20b. More complicated cases

In these cases more components are needed.

m- - Clear[m@, r@, wh, factor]
whsub = {wh!®®?[kp_, s_, tau_]= (1/4-kp/tau+(s*2-1/4)tau”(-2))whlkp, s, taul};

First upward shift operator, €=1, p=my,-p<ro<p

n- - F =tht[@] » f[r®, t]~ Phi[h, p, r0, p]+ tht[1] < f[r0 +2, t] « Phi[h, p, r0 +2, p]
our - - f[r®, t1 = Phifth, p, r@, p] = tht[0]+ f[2+ r0®, t]«Philh, p, 2+ r0, p]~ tht[1]

Determine component of order ry +2 of F with use of the fact that (%) , F=0.

m- - Coefficient [sh[3, -1, F, subnab], Philh+3, p-1, r0+1, p-1]]1/. eps » 1/ Simplify
sol = Solve[% == 0, f[rO +2, t]I[1] // Simplify
1

Outf » |= =

4.(1+p)
p tht[o] ((4- h+2p+r0-4ellmt?) flro, t]+4i /2w t 4/Abs[ell] fl2+r0, t]-2t f®Y[ro, t])

out - J- {f[z +r0, t] > —((i (-4+h-2p-ro+4ellmt?) flro, t]+2t f®Yro, t]))/(4 V2t w/Abs[ell]))}

Now we need two Whittaker functions

n- - fro = tA(mO + 1) whlkap, nu/2, 2 Pi Abs[ell] t*2]
frl=tAmO + 1)whlkap-1, nu/2, 2 Pi Abs[ell] t*2]

nu
our - - ™ wh[kap, —,2nt? Abs[ell]]
2

nu
ouf - - £ wh[—l +kap, —, 2mt? Abs[ell]]
2



=y

- Fl.sol /I Simplify (+ the expression for f,,, 1inserted x)
sh[3, 1, %, subnab]/. eps » 1/. Abs[ell] » ell
(» carry out upward shift operator and determine 1its lowest component FP1lx)
FP1 = Coefficient[%, Phi[3+h, 1+p, 1+r0, 1+p]l/. f[rOo, t] > fro /.
f:ee)[re, t] = D[fro, {t, ee}] /. whsub // Simplify
ouf - - f[r®, t] = Phifh, p, r@, p] = tht[0]-
(iPhilh, p, 2+r0, p] - tht[l]((-4+h-2p-r0+4ell mt?) flro, t]+2t f®Yro, t]))/

(4 V2t w/Abs[ell])

o+ (4 Vell A/m tPhi[3+h, 1+p, 1+r0, 1+p]
(flro, t1(h (4 +4p) tht[0]+ 4 ro tht[0]+ 16 ell m t> tht[0]+ p (4 r0 + 16 ell r t%) tht[0]) +
2 (4+4p)tthtie] f®Yre, t))-i N2 (4+p+r0)Phi[3+h, 1+p, 3+r0, 1+p]- tht[l]
(16+h*>-4p>+8r0+ro”-16ellmt’-8ellnrot’+16ell’ n’t*-2h(4+r0-4ell mt?))
flro, t]+4t((-3+h-ro+4ellnt?) fU[ro, t]+t f*2[ro, t])) /(64 Aell (1+p) t)

1 nu
our- - — ™ tht[e] ((2 +h+2m0+r@+4ell mt?) wh[kap, —, 2 t? Abs[eu]] +
4 2

nu
8 it t2 Abs[ell] wh(@’o’l)[kap, —, 2 t? Abs[eu]])
2

We want to determine the ratio with the highest component of F

n- - eqn = FP1 - factor tht[0] fr1 //.
{Abs[ell] » ell, h->2j+3p, r0 > p-2m0, p->» -kap-(j +1)/2}// Simplify

nu
ouf - - £ tht[e] (— factor wh[—l +kap, —, 2ellm tz] +
2
nu nu
(-kap +ell i t2) wh[kap, —,2ellnm tz] +2ellmt? wh(@’o’l)[kap, —,2ellnm tz])
2 2

The Whittaker function may be any of the three standard Whittaker functions. We use substitutions
defined in A2d (appendix).

mn- - eqn /. wh - WhittakerW /. Whdn[kap + 1](» relations for Whittaker functions,
to simplify the expression x) /. kap » -p-(j+1)/2
(» value of k in Table 19 %) // Simplify
Solve[% == 0, factor][1] // Factor
1

ou- - —— «(-4+4 factor -j?+nu’-8p-4p>-47j(1+p))
4

j nu
-=—-p, —, 2e11rrt2]

1™ tht[0] WhittakerW [-
2 2

N w

1
out ,r:{factora— (2+j-nu+2p) (2+j+nu+2p)}
4



Out

Outf

Outf

Outf

Out[

Out]

In[

Out

Out[

- eqn /. wh » WhittakerV /. Whrel /. Whdn[kap +1] /. kap » -p-(j +1)/2 // Simplify
Solve[% == 0, factor][1] // Factor

j nu
-=-p, —, 2e11rrt2]

- -|(1+ factor) t*™ tht[0] - WhittakerV [-
2 2

N w

- {factor -» -1}

- eqn /. wh » WhittakerM /. Whdn[kap +1]/. kap » -p-(j +1)/2 /I Simplify
Solve[% == 0, factor][1] // Factor

1 ) 3 3 nu ,
L —— «(-2+2 factor - j - nu -2 p) t*™ tht[0] WhittakerM [-— - -p, —,2ellnt ]
2 2 2 2

1
= {factor > —x(2+7 +nu+2p)}
2

These three factors are to be used in Table 4.8 (third box on the right).

First upward shift operator, €=1, p2mgy, ro=p
Now there is only one component

- F = tht[e] « f[p, t]~ Phi[h, p, p, p]
I= f[p’ t] Phi [hJ Ps P, p] tht[O]

We need two Whittaker functions

- fr@ = tA(mO + 1) wh[kap, nu/2, 2 Pi Abs[ell] t*2]
fri=tAmO + 1)whlkap-1, nu/2, 2 Pi Abs[ell] t*2]

L 1+mo E 2
Lt wh[kap, ,2mt Abs[eu]]
2

_ 41+mo E 2
st wh[-1+kap, ,2mt Abs[ell]]
2

sh[3, 1, F, subnab]/. eps > 1
FP1 = Coefficient [%, Phi[3+h, 1+p, 1+p, 1+pll/. f[p, t] > fro /.
f®e)[p, t] = D[frO, {t, ee}] /. whsub // Simplify

1
= ((h+p+4ellmt?) flp, t]-Phi[3+h, 1+p, 1+p, 1+p]- tht[0]+
4

2tPhi[3+h, 1+p, 1+p, 1+p]- tht[] f°Yip, 1))
1 nu
£ — t™ tht[o] ((2+ h+2m0+p+4ell rrtz)wh[kap, —, 2 t? Abs[ell]]+
4 2

nu
8 it t2 Abs[ell] wh(e’o’l)[kap, —, 2 t? Abs[ell]])
2



Outf

In[

Outf

Out[

In[

Out[

Out[

Inf

Outf

Out

Inf

Inf

Out[

;- eqn = FP1 - factor tht[0] fr1 //.

{Abs[ell] » ell, ho2j+3p, p>-kap-(j+1)/2, mO » 0} // Simplify

nu
- t tht[0] (— factor wh[—l +kap, —, 2ellm tz] +
2
nu
(-kap +ell i t2) wh[kap, —,2ellnm tz] +2
2

The three cases :

ell m t2 wh(e’o’l)[kap,

nu
—,2ellnm tz])
2

- eqn /. wh » WhittakerW /. Whdn[kap +1]/. kap » -p-(j +1)/2 /I Simplify

Solve[% == 0, factor][1] // Factor

p))

1
-—+(-4+4factor -j*+nu’-8p-4p°-47j(1+
4
3 3 nu ,
ttht[O]WhittakerW[—— -Z-p, —,2ellnt ]
2 2 2
1
]—{factor—>— (243 -nu+2p) (2+j+nu+2p)}
4

- eqn /. wh » WhittakerV /. Whrel /. Whdn[kap +1]/. kap » -p-(j +1)/2 // Simplify

Solve[% == 0, factor][1] // Factor

J
— =P
2

- -((1 + factor) t tht[0] - WhittakerV [-

N w

- {factor » -1}

nu 2
—, 2e11nt]
2

- eqn /. wh » WhittakerM /. Whdn[kap +1]/. kap » =p-(j +1)/2 // Simplify

Solve[% == 0, factor][1l] / Factor
1
2

1
2 {factor > — 2+ +nu+2p)}
2

Also in third box on the right in Table 4.8.

3
- -—x(-2+2 factor - j-nu-2p)ttht[0]WhittakerM [——
2

nu

2

Second upward shift operator, €=-1, p2mg,ro<p

.- F = tht[e] ~ f[r@, t]~ Phi[h, p, r0, p]+tht[1]
- flr@, t] < Philh, p, ro, p]« tht[0]+ f[-2+r0, t]

Determine component of order ry —2

J
-=-p, —,2e11rrt2]
2

flro -2, t]1 = Phifh, p, r0o -2, p]

Philh, p, -2+ r0, p]

tht[1]



n- - Coefficient [sh[-3, -1, F, subnab], Philh-3, p-1, r0-1, p-1]]1/. eps » -1 // Simplify
sol = Solve[% == 0, f[rO -2, t]I[1] // Simplify
1
out[ « J= =

4. (1+p)
p tht[o] (45 27 t A/Abs[ell] f[-2+r0, t]+(4+h+2p-ro+4ell nt?) flro, t]-21t fYro, t])

ou - J- {f[-2+ ro, t]- (i(4+h+2p-re+4ell mt?) flro, t]-2t fYro, t]))/(4 V2ot '\/Abs[ell])}

Now we need two Whittaker functions

- = fro@ = tA(mO + 1) whikap, nu/2, 2 Pi Abs[ell] t*2]
frl=tAmO + 1)whlkap-1, nu/2, 2 Pi Abs[ell] t*2]

nu
our - - £ wh[kap, —,2nt’ Abs[ell]]
2

nu
our - - €M™ Wh[—l +kap, —, 2mt? Abs[ell]]
2

1= Fl.sol )l Simplify
sh[-3, 1, %, subnab]/. eps » -1
FP1 = Coefficient [%, Phi[-3+h, 1+p, -1+r0, 1+p]]/. f[rO, t] » fro /.
f®e)[ro, t] = D[fro, {t, ee}] /. whsub // Simplify
our - - f[r®, t] = Phiflh, p, r@, p] = tht[0]+
(iPhilh, p, -2+ r@, p] - tht[1]((4+h+2p-ro+4ell mt?) flro, t]-2t f®Yro, t]))/

(4 V2ot x/Abs[ell])
our - - (4 At t A[Abs[ell] Phi[-3+h, 14p, -1+ r0, 1+p]

(firo, tl(h (-4 -4 p) tht[0]- 4 ro tht[0]- 16 ell it t* tht[0]+ p (-4 ro - 16 ell i t*) tht[0]) -
2 (-4 -4p)tthte] f>Yro, t])-
i\2 (4+p-r@)Phi[-3+h, 1+p, -3+r0, 1L+p] tht[1]((16 +h*-4p*-8r0+r0®+
16ellnmt’-8ellnrot’+16ell’ n®t*+h(8-2r0+8ell mt?) flro, t]-
4t(3+h-ro+4ellmt?) fOUro, t]-t f[ro, t1)))/(64 - (1+p) NER: M)

1 nu
ouf - - = — tH™ tht[0] ((-2 +h-2m0+r0+4ell nt?) wh[kap, —,2nt’ Abs[e'L'L]] -
4 2

nu
8 it t? Abs[ell] Wh(e’o’l)[kap, —, 2 t? Abs[eu]])
2

n- - eqn = FP1 - factor tht[0] fr1 //.
{Abs[ell] » -ell, h52j-3p, rO > -p+2mO, p-> -kap +(j -1)/2}// Simplify

nu
our - =™ tht[e] (factor wh[-1+kap, —, -2ellmt?]+
2

nu nu
(kap +ell rt tz)wh[kap, —,-2ellm tz] +2ellmt? wh(e’o’l)[kap, —,-2elln tz])
2 2
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Out[
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The three cases :
- eqn /. wh » WhittakerW /. Whdn[kap +1]/. kap » -p+(j -1)/2 /I Simplify
Solve[% == 0, factor][1] // Factor

1
-3 (-4+4 factor -j*+nu*-8p-4p>+43j(1+p)

1 1 nu R
gl+me tht[O]Wh'ittakerW[— (-3+j-2p), —, -2ellnt ]
2 2

1
/:{factor->Z (-2+j-nu-2p) (—2+j+nu—2p)}

- eqn /. wh - WhittakerV /. Whrel /. Whdn[kap + 1] /. kap = -p+(j-1)/2 / Simplify

Solve[% == 0, factor][1] / Factor

1 nu
- -((1 + factor) t**™ tht[0] - WhittakerV [— (-3+j-2p), —, -2ellm tz])
2 2

- {factor » -1}
- eqn /. wh » WhittakerM /. Whdn[kap +1]/. kap » -p+(j -1)/2 /I Simplify
Solve[% == 0, factor][1] // Factor
1 1
L —— «(-2+2 factor +j - nu-2p)t*™ tht[0] WhittakerM [— (-3+3-2p),
2 2

1
2 {factor > —x(2-3 +nu+2p)}
2

This goes into the 8-th box on the right in Table 4.8

Second upward shift operator, €=-1, p2mg,ro=-p

- F = tht[0] « f[-p, t] < Phi[h, p, -p, p]
= ‘F[—p, t] Ph:'[h’ P, -p, Pl tht[@]

- fro = tA(mO + 1) whikap, nu/2, 2 Pi Abs[ell] t*2]
frl=tAmO + 1l)whlkap-1, nu/2, 2 Pi Abs[ell] t*2]

1+m0O nu 2
-t wh[kap, —,2nt Abs[ell]]
2

1+mo E 2
t wh[—l+kap, , 2t Abs[ell]]
2

nu
—, -2ell ntz]
2



m- - sh[-3, 1, F, subnab]/. eps » -1
FP1 = Coefficient [%, Phi[-3+h, 1+p, -1-p, 1+pl1/. f[-p, t] > fro /.
fe)_p, t] = D[fro, {t, ee}] /. whsub // Simplify

(h-p+4ellmt?) fl-p, t]~Phi[-3+h, L+p, -1-p, 1+p]-tht[o]+

ouf « ]= =

tPhi[-3+h, 1+p, -1-p, 1L+p]~tht[o] fY-p, t]

nu
£ tht[0] ((-2 +h-2m0-p+4ell mt?) wh[kap, —,2nt? Abs[e'L'L]] -
2

Out[

1
DR NI M|

nu
8 it t2 Abs[ell] Wh(o’o’l)[kap, —, 2 t? Abs[eu]])
2

- - eqn = FP1 - factor tht[0] fr1 /.
{Abs[ell] » -ell, ho2j-3p, p>-kap+(j-1)/2, m0 » 0} // Simplify

nu
our - - =t tht[0] (factor wh[—l +kap, —, -2ellm tz] +
2

nu nu
(kap +ell tz)wh[kap, —,-2ellm tz] +2ellmt? wh(@’o’l)[kap, —,-2ellnm tz])
2 2

The three cases :

mn- - eqn /. wh - WhittakerW /. Whdn[kap +1]/. kap » -p+(j -1)/2 /I Simplify
Solve[% == 0, factor][1l] // Factor

1
ouf - =— (-4 +4 factor -j*+nu’-8p-4p>+47j(1+p))
4

1 nu
ttht[O]Wh'ittakerW[— (-3+3-2p), —, -2 ellrrtz]
2 2

1
outf ,/:{factor—>— (-2+j-nu-2p) (—2+j+nu—2p)}
4

- eqn /. wh » WhittakerV //. Whrel /. Whdn[kap +1] /. kap » -p+(j -1)/2 // Simplify
Solve[% == 0, factor][1] // Factor

Out[

1 nu
. -((1 + factor) t tht[0] - WhittakerV [— (-3+j-2p), —, -2ellm tz])
2 2

our - - {factor » -1}

n- - eqn /. wh » WhittakerM /. Whdn[kap +1]/. kap » -p+(j -1)/2 // Simplify
Solve[% == 0, factor][1] // Factor

1 1 nu
ou ==« (-2+2 factor +j -nu-2p)ttht[e]whittakerM[= «(-3+J-2p), —, -2ellmt’|
2 2 2

1
ouff « J- {factor > —x(2-j+nu+2 p)}
2

Box 8 on the right in Table 4.8



