F, and hence c(f) =0
for any edge f € X?—’Y with support contained in 09y.

Let & € Pﬁ&. For h € S¥(T'éy) and ¢ € T'¢y we denote by h¢ the component of /4 in
the summand S‘f’g We have

(hly)e = hyely. (13.5)
We put for & € T'éy:
DE) = fee X" 1 cle)e #0}. (13.6)
Lemma 13.5. For each & € T'& the set D(§) consists of finitely many T¢-orbits.

Proof. From (13.5):
ye € D(§) & c(ye) = c(e) 1]y #0 & cle),1; #0 = e € D(y'¢).

This implies that I'sD(§) = D(¢).
For each interior edge e € XT’Y ,the set {¢ € T& : c(e)s # O} is finite, since
BdSing (f) is finite for each f € V“". We use that XIF’Y = eeeTe U [ege T fis

where E U {f,} is the finite Q[I']-basis of F " mentioned in §11.1. Since c(f,) = 0,
we have

D@ = Jtyve : yeT, cle)y1e 20,

ecE

which consists of finitely many ['s-orbits. m

o Casely = {1}
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Letk € " ,andy € I'. If y € T,
then c¢(y~'P,, P,) = 0, since there is a
path from y~!P, to P, along the horo-
cycle of P,. If y ¢ Iy, then y‘lPK is
on another horocycle. For each & € I'&y
the set D(¢) is finite. Hence there is a
path p from y~' P, to P, along edges of
X]"" none of which is in D(¢). (It does
not matter if the path goes through an
end point of an edge in D(£).) Hence
c(y 'Py, Po)¢ = c(p)¢ = 0. This holds
for all & € T&, so c(y™' Py, P) = 0.

Take P, as the base point for the transition to group cocycles. This leads to the
cocycle ¥ satisfying

Yy = Y 'PoP)=0  (yeD).
This shows that ¢ represents the trivial cohomology class.
o CaseéyeC.

We take k = &, and use P, as
D) ¢ the base point. As before, we have
cy 'P,P) = 0if y € T,. Let
v € I'NTy. For each & € Tk the
edges in the ['gs-invariant set D(§) are all

£ C contained in a horocyclic disk C at &. If
k ) & # kand & # y~ 'k, a path from y~! P, to
P, along edges of XIT’Y may be forced to

K pass through C, but if so, the pieces of the

path that are inside C can be chosen along edges in 09y, on which ¢ vanishes. Thus
we conclude that c(y‘lPK, P¢ = 0for & ¢ {k, y‘lk}.
The group cocycle ¢, = c(y'P,, Py) is of the form

Uy = Wyt Wy €S, ® S, (13.7)

Let y,0 € I' such that 6 ¢ I', and y6 ¢ I',. Writing out the cocycle relation ¢,s =
Wy |6 + Y5, we find for the components in S} :

(¢y6)1< = (wé)/( . (138)
This implies that there is b, € SZE/K such that (), = b, for all y € I' \ I',. For such y:

Wy Dy +be = Yo = U Iy = =)y Iy = by
Hence
Wy = ~Wy )yl Y = bily = b = =y 19 = bl y = Wy = —bily.
‘We arrive at

0 ifyel,,
Yy = BYE T« (13.9)
bl(1—y) ifyel \Tk.
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For 6 € Iy, y € I' \ I, the cocycle relation implies s, = . Hence b, | (1 — 6y) =
bel(1 =), so be € (S )"«. Thus we have ¥, = b,|(1 —y) for all y € T, and ¢
represents the trivial cohomology class.

o Case where & is a hyperbolic fixed point.

We now suppose that & is fixed by a
hyperbolic n € I'. We fix k € F. Pro-
ceeding as in the previous cases we find
cty 'P, P) =0ifyeT,.

Let y € I' \ I’y and consider ¢ € I'&.
Let n € I" be a generator of I'; say & is
the attracting fixed point w(#) of n. Then
n also generates I'yr, where & = a(n) is
the repelling fixed point.

The set D(¢) consists of finitely many I'z-orbits. If k and y~ 'k are in the same cyclic
interval (£,&), C Py, or (¢,&). C Pj, then we can find a path from y~' P, to P, not
containing edges in D(¢), and hence c(y~' Py, PJs=0.If 6~ 'k and k are separated by
&and & in PDIQ, then D(¢) may form a barrier between 6! P, and P,. But now we have
c(Py, n‘lPK),f =0and c(67' Py, n‘lé‘lPK)g = 0, since « and "'« are not separated by
& and &', and similarly for 6~ 'k and 7'6~'x. Thus we have

(€0 P POl =1); = (6 P 67" P — c(Pisyi ' P)s = 0.

The injectivity of the map in (13.4) implies by conjugation that 1 — 7 is injective on
S?’g, and hence (671 Py, P,)¢ = 0. We proceed as in the case I, = {1}.

This completes the proof of Proposition 13.4. =

Proposition 13.6. For the spaces V"%, V5™ 1ng e tho map (13.4) in
Proposition 13.4 is injective for all hyperbolic fixed points.

Proof. Suppose after conjugation that n = [‘g 1 /0 \ﬁ] with 0 < ¢ < 1, fixing 0. If
f € V" then f has an asymptotic behavior f(x) ~ Yoo an X" as x — 0 for some
ay € C. Then f|(1—1) (x) = f(x) = £ f(tx) ~ 272 (1 = ") a, X" I f1(1 = 1) € VY,
then (1 — **) a,, = O(C") for some C > 0, and consequently aj is also O(C"), since
1 -7+ tends to 1 for n large, so f € V*. This shows that V¥~ satisfies the condition.

It f € V5™ then f(x) ~ X%, a,x". Now the assumption that f|(1 — 1) is
analytic at x = 0 implies (a — #Na_; =0, and hence a_; = 0 since Res # 1. So fis
analytic at O as before.

Finally, of course, the condition is vacuous for V;’ hee g

For the space V" the map in (13.4) is not injective. This one sees by considering
n=1, l(;t] with 7 > 0. The function given by

p(iz) = z7° forRez>0, o(z) = 0 forRez<0 (13.10)

determines a non-zero 7-invariant element of V<> (line model), with singulari-
ties 0 and co. However, of course, the subspace of those f € V" for which



PERIOD FUNCTIONS FOR MAASS WAVE FORMS AND COHOMOLOGY 87

BdSing (f) does not contain hyperbolic fixed points also satisfies the conditions of
Proposition 13.4.

o Counterexample. To show that the injectivity of the map in (13.4) is necessary,
we give a counterexample, based on the commutator subgroup I, = [I7,I7] of the
modular group. It is a subgroup of I'] of index 6. It is free on the hyperbolic generators
C = [% i] and D = [_% _}] It has one cuspidal orbit PL, and (T,), is generated by

T = CDC™'D!. See [17], Chap. XI, §3E, on p. 362.

Proposition 13.7. Denote ¢ = %3 +2\F5~ Then H;ar(rc;(vsw XY has non-zero image in
H'(T.; SV (T.4)), where W denotes V.

Proof. The element D is conjugate to n = [‘%2 (;32 ], and fixes —¢ and ¢~!. The example

in (13.10) shows that we can find f € WP with BdSing (f) = {-¢,¢~'}.
Define € Z'(I;; W) in the group model of cohomology by ¢ = f and yp = 0.
This determines a parabolic cocycle:

Yre = (‘!’ClZs(D—1)+‘J/D|25(1_C))|ZSC71D71 = fhs(D-1DC'D'+0 = 0.

Suppose that the image of [w] in H'(T,;; S¥(I'¢) is zero. Then the image of ¥ is
of the form dF with F € SEV(F(ﬁ). From F|(D — 1) = 0 it follows that FF = F_g +

Fy1€8S) o ©® 83;71, since —¢ and ¢! are the fixed points of D. Further, f + V¢ =

FI(C=1)=(F|C)¢c-1_g) + (F|C)c-1 41 — F_y — Fy1. The points C'(=¢), C™1 ¢7!,
—¢ and ¢‘1 are all different. Since BdSing (f) = {-¢, ¢!}, we conclude that 0 =
(FIC)c-1(—gy = F-¢IC and 0 = (F|C)¢c-141 = F41|C. Hence F = F_y + Fy
vanishes, a contradiction. M

13.2. Recapitulation of the proof of Theorem C. Let s # % The injective map
.ol 1.
r:8 — H [;VY)

in Proposition 5.1 has image in Hp,(I'; V<, pehee) = Hy (T VO, VY ~eX) accord-
ing to Proposition 10.3. Proposition 12.4 shows that it is an isomorphism. The space
0
Vi2 % is locally defined and satisfies the conditions of Proposition 13.4 according to
0 0
Proposition 13.6. So Hy, (I; V&, V") = H) (s V") by Proposition 13.4.

14. Period functions and periodlike functions for the full modular group. We re-
turn to the modular group IT = PSL,(Z), which was the sole discrete subgroup of
PSL,(R) considered in the earlier paper [21]. We give a cohomological interpretation
of the period functions and the periodlike functions considered there. We show that
the cohomology group H'(I'; V) is larger than the image r8£‘ , and end by describing
briefly the generalization of ['-invariant eigenfunctions corresponding to the classes in
this larger cohomology group: the quantum Maass forms.

14.1. Periodlike functions and cocycles. The space FE(C’) of periodlike functions on
C’ = C \ (—00,0] is defined, in Chap. III of [21], as the space of functions ¢ : C' — C
that satisfy the three term equation on C’:

Y(r) = e+ 1)+ @+ 172y (14.1)

1)
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The subspace of holomorphic functions in FE;(C’) is denoted FE (C"),,. Similarly, the
space of functions on R, = (0, co) that satisfy (14.1) is denoted FE;(0, c0), with sub-
spaces FE(0, ), C FE(0, 0)s C FE((0, o), of real analytic, respectively smooth,
respectively p times differentiable periodlike functions.

The main theorem in [21] shows that Maass?(l“l) is isomorphic to the space of
period functions FE S(C’)g), characterized inside FE(C"),, by the growth conditions

O(1 0
W):{ M «lo),

O (x — o). (14.2)

These growth conditions also define FE (0, 00)? inside FE(0, 00)e0, and FE (0, oo)g
inside FE4(0, 00),,. (These last notations and the next are not used in [21].) In Section 3,
Chap. IV of [21] a discussion of eigenfunctions of the transfer operator leads to the less
strict condition that there are cg, c € C such that
-1
cox ' +0() x10),
- |

Coo X1 + O(x7%)  (x > ). (14.3)

We use this condition to define FE(0, oo)l) c FE4(0, ). In Section 3, Chapter III
of [21] we see that general elements of FE (R, )., have in their asymptotic behavior
at co an additional term Q. (x), and at 0 a term x~2° Qy(1/x), with periodic functions
Q. and Qy. So being in FE;(R,)) is a strong condition, almost as strong as being in
FE,(R+)),

Periodlike functions are related to cocycles. Suppose that ¢ € FE (R,),. Define ¢
on (=0, 0) by ¥(x) = —|x[72 ¥(~1/x). One verifies that

Y) = g+ D+ x+ 172 y( (14.4)

1)

for all x € R \ {—1, 0} by separately considering the cases -1 < x < 0 and x < —1.
This extended function ¥ satisfies in V"

YhsS = —yYs, Y = Yol (T+T), (14.5)
with 77 = [} (1)] These relations are equivalent to the parabolic cocycle relations
Yhs(1+8) =0, Uhs 1 +ST+STST) = 0. (14.6)

Hence ¢ € FE(R,), determines a parabolic cocycle ¢ € ZII,HI(FI;(VY“*) given on the
generators S and T of I1 by ¢ = 0 and ¢g = . Conversely, a parabolic cocycle
cE Zrl,ar(l“ 1;(VS‘"*) such that ¢z = 0 and such that the set of singularities BdSing (cs)
is contained in {0, co} determines a periodlike function in FE4(R,), by restriction

to (0, c0).

Proposition 14.1. The cohomology group Hrlm(l] VY " ) is isomorphic to the space
FEL(C)u/{hl2s(1=8) : heO©)},

Proof. For a given s € FE((C"),, we define ¢ € Z, (Fl;(szO’exc) by

par

U(T) if Ret >0,

~1) 2 y(-1/7) ifRet <0. (147)

cr =0, cs(t) = { ~
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If = hlps (1 = S) with h € O(C)T, then cs = hlps (1 = S). If c = df, f € (Vé"*’e"c, then
cs = f1(S — 1), and from cy = f|(T — 1) = 0 we conclude that f|T = f, first on an
excised neighborhood of R = Pﬂg \ {co} and then on C. Thus, we obtain a map from

FEJ(C), to Hy, (I V) with kernel {1 (1= §) : he OC)T).
Conversely, a given cohomology class in Hflm(ﬂ VY E *¢) can be represented by a

cocycle such that c; = 0. In view of Theorem C there is 5 € VY’ "% such that the
equivalent cocycle ¢ — dn has values in V. From n|(1 — T) € V¢ it follows that
BdSing (17) € {o0} and BdSing (cs) c {0, oo}.

Restriction of cg to (0, o) gives ¥ € FE (R,),. Moreover, ¢ has a holomorphic
extension to a right half-plane. The second step in the bootstrap procedure in §4,
Chap. III of [21] can be applied, to see that ¢ extends to C’ and provides an element
of FE;(C),. m

Proposition 14.2.

H (T V%) = FE(RL)Y, (14.8)
w”, simple 1

HL (T VS™ey = FE(RYL (5% ol (14.8b)

Hy (T VY) = FE(R)Y,, (14.8¢)

HYL (V) = FE(RL)  (peN, p>2). (14.8d)

Proof. Each cohomology class in one of these four cohomology groups contains a
unique cocycle such that ¢y = 0. The uniqueness follows from Propositions 4.5
and 9.13. In cases (14.8a) and (14.8b) we conclude that BdSing (cs) c {0, oo} in
the same way as in the proof of Proposition 14.1. Restriction of cg to (0, c0) gives
us ¥ € FE (R,), in cases (14.8a) and (14.8b), ¥ € FE;(R,) in case (14.8¢c), and
Y € FEg(R,), in case (14.8d). In cases (14.8a) and (14.8c), the fact that cg € V°
implies that i satisfies (14.2). In case (14.8b), we get (14.3) from Definition 9.12.

Conversely, starting from a periodlike function on (0, o), we construct a corre-
sponding cocycle in each of the four cases. The hardest point is the behavior at 0
and co. We have the estimate (14.2) or (14.3), and want to derive the appropriate
asymptotic behavior. We use averaging operators similar to the transfer operator dis-
cussed in §3 of Chap IV in [21]. From the three term relation cs|rs (1 = T) = cslas T’
on R\ {—1,0} we conclude that cs = cslos T'|2s AV;: on (0,00) and cs = cslos T’ |2 AVT‘
on (—oo, —1). The asymptotic formula (4.11) implies that cg has the desired behavior
near oo in each of the three cases, and also near O since cglps S = —cs. =

14.2. Reconstruction. A periodlike function ¢ € FE (C’),, determines a cohomology

. 0 .. . . . . .
class in Hg,ar(Fl;‘Vs‘” **) (Proposition 14.1), which in turn determines an invariant

eigenfunction u € 851 , provided s # % (Theorem C). We want to construct u directly
from the periodlike function .

For a period function ¢ € FE((C")? we need not use cohomology. Proposition 2
in §2, Chap. I of [21] shows how to associate to ¢ a function f € O (C \ R)” which
in turn determines . The Fourier expansion of f gives the Fourier coefficients Bj,(u)
of u, hence determines u explicitly. This also works if ¢ € FE(C)L. For general
periodlike functions i there still is a holomorphic 1-periodic function f, and its Fourier
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coeflicients still give the B,(u), but the coefficients A,(«) cannot be read off from it
directly. (They are hidden in the behavior of f near points of Q.) In this case we will
use the theory developed in these notes instead.

To a given ¢ € FE4(C’), we have associated in the proof of Proposition 14.1 an
explicit cocycle ¢ € Zgar(Fl;‘Vﬁ“O’ ) by (14.7). To apply the method in §12 directly,
we have to find & € V> “*“[c0] such that

c—dhe ng(n;vﬁ’fl{f’o’m) c ZN I, VvY).

The existence of such a function /4 follows from (13.1c). The proof of Proposition 13.1
shows that the construction of a suitable / is not explicit. It seems better to apply the
method in §12 directly to the cocycle i/ € Hrl,ar(l“l ;W " €X%) given by i, = Pch. So
Jr = 0and Js = Plcg € W 0 We[0, co].

The first step is to determine a cocycle corresponding to i in a model of cohomology
based on a tesselation. We use the fundamental domain

1 ={z€H : 0<Rez<1,ld>1, |z-1>1}

in Figure 6, which differs from the standard fundamental domain in Figure 4 on p. 69.
Here we work with parabolic cohomology, not with mixed parabolic cohomology. So

A g’l A 8’1 C
-1
T e el |
i €2 i+1 0\./-0
ST_leZ +iV3
2
-1 0 1 2

Ficure 6. Fundamental domain &; for the modular group, and a 1-
cycle around it.

there is no need to give the neighborhood of cusps a special treatment. In particular,
we do not need an edge f.,. We use the tesselation 7 obtained from all I']-translates
of &1. In Figure 6 we have indicated a Q[I7]-basis {e}, e>} of Q[XIF]. The tesselation
7 is not exactly a tesselation of type Fd as discussed in §11.1.

To find a cocycle ¢ € Z'(F"; W hexe) corresponding to ¢ we write ¢ = df, with

the following f € Map(X7 ; W), We put, with p = 13,

1. 1.
f() =0, flp) = glﬂsl(l—ST_l), f@) = Sds, (14.9)

and check that f satisfies f(P)| (1 —6) = sif § P = P for P € {c0,p, i}, § € I". Next we
extend f to X(lr by f(y"'P) = f(P)|y + lﬁy forall y e T ATaking oo as the base point
we see that ¢ = df corresponds to the cohomology class [¢/].
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On the Q[T ]-basis {ey, ez} of F7:

1 . 1 . 1 .
cle)) = E«mT—‘, cler) = —§¢S|T_1+§¢S|(1—ST_1)« (14.10)

To represent the corresponding invariant eigenfunction u on &, we take the follow-
ing 1-cycle C around &

C = ertew-_1+e_19+ep1+ern, (14.11)
which is indicated in Figure 6. It turns out that
€ = (1=5)T7 ey,
C=T*-T"'-STS +ST 'S + T>ST)egoo
= (T*=T "' =STS +ST7'S + T2ST)(1 = )T 'e; .

Application of the transverse Poisson transformation to the function in (14.7) gives
a representative s € G2 of s € W with Sing (Js) C i(0,c0). We have
c(ege0) = cle1)| T(1 = S) = s, and hence Sing (c(ep.c0)) C i (0, o). This implies that
the singularities of y/(C) are contained in the support of C. Thus, for z € §; we have

u(z)

l.w(C) = l.w(eo,oo) (T2 -T-ST'S +STS +T7'ST?)
i i (14.12)
— Z)) .

—(dste-2-dsr 0 -is( ) +ds(7 )+ ds (=5

Each of these values of /5 (z1) can be expressed by a transverse Poisson integral from
71 to z1 of the original periodlike function . See (3.4).

14.3. The image of the invariant eigenfunctions in the first cohomology group. In the
previous section we have shown that r&{ = Hy, (I; Ve, VY’ ) for 5 # L. We now
show that for I' = I'; the image is not the total first cohomology group with analytic
coeflicients:

Proposition 14.3. Let s # % The inclusion Hgar(rl;q/;“, pehexey H'(Ty;V?) is not
an equality.

Proof. We determine a cohomology class [] € H L1 V&) by taking in the line model

. —4dit
Yrs = 0, Yr = ae€ (sz with a(t) = m . (1413)
(See the introduction of §10.2 for the relations.) The sum
—4i(t +n)
A WD@ = ) ( (14.14)

nez (1 +(T+ ”)Z)SH

converges without regularization, and has singularities in the points of +i + Z. So
AVT(:,bT) does not extend as a holomorphic 1-periodic function on C, which it should

according to Proposition 8.2 if [/] were in Hrl,ar(l"l;q/é“ , Ve —pgll g
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14.4. Quantum Maass forms. The notion of quantum modular forms was introduced
by the third author based on several examples ranging from Dedekind sums to quantum
invariants of knots [35]. Roughly, these forms are functions f : Q — C whose “failure
of modularity” f — f o v (or more generally f — f|y for some group action f +— fly
involving a non-trivial automorphy factor) has some kind of continuity or analyticity
property that is not shared by the function f itself. Example 1 in [35] was related to
the period function, in the sense of [21], of a particular Maass form (on I'¢(2) and with
eigenvalue 1/4), and this was extended by the first author in [3] with the application in
this subsection in mind.

More precisely, we will discuss how to fill the gap indicated by a question mark in
the following diagram of inclusions and isomorphisms (in which the underlying group
is the full modular group I';, omitted from the notations, and s # %) by putting an
appropriate space of quantum Maass forms in that position.

Maass’C_ _ Maasslc— #  _ & ?

I I ] (14.15)

HL (VO VD) HY (VO VIO L (Ve V) Y (V)

We first discuss the quantum Maass form associated to a cusp form u € Maassg(l“l).
In the main theorem in [21] we associate to u among other objects a periodic holomor-
phic function f;, on C \ R given by

f (T) _ { Zn>0 ns_%An(u) elﬂ'im’ ifImt>0 ,
u =

— s—1 2wint (14 16)
2in<o InI*"2 A, (u)e ifImt <0,

with the Fourier coefficients A, (x) from the expansion (8.1). In [21], Chap. I, §4, the
function f, is expressed in terms of the L-functions of u by inverse Mellin transforma-
tion. By moving the line of integration in this representation we obtain an asymptotic
expansion for f,(iy) as y — 0. This expansion is the same fory | O andy T 0. So f,
has a smooth continuation through 0. Instead of approaching O vertically, we can let
7 tend to 0 along a geodesic half-line in $ or in $~. One may show that there exists
f.(0) € C such that

ful® = £l +0(1) asT-50, (14.17)

where 5 (geodesic approach) indicates uniformity on sectors in the upper or lower
half plane bounded by geodesic half-lines.

The periodicity of f, and the formula f,(7) — 7728 fu(=1/71) = ¢, (1), where i, is the
period function associated to u, leads to a unique extension of f, to Q that satisfies

Ju(®) = fu(§) +o(1) asrﬁg foreach ¢ € Q, (14.18)
Subs Y€)= fu€) —cy(é) foralmostallé e Q forally eIy, (14.19)

where y - ¢, is the V> _valued group cocycle determined by cs = i, on (0, ).
The isomorphism (13.1a) implies that there exists n € V;’ “* such that Cy = ¢y +

nhs (y = 1), ¥ € T}, is a V®-valued cocycle on Iy. Replacing f, by f,, = f, + 1, we

obtain the relation fylsy = fu — ¢, on Q, with ¢ € Z, (I; Ve, V). If we add
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to f, an element of V¢, then nothing essential changes. We say that f; represents the
quantum Maass form associated to u € Maassg(l" 1).

It is argued in [3] that to define quantum Maass forms for other invariant eigenfunc-
tions, we should work not with functions Q — C, but with systems of expansions,
giving for each & € Q a short asymptotic expansion

dé: ga
pé, 1) = T_—f +cg +0(1) (T — o). (14.20)

In the case of u € Maass?(l}), the function f, gives an system where dgs = 0 for
all ¢ € Q. Each ¢ € V{ (line model) defines an uninteresting example with dz = 0 and

cg = (&) for all cusps &.
The group I acts on the space R; of all expansions as in (14.20) by

&) = ((ct+ D) pé&yn+o(l) (1> &), (14.21)

| [ab
Pl2s cd

with y = [ Z] € I'. We define the I'1-module Q; as the quotient in the exact sequence
0>V —>R —Q —0 (14.22)

and we call the elements of Q.' /RY quantum Maass forms, with the notation
gMaass,(I) = Q"' / Rl (14.23)

In this way, we ignore elements of V” and systems in R; that are exactly I';-invariant.
One can show that there is an injection qMaass(I) —» H \r; V). Theorems 2 and 4
in [3] give for s # % the following commuting diagram:

&l

[ \ (14.24)

gMaass,(I}) — H'(I}; V)

Thus, gMaass(I7) can take the place of the question mark in the diagram (14.15).
Proposition 3 in [3] relates the vanishing of Ag(u), the coefficient of yl‘s in the Fourier
expansion of u € 81;‘ , to the vanishing of the d¢ in (14.20).

We expect that these results can be extended to all cofinite discrete I" with cusps.

15. Maass forms and holomorphic functions. In §8.2 we have associated to u € ET
the holomorphic function S(u) € O(C)” given by

Ba)Q) = ) Buw) ™™,
nez

based on the coefficients B, (u) in the Fourier expansion (8.1). To have a well defined
coeflicient By(u), we assume s # % For a I'-invariant function u € 85, where I' is a
group with cusps, S(u|g,) € E! for each cusp k € C. In the introduction of §10 we
have chosen the g, such that 8(u | g,) depends only on the class of x in I'\C. Thus we
are led to define

j:&— o, ju=Bulg),. (15.1)

kel'\C
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The kernel of j is, by definition, the space Maass!(I') introduced in §10.1. To get
information on the cokernel, we start with u,v € 85 and integrate the Green’s form
{u, v} in (1.9) over the boundary of a truncated fundamental domain &y. Since {u, v} is
closed, this integral vanishes. All edges of &y, except for the edges f, near the cusps
k € %, occur in I'-equivalent pairs for which the integrals of {u, v} cancel. Hence

Inserting the Fourier expansions and working with Wronskians, we obtain the follow-
ing relation, valid for all u,v € &E:

> (@5 = D (A0l 90 Bowl g0) - Botul g0) Aol 0,)

KEFY
+m (s + 5 me (An(1 90 B-u(v1 g0 = Bu(tt19) A-n(v19)) )
n#0

This is the so-called Maass-Selberg relation. See, e.g., §3 in Chap. IV of [22].
In particular, if v € Maassi(l“), then

(15.2)

> (@5 = D Botul g0 Aol g0

KEFCU
+ 2 ‘F s+ Z:Inl2 SBa(ulge) A= n(Ung))
n#0

The right hand side of this expression makes sense if we replace the B,,(u|g,) by the
coeflicients b%, of an arbitrary element

(b € @O(C)T’ b(() = Zb; G2rime
kel'\C mez

Note that the convergence of these series implies that
b <4 e forneZ, kel\C, foreachA > 0. (15.3)

Thus, we have a linear map m from @Ker\c O(C)T to the dual space Maassi {o)v.

Theorem 15.1. Let O <Res <1, s # 3.

i) The following sequence is exact:

0 — Maass!(I) — &) - (P 0(©)" - Maass!T)* — 0. (15.4)
kel'\C

ii) Every u € 85 is the specialization of a family (uy)ycy of elements uy € 85
depending holomorphically on a parameter s’ on a neighborhood U of s.

Remark 1. Part ii) of the theorem will be used in Chapter VI, when we will study the
relation between I'-invariant eigenfunctions and distribution-valued cohomology.
Remark 2. The proof will show that the restriction on the spectral parameter s is non-
essential.

Remark 3. This theorem is essentially known if almost all b} vanish. Since the result
is peripheral to the main themes of these notes, we will only sketch the proof.
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Proof. The surjectivity of the map m is clear since Maass!(I') has finite dimension
and already the restriction of m to Clql, with g = e?™ is surjective. The Maass-
Selberg relation shows that the image of j is contained in the kernel of m. The main
point is to show that Im j is equal to Kerm. We will sketch how this follows from the
spectral theory of automorphic forms. One may use [15] as a general reference.

We use Eisenstein series and Poincaré series. These converge absolutely only for
Re s > 1. This forces us to consider also values of s outside the strip 0 < Re s < 1.

For Re s > 1, k € C, the Eisenstein series

ES@) = ), (Img.'y2)* (15.5)
el \[

converges absolutely and defines an element of E'. It depends holomorphically on
s, and has a meromorphic continuation to s € C as a family of elements of E[. The

singularities in the region Res > %, s # 1 are of first order and occur at s = 1

2
and possibly at finitely many points in (%, 1). The latter singularities are absent for
congruence subgroups of I7. If E¥ has a singularity at so € (%, 1) then Resy, EX €

Maass (I') and for all u € Maass;, (I"):

f uRes EXdu = Al(u). (15.6)
ny

S0

Suppose that the collection (b}) satisfies (15.3). The series

F5@ = ) Blisam(ge')

nez

converges absolutely for all s € C and defines a holomorphic family of elements of
E5 N W<[k]. The Poincaré series

P@) = Y > Fin) (15.7)

kel\C yel, \I
converges absolutely for Re s > 1. It defines a holomorphic family of elements of &E!,
and
Bu(Ps|gs) = b, (meZ, keF). (15.8)

We consider the following families of I'-invariant functions, only the first of which
has values in EL:

Eo= Y BES, P = ) > P,

KEFY keFU yel \I'

where

FI;(Z) — Z bﬁ(Im g;lZ)S eZm’nRe (g5'2) )
n#0
This defines P, € C®('\$) for Res > 1. The difference P, — E; — P, is given by
a series converging absolutely for Res > 0. Compared with P;, the advantage of
P is its square integrability. Its decay at the cusps implies that for any Maass form
u € Maass;,(I'), 0 < Res; < 1, s1 # %, the integral fr\g Py udu converges. Its value
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can be explicitly computed:

~ (nlnl)%_s s+s;—1 s — 5] «
fr\ﬁPsudu=ZZ () (52 ) Anwlga by (159)

ket n#0

This quantity occurs in the expansion of P; in the spectral decomposition of the Laplace
operator in L*(I'\ $). This expansion converges absolutely for Re s > 1. On checks that
the convergence is even better in the region 0 < Re s < 1, except for the terms that have
singularities in this region. See, e.g., the reasoning in the proof of Satz 6.2 in [26]. For
O<Res<l1,s# %, these singularities have at most first order and occur at values for
which there are square integrable elements of &L and at values at which an Eisenstein
series has a pole, in other words, at values of s for which Maassi(l“) # {0}. This means
that P, = E; + Py + (PS —-E; - PS) has a meromorphic continuation to Re s > 0, with
singularities of at most order one at the same points, and for such a point sy

Res P, = Res E; + Res P; .
50 50 50

By analytic continuation the equality (A — A5)P; = 0 goes through where Ps is holo-
morphic. (Work first in distribution sense.) Furthermore,

By(Pslg) = b, (keF", nel). (15.10)

At points s for which Maassi(l") = {0}, we thus have P, € 8{ with prescribed
Fourier coefficients B,,(Ps|gy). This implies that the sequence (15.4) is exact for
these s, and that all elements of EL occur in holomorphic families on this region in
the parameter space.

It remains to consider sy # %, 0 < Re sg < 1 for which Maass}O # {0}. We first take
Re s¢ > % Then all elements of Maassi,0 are square integrable, and Maassg,O I) # {0}
can occur only for sy € % + iR or sg € (%, 1). Hence the space Maassi0 (") is invariant

under complex conjugation. For u € Maass}m (I') we have from (15.6) and (15.9):

1
(mtln)27% 1
fr\g uResPodp = biAoulgd + > > Tr(so - E)b;A_n(mgK).
»

50 —
ke KEF n#0

This implies that the finite-dimensional space Maassio(l“) is spanned by residues of
finitely many Poincaré series Py, for choices of the b¥ such that almost all of them
are zero. Hence elements of Maass}o(l") occur as values of holomorphic families
s > (s = s0) Ps.

Now suppose that the b¥ are chosen such that m(z) = 0 for h = (hy)y, h() =
Y. bk e Then Resg, Py € Maassio(l") is orthogonal to all i € Maass}o(l"). In
other words, Resy, P; = 0, and s +— P is holomorphic at s = 59 and Py, € 850 satisfies
JPs, = h. Thus, the sequence (15.4) is exact for the value s of the spectral parameter as
well, and all elements of 850 occur as the value of a holomorphic family of I'-invariant
Ag-eigenfunctions of A. This finishes the case % <Resgp< 1.

Since &} = &', all elements of &} with 0 < Res < 3, s # 1, occur as values of
holomorphic families as well.
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We are left with the kernel of m for 5o with 0 < Resg < % Suppose that the

collection (b)) satisfies (15.3) and that for all u € Maassi0 ()]

Z (250 — 1) b Aou| gi0) + 72~ I(s + %) Z M2 B Au(ulg) = 0. (15.11)
KEF n#0
As in the case Re so > %, it follows that Resg, Py is orthogonal to MaaSS(s)O (I') which is
contained in Maass;0 (I). If Resy, Py # O itis known that then it is a linear combination
of residues at sy of Eisenstein series, and that Ap(Resy, Ps|g,) # 0 for some u € F.
We apply the Maass-Selberg relation (15.2) to E4 and the Poincaré series P", which
is the Poincaré series with b5 = 1 and all other b’,;/ equal to zero. This gives

1. 1
240(P{" 1g) = (an)2 ™ T(s = 2) AW(E 1 90)

Application of (15.2) to EX and EY gives Ag(EX|g,) = Ao(E%|gx), which is the
symmetry of the scattering matrix. Hence we have

Ao(Res Prlg,) = Db ResAo(ES|g) + ) > b Res Ao(Py" |
K Kk n#0

1
. ’ (i 1 ’
2t Ao(Res EX 199 + 3 3 S50 T(so = 5)A-s(Res E g
=0,

by assumption (15.11) on the b¥. Hence Resg, P; = 0, and Py, € 850 has the prescribed
Fourier coeflicients B,(Ps,|g«) = b}. This implies that the sequence (15.4) is exact
for s = sp.

Part ii) is a consequence of part i). For instance, if s does not belong to the (discrete)
set when Maassi(l") is non-zero, then we can take uy to be the preimage of any holo-
morphic variation of ju € @KEF\C O(C)T, e.g., the constant family s — (B(u| gy)),-

In the proof of part i) we have seen that for any (3, b<e?™), in the kernel of m at

s there is a family of Poincaré series s’ — Py such that jP; or jResy-; Py is equal to
(T be?™),. =

Chapter V. Maass forms and differentiable cohomology

In the chapters II-IV we studied the relation between invariant eigenfunctions and
(semi)-analytic cohomology, and proved Theorem C and most of the statements in
Theorems A and B. In this chapter we turn to smooth and differentiable cohomol-
ogy. We will give a proof of the isomorphisms Héar(l“; vy Ny Héar(F; V&) =
Hrl,ar(l“; VP), p > 3, in Theorem B. Actually, we will show that

Maass)(I) = Hp, (I V), (V.1)

and
Maass)(I) = H) (I:V))  (peN, p>3), (V.2)
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which together with the previously proved results (in particular, (12.6) and (13.1a))
proves the remaining isomorphisms in Theorem B.

The isomorphism (V.2) will be established in §16 by a method analogous to that
used in §12.2, with adaptions to the differentiable context. In §17 this leads to The-
orem 17.1, which gives the isomorphism (V.1). A consequence is that the space of
modular Maass cusp forms is in bijective correspondence with the space of smooth
period functions. This result, Theorem 17.2, extends the main result in [21].

Most of the proofs in this chapter work for general cofinite discrete subgroups of
PSL,(R). At the end of Section 16 we use separate approaches for cocompact groups
and groups with cusps. The cocompact case is the harder one. As in § 7.3 in Chapter II
we need for cocompact groups to extend cocycles to hyperbolic fixed points.

The isomorphy of &' and H'(I'; V) in the cocompact case is already known,
though with a quite different proof, from the work of Bunke and Olbrich [6].

16. Differentiable parabolic cohomology. In this section we relate the cohomology
group Héar(F;(Vsp ), p € N, p > 2, to the space of Maass cusp forms Maass?(l"). The
space V/ was defined in §2.1. Recall that in Chapters II and IV the map from para-
bolic cohomology to cusp forms was constructed, not with cohomology with values in
the space V¢ of analytic functions on 0H, but in the isomorphic space ‘W of bound-
ary germs of A -eigenfunctions of the Laplace operator A. Here we work with the
corresponding space ‘W’ of boundary jets, as defined in §3.3.

The construction of Maass forms from cocycles in §7.1 and §12.2 used locally finite
sums. To generalize this, in §16.1, to differentiable cocycles we will need infinite
sums. The resulting convergence questions require some geometric considerations,
carried out in §16.2. The proof for discrete groups with cusps is completed in §16.3,
where we prove that if p > 3 the map that we have given is injective with image in the
cusp forms. (The surjectivity will be an easy consequence of that in the analytic case.)
The injectivity in the cocompact case is handled in §16.4.

16.1. Construction of a Maass form from a given cocycle. We start with a cocycle
W € ZV(F7; WP) with p € N, p > 2, and use a tesselation 7 of type Fd. (See §6.2
and §11.1.) We choose a I'-equivariant lift y € C'(F”, G%) of y, corresponding to the
exact sequence

0— N — G — W —0, (16.1)

with the space G/ of representatives and the space N’ of functions with decay of
order p at the boundary, as introduced in §3.3. Then dy € C*(F”, N¥) and we put

1 ~ -
w@) = — > dWE0) = AdEHE)  @eH). (16.2)

yell

Proposition 16.1. The series in (16.2) converges absolutely and uniformly on com-
pact sets in 9. The sum it defines belongs to EL, and does not depend on the choice
of the lift § or on the choice of the representative W in the cohomology class [y] €
Hp (T W),
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IfZ e Z[XIT] is a cycle consisting only of edges that are T'-translates of edges in 0%
that describes a simple positively oriented closed curve, then

Uy = % (0@ + >, dp(®)ly). (16.3)

vel,y~ 1 outside Z

Proof. The function h = dy(%) is in N¥ and hence satisfies h(z) = 0((#)””)
as z — 09. Since L = (2 + 2coshd(z, i))_l (Table 1 in §1.1), we have h(z) =

lz+i?
o(e P @) a5 7 — 9.
Let K ¢ H be a compact set. For z € K the number of y € I' such that d(yz,i) < Ris
at most Ok (eR) since the area of a hyperbolic circle with large radius R is asymptotic
to 4meR. We get

Y] <k Y ke PR < oo
yel’ R=1
This proves the first statement of the proposition.
Our next observation, which will be used repeatedly, is that we have

w2 = > hly
yel, y~1§ inside Z

for any cycle Z as in the proposition, since h = di. This gives the expression (16.3)
for uy. It also follows that uy is the limit of 7% W (Zg) for any sequence of cycles
{Zr)}ren approaching the boundary, for instance those given in Lemma 16.3 below,
where Zg has distance at least R to i and consists of O(e®) edges. This observation
is useful both to prove that uy is independent of the choice of the lift  and that it
is an eigenfunction. For the former we observe that changing i to ¢ + y with y €
C 1(F e NP) each edge e in Zg contributes at most o(e" PRy to X(Zg), which gives
x(Zgr) = O(e®) 0(e=*PR) Hence limg_,o x(Zg) = 0.

The definition of ‘W, implies that (A -A)WeC 1(E 7 NP). 1t follows that with {Zg)}
as above we have (A — A,) (Zg) = O(eX e=*PR) = o(1), this estimate being uniform
on compact sets. Hence we have with a test function 8 € C°(9)

O, (A = A)uy) = (A = 25)0) uy du (since A — Ay is self-adjoint)
$

1 -
= — gim ((A = 2,)0) Y(Zg) du (since 6 is compactly supported)
Tl R— 9

1 -
= — lim | 8 ((A-A)¥(Zg))du (again since A — A; is self-adjoint)
$

i R—o0
— Jim o [ Wdn_swp [(a- 200200
R—00 $ z€Supp @

=0 (by the estimate (3.10a)) .

So (A - Ay)uy = 0 weakly. By elliptic regularity, (A — A,)uy, = 0 holds also at the level
of functions. This shows that u,, € &, and the I'-invariance is obvious.

Finally, we add to  a coboundary df with f € CO(F”; W?’). We can lift f to
f e CUF”;G"), and change the lift ¢ of ¥ to the lift ¥ + df of . This changes
dy(F) by ddf(¥) = 0, and does not influence the definition of uy. W
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Thus we have defined a map of : [¢] — uy, from H]lar(l“; WPy - &L If g € N,
q = p, then y € Z'(F”; ‘W) also determines an element in Z!'(F” ; 'W?’). The con-
struction of u, shows that !y = of[y). Fory € Z ! r 7. W) the sequence U(Zp)(z)
stabilizes, uniformly for z in compact sets, and this shows that uy coincides with u,
defined in §7.1 and §12.2. Thus o [y] = a“[y] on Héar(F; W), with o as in Theo-
rem 7.2 and Proposition 12.2. This implies that in the differentiable case we also have
Ugy = u for u € EF, where q : Ef — H'(I'; W) is the map constructed in §5.2, in the
version given after (6.10c). Summarizing, we have:

Proposition 16.2. For each p,q € N, q > p > 2 there are linear maps ot and o
induced by  — uy, such that the following diagram commutes:

Maass’(I')—— &

w (/5[ P
@y @y

W', 00 W', 0o
Héar((wsw, W) = Héar((u/s ) — Hpar((qu) - Hpar((u/sp)

We have suppressed I' in the notation for cohomology groups. See (13.1a) for the
isomorphism H;ar(l"; ‘W;",Wf’o’w) - Héar(l"; “W;"O’”).

It remains to be shown that the linear map o is injective, and, if I" has cusps, that
its image is in the space of cusp forms. Before turning to that question, in §16.3 and
§16.4, we prove the geometrical result that we used in the proof of Proposition 16.1.

16.2. Geometrical lemmas. The result that we used is the following:

Lemma 16.3. Let R > 0. There exists a cycle Z = Zp € Z[XIr] consisting of O(eR)
edges contained in T'0% and lying outside the open hyperbolic disk with center i and
radius R, with winding number 1 around i.

Remark. The circumference of a hyperbolic cycle with radius R is approximately
2meR as R — oo. The lemma says that the conditions on Z do not force it to have
substantially more edges that is to be expected from the length of a hyperbolic circle.

The proof of Lemma 16.3 will be very simple if I" has no cusps, but if I" has cusps
and R is large, the path corresponding to Z will always have to go through some cusps,
and in that case we will need a bound for the number of times that the curve Z is forced
to go through a cusp. We first estimate this quantity.

We recall that for groups with cusps the fundamental domain has a decomposition
& = FyUUkege Vi where §y is compact and where V. is the closure of the intersection
of & with the open horocyclic disk Dy(x) in (11.1). The boundary of Dy(x) is the
horocycle Hy (k).

Lemma 16.4. The number of horocycles y_lHy(K), v €T, k € T that intersect
the hyperbolic circle Cg around i with radius R is O(e®) as R — co. The number of
cuspidal triangles y~'V,, y € T, k € F, that intersect the circle Cg is also O(eR) as
R — oo.

Proof. & is finite, so we may restrict ourselves to considering one cusp k € F,
which we conjugate to co.
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. . — b
In the counting of the horocycles, y runs over I',\I'. We write y~! = [&,] The
horocycle is determined by the first column (Ccl) of y~!. The maximum of
Im (y~1(iY + x)) B Y
W lGY + ) +i>  (ax+b—cY)? + (aY + cx + d)?
—ab—cd (@+cHY 1

occurs for x = =5=5%, and has value

< . Since =45 ~eRon C
(1+@+c2) Y)> ~ (@+AY lz+il? R

the number of horocycles intersecting Cy is bounded by N(e®/Y), where
NB) := #{y €T\ : y¢Tw, @+ < BJ. (16.4)

Lemma 2.10 in [15], applied with z = i and g, = 1, implies that N(B) = O(B) as
B — oo. This gives the first statement in the lemma.

For a fixed horocycle y~! Hy(k), there may be many cuspidal triangles y~! V., in-
tersecting Cg. Their number differs by no more than 2 from the number of intervals

Im (y~! Y+ -
—H_ll( AL ?2 > ¢~R_ If such x occur,
[y~ 1 @Y +x)+i]

the equation (ax + b —cY Y2 + (aY + cx + d)* = YeR has solutions x; and x,. These
solutions satisfy

[—% +n, % +n], n € Z, containing an element x with

4

4 _4va-2eh Yek
a’+c2

R 2
-2)Y —4Y° - < < .
(e ) (@ +c)? ™ (a2 +c?)e R a+c?

(2 —x1)* =

So the number of sectors is bounded by
YeR
Va2 + 2

For y € ' this gives O ( VY eR) sectors. The number of other sectors to be counted is
estimated by

24+ x—-x| <

I D D) e
2 2 —(I+1)/2 R
yea\Lyel, & FE =0 Yel\T, y¢T e, 2 ety

a*+cP<eR )Y 27 1eR Yy <a?+c2<27leR Y

<Y Z 2D N R Yy < R
1=0
where in the last line we have again used N(B) = O(B). =

Proof of Lemma 16.3. LetT(R) = {y e T : y7'§ N Dg # 0}, where Dy denotes
the hyperbolic disk around i with radius R. We put Ag = U,er) vy~ '§, and take
Z = 0Ag. Since 0% has finitely many edges, Z consists of at most O(#I'(R)) edges.
Each edge occurring in Z (with non-zero factor) has a distance at least R to i. The
curve Z encircles Dg once in the positive direction. To complete the proof we show
that #T°(R) = O(eR) as R — .

We use that & is the union of a compact set ¥y and finitely many cuspidal triangles
Vi, with k € . Lemma 16.4 estimates the number of y € I" such that y‘l V, intersects
Dy, for some « € F by O(eR). To count the number of y‘l &y intersecting Dg we note
that the distance between any two points of y~!&y is bounded by some number f,
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independently of v € I'. Hence if y‘l &y intersects Dg, then y‘l &y 1s contained in
Dg.;. This leads to an estimate by

area(Fy) Q) = 0. )

In the next subsection we will use the following modification of Lemma 16.3:

Lemma 16.5. Suppose that & and n are cusps of I'. Let R > 0, and denote by Dg the
open hyperbolic disk around i with radius R. There exists a chain A = Ag € Z[X;T]
consisting of Og,n(eR) edges in TOF that describes a path from & to n in the region
$ \ Dy and is homotopic in $ \ Dg, to the (oriented) arc in ]P]%Q from & ton.

Proof. Let C € Z[X(lr] denote a path from & to n along edges of the tesselation. It
consists of Og;(1) edges. Let Zg be a cycle as in Lemma 16.3, consisting of O(ed)
edges and encircling Dg once.

The cycle Zg and the direct path intersect each other in points of X(? . As in the sketch
on the right, this leads to a path with the desired properties, with Og¢,(1) + O(eR) +
Og (1) edges, going from & along C to the first intersection point, then counterclock-
wise along Z to the last intersection point, and then along Cton. =

16.3. Maass cusp forms associated to differentiable parabolic cohomology classes.
In the cocompact case, Maass?(l") = &L, and parabolic cohomology coincides with
standard cohomology. In this case it only remains to show that the maps o/ are in-
jective. If " has cusps, we need to show not only that o is injective, but also that its
image is in the space of Maass cusp forms Maass?(l“). Surprisingly, the presence of
cusps actually helps in proving the injectivity.

The cocompact case will be discussed in the next subsection. Here we suppose that
I" has cusps. We use a tesselation 7 of type Fd. (See §11.1.)

Letu = uy € & be the invariant eigenfunction associated to the cocycle ¢ €
ZI(ET;‘W;) via a lift € C'(F”;G%). We use the following variant of the for-
mula (16.3) in Proposition 16.1: if ¢ and n are distinct cusps of I', we have the splitting

U=Ugy+ Upg (16.5)
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with .
wn = B0+ Y @),
m yel', y~1§ to the right of A (16.6)
. ~ .
me = —(-iw+ Y AW,

yel, y~1§ to the left of A

where the chain A € Z[X(IT] represents a path from & to  without self-intersections,
following edges contained in I' 9. The words “to the left” and “to the right” of A
depend on the orientation of A: “to the left of A” is equivalent to “to the right of the
opposite path —A.” The definitions of u¢; and u,, s do not depend on the choice of path
from & to 7 for the same reason that the right hand side of (16.3) was independent of
the chosen path A.

Proposition 16.6. For cusps &,n, 0 satisfying &€ <n < 0 < & for the cyclic order of 0H,
and y € I we have

Ugp = Ugpy +Ung, (16.7a)
Uy-1gy-ty = Uenly s (16.7b)
ugy € Es. (16.7¢)

Proof. The statements in (16.7a) and (16.7b) are clear from the definitions. For (16.7¢)
we proceed as in the proof that u € &; in Proposition 16.1, now with a sequence of
paths Ag from £ tonp as in Lemma 16.5. =

The following lemma implies that u,, is relatively small near the arc from 7 to &
in 99.

Lemma 16.7. Let ¢,  and ug ) be as above. We denote by g = gg,, the geodesic from
& to n. For any choice of path A from & to n we have

ai®00) = of(=)")
yel', y~1§ to the right of A et (16.8)
and  ugp(z) = O((#)s)

In both estimates 7 — 09 through the region to the left of g or on g.
We first apply this result, postponing its proof.

Proposition 16.8. Let p > 2. The function uy is an element of Maass(s)(l") for all
v e Z\(ET;WY).

Proof. Since 0 < Res < 1, it suffices to show that u, is bounded on the cuspidal
sectors V, C § for any x € . (This follows from the Fourier expansion at the cusp «:
see §10.1 and equation (8.1), and use the asymptotic behavior as y — oo of the special
functions in the expansion.) Take &1 € C with k between ¢ and n for the positive
(counterclockwise) orientation of JH and such that V, is between the geodesic g,
from « to n7 and the geodesic g¢, from & to k. Let Ry, R, R3 denote the regions to the
right of the geodesics g¢ «, giy, and g, ¢, respectively, as in the picture below. We have

U= Ugy + Uy + Upg . (16.9)
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By Lemma 16.7, u¢ , is bounded on the complement of Ry (and hence also on V), u,;
is bounded on the complement of R; (and hence also on V), and u¢ is bounded on
the complement of R3 (and hence also on V,, since V, N R3 is compact). &

Proposition 16.9. The map ] — uy from Hgar(l“; WP to E is injective for p > 3.

Proof. Suppose that uy, = 0. Let A be a path from the cusp & to the cusp 7 as in the
definition of ug,, in (16.6). Lemma 16.7 shows that

X ~ Y s+p-2
= YA+ 0 16.10
miug(2) = JAN) +O( - i|2) ) (16.10)
for z on or on the left of the geodesic from & to 7, and also that 7i ug ;) (z) = —mi uy £(z)
satisfies (16.10) on the right of that geodesic. Hence (16.10) holds for all z € $.

Since §(A) € GY, there is a continuous function B on a neighborhood of P} in P,
such that

e = () B+ o(=5)") o9,

|z + if?

With (16.10), and with the assumption p > 3, we get the same estimate for i u¢ ,(2).
Lemma 5.4 in [4] tells us that elements of &; satisfying an estimate of this type vanish.
We conclude that uz;, = 0 for all cusps & and 7.

Now we have by (16.10) that §(A) € N”™2, so y(A) is 0 in ‘W’ 2. Then y(A) = 0
because W’ — WP is injective (since W’ = VP c VP2 = WP,

Take a cusp & as base point. The group cocycle y = y(C,-1, ;) with C,-1. - a path
in Z[X{IT ] from y~!& to £ is zero. Hence the class [¢] € ngar(g, m; WP) is the trivial
cohomology class. =

We summarize the results in the following proposition:

Proposition 16.10. Suppose that T has cusps. For all p,g € N, g > p > 3, the
following diagram is commutative and all arrows are isomorphisms.

Maass’(I')

)
Q/S
g
q a! al

0 oo u)o (oo}
H) (WE, W) —— HL (W) — Hpu(W) —— Hpor(WY)

It remains to prove the estimate (16.8).
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Proof of Lemma 16.7. Since (C) € G, the second estimate in (16.8) follows from
the first.

By conjugation and symmetry it suffices to consider € = oo, 7 = 0. Theng = iR, .
We can assume that i € §. Changing A means adding an element of N’ to the sum,
and does not influence the estimate. So we can assume that A runs from oo to 0 through
the left half of the upper half-plane. It now suffices to estimate for z € $ withRez > 0

the sum
myz \stp
Yoo = YA

where y € T is such that y‘% is in the left half of $ and where 7 = d/(F) € NY.
For any y = [ Z] in the sum we have Re y~'i < 0, so ab + c¢d > 0. Moreover, oo is a
cusp of I, so Im y‘ li stays under a bound B, depending only on the group I" and the

cusp co. Hence a® + ¢? > z—.ForRez>0,z[ > 1:
Imyz/ y 2> + 2y + 1
2 2 2 2|22 + 2(ab d 2 b2 + d2
lyz+il? | |z + 1 (a2+c)|z| + 2(ab + cd)x + 2y + b* + (16.11a)
|27 +2lz) + 1
—— < 4B,.
(@ + c?)|z?

We apply the reflection z — 1/7 to conclude that there is a bound By > 0 such that for
Rez >0,z < I:

I
myz/ Y _ < 4B,. (16.11b)

lyz +i? | |z + if?

In the proof of Lemma 16.3 we saw that the number of I'-translates of § that in-

tersect the closed disk Dy around i with radius k is O(e¥) as k — co. We use this to

estimate the size of the set F; of y occurring in the sum such that y~!§ intersects Dy

but does not intersect Dy_1. We use the estimates in (16.11) for the sum up to k = kg—1,
with kg to be chosen later.

ko—1 ko—1
%;ﬂh(n) < Ze (|Zfi|2)s+p < eko(—kfilz)ﬁp.

For the tail of the series, we employ another estimate. Applying the triangle in-
equality d(yz, i) + d(z, i) > d(y~'i, i), and using |z+yt|2 —d@D a5 7 — 9%, we find

-1
Imyz Y ~ ¢ d0zh-d@) e—dW""”') < Imy s

e+ i 2+ iP : =Tl
and if y~!'§ has distance at least k — 1 to i, then
Imy~li —k
e <
This leads to
Imy Yi \s+ e
Zzh(ﬂ) < Zek(%)s p( y.z)sp
k>ko yeF k>ko ly='i+1 |z + 1
(1-s—p)k Y —s=p (1-s—p)ko Yy —s—p
< e — < e -7 )
Z (|Z+i|2) (|Z+i|2)

k>ko
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Combining both estimates we obtain for the total sum:
Z h(yz) < elomRes+pdi) | p(1-Res=phko+(Res+p)d(zi)
Y
We take ko = [2d(z, i)], and obtain

< e(Z—Re s—p)d(z,i) ,

which gives the desired estimate of the sum. m

16.4. Injectivity of the map from differentiable cohomology to invariant eigenfunc-
tions, cocompact case. We can also prove the injectivity of the map from W/ -valued
cohomology classes to invariant eigenfunctions in the cocompact case, now even for
p = 2, but the proof in the absence of cusps is harder, because the chain A used in
(16.6) must be replaced by an infinite path. We will show:

Proposition 16.11. Let I' be cocompact, and let p, g € N, g > p = 2. Then the
following diagram is commutative and all arrows are isomorphisms.

SF

W
(YS
ol >
q g

H' (W) — H(W{) — H(WY)

Only the injectivity of [¢/] — uy from HIIW(F; W) to EL remains to be proved. In
the non-cocompact case we used the decomposition (16.5) to write the eigenform uy,
as a sum of two pieces associated to paths between cusps. Now there are no edges in
X(lr that go to points of the boundary JH and we will use paths between hyperbolic
points instead. To do this we will extend a lift € C'(F”;G%) of ¢ to a function
defined on infinite paths going from a point P € Xg C H to a hyperbolic fixed point
on JH, like we did in §7.3 in the analytic case, using a one-sided average. However,
because our knowledge of the behavior of the extension near the hyperbolic fixed point
is incomplete, we are forced to perform some complicated estimates.

The proof will consist of five steps, of which steps a) and b) were not needed for
groups with cusps, and step d) requires more work than in the previous subsection.

a) Choice of paths from points of Xg to hyperbolic fixed points.
b) Extension of ¢ to these paths.

¢) Definition of uy (&1, £2) for hyperbolic fixed points &1 and &,.
d) Proof that if u, = O then ulp(fl,fz) =0.

e) Proof that if uy, = 0 then [i/] is the trivial cohomology class.

e Step a). We assume that the tesselation 7~ of type Fd is based on a Dirichlet
fundamental domain §. We choose once and for all a I'-orbit H of hyperbolic fixed
points of I, and consider only hyperbolic points belonging to this orbit. For each & € H
we denote by 7 € I" the generator of I's that has ¢ as its repelling fixed point.

In the proof of Proposition 7.4 we extended a cocycle on X(')T X X(r)r to a cocycle on
(Xg— U H) X (Xg U H). Here we work with a cochain i, and have to deal with actual
paths between points of Xg U H. We choose for each ¢ € H and each P € X(()r C Han
infinite chain p(P, &) of elements of X7 , describing a path from P to £&. We require:
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(1) T-equivariance, i.e., yp(P,&) = p(yP,v¢) forally € T,
(i) p(P, &) has no self-intersection,
(iii) for P,Q € Xg and ¢ € H the difference p(Q, &) — p(P,¢) is finite, i.e., it is in
Z[XT]

To see that such a choice is possible
we start with one & € H, and abbreviate
ne = 1. Let s be the geodesic connecting
¢ with the other fixed point & of . (In
the sketch on the right in the upper half-
plane model we place & at 0 € ]Pﬁ& and
& atoo € P%R.) We choose a point a on n-a
s and cover the segment of s between a
and n~'a with the finitely many translates s
¥& such that the closure y§ contains the
segment between these two points. I3

Next we take the infinite cover of s consisting of all translates by r"*, n € Z, of the
cover of the segment between a and 7" 'a.

f’

The union of all these translates is a
connected simply connected region in H.
a The boundary of this region consists of
C two components. We take the component
on the right of the geodesic with respect
to the direction from &’ to &.

na This component can be described as an
infinite chain of the form C = Z;’Z_m & X;
1S with x; € X;r and g; € {1, —1}. The chain
is n-invariant: there exists n > 1 such that

1X; = Xi+n- It has no self-intersections.

We use this chain to form infinite paths from each P € Xg to £&. Through each
P e Xg— there is a unique geodesic gp that intersects s orthogonally. We denote the
intersection point by xp. If P happens to be a point of s we take xp = P.

First we consider those points P € X(;r

for which x, is between a and n 'a, or Q
is equal to a. For each of these points _CE
P we choose a chain r € Z[XT] de- C xp P

scribing a path from P to a point Q in
cn Xg—. This can be done in such a way ~
that the path corresponding to r intersects n-a
the path given by C only in Q. Then we
choose p(P,¢) as the sum of r and the R
part of the chain C describing a path from
Qtoé.

The path x(P,¢) that we have constructed has no self-intersection. If PR € Xg
satisfy xp, xg € [a, n‘la) then p(R,¢) and p(P, &) form the same path, except for an
initial part. So requirement (iii) is satisfied. Thus we have completed the choice of
paths going to the fixed ¢ € H.
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he condition on the intersection points xp implies that the set H X X(')r is freely
generated by the (&, P) for which we have defined p(P, ¢€). We put p(I'P, y¢) = yp(P, &)
for y € I" to define p on H X Xg . This choice clearly satisfies requirements (i) and (ii).
For requirement (iii) we observe that p(p™" P, ¢) and p(P, ¢) differ only in an initial part.

In the sequel we assume that p(P,¢) for € € H and P € Xg— has been chosen such
that requirements (i)—(iii) hold.
e Step b). Thelifty € CI(ET; G%) of the given cocycle y € Zl(ET; WP) is defined
on paths in Z[X”']. For P € X] and & € H we have arranged that p(P, &) - nglp(P, & e
Z[XT. So g(p(P, &) - 77;1 p(P,£)) is an element of G%. We use the one-sided average
AV;; discussed in §4.1 to define:

Fy(P§) = AV,;J/((l —n,)p(PE) € GLIHN(8)). (16.12)

The dependence of Fy(P,£) on the choice of the path p(P, §) is not visible in the nota-
tion. We think of F;(P, ) as  evaluated on the infinite path p(P,&).

Near points of JH \ {£} we have good information on the behavior of Fy(P,§).
It is locally (in the disk model) of the form w — (1 — |w|2)s - (analytic), as defined
in §3.3. The next lemma gives information concerning the behavior near the point £.
We formulate it in the upper half-plane model, with ¢ at position zero, and use polar
coordinates $ 3 z = pe® (p > 0, ¢ € (0,7)).

Lemma 16.12. Let g € G such that g - 0 = &, in the upper half-plane model, and
Vi 0

gneg™' = [ 0 1/‘ﬁ] with t > 1. Then we have, uniformly for 0 < ¢ < n:
Fy(P.&)g - pe’) < 1 (pl0),
WFy(P.ENg-pe?) < p' (pl0).

Proof. This is a statement concerning H(pe'?) = ¥,,5 h(t"x) for some h € GY. There
are R, > Ro > 0 such that

p*(sin ¢)*ag(p cos ¢, p sin @) for0 < p <Ry,
h(pe'?) = o) for Ry < p < R,
p5(sin @)’ ac(—p ' cos ¢, p~ ' sing) forp > R,

with CP-functions ay and a., on a neighborhood of 0 in R? containing a disk of radius
Ry, respectively RZ!. In the intermediate region we also have dph(pe'?) = O(1).
For p < Ry we split up the sum at B = _10gW/R) ynd A = —128W/R=) The qum over

logt logt
0 < n < B contributes

to H(pe') : Z 7 p*(sin ¢)*ap("p cos ¢, "psing) < p°(sin ¢)*r5S
0<n<B
< p’(sing)’p™ < 1,
0 dpH(pe): < Y pGsing) (Mot + ) < p7t

0<n<B
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The sum over n > A contributes
to H(pe'?) : Zt‘”sp_s(sin $) ac(—1"p cos ¢, t"p7 ! sin ¢)
n>A

< p’p™ <« 1,

to doH(pe'®) : > 1" DpT(sing)* (sp7'O(1) + p0(1) < p7'.

n>A

The region B < n < A contributes O(A — B) = O(1) to H(pe'?), and to o0,H (pe'?)

o) < < pt.
B<n<A
On this region we do not obtain a factor p*(sin ¢)*. So we have to be content with O(1)
and O(p~!) as the final estimates. m

Let p(-, -) and p(-, -) denote two choices of paths, both satisfying the require-
ments. Then p(P,&) — p(P,£) can be written as an infinite sum e m, ()/‘13) of
elements of X(zr , with m,, = £1 if y~'§ is between both paths, with the choice of the
sign depending on the winding number of p(P, &) — p(P, &) around y~'§, and m, =0
for all other y‘l &. For the influence of the choice of the path on F 3(P.§) we would
like to get an estimate of the sum

D my i), (16.13)
Y

For later use we formulate this more generally. We need estimates for absolutely
converging sums over y such that y~!§ is contained in a set X. Near pieces of the
boundary away from the closure of X in Pé: the estimates are better. In the proof of
Lemma 16.16 we will need also an estimate for derivatives of the sum.

For convenience we use in the following lemma the disk model H = D, with coor-
dinates w = re’?, 0 < r < 1 and 6 € R/2n7Z.

Lemma 16.13. Let X be a union of T-translates of §. Denote by X the closure of X in
DUOD. Lethe N, p=2,3,..., let {ey : I'} be a bounded set of complex numbers,

and put
H = Z eyhly.
vel, y 1FcX

Then for any w € D with hyperbolic distance d(w, X) to X at least equal to R > 0
Hw) < e 6P DR (1 —12)8,H(re"), (1 —r*)dgH(re”) < e CP~DR (16.14)

The differential operators operators (1 — r?) 9, and r~! (1 — r?) 8y are natural in the
coordinates r and 6, since they are I'-equivariant up to a factor of absolute value one.

Proof. In fact, we will prove the estimates (16.14) for the functions obtained by re-
placing all terms in the defining sums by their absolute values.

Near the boundary, h(re®®) = (1 — r?)* a(re'?) with a CP-function @ on a neigh-
borhood of the boundary, vanishing up to order p on the boundary. Hence h(re®) =
O((1=72)**?) and 8, h(re') and dph(re') are O((1—r*)**P~1). Since h is a C>-function,
we can use these estimate everywhere on D. To estimate 0, ), h oy and 9y D, h o y we

)
use Y % hr(yw)| and Z|(2’—u‘f hg(yw)|, and note that |‘2’—$ = 11 —||yul:|)|2 . (We use that &, and
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hy are linear combinations of 4, and h; with bounded coefficients.) So for H and for
its derivatives we have to deal with sums of the type

> =Py, (16.15)

yel,y1§FcX

with ¢ = p or ¢ = p — 1, and have to add a factor (1 — r?) for the derivatives.
We can assume that 0 € §. Forally e I’

1-hul? < e 90w0 = (dwy 0 o pmdwy™'F)

An area consideration shows that the number of y € T such that dw,y™'§) < R is
O(eR). Hence the sum in (16.15) satisfies

< Z ed(w,X)+l e—(s+q)(l+d(w,X)) < e—(s+q—1)d(w,X)‘
I>1
This gives (16.14). =

Lemma 16.13 has as a direct conse-
quence that if [ is a closed cyclic inter-
val in S! = 9D contained in the open set
dD \ X, then as r T 1, uniform in ¢ € I

H(re®)y < (1-r%)"r!,
0-H(re") < (1-r)"r2,
To see this we simply observe that
e~4@X) = O((1 - r?) uniformly, because
the nearest point of X to any point near /
lies in a fixed compact subset of X.

If we have two choices p(P,¢) and p(P, &) for the path from P to & we get for the
difference of the corresponding values F;(P, &) and Fy(P, £) the expression

D mydiy'®) = Y my di(®)ly

yell yell
with m,, as in (16.13). We have dy(F) € NP, and the estimate (16.16) shows that
this sum is estimated by O((1 — r2)s+p‘1) near points of dD \ {£} =: I. The restriction
morphism p; : WF(I) — V(1) in §3.3 is given by psf(€) = lim,1((1 = 2))~* f(re'®))
on the class in ‘W’ (I) represented by f € G%(I). Thus, we obtain the following result:

(16.16)

Lemma 16.14. The element p,F, 3 (P.§) € VP (OD \ (&) does not depend on the choice
of p(P,¢), and satisfies

psFo7 ' Py7lE) = (0 Fp(PE)y  (yeD), (16.17)
and
psF3(P1,€) = psFy(P€) +y(r) (16.18)
for P1,P € Xg, éeHandre Z[X;r] corresponding to a path from Py to P.

Thus we get a cocycle ¢ on (Xg—UH )X(X(()r UH) with values in a ['-module containing
V! in which singularities at points in H are allowed. The restriction of ¢ to X(')T X Xg—
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is related to y € Z! (ET; WP) by (P, Q) = ps(p), where p € Z[X'IT] is a path from P
toQ.For P e X(()r and ¢ € H we have c(P,§) = psF (P, &).

e Step c). Leté&,& € H, and choose P € XOT. Motivated by (16.6) we might
consider

Fy(P,&) — Fy(P,&1) &1
o @y,

yel, y1§cXx
where X is in the region indicated on the
left. However, this sketch is misleading,
because the paths p(P, &) and p(P, &)
may intersect each other.

&

We need to work with a sum 3, m, Ay (F)ly, where m,, is the winding number
around y‘1$ of the closed path —p(P &) + p(P, &) from &, via P to & and then back
to & along the positively oriented arc of dD from &) to &. (In the sketch above,
where p(P, &) and p(P, &) do not intersect each other except in P, we have m,, = 1 if
Yy '¥% c X and m, = 0 otherwise.) We define

1 -
upé1.6) = —(Fy(P.&) = Fy(P.& + ) my di®)y). (16.19)
yel
There is a more general representation

1. -

upér.ér) = —(I(A) + ; my, dip(F)ly), (16.20)
where A is any infinite path given by an
infinite chain of the form —p(Qy,&;) +
r+ p(Q», &), where Q1, O; € Xg, where
r € Z[X] ] corresponds to a path from Q;
to 05, and where m,, is the winding num-
ber around y~'§ of the closed path con-
sisting of —A and the positively oriented
arc in dD from & to &;. &

Lemma 16.15. We have u@(fl,fz) € & and

ug(&1,62) + ug(62,61) = uy . (16.21)

Proof. The second assertion follows directly from (16.2) and (16.20).

To see that uy(§1,£2) is in & we want to apply the same reasoning as in Proposi-
tion 16.1. We need a sequence A; of infinite paths from & to & that have distance
at least / to a fixed point Py. To construct such a sequence we consider first the se-
quences (n," Po) and (17," Po) tending to £} and &, respectively. Put p, = n," p(Po, &1)—
nl‘"‘l p(Po,&2). This is a finite path from 1" Py to n;”‘lPO, and F;(Po,&1) is equal to
D0 zZ(po)m’l’. (The infinite chain }},.o p, describes an infinite path from Py to &,
that will in general be different from p(Py,&1).) For each n the maximum of the dis-
tance between two points of p, does not depend on n. The sequence of finite paths
gn = 1,"p(Po. &) — 1, p(Po, &) has similar properties.

&1
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For each [ > 1 there is by Lemma 16.3 a cycle Z; going around D once in the
positive direction in the region with hyperbolic distance at least [ to Py. There are
points P; € Xg in the intersection of Z; with ),~ pn, and Q) € Xg in the intersection
of Z; with the infinite path }},-og,. Take n; such that P; is on the finite path p,,, and
ny such that Q; is on the path a,,. We form the chain A; as the sum of the following
chains:

from to
a = - Znan Pn &l UIHIPO >
a along edges of p,, n,"'Py Py,
as along edges of C; P o,
as along edges of ¢,, Oy m, Py,
as = Znan qn n;nzPO &

To apply the method used in the proof of Proposition 16.1 we estimate (A—A,)¥(a;)
for each of these paths. We have (A — A)d(a3) = O(e') O(e~*P!) = o(1). The paths
ap and a4 consist of finitely many edges, and have distance at least [ — O(1) to Py. This
leads to (A — A)Y(a;) = o(1) for i = 2,4. The path qn, has distance at least / — O(1)
to Py, and there exists a factor & > 0 such that 17," gy, has distance at least an+1—0(1)
to Po. Hence (A — A)P(as) < Y50 O(e~ P @Dy = o(1), and similarly for a;.

Now we can proceed as in the proof of Proposition 16.1. =

o Step d). We now show:
Lemma 16.16. If u, = 0, then uy(¢1,£) = 0 for all 1, & € H.
Proof. Since uy, = 0, equations (16.21) and (16.19) give

miug(&1,62) = Fy(P&) = Fy(P,&) + S5(P&1,6) (16.22)
—miug(§2,61) = —Fy(P.&) + Fy(P.&) =S 5(P.&2,81),

where

SgP&m = Zmyd&(t’s)ly, (16.23)

yell

with m, the winding number around y~!'§ of the path consisting of —p(P,7), p(P,&)
and the positively oriented arc in 9D from £ to 7.
Let w; € D. By Lemma 16.15 and (1.9) we can use Theorem 1.1 to write

ug (&1, &2)wr) = —2n fc {ug(€1,62),0), (16.24)

where v(w) = gs(w, w;) and C is a curve encircling w; once in the positive direction.
We will choose the path C consisting

of four pieces, two being small arcs C; &

and C, near &1 and &;, and two being arcs

D) and D, between &1 and &;. (See dia-

gram.)
Near &; it is convenient to use the up-

per half-plane model, writing §; = k; - 0,

with k; € PSO(2) € G = PSLy(R). &
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We choose the C; depending on two small positive parameters € and 6, as indicated
in the following sketch of k]‘.1 C; in the upper half-plane:

The points z; and z;, where the arc C; meets D and D, correspond to w; = z—; and

w;. = g in the disk model. The absolute value b := |w;| = |w}| (near 1) is related to &
J .
and ¢ (near 0) by an explicit formula (namely 1 — b* = %). The arcs D; are
of the form w = be™ where 6 runs through an interval 7 ;in R/2n7Z. We must show that
each of the four contributions to (16.24) tends to zero as 6 — 0 and then € — 0.
We begin with C;. In the upper half-plane model we use for z near ; the coordinate

pe'? = kj‘.lz € 9, for which

1
{u,v} = ; (vuy — uvy) dp + p (v, — vu,) dy,

and hence simply {u, v} = £ (uv, — vu,))dp on C;, where p = & is constant.

We have F&(P, &) = O(1) and apFJ,(P, &) = o™ according to Lemma 16.12.
The corresponding term for F' «Z(P’ &y), with j* # j, is smaller, since F {;(fl,fz) e GX()
for an interval J containing £;; the derivative is O(p*~!). Lemma 16.13 and its con-
sequence (16.16) applied to S@(P,fl,fz) = —Sl,;(P, &, &) show that S@(P, £1,8) is
bounded near &;, and that near &; the derivatives with respect to r and 6 are esti-
mated by O((1 — 7%)™!) = O(s™!). The derivative with respect to p can be expressed
in these derivatives with bounded coefficients. Finally, the functions v and v, for
v=qy(-,w;) € WP are O(e*) and O(s*~!) respectively. All this leads to the following
estimate of the integral over C:

f £(0(1) O™ + O(e") O(c™")) dg = O(&).
-0

This estimate is uniform in 6 € (0, 7/2).

Now we turn to D;. In the disk model with coordinate w = re'? € D we have
1
{u,v} = — (vug — uvg) dr + r (uv, — vu,) do,
r

and hence {u, v} = b (uv, — vu,)d6 on D, where r = b is constant. Since /; has length
at most 2 = O(1), the contribution of the integral over D; is bounded by a multiple of
the maximum of |uv,| + |vu,| over the arc D;.

We use that F;(P,£;) € G5 (I) and that v represents an element of W}’ to get from

Fy(P,&p)(re”) = (1 — r*)*a(r, 0) and v(re”) = (1 — r*)*b(r, 6) the contribution
r(1 — r)*(a(r, 0)b,(r, 0) — a,(r, O)b(r, 6)) db .
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This contributes O,((1 — b*)**) to the integral. (We note that the implicit constant
depends on the interval, hence on €.) By Lemma 16.13 the contribution of S J/(R &1,86)
or =S (P, &2, 1) is Og ((1 - bz)ZHP‘Z). Since p > 2, the final estimate of the integral
over D; is Og4((1 - b*)*).

We have arrived at
uz(é1,6) = 0" + 0,((1 - b)),

with the first term uniform in 6. Letting ¢ | 0, and hence b T 1, we arrive at the bound
O(e*) for all positive €. Hence uy(£1,£2) =0. =

o Stepe). Ifuy =0, then uy(&1,£) = ug(&2,&1) = 0 by step d). Lemma 16.16 and
(16.22) give for P € XOT and &1,6 € H:

Fj(P.&) = Fy(P.&) = Syp(P&,61) = =S5(P&1L6). (16.25)

The cocycle c on (X(()r UH)X(Xg—UH ) introduced after Lemma 16.14 satisfies c(&1, &) =
ps(Fl;(P, &)= Fy (P, £1)). We have Fy(P&pw) = Aj(w) (1 - [wl?)® where Ajis p times
differentiable on a neighborhood Q; of St (¢ 7} in P%C. Estimate (16.16) shows that
S J,(P, &1,8)is o(1 - |w|2)p ! near closed intervals in (&2, 1) and, with reversed roles
of ¢ and &, also near (£1,&).. S0 Aj — Ay is in CP~1(Q N Q). We glue A; and A,
to obtain f € le’_l that represents c(P, £;) on st {¢} for j = 1,2. The sheaf ’Wsp_1
has no sections with support consisting of one point, so F;(P,£1) and Fj(P, &) are in

wr ! and and their difference is represented by an element of N7 !, The proof can
now be completed in the same way as in the last part of the proof of Proposition 16.9.

17. Smooth parabolic cohomology. We combine the results on V”-valued cohomol-
ogy of the previous section to show that Hrlm(l“; Vo) = Maass(s)(F ). In this way, we
complete the proofs of Theorems A and B, and conclude that the main theorem of [21]
extends to three times differentiable period functions.

Theorem 17.1. Let 0 < Res < 1. Let I" be a cofinite discrete subgroup of G =
PSL,(R).

If T is cocompact then EL is isomorphic to H'(I'; V™) and to H'(T; V?) for all
PEN, p>2.

IfT has cusps, then Maass®(I') is isomorphic to H;ar(l“; Vi) and to H;ar(l“; V?) for
allpeN, p>3.

Proof. With the restriction map pg; we obtain from Propositions 16.10 and 16.11, in
the case that I" has cusps and p > 3

= 0, 00 //=oo\“
Maass)(I') — H}, ([;Vy" %) — HL (T V) — HL (T VD)

and if I' is cocompact and p > 2

B~ —_— . T
& — H'[;VyY) — H' V) — H' ([;V))
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where in both cases the composition is an isomorphism. So it suffices to show that the
natural maps HIIW(F; V) — HIIW(F; VP and H'(T; V) — H'\T;VF) are injective
for all p.

We show this in the standard model of cohomology. Suppose that for y € Z!(I'; V)
there exists a, € V! such that Wy = ap|(y—1) for all y € I'. Since all arrows in the
diagrams in Propositions 16.10 and 16.11 are isomorphisms, there are also a, € V{
such that ¢, = a,|(y — 1) for all y. We take a hyperbolic y € I', and conclude from
Proposition 4.1 that all a, coincide, and hence give elements of V. =

As a consequence of (14.8c) we obtain for the modular group the following exten-
sion of the main theorem in [21] on period functions and Maass cusp forms:

Theorem 17.2. LetO <Res< 1,and p e N, p > 3.
Maass)(I1) = FE(R,)), = FE,R,)2 = FE,R,)).

So thrice differentiable functions on (0, co) that satisfy

f@ = fa+ D+ @+ D2 )

x+1

and the estimates ¥(x) = O(1) as x | 0 and ¥(x) = O(x %) as x — oo automatically
are real analytic, and occur as the period function of a Maass cusp form.

17.1. Recapitulation of the proof of Theorem A. The definition in (5.5a) induces an
injective (Proposition 5.1) map r : 81; — H\(T; V&). The isomorphism V = W (in
§3.2) and Theorem 7.2 give a left inverse % o PI of r, with

a: [y] = b(s)uy,,

with b(s) as in (3.4d). The injectivity of a¥ o PI follows from Proposition 7.3, Propo-
sition 7.4 and the exact sequence (7.6).

Proposition 16.2 extends a* to of : H'(I; W’) — &L, in a compatible way for
different values of p. Theorem 17.1 shows that these extensions are injective, and also
determine an isomorphism H'(['; V) — &L

17.2. Recapitulation of the proof of Theorem B. The injective map r in Proposition 5.1
from Maass’(I') to H'(I"; V) has its image in the subspace Hy, (T V2, V), ac-
cording to Proposition 10.3. Proposition 12.7 shows that

r : Maass)(I') — Hj, (T; V&, V&)

is an isomorphism. Propositions 13.4 and the fact that V;’ s locally defined (Defi-
nition 13.3) imply that
Hyoe (T VY, V) = Hp (T V).
Finally, Theorem 17.1 gives
Maass)(I) = H), (V).
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Chapter VI. Distribution cohomology and Petersson product

In the previous chapters we have considered the relation between automorphic forms
and cohomology groups with values in principal series spaces consisting of functions,
possibly with singularities. In this chapter we turn to cohomology with values in the
spaces V> and V;“ of distribution and hyperfunction vectors in the principal series.
For groups with cusps, H'(T'; 'V, *) is isomorphic to Maass?(r), by a result of Bunke
and Olbrich, [7].> The natural map from H'(T; V<) to H T V) turns out to be
the zero map if I has cusps. This contrasts with the cocompact case, where Bunke and
Olbrich, [6], have shown that H!(T'; V) = H'(T; V).

The Petersson scalar product can be transformed into a bilinear form on the space
Maass(s)(F). The isomorphisms with cohomology groups transform this bilinear form
into a duality between Héar(l"; V°) and H LT V=,). We will show in Section 19 that
this bilinear form coincides, up to a multiple, with that given by the cup product, which
we have to adapt to parabolic cohomology if the discrete group has cusps.

18. Distribution cohomology. The obvious way to obtain a map from Maass forms to
distribution cohomology uses the natural homomorphism associated to V° — V.
In §18.1 we see that this leads to the zero map. In §18.2 we discuss another map from
Maass forms to distribution cohomology, which gives an isomorphism on cusps forms.

18.1. Vanishing image in distribution and hyperfunction cohomology. The injective
map T in Proposition 5.1 can be followed by the natural map to H'(T'; V™). The
composition is injective for cusp forms:

Maass(I) —— H}, ([ VE, V> °) ——= H}([; V)

-

E—— = H'(T; V) HY(T; V™)

The inclusions V;° € V= C V¢ give further natural homomorphisms
H'(T; V) — H'\(T V) — H (V). (18.1)
Proposition 18.1. The image of v E. under the natural maps in (18.1) vanishes in

H\(T; V), and the image of r Maass(I') vanishes in H\(T; V).

Proof. Let u € E'. In §5.2 we have seen that the class of ru is represented by a V-
valued cocycle ¢y, = glos (¥ — 1), where g € H is a representative of the hyperfunction
P,~'u. Hence the image of ru in H T V) is zero. If u € Maass,(I') then u has
polynomial growth. Theorem 2.3 implies that P,"'u € V. Hence ru is zero in
H'T;V ™). =
18.2. From cusp forms to distribution cohomology. In §3.4 of [4] we have considered
two spaces of second order eigenfunctions:
&, = Ker((A -1, : C*(H) — CZ(H)),
(&) = {f €&, : fhaspolynomial growth}.

(18.2)

3See the footnote in §7 on p. 37.
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The space of eigenfunctions of polynomial growth is equal to &;° = P;V > (Theo-
rem 2.3).

Propositions 3.6 and 3.7 in [4] show that the spaces of second order eigenfunctions
fit into the following exact sequences:

A=Ay
0 - & —» & = E& —= 0

U U U (18.3)

s

A-2,
0 - &% —- (E)™ - & —- 0
The second of these exact sequences leads to a non-zero map from cusp forms to distri-
bution cohomology. Indeed, define b : Maass,(I') — H'(T'; V) as the composition
Maass,(I) = ()" = HU[:E;°) — H'T:8;%) = H';V,™),

of the connecting homomorphism in the long exact sequence associated to the second
row in (18.3) and the isomorphism provided by the Poisson transformation.

If I" has cusps and u € Maass,,(I') is the value u,, of a holomorphic family s
uy € Maass,(I), then a I'-invariant lift ity, € (E})™™ can be obtained by differentiation
with respect to s, as in the proofs of Propositions 3.6 and 3.7 in [4]. So b vanishes on
Eisenstein series. Bunke and Olbrich have shown in [7], Proposition 8.1:

Proposition 18.2. Let 0 < Res < 1. The map b : Maass’(I') — H'(I'; V™) is an
isomorphism.

Their proof uses an exact sequence

A_/ls —
0—>&Y—>C”—>C”—0,

where C™ consists of the f € C*(9) such that 977" f has polynomial growth for all
n,m € N.

In the cocompact case, this result amounts to 85 =~ H\(T; V). In [6], Bunke and
Olbrich have shown that

E = H'TV™) = H' T V). (18.4)

If ' has cusps and s # %, then all elements u# € &; occur in holomorphic families,
as we have seen in part ii) of Theorem 15.1. Differentiation with respect to s gives for
u € E aT-invariant lift in (&,)'. Hence the image of bu in H'(T'; V) vanishes:

Proposition 18.3. Ler0 <Res < 1, s # % For groups with cusps the composition
b
Maass(I') — H'(T;V,®) — H'(T; V)
is the zero map.

19. Duality. In this final section we give a cohomological description of the Petersson
scalar product.

19.1. Petersson scalar product. The Petersson scalar product on the space of cusp
forms Maass’(I') is given by

(u,v):f uvdu.
e
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It can be computed by integration over any measurable fundamental domain, for in-
stance over § as chosen in §6.2 in the cocompact case and §11.1 if I" has cusps.
Instead of (-, -) we use the bilinear Petersson scalar product

(u,vy = f uvdy  (u,0 € Maass’(I). (19.1)
Ny

Since MaaSS(S)(F) # {0} only if s € (% +iR) U (0, 1), the space Maassg(l“) is invariant
under conjugation. Hence (u,v) = (u,0) for all u,v € Maass(s)(F) for all s with 0 <
Res < 1.

19.2. Cup product. The cup product in cohomology can be described with any aug-
mentation preserving chain map F — F®F of projective resolutions, called a diagonal
approximation, which gives an isomorphism in cohomology. In the standard model of
group cohomology one may use the diagonal approximation described in [1], Chap. V,
§1. This leads to a linear map

U: HTV)Q HI(T, W) — HY T Ve W).

For i = j = 1 this is induced on 1-cocycles by (b U ¢)(x) = —(b ® c)(Ayx)), where
A. denotes a diagonal approximation. For i = j = 1, the cup product ends up in
H?(T'; V ® W), which is isomorphic to (V ® W)r in the cocompact case. For groups
with cusps, the second cohomology groups vanish, and we need parabolic cohomology
to have a reasonable cup product. Applied in the cocompact case, we get back the usual
cup product.

For our purpose it suffices to consider a resolution F” based on a tesselation 7~ of
type Mix, as discussed in §6.2 and §11.1. The tensor product G = F” ® F” with
G; = EB;:O F ;r QF Zd gives a resolution of Q. The boundary maps are determined by
Oirjx®y = 0ix) @y + (-1)'x® (0;y) for x € F/ and y € F;.r. The augmentation is
given by e(P® Q) = 1 for P,Q € Xg— . With minimal sets B; C XZT of generators of
F7, the sets

l
U {x®y_ly : xX€By,ye By, yE Ty\F}
a=0
generate G; over Q[I'], and form a basis if i > 1. For x € C:

Gy = Q-k®«.
These are the sole generators with an infinite isotropy subgroup. The conclusion is that
G is a parabolic resolution as defined in §11.3.

o Explicit basis elements. For the sequel we need an explicit description of gener-
ating elements of F lT for the tesselation 7~ of type Mix. The Dirichlet fundamental
domain & underlying the tesselation has the following boundary:

0% = Ze|(1 —7;1) +{ 0 (cocompact), (19.2)

~ e x| (1 = ﬂ;l) (not cocompact) .

If T is cocompact, then F is empty.
We introduce some notation, illustrated in Figure 7 for the modular group. Define
vertices P, and Q. of &y (or of § if ' is cocompact) such that e = e(P,, Q.), and also
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vertices P, of &y such that e, = e(Py, k) if I has cusps. Note that O, may occur as P,
for some ¢’ € E.

€
TPy = Pu=0
T7'Q, v
ba
Py, =
T-'P, b Q= P,=SP,

SO

Ficure 7. The points P, and Q. in the standard fundamental domain
of the modular group.

So Fg is generated by Py, the P, and Q. with e € E, the P, and k, with x €
&Y. We use the Q[I']-basis of F ‘17' consisting of the e € E, the edges e(Py, R) where
R runs through the set of vertices {P,, Q.} U {PK,Jr;lPK}, the e, = e(P,,«) and the
fe = e(PK,n;lPK) with k € . A Q[I']-basis of F Z- consists of the polygons in Xz-
contained in §. For the tesselation 7~ of type Mix these polygons are triangles. Their
sum represents the fundamental class. Denoting by A(A, B, C) the triangle in XZT with
boundary e4 p + epc + ec.a we have:

®) = > (AP, Pe, Qo) + AP, v, ' Qer V' P)) (19.3)
ecE
+ (AP, P P + Vi),
KEFY

where V, = A(n ! Py, Py, K).
o Explicit diagonal approximation. The cup product in parabolic cohomology is
induced by any augmentation preserving chain map §, : F7 — F” ® F7. With the
notations just introduced we indicate a special choice that will work well in connection

with the Petersson scalar product.
In dimension O there is only one sensible choice:

S(P) = (P)®(P) (PeX)). (19.4)

This is continued Q[I']-linearly, and gives an augmentation preserving map.
In dimension 1 we prescribe d; on the basis discussed above. For each of the basis
elements epp we put

61€p,Q = P®€P,Q+6’P,Q®Q- (19.5)
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After Q[I']-linear extension, 6; turns out to be compatible with the boundary maps:
50(5 1=0 151.

For the basis elements of F Z we make the choice in Table 2, with e € E, k € F.
It is some work to check that this is compatible with 0, and 9. This choice has the

02A(Po, P, Qc) Py ® A(Po, P, Q) + e(Py, P.) ® e

+ A(Po, P, Qe) ® Qe

Py® A(Po, ;"' Qe, v, ' Po)

—e(Po, v, ' Pe) ® e(y, ' Pe, v, ' Q)

+ AP0, 7, Qe. v, ' Pe) ® 7,1 O,

Py ® A(Po, P, ' P) + e(Po, P) ® fi
+ APy, P, i ' P @ 1 ' Py

oVe = P®Vi—fi®nle,+V,®k

62A(Po, ¥, ' Qe, v, ' Pe)

52A(P0a PK’T[/:IPK)

TaBLE 2. Basis elements of F Z- , with e running through E and « through §°".

special property
5F] c(Fy o F])e(F| " oF])e(F] o F]), (19.6)

where the first factor of the (1, 1)-term is F T’Y.

e Cup product. Let V and W be Q[I']-modules. The cup product of cocycles b €
ZI(ET’Y; V)and c € ZI(ET; W) is computed as (b U ¢)(x) = —(b ® ¢)(d,x) for x € X;r.
The tensor b ® ¢ sees only the component of x in F' T’Y ®F 'li' The result represents an
element of Hgar(r; V ® W), which does not depend on the choice of b and ¢ in their
cohomology classes. Thus, we have obtained

U: H'(T; V) ® Hy, (T; W) — Hp (T: VO W) (19.7)

By evaluation on the fundamental class we obtain an element of HE, Ve Ww) =

(V ® W)r represented by:

(BUAE) = (BP0, PO ® (@) + (blyPo, P 9 ce)) I )

ecE

+ Z (—b(PO, P ®c(f) +b(f) ® C(ﬂ';le’()) )

KEFCU

ar

(19.8)

e Duality. Inthe special case that there is a [-invariant bilinear form (-, - ) : VXW —
C we have a linear map (V ® W)r — C. Thus we have a linear form H r,v)ye
Héar(l"; W) — C given by

(b1 [c] - ((b U e)(T\HD),

4An additional assumption is needed: W* = {0} for all parabolic 7 € I
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where we denote by (- ) the linear form on V ® W corresponding to the bilinear form
(-, +). We will use this with V.= V%) and W = V. See §2.1.

19.3. Cohomological interpretation of the Petersson scalar product.

Theorem 19.1. For 0 < Res < 1 and all cofinite I' C G, the bilinear Petersson
scalar product is given by the cup product of bu € H'(T; V=) and rv € H;ar(l“; V)
evaluated on the fundamental class:

b
o) = 22 (v o IrVED)

foru,v e Maass?(l"). See (3.4d) for the gamma factor b(s).

Remarks. 1. For discrete groups with cusps we understand the cup product in the
parabolic sense of the previous subsection.

2. The choice of the spectral parameter s such that A, = s(1 — ) is the eigenvalue of A
on u and v is not visible in the notations b and r. Here it is important to use opposite
choices for the spectral parameter for bu and rv. For the Maass cusp forms the choice
does not matter: Maass‘l)_s(l") = Maass?(l“).

Proof. The proof takes the remainder of this subsection, and consists of three separate
steps, which use several results from the previous chapters. For cocompact I we use
& = 0 throughout the proof.

o Use of a distribution-valued cocycle. First we use the description of cohomology
with cocycles on the group I'.
The map b in §18.2 gives rise to

b®id : Maass! (I') ® Maass(I') — H'(T; ;%) ® Maass (),
where we have used the identification V) = &%, by the Poisson transformation. We

define a linear map d : Z\T 819 ® MaaSS(S)(F) — Cby

dbou) = 2i Y | [b,a,0], (19.9)

ecE’ V¢

where E' = EU{e, : k€ §"}andy, €I fore € E’ such that 0F = X ,cpr €| (1 — ve).
For e = ¢, k € ", and hence y, = 7., the convergence of the integral is assured by
the exponential decay of v and its derivatives, and the polynomial growth of b,-1.

Lemma 19.2. Definition (19.9) induces a linear map
d: H'(;&%) ® Maass)(I') — C
such that the following diagram commutes:

Maass! (I') ® Maass)(I")

b®id
d C

H\(T; &%) ® Maass)(I) ——=
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Proof. Letb € Z\(T; &%) andv € Maass?,(l" ). To see that d(b ® v) does not depend
on the choice of b in its cohomology class, we look at b = da € B'(T; E%).

ZiZf[alye_]—a,v] = 2iZ( L [a,v]—f[a,v])
e Ye € e

ecE’ ecE’

2if [a,v] = O.
F

Let u,v € Maass?(r) = Maass(l’_ ;). The exactness of the sequences in (18.3)
implies that bu can be represented by a cocycle y - by = ii|(y —1) with &t € (&]_)™
such that (A — A,)it = u. Thus,

dbuev) = dbev) = 2i ) [al(;" - 1),0] = 2if [it, 0] .

ecE’ oF

db®v)

Since (A — Ay)ii may be non-zero, the form [ii, v] is not closed. For cocompact I we
obtain with (1.10c):

dbu®v) = 2if [i#,0] = fuvd,u = (u,v).
oF 3

If I has cusps, we replace & by the truncated fundamental domain §, = §N H, witha

large. (See §11.1 for $,.) The exponential decay of v and the polynomial growth of i

and their derivatives shows that for all large values of a
dbu®v) = 2if [i@,v] + o(1) = f uvdu +o(l) = (u,v) +o(l).
6“'& [ a

Taking the limit as a — co we obtain the desired equality. =

e Reformulation with a 2-cocycle. We switch to the description of cohomology with
a tesselation 7~ of type Mix, and define for b € Z 1(F 7. & Z)andve Maass(s)(l“):

wpo = [b(P,Q),v] (P,QE€X]). (19.10)

The map (P, Q) = wp defines a 1-cocycle on Xg— X Xg with values in the smooth
closed differential forms, satisfying w,-1p,-19 = wpg oy fory € I'. For P,Q,R € Xg-
we put

R
C(P,Q,R) = —2if wpQ , (19.11)
0
where the path of integration from Q to P follows edges in XT.

Lemma 19.3. Equation (19.11) defines a cocycle C € Z2(E 7. C) and induces a linear
map
a: H'(T;8%) ® Maass)() — H.,(T';C) (19.12)

such that the following diagram commutes:

d

H\(T; &%) ® Maass)(T) C

\ ]eval. on (%)

H;,(T';C)
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Proof. If P or Q is a cusp, the decay properties used in the proof of Lemma 19.2 ensure
convergence here as well. The I'-invariant C-valued 2-cochain A(P, Q,R) — C(P, O, R)
inC 2(F 7. C), also called C, is automatically in Z2(F 7', C), since F 7" = {0}. To see that
it does not depend on the choice of b in its cohomology class, we suppose that b = da,
with a I'-equivariant a. Then wpo = np — ng, with np = [a(P), v] also I'-equivariant,
and

a0 = f np—f np—f no = df(P.O.R). (19.13)

where f(P,Q) = — fP np. Soa : [b] ® v — [C] can be extended to give a linear map
H'(T';&_5) ® Maass’(I') — H*(T; C).
We evaluate C on the representative of the fundamental class in (19.3):

C®) = D (C(Po, Pe, Qo) = C(yePo, Pe, Or))

ecE

(19.14)
+ ) (C(Po, Py Po) = C(Py 7 P ),

KE %Cu

where we have used the I'-invariance of C.
Each term in the sum over e € E contributes:

Qe
—2lf (a)po’pe - a)yepo,pe) = 2i fw)’cPO,PO = 2i f[b(’yepo, Po), U] .
P, e e

This is equal to the corresponding term in the definition of d(b ® v) in (19.9), provided
we use Py as the base point in the description of b in the standard model of group
cohomology.

The contribution of the terms for k € F" are also in accordance with (19.9), as one
sees from the following slightly more complicated computation:

1
E(C(Po, PPy - C(Pk,n;lpk,m)
1

7 Py K
- f WPy,P, + f Wp, 7' Py
Py ﬂ;IPK
K K K
- f wpy,p, + f wpyp, + f (Wpyxz1p, = WPy.P,)
Py Py Py
K K
- f WPy, P, + f Opoc! P
Py ﬂ;IPK

f(_wPOaPK + a)nkPO7Pk) = f [bﬂ;l ’ U] . n
€ €x

o Reformulation with cup product. The map

Maass?(I) — H' (T3 W, W) — H

par

W)

par

induces a map
.d ¥
H'(I;6%) ® Maass(I) — H'(T;6;%) ® H.(T; W)

Y, H (T E S @ W ™).
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Since &% = V% and (W“’ © = (V“’ ® c V>, there is a G-invariant C-bilinear dual-

ity (-, ) : 8;_5 X ’Ws“J ® — C. On the subspace 1% X W we have the description
in (3.9):

b
i) = BB ) = o fc [f.ql.

with a suitable contour C. This leads to the following result:

Lemma 194. Fix f € &%, and define g € ’WS“’*""’ by g(z) = fp [v, gs(-,2)], where
vE Maass?(l“) and p € XIT. Then

(fg) = bls) f v f1. (19.15)
14

Proof. First we suppose that p € XT’Y . Then Sing (g) € Supp (p) which is compact
in 9, and g € W. Let C be a positively oriented closed curve encircling p once. With
(3.9) and Theorem 1.1:

fog) = bls) f - 249 e f (o) 455 1, |

= b(s) f [v, f1.

The legitimicity of the interchange of the order of square brackets must (and can!) be
checked. Thus, we have obtained (19.15) if p € X(IT’Y.

We still have to consider the case that p = e(P, k) with P € X(()r NHand k € C. We
approximate p by po = e(P, Q) with Q € $ on p. Put, for Q € p (including Q = «):

f [f(2), q5(z. )],

90(2) =f [v,gs(-,2)],
e(P,Q)

ro@ = f [0.RZ: )]
e(P,Q)

With (3.6¢) and Proposition 12.1 we have PIrQ = b(s)™! go forall Q € p. If O # «
then rg € V. Proposition 9.7 implies that limg_, rg = r, in the topology of V;°. Let
B € V=, be such that f = P|_s8.

(f29) = B.b)r) = bs) im(B.rg) = lim(f.go)

b(s) lim [v, f1 = b(s) [v, f].
0=k Je(P,0) e(PK)

The last equality follows from the fact that fe (P [f,v] converges absolutely. m
Lemma 19.5. The following diagram commutes:
H\(T'; &) ® Maass)(I")

9 4 g ql \

1. o—x 1 . ,00 00 2 .
H\T:67%) @ Hip (T Wy ) —= B, (T 6% @ W) ——= 12, (I 0)
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Proof. We start with b € Z! r 7—;8;2';) representing a class in H T, &%), and with
v € Maass)(I'). The image qu € H},(T'; W) is represented by g € ZL(FT; W®")
given by
gy)(z) = f [v.q,(-.2]  (yeX]).
y
Let C; € Z*(F”; C) be the cocycle obtained from the cup product
vy = (bugv)  (Vex).

Our aim is to relate C; to Cod,, where C is the cocycle in (19.11) representing a([b]®v),
and where 5. : F7 — F” ® F” is asin §19.2.

It suffices to consider C and C o ¢, on the generators in (19.3), given in the first
column of Table 3. For each of these generators we have (b U ¢)(A) = —b(x) ® q(y)

basis elt. A xex! '’ yeX!
A(Py, P, Q.) e(Py, P,) e ecE
AP0,y Qe vy ' Pe) —e(Po,y;'Pe) v.'e(Pe,Qe) e€E
A(Po, P, 7' Pyo) e(Po, Py) J K€ FN
Vi —fx ﬂ;lek k€ FH

TaBLE 3. Basis elements of F ;r

with x and y as indicated in Table 3. Lemma 19.4 shows that
Ci(Ad) = —(b(x),qy)) = —b(s) f [0, b(x)] .
y

With (19.10) and (19.11) we have C(A) = -2i fy[b(x), v]. In view of (1.10b):

%C(A)—b(s)‘lcl(A) = f d(vb(x)).

y

A computation on the basis elements of F. ;r in Table 3 shows that
f d(b(x)) = (dF)(D)
y

where F' € Map(F (lr; ) satisfies
F(e(Py, P)) —v(P) b(e(Py, P))(P) for all vertices P of Jy,
F(e) = —u(Qe) b(e)(Qe) foree E,
F(f) = —u(P)b(f)(r'P)  forke F.

Hence [C] = —2ib(s)"' [C}]. (For A = V, with x € F" we use that v(k) = 0, and that
F(e,) is unimportant since F(m)x 'es) = F(elne = F(e,).) m
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o Combination. We combine the commuting diagrams in the Lemmas 19.2, 19.3
and 19.5:

Maass! (I') ® Maass)(I")
b®idL o

H\('; &) ® Maass) d C

, a eval. on (g)
2 ideq

H'(TE7%) ® Hyp (T W) — HE (D615 0 W) 1= HE(TC)

Since V% = & and V° D> VY S = W this completes the proof of Theo-
rem 19.1. =
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