22e. Case 0 < my(jp) <mg(j;) and e =1

m-1-mO[j1l] /. mrsub /. eps » 1
mO[j2] /. mrsub /. eps » 1
mO[j1]-mO[j2] /. mrsub /. eps » 1 // Simplify
p-ro0

Out[ » ]=

2

ouf- - -p-ro0

1
ouf- - — »(3p+r0O)
2

This shows that ro<—p.

The lowest component of Fis f_, and the highest component is f,. These orders are different, since p21.

We denote F* by Fp,and F by Fm.
The components of F* depend on two components of F.
n- - Clear[F, Fp, Fm, f, fph, fml]
F = tht[m[h, p]] ~ f[p, t] = Phi[h, p, p, p]+ tht[mh, p]-1]~ f[p-2, t]~Phi[h, p, p-2, p]
sh[3, -1, F, subnab]/.eps > 1/.3j - j21/l Simplify
fph = (+ highest component of Fp %)
Coefficient[%, Phi[3+h, -1+p, -1+p, =1+p]l/tht[mh, p]-1] // Simplify

Outf = J= f[_2+p) t] « Phifh, p, -2+ p, p] = tht[-1+mh, p]]"'f[p; t] « Phifh, p, p, pl~ thtmh, pl]

—p(—4i 2 t A/Abs[ell]
4.(1+p)

(f[—2+p,‘t] A/-1+mh, p] Phi[3+h, -1+p, -3+p, -1+p]=tht[-2+mh, p]]+
flp, t] a/mh, p] Phi[3+h, -1+p, -1+p, -1+p] tht[—l+m[h,p]])+

1

out[ « ]=

Phi[3+h, -1+p, -1+p, —1+p] - tht[-1+mh, pl]
(-2+h-3p+dell mt?) fl-2+p, t]+2t FOY-24p, t]))
1

outf « J=

4.(1+p)
p((—2+h—3p+4e11rrt2) fl-2+p, t]+2t(—2i 2 A/Abs[ell] flp, t] a/mh, p] + F&YV-2+p, t]))



F = tht[mlh, -p]] « f[-p, t]« Phi[h, p, -p, p]+ tht[m[h, -p]+ 1]« f[2-p, t]«Phi[h, p, 2-p, p]
sh[-3, -1, F, subnab]/. eps > 1/.3j - j1/ Simplify
fml = (+» lowest component of Fm %)
Coefficient [%, Phi[-3+h, -1+p, 1-p, -1+ p]l/tht[mh, -pl+1] // Simplify
our - - fl-p, t1« Phifh, p, -p, p]l = tht[mh, -p]l+ f[2-p, t]«Philh, p, 2-p, p]= tht[l+mh, -p]]

1
outf + J=

4. (1+p)
p(4i'\/2rrt'\/Abs[e'L'L] (f[-p,t] A/1+mh, -p] Phi[-3+h, -1+p, 1-p, -1+p]- tht[l+mh, -p]l+
f[2-p, t] A/2+mh, -p] Phi[-3+h, -1+p, 3-p, -1+p] tht[2+m[h,-p]])—
Phi[-3+h, -1+p, 1-p, -1+ p] = tht[l+mh, -p]]
((2+h+3p+4ellrrt2)f[2—p,t]—2tf(0’l)[2—p,t]))
1

ou - J- —p(—((2+h+3p+4ellrrtz)f[Z—p, t]) +
4. (1+p)

2t(2i V2 A[Abs[ell] fl-p, t] y/1+mh, —p] + FC:V12-p, t]))

We assume that the derivatives F*and F~ are a linear combination of basis functions, with determining
components as indicated in Table 4.9.
The K-type of F*corresponds to a point on the left boundary of the sector Sect(j,).

For F* we have to use the lower part of Table 4.9, applying it with x%"~1.

n - - Clear[cop, cup]
eqp = (fph == t*(p-1+ 1) ( cop WhittakerW[-mO[j2]-(j2+1)/2, nu2/2, 2 Pi Abs[ell] t"2]+
cup WhittakerV[-mO[j2]-(j2+1)/2, nu2/2, 2 Pi Abs[ell]t"2]))/.
mh, r_]1:= mO[j2]+(1/6)«(3r+2j2-h)/. hpsub /. eps » 1// Simplify
1

o ————p|l(-2+h-3p+4ell nt’) fl-2+p, t]+
4. (1+p)

1
2t[—2i V2 A/Abs[ell] flp, t] \/p+m0[— (h+3 p)] +fOU-24p, t])]
2
1 1 1
tP (cup Wh'ittakerv[— (—2 -h-3p-4 mO[— (h+3 p)]], — Abs[h-p], 2w t? Abs[ell]]+
4 2 4

1 1 1
cop Whittakerw[— (—2 -h-3p-4 mo[— (h+3 p)]), — Abs[h-p], 2 mt? Abs[ell]])
4 2 4

For F-we deal with a K-type on the right boundary of the sector Sect(j;). Since my(j;) = p we get



n - - Clear[com, cum]
eqm = (fml == tA(p-1+1)(comWhittakerW[-mO[j1l]-(j1+1)/2, nul/2, 2 Pi Abs[ell]tA2]+
cum WhittakerV[-mO[j1]-(j1+1)/2, nul/2, 2 Pi Abs[ell]t"2]))/.
mh, r_1:= mO[jl]+(1/6)«(3r+2jl-h)/l. hpsub /. eps » 1 // Simplify
1

o ———p|-((2+h+3p+4ell mt?) fl2-p, t])+
4. (1+p)

1
2t[2i A2 7 A/Abs[ell] f[-p, t] \/l—p+m0[— (h-3 p)] + @2 -p, t]]]
2

1 1 1
tP (cum WhittakerV [— (—2 -h+3p-4 mo[— (h-3 p)]), — Abs[h+p], 2 t? Abs[ell]] +
4 2 4

1 1 1
com Wh'ittakerw[— (-2 -h+3p-4 me[— (h-3 p)]), — Abs[h+p], 2 mt2 Abs[eu]])
4 2 4
The quantities cop, cup, com and cum are unknown coefficients.
Table 4.5 expresses the parameter K, in terms of my(j;) and my(j,).
We prefer to leave these quantities my(j;) =mo((h =3 p)/2)and my(j,) =moy((h +3 p)/2)
in the computations.

The resulting equations eqm and eqp involve
the components f,,, f.,_, and their derivatives.

We solve the equations for f,(,_,)’.

- solp = Solve[eqp, f®Y[-2+p, t]J[1] // Simplify
solm = Solve[eqm, f(®Y[2-p, t]J[1] // Simplify

ou - {f(o’l)[—z +p, t]o

(-2+h-3p+4ellnt?) fl-2+p, t] !

1
- +2i N2 4/Abs[ell] f[p, t] \/p+m0[— (h+3 p)] +—2
2

2t p

1 1 1
(1+p)t P (cup WhittakerV [— (-2 -h-3p-4 mo[— (h+3 p)]), — Abs[h-p], 2 T t2 Abs[eu]] +
4 2 4

1 1 1
cop Whittakerw[z (—2 -h-3p-4 mo[; (h+3 p)]), Z Abs[h - p], 2 m t? Abs[ell]])}

ol - {f(o’l)[z -p, t] -

(2+h+3p+4ellmt?) fl2-p, t]

1 1
-2i 21 A/Abs[ell] f[-p, t] \/l—p+m0[— (h-3p)] +=2
2

2t p

1 1 1
(1+p)t i+ (cum WhittakerVv [— (-2 -h+3p-4 mo[— (h-3 p)]), — Abs[h +p], 2 T t2 Abs[eu]] +
4 2 4

1 1 1
com Wh'ittakerw[— (—2 -h+3p-4 mo[— (h-3 p)]), — Abs[h+p], 2 T t? Abs[ell]])}
4 2 4

We take the eigenfunction equations for the components of F, of order p for the + case, and of order -p

for the - case.



mn- - eip = efeqn[h, p, p, f, ell, m[p]l, 1]/.solp/. nu-»nu2/.j > j2/.{eps » 1, Abs[ell] » ell}/.
m[x_] = mO[j2]+(1/6) (3 x+2j2-h) /. hpsub /. Abs[h-p]*2 > (h-p)*2 /I Simplify
eim = efeqnfh, p, -p, f, ell, m[-p], 1]/. solm/. nu>nul /. j-> j1/.
{eps » 1, Abs[ell] » ell} /. m[x_]:= mO[j1l]+(1/6)«(3x+2jl-h)/.
hpsub /. Abs[h +p]*2 » (h+p)*2 // Simplify

1
outf + J= {_Z flp, t](—16+h2+2hp+p2+16 ellmt?+

1
8euhnt2+40eupnt2+16e112n2t“+32eunt2mo[— (h+3p)])+
2

1
t(4i Aell pv2m fl-2+p, t] \/p+m0[— (h+3 p)] -3 f®YUp, t]1+t £ p, t]],
2

1

—24i+ell (1+p) V2 t**P \/p+m0[— (h+3 p)]
2

1 1 1
(cup Whittakerv[— (-2 -h-3p-4 mO[— (h+3 p)]), — Abs[h-p], 2ell t2]+
4 2 4

1 1 1
cop Wh'ittakerw[z (—2— h-3 p—4m®[; (h+3 p)]), Z Abs[h-p], 2 ell rrtZ])}

1
outf + J= {—Z fl-p, t](—l6+h2_2hp+p2+16 ellmt?+

1
seuhnt2-40eupnt2+16e112n2t“+32eunt2mo[— (h-3p)])+
2

1
t(—4i Vell pv2nm fl2-p, t] \/l—p+m0[ (h-3p)] -3 f®Up, 1]+t f®2-p, t]],

2

1

—24ji+ell (1+p) V2 t**P \/l—p+m0[z (h-3p)]

1 1 1
(cum Whittakerv[z (-2 -h+3p-4 mo[z (h-3 p)]), 7 Abslh+p], 2ellm t2]+

1 1 1
com Wh'ittakerw[z (-2- h+3 p—4m®[; (h-3 p)]), p Abs[h + p], 2 ell rrtz])}

The following quantities should vanish.



- ei={eipl2], eim[2]} /. tht[mm_]=» 1

1
out - J- {-24:7 Vell (1+p) V2 m t**P \/p + mo[— (h+3 p)]
2

1 1 1
(cup Whittakerv[z (-2 -h-3p-4 mo[z (h+3 p)]), 7 Abslh-p], 2ellm t2]+

1 1 1
cop Wh'ittakerw[— (_z- h-3 p-4mo[— (h+3 p)]), — Abs[h-p], 2 ell rrtZ]),
4 2 4

1
—24i4/ell (1+p) V2 t¥P \/l—p+m0[z (h-3p)]

1 1 1
cum Whittakerv[— (-2 -h+3p-4 mO[— (h-3 p)]), — Absth+p], 2ellm t2]+
4 2 4

1 1 1
com Wh'ittakerw[— (-2 -h+3p-4 me[— (h-3 p)]), — Abslh+p], 2ellm tz])}
4 2 4
Use the asymptotic behavior of the Whittaker functions. First look at the exponentially growing

contributions.

m-1-eil.WhittakerW[kp_, s_, tau_]:= 0 /. WhittakerV[kp_, s_, tau_] = tau?(-kp) Exp[tau/2]/.

(ell t?)ree_= ellree tA(2ee) l Simplify
Series[Simplify[EA(-Pi ell t*2)%], {t, Infinity, 0} // Simplify

1 {_ 3j 2§ (16+h+3 p)+mo[ = (h+3 p)] cup e ™ 2 e'L"LTI: (4+h+3 p+4 me[2 (h+3 p)))

1 1 1 1 l
(1+p) e (4+h+3 p+a mO[; (h+3p))) t: (4+h+5 p+a m@[; (h+3p))) \/p + mo[z (h+3 p)] ,

_3i 2% (16+h-3 p)+mo[f (h-3p)] cum gttt ellf (4+h-3 p+a mo[= (h-3 p))]) (1+p)

rrf (4+h-3p+a m@[i (h-3p))) ti (4+h-p+a me[i (h-3p))) \/l —p+ mo[i (h-3 p)] }
2

oulf + J- {- 321 (16+hs3ppmel (3 p) cup e (4h+3pramol (he3 p)]) (1+0p) 03 (4+he3 pra o[ (he3 p))

1 1 l 1 1
t3 (4+h+5 pra mo[= (h+3 p)]) \/p + m@[— (h+3 p)] , -3i2% (16+h-3 p)+mo[ (h-3 p)] cum
2

ellf (4+h-3 p+a mo[= (h-3 p)]) (1+p) rr71» (4+h-3 p+4 mo[2 (h-3 p)]) té (4+h-p+4 me[2 (h-3 p)]) \/l _p+ mo[i (h-3 p)] }
2

This shows that the coefficients cum and cup vanish.
Now the contribution of the W-Whittaker functions.



m-1-eil.{cum > 0, cup » 0} /. WhittakerW[kp_, s_, tau_] = tau*kp Exp[-tau/2]/.
(ell t?)ree_=» ellree tA(2ee) l Simplify

1

ot 1 {_ 3i 23_3_%_mo[§ (h+3p)] cop et 2 ellf (-h-3 p-4me[= (h+3 p))) (1+p) s (-h-3 p-4me[2 (h+3 p)))

1 1 l 3p 1 N
t3 (-h-p-4 mo[~ (h+3 p)]) \/p + mO[— (h+3 p)] , -3 23—£+7—m0[; (h-3p)] come©trt
2

1

1 1 1 1 1 l
ells (-h+3 p-4 mO[; (h-3 p)]) (1+p) s (-h+3 p-4 mO[; (h-3 p)]) t3 (-h+5 p-4 m@[; (h-3 p)]) \/l -p+ mO[; (h-3 p)] }
This shows that the coefficient cop and cup vanish as well.

The conclusion is that the determining coefficients of F*and F~are zero, which completes the proof in

this case.



