13c. Non-abelian case

First downward shift operator
Get the kernel relations
m- - Clear[sum, f, ry, m, p, h]
F = tht[m[h, r]] « f[r, t] = Phi[h, p, r, p]
s3ml = sh[3, -1, F, subnab]
our - - f[ry, €]« Phi[h, p, r, p] = tht[mkh, r]]
1
our- - ——p(Zi 27 t 4/Abs[ell] f[r, t]«Phi[3+h, -1+p, —1+r, -1+p]

4 (1+p)

((1+eps) A/mh, r] tht[-1+mh, r]+(-1+eps) A/1+mh, r] tht[l+mh, r]])+

Phi[3+h, -1+p, 1+r, -1+p]- thtimh, rll(4-h+2p+r-4ell nt?) flr, t]-2t f®Yr, t]))

Separate values 1 and -1 of eps=Sign[ell]

Shift the summation variable r such that Phi[hh,pp,r,pp] occurs

- - Clear[relp]
s3ml /. eps -» 1/l compr
relp[r_] = Solve[% == 0, f[r+1, t]I[1]/. r > r-1/.mlh, r-2] > mh, r]-1/ Simplify

1
Out[ » J= =

4 (1+p)
pPhi[3+h, -1+p, r, —l+p]((3—h+2p+r—4ellrrtz)f[—1+r, t] < thtmh, -1+rl]+4iv2m t

A/Abs[ell] f[L+r, t] a/mh, 1+ r] tht[-1+mfh, 1+r]]-2t thtimh, -1+ r]] FOU-1+r, t])

out - J- {f[r, t] - —((ﬂ'((—2+h—2p—r+4ellnt2) fl-2+r, t]+2t f®Y-2+r, t]))/

(4 V21 t \/abs[ell] +/mih, 1))}

- - Clear[relm]
s3ml /. eps » -1/l compr
relm[r_] = Solve[% == 0, f[r+1, t]l[1]/.r > r-1/.mlr-2] - m[r]1+1// Simplify

1
ouf - o ———pPhi[3+h, -1+p, r, -1+p]
4(1+p)

((—3+h—2p—r+4ellrrt2) fl-1+r, t]- thtmh, -1+ r]]+2t(217 2 /Abs[ell]
fll+r, t] A/1+mh, 1+r] tht{l+mh, L+ r]l+thtmh, -1+ r)] F&V-1+r, t]))

ouf - - {f[r, t]» (i thtimh, -2+ r]((-2+h-2p-r+4ellmt?) fl-2+r, t]+2t f@ V-2 +r, t]))/

(4v2mt A/Abs[ell] +/1+mh, r] tht[l+mh, 1)}

Insert in eigenfunction equations for lowest value of r.



First for eps=1, r0<-p, and r=-p.
- f2p = f[2-p, t]/. relp[2 - p]
eipl = efeqnlh, p, -p, f, ell, mlh, -p], 1]/. f®YU[2-p, t] > D[f2p, t1/. f[2-p, t] > f2p /.
mfh, 2 - p] » mfh, -p]+ 1 // Simplify
Coefficient [%, f®?[-p, t]] / Simplify

i((-4+h-p+4ellmt?) fl-p, t]+2t f®Y-p, t])

Out[ » J= =

4 \J2 70 t 4[Absell] Afmih, 2 -p]

h2 j2 7p2
our j:{f[—p,t] 4+ — - —_nui+4p+ —4ellnt’-2ellprti-4ell®n®t*-
12 3 4
1 2 2 (0,1) (0,2)
;h(p+4e11rrt)—8nt Abs[ell]lmlh, -p]|[+t (-((3+2p) f* [-p, t])+t f*[-p, t]),
h® 253 h2p 15 p3
fl-p, t]|-— + -2jnut-24p+ +j°p+3nuip-24p’- +24ellpmt?+
9 9 2 2

.2
J

12 ellp? mt?+24ell?p r? t4+h[— +nu®+12ell prr‘c2]+48prrt2 Abs[ell]mh, -p]|+
3

6pt(E+2p) f@V-p, t1-t fO7-p, 1)}
outf « J= {tz, -6p tz}

m-1- 6 peiplll]+eipll2] // Factor

1
ouf- - -—(h=-2j-3p)(h+j-3nu-3p)(h+j+3nu-3p)fl-p, t]
9

Next for eps =1, p<r0<p, and r=r0.



- - Clear[r0]
frop = f[2+r0, t]/. relp[2+ r0]
eip2 = efeqnlh, p, ro, f, ell, 0, 11/. Y2 +r0, t] » D[frop, t]/. f[2+r0, t] » frop /.
mh, rO+2] > 1 // Simplify
Coefficient [%, f®?[ro, t]] / Simplify

o =((F((-4+h-2p-ro+aellmt?) flro, t1+2t fOYro, 1) /(4 V2 t \/Abs[el1] 4/mlh, 2+ r0] )
1

out - 1 {— (h?-432-6h(p+aell mt?)-
12

3:(-16+4nu”-4p*+8r0-ro’+16ellnmt’+16ell’n’t*+2p(-4+r0+4ell mt?))
flro, t]+t((-3-p+ro) f*Ure, t1+t f*[ro, 1),

1
-—(h*-23°+183nu*-9h’r0+93°r0-3h(j*+3nu*-9ro%)-
9

3
27 (-nu’ro+r@’+4ellp+p)t’-8ellmrot’-4ell mro® t?)) flro, t]+— (p-ro)
4
(F16+h*+8r0+3r0°-16ellnt’-16ellnrot’+16ell’ n’ t*+p(-8+6r0-8ell mt?)-

2h(p+2ro-4ellmt?)flro, t]-4t(-3-p+r0) fUre, t1+t f*Iro, t]))}

ouff « J= {t2 , 3(-p+7r0O) tz}

1= 3(r® -p)eip2[1] - eip202] // Factor

1
o= (h-23j-3p)(h+j-3nu-3p)(h+j+3nu-3p)flro, t]
9

For eps=1, r0 = p, no substitution is necessary.
m- - efeqnth, p, p, f, ell, 0, 1]/ Simplify

%[ 21 I/ Factor

1
out j—{;(h2—4j2—6h(p+4ellrrt2)—3 (4nu”-3p°+8ellprmt®+16 - (-l+ell mt?+ell® n” t?)))
flp, t1+t (-3 f®Yp, 11+t f©Ipp, 1)),

1
= (h-23-3p)(h?+32-9nu>+2h(j-3p)-63p+9p? flp, t]}
9

1
ouf- - -—(h=-23j-3p)(h+j-3nu-3p)(h+3j+3nu-3p)flp, t]
9

For eps=-1, r=-p, r0>-p



- f2p = f[2-p, t] /. relm[2 - p]
eip3 = efeqnlh, p, -p, f, ell, mlh, -p], -1]/. f®[2-p, t] » D[f2p, t]/. f[2-p, t] » f2p /.
mfh, 2 - p] » mfh, -p]-1// Simplify
Coefficient [%, f®?[-p, t]] // Simplify
our - - (i thtimh, -pll (-4 +h-p+4ell mt?) fl-p, t]+2t fOU-p, t]))/

(4v2rmt /Abs[ell] ~/1+mh, 2-p] tht[l+mh, 2-pll)

1
ouf - J- {— fl-p, t1(48+h*-4j*-12nu”+48p+21p°-48ellnt’-24ellprt’-48ell’n’ t*-
12

6h(p+4ellmt?)-96 mt?Abs[ell](L+mh, —-p))+t(-((3+2p) fV-p, t])+t f*I-p, t]),

h* 237 h? p 15 p3
fl-p, tl|-— + -2jnut-24p+ +3%p+3nulp-24p2-
9 9 2 2

+24ellpmt?+

.2
J

12 ellp? mt?+24ell? p r? t4+h[— +nu+12ellpmwt?|+48pmt?Abs[ell](l+mlh, -p])|+
3

6pt(3+2p) fV-p, t1-t f-p, 1))}
ouff « J- {tz, -6p tz}
m- - 6peip3l1]+ eip3[2] // Factor

1
ouf- - -—(h=-23j-3p)(h+j-3nu-3p)(h+j+3nu-3p)fl-p, t]
9

Last case eps=-1, r0=-p

- efeqnth, p, -p, f, ell, 0, -1]12] /. Abs[ell] » -ell // Factor

Inf

1
ouf- - -—(h=-2j+3p)(h+j-3nu+3p)(h+j+3nu+3p)fl-p, t]
9

Second downward shift operator
Get the kernel relations
m- = F=tht[mh, r]] « f[r, t] = Philh, p, r, p]
sm3ml = sh[-3, -1, F, subnab]
our - - f[r, t] « Philh, p, r, pl= tht[mlh, r]]
1

ouf - - —p(Zli 27 t 4/Abs[ell] f[r, t]«Phi[-3+h, -1+p, 1+r, -1+p]

4.(1+p)
((-1+eps) A/mh, r] tht[-1+mlh, r]+(1+eps) «/1+mh, r] tht[l+mh, r]])-
Phi[-3+h, -1+p, -1+ r, -1+p]=tht[mh, r]]
(4+h+2p-r+aellmt?) flr, t]-2t fYr, t]))

Separate values 1 and -1 of eps=Signl[ell]
Shift the summation variable r such that Phi[ hh,pp,r,pp] occurs



outf

Out

Inf

Outf

- Clear[relp]
sm3ml /. eps » 1/l compr
relp[r_] = Solve[% == 0, f[r-1, t]]I1]/. r > r+1/.mh, r+2] > mh, r1+1// Simplify

1
o —————pPhi[-3+h, -1+p, r, -1+p]
4(1+p)

(4i V27 t A/Abs[ell] fl-1+r, t] A/1l+mh, -1+r] tht{l+mh, -1+r]]-

thtimh, 1+r](3+h+2p-r+4ellmt?)fll+r, t]-2t fOY1+r, t]))

{f[r, t] > —((i((2+h+2p—r+4ellrrt2) flz+r, t]-2tf®Y2+r, t]))/

(4 V27 t \fAbsiel] A/T+min, r1))}

- Clear[relm]
sm3ml /. eps » -1/l compr
relm[r_] = Solve[% == 0, f[r-1, t]I[1]/. r > r+1/.mh, r+2] > mh, r]-1/ Simplify
1

i) ——————pPhi[-3+h, -1+p, r, -1+p]

4. (1+p)
(4:7 N2 t A/Abs[ell] fl-1+r, t] 4/mh, -1+ r] tht[-1+mh, -1+ r]]+

thtimh, 1+r((3+h+2p-r+4ellnmt’)fll+r, t]-2t fFOU1+r, t]))

- {fr, 11>

(((2+h+2p-r+aellmt?) fl2+r, t]-2t fOU2+r, 1)) /(4 V2r ¢ \/Abs[ell] +/mih, r] )}

Now the relation between the components runs downward

Case eps=1, rO<p; r=p



o= f2m = f[p-2, t]/. relp[p-2]// Simplify
eia = efeqnth, p, p, f, ell, mth, pl, 11/. F&Y[-2+p, t] » D[f2m, t]/. fF[-2+p, t] > f2m /.
mh, p-2] - mh, p]-1/. Abs[ell] » ell // Simplify
Coefficient|
%,
f(e,z)[
P
t]]

i((4+h+p+dell mt?) flp, t]-2t f@Yp, t])

ouff « ]= —

4 A2 t A[Abs[ell] f/1+mlh, -2+ p]

2

h?  §2 hp 7p
outf + J= {f[p, t]|4+— - —-nul+d4p+— +
12 3 2 4

—4ellmt’-2ellhnt?+2ellpmt?-

4ell?> w2 t*-8ell mt?mh, p]]+ t(-(3+2p) fYp, t])+t f>Ip, 1),

h3 2]3 th 15p3
flp, tl|-—+ -2jnu*+24p- -j%p-3nuip+24p+
9 9 2 2

-24ellpmt?+

s 2

J
lZellp2rrt2-24e1'L2prr2‘c4+h[—+nu2—12e11prrt2 -48 ellpmtimh, p]|+

3

6pt(-((3+2p) £@:p )+t £0:2p t])}
outf « ]= {tz ) 6 p tz}

m- - 6 peialll - eial2] // Factor
1

outf + J= g (h-27+3p)(th+j-3nu+3p)(h+j+3nu+3p)flp, t]
This has indeed the right solutions h=-3 p + 2w’
Case eps=1,r0=p;r=p
No substitution needed

m- - efeqnth, p, p, f, ell, 0, 1] // Factor

out - {1—12 (48 flp, t1+h? flp, t1-43° flp, tl- 12 nu® flp, t]-

6hp flp, t]+9p* flp, t]-48 ell mwt? f[p, t]-24 ell hmr t? f[p, t]-
24ellprnt® flp, t]-48ell” n* t* flp, t]-36 t f®Up, t]1+12 t* f>p, 1)),

1
-—th-2j-3p)th+j-3nu-3p)(h+j+3nu-3p)fp, t]}
9

The second coordinate gives the right factor

Case eps=-1, r0 >p, r=p



m-- f2m = f[p-2, t]/. relm[p - 2]
eib = efeqnth, p, p, f, ell, mfh, p], -11/. fY[-2+p, t] » D[f2m, t]/. fF[-2+p, t] > f2m /.
mfh, p-2]-> mfh, pl+1// Simplify
Coefficient [% , f*?[p, t]]

i((4+h+p+aell mt?) flp, t]-2t f®Yp, t])

4 27 t \[Abs[el1] /mh, -2+ p]

outf « ]=

1
our ,;:{— flp, t1(48+h*-43j°-12nu”+48p+21p°-48ellmt’+24ellprt’-48ell’ n’ t*+
12

6h(p-4ellmt?)-96 mt?Abs[ell] (L1 +mh, p)+t(-((3+2p) f®Yp, tl)+t f*Ip, 1)),
1
-— flp, t](2h*-43%+36jnu*-432p+9h*p+18j°p+54nu’p-432p°-135p°+
18
432ellprt’-216ellp’ mt?+432ell’prit*-6h(j?+3nu*-36ellpmt?)+
864 p it t> Abs[ell] (L +mfh, p))+6p t(-(3+2p) f@Yp, t])+t f>Ip, t])}

outf + J- {t2 , 6p tz}

- 1- 6 peibll] - eib[2] // Factor

1
ouf- - —=(h-2j+3p)(h+j-3nu+3p)(h+j+3nu+3p)flp, t]
9

Case eps =-1,-p< r0 <=p, r=r0

o= f2m = fl[rO0 -2, t]1/. relm[r0-2]/. mh, r0-2]> 1

eic =
efeqgnlh, p, ro, f, ell, 0, -11/. f®Y[re -2, t] » D[f2m, t]/. f[r0 -2, t] » f2m // Simplify
Coefficient [%, f®?[ro, t]]/ Simplify

i((4+h+2p-ro+4ell mt?) f[ro, t]-2t fYre, t))
4 A/2 1 t A/Abs[ell]

{[ h? 32 hp pro ro2

outf « ]=

4 — - — —nul+2p+— +pZ+2r0+ +— —4dellnt?’-2ellhmnt?+2ellpmt’-
12 3 2 2 4

outf

1
4el1”> i t* -8 t? Abs[ell]| flro, t]+t (-((3+p+ro) fOYre, )+t f°2re, 1)), - —
9
(h*-23°+183nu”-9h’°r0+93°r0+27nu*re-27r0>-3h(j*+3nu”-9ro*)-216ellpmrt’-
3
108 ellp’ mt’+216 ellmrO t* + 108 ell ;r r0” t* + 432 71 rO t* Abs[ell]) f[rO, t]+ — (p + r0)
4

(-((-16+h*-8r0+3r0*+16ellmt’-16ellnrot’+16ell’> n’t*+2h(p-2ro+4ell mt?)+

p(-8-6ro+8ellmt?)flro, t])-4t(B+p+ro0)fYro, t1-t f>ro, t]))}

our- - {t%, 3 (p+ro) t?}



m--3(p+r0)eicll]-eicl2]/. Abs[ell] » -ell // Factor
1
ouf- - —=(h-23j+3p)(h+j-3nu+3p)(h+3j+3nu+3p)flro, t]
9
Case eps =-1,r0=-p, r=-p
n- - efeqnth, p, -p, f, ell, 0, -1]/. Abs[ell] » -ell //
Simplify
%[2] I/ Factor
1
out « - {— (48 +h*-432-12nu*+9p°+48ellmt’+24ellprt’-48ell’ n?t*+6h(p-4ell mt?))

12
fl-p, t1+t (-3 fOU-p, t1+t f@I-p, 1)),

1
~Z(h-2j+3p)(h®+3>-9nu>+63p+9p>+2h(j+3p) fl-p, t]}

1
ouf--=—(h-23j+3p)(h+j-3nu+3p)(h+j+3nu+3p)fl-p, t]
9



