22a. Case 0 <mg(j1)<p, and e=1

Now ry is active in restricting the components. We consider the two lowest components of F.

m - - Clear[f, fp]
F = tht[0] » f[rO, t] = Phi[h, p, r0®, p]+ tht[1]« f[r0 +2, t]~ Phi[h, p, rOo+2, p]
ouf - - f[r@, t] < Philh, p, r0, p] =« tht[0]+ f[2+r0, t] =« Philh, p, 2+ r0, p]~ tht[1]

We use that one shift operator gives zero :

m- - sh[3, =1, F, subnab]/. eps » 1// Simplify(x should be zero %)
Coefficient[%, Phi[3+h, -1+p, 1+r0, -1+p]]
frop2 = f[2+r0, t]/. Solve[% == 0, f[2+r0, t]][1] // Simplify
1

outf ],-—p((4—h+2p+r0—4e11rrtz)f[ro,t] Phi[3+h, -1+p, 1+r0, -1+ p]~ tht[0]+
4 (1+p)

472 t A[Abs[ell] f[2+r0, t]- Phi[3+h, ~1+p, 1+r0, -1 +p] - tht[0] +
6 f[2+r0, t]«Phi[3+h, -1+p, 3+r0, -1+p] =~ tht[1l]-

hfl2+r0, t]«Phi[3+h, -1+p, 3+r0, -1+p]~tht[1l]+

2p f[2+r0, t]«Phi[3+h, -1+p, 3+r0, —-1+p]=tht[l]+

ro fl2+r0, t]« Phi[3+h, -1+p, 3+r0, -1 +p]~ tht[1]-

4ellmt?> fl2+r0, t]«Phi[3+h, -1+p, 3+r0, —1+p]~tht[1]-
2tPhi[3+h, -1+p, 1+r0, -1+p]~tht[e] f®Y[ro, t]-

2tPhi[3+h, -1+p, 3+r0, -1+p] tht[l]f(o’l)[2+r0,t])

1

out /:——p((4—h+2p+r0—4e11rrt2)f[r0,t] tht[o] +
4.(1+p)

4§ /27 t A/Abs[ell] f[2 +r0, t] - tht[0]-2 t tht[e] f®Y[ro, t])

ouf + - —((17 (-4+h-2p-ro+4ell mt?) flro, t]+2t fYro, t]))/(4 V2 7 t 4/Abs[ell] ))

out« i —((i((—4 +h-2p-ro+4ell mt?) flro, t]+2t fOY[ro, t]))/(4 A2 1t t A[Abs[ell] ))

We get F*by the other downward shift operator.



m-1- Fp =sh[-3, -1, F, subnab]/. eps » 1 // Simplify
fp[ro -1, t] = Coefficient[Fp, Phi[-3+h, —=1+p, -14+1r0, -1+ p]l/tht[0] // Simplify
1
outf « ] - ——————
4 <(1+p)
p(f[ro, t]((4+h+2p—r0+4ellrrt2)Ph'i[—3+h, —-1+p, -1+r0, -1+p]- tht[0]-4i 2

t 4/Abs[ell] Phi[-3+h, ~1+p, 1+r0, -1+p] - tht[1])+
fl2+ro, t]((2+h+2p—r'0+4eU.7Tt2)Ph'i[—3+h, -1+p, 1+r0, -1+p]~tht[l]-

87 A/ t \/Abs[ell] Phi[-3+h, ~14p, 3+r0, -1+ p] tht[2]) -
2t(Phi[-3+h, -1+p, -1+r0, -1+p] - tht[e] f*Y[re, t]+
Phi[-3+h, —1+p, 1+r0, -1+p] - tht[1] f®Y[2 +ro, t]))

-p(4+h+2p-ro+4ell mt?) flro, t]+2pt fY[ro, t]

outf « J=

4 (1+p)

We know the lowest order term of b, .

Hence we have with a non-zero factor cnz:

mn - - Clear[cnz]
eq=(-(4+h+2p-ro+4ell mt?) flro, t]+2t f>[ro, t]) ==
cnz tA (0 + 1) WhittakerV[-p+1-(j1+1)/2, nul, 2 Pi Abs[ell]t"2]/.
Abs[ell] » ell /. hpsub /. Abs[h+p] - h+p // Simplify

(» Use that V is even in the second parameter . x)

our- - 2t FOU[re, t] ==

1 h+p
(4+h+2p-ro+4ell mt?) flro, t]+cnz twh'ittakerv[— 2-h-p), , 2ell ntz]
4
We solve for the derivative of f,
w - frod = £®9[re, t]1/. Solve[eq, f®Yro, t][1] / Simplify
1 1 h+p
ouf- - —|(4+h+2p-ro+4ell rrtz) flrO, t]+cnz twhittakerv[— 2-h-p), —, 2ell ntz]
2t 4 2

This can be inserted in the eigenfunction equations for r =r,, together with the expressions for f, ,,



m- - ei=efeqnth, p, ro, f, ell, 0, 11/. j > jl/.nu > nul /. f[rO +2, t] » frop2 /.
f® Y2+ ro, t] » D[frop2, t]/. f*?[ro, t] - D[frod, t]/.
f®Y1re, t] » frod //. Whrel /. hpsub /. Abs[h+p]*2 > (h+p)*2 /I Simplify

1 1 +p
ouf + J- {— cnzt(4 (-4+2h+p+ rO+8ellrrt2)Wh'ittakerV[— 2-h-p), —, 2ellrrt2]_
16 4
1 h+p
(—16+3h2+8p+3p2+h(8+6p))Wh1'ttakerV[— (6-h-p)y, —, 2e1'ert2]),
4 2
3 1 h+p
— cnz (p-ro)t|-4 (—4+2h+p+r0+8e11rrt2)\/\lh1'ttakerv[— (2—h—p),—,2e11rrt2]+
16 4 2

1 h+p
(—16+3h2+8p+3p2+h(8+6p))Wh'ittakerV[— (6-h-p), —, 2ellrrt2])}
4 2

These expressions should be zero. We insert the asymptotic behavior of the V-Whittaker function.

mn - - Clear[tau]
eia=ei/. t-» Sqrt[tau]/Sqrt[2 Pi Abs[ell]]/. Abs[ell] -» ell/.

WhittakerV[kap_, s_, tau_]= -EA(-Pi I kap) tau”(-kap)EA(tau/2)// Simplify

l 1
outf + J= { cnz etau/z taus (-4+h+p)
16 vell v27
(e:i(—6+h+p)n (-16+3h>+8p+3p>+h(8+6p)-4e: > " tau(-4+2h+p+ro+4 tau)),
l 1
3 cnz ™% (p - ro) taus P
16 ell 2
(—e? i(-6+h+p) 7 (_16 +3h%+8 p+3 pz +h(8+6 p)) NS RICEIL L S (c4+2h+p+ro+4 tau))}

m-1-eiaEAM~-tau/2)taur(-1-(h+p)/4)/l Simplify
Limit[%, tau » Infinity]
out e o {(icnze?»’(h*”)”(a h?+3p>+4p(2+tau)+h(8+6p+8tau)+4 (-4+(-4+ rO)tau+4tau2)))/

(16 Vell V2 r tau?), —((3icnz e T (b r0)(3h2+3p2+4p(2+ tau)+
h(8+6p+8tau)+4  (-4+(-4+r0)tau+4 tauz)))/(lG Aell 2 r tauz))}

i) _4g8jcnzes ™P T pira8icnze: MPT ro

1
{i cnz e+

Vell 2 ’ 16 A/ell 2

out[ » ]=

So ¢nz has to vanish.



