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4b. Lie algebra action on basis polynomials

See §2.2.1 and §2.2.2
We need the action of WW1 and WW2 with exponentials km[1,Cos[t],Sin[t]] and km[1,Cos[t],l Sin[t]]
These elements are in SU(2) and we can work with the generating function in (2.24).
The generating function
- Clear[a, b, c, d, X, p, q, ]

g ={{a, b, 0}, {c, d, 0}, {0, 0, 1}};
Phla_, b_, c_, d_, p_, q_] :=(@ax+c)"((p-q)/2) (b x+d)*((p+q)/2)

Right differentiate with respect to WW1 and WW2

Compute right translation
- u={{a, b, 0}, {c, d, 0}, {0, O, 1}}
v = u.km[1l, Cos[t], Sin[t]] /. Conjugate [xx_] = XX
- {{a, b) 0}, {c, d; 0}, {0, 0, 1}}
- {{a Cos[t] - b Sin[t], b Cos[t] + a Sin[t], 0}, {c Cos[t]-d Sin[t], d Cos[t]+ c Sin[t], O}, {0, O, 1}}
Insert result
- dPhl =
D[Ph[a Cos[t] - b Sin[t], b Cos[t]+a Sin[t], c Cos[t]-d Sin[t], d Cos[t]+c Sin[t], p, q], t]/.
t-> 0/ Simplify

1

1 pa [(P+0)(C+ax)?
r=(c+ax): PV dibx): |—mM
2

B -(p-9)(d+bx)
d+bx

Similarly for the other Lie algebra element
-u={{a, b, 0}, {c, d, 0}, {0, O, 1}}

v = u.km[1l, Cos[t], I Sin[t]]/. Conjugate[x_]:=» X
- {{a, b, 0}, {c, d, 0}, {6, 0, 1}}

- {{a Cos[t]+ib Sin[t], b Cos[t]+ia Sin[t], O}, {c Cos[t]+id Sin[t], d Cos[t]+ic Sin[t], 0}, {0, O, 1}}

;- Clear[dPh2]
dPh2 =
D[Ph[a Cos[t]+i b Sin[t], b Cos[t]+ 7 a Sin[t], c Cos[t]+id Sin[t], d Cos[t]+ 7 c Sin[t], p, 9],
t]/. t> 0/ Simplify
1 1 1
- i(c+ax): P9 (d4px): 2P0

(d*(p-q)+c®(p+a)+2bd(p-g)x+2ac(p+q)x+ (b’ (p-qg)+a’ (p+q)x?)

Combination in Z;; and Z,;.



- - Clear[eps]
dPheps = dPhl + I eps dPh2 // Simplify
1

ou- - = (c+ax): TP (d 4 bx): 2P (Ld? (1+eps) (p-q)-c’(-1+eps)(p+q)-
2

2bd(l+eps)(p-q)x-2ac(-1+eps)(p+q)x+(-b”>(1+eps)(p-q)-a’(-1+eps)(p+q))x’)

n - - dPheps /. eps » 1/l Simplify

% == (q-p) Phla, b, c, d, p, q+2]// Simplify
ouf - - (-p+q)(c+a x)_i (2P0 (g 4+ b x)§ (2+p+q)
ouf- - True
n - - dPheps /. eps » -1 // Simplify

% == (q + p) Ph[a, b, c, d, p, q=-2]/ Simplify
our- - (p+q)(c+a x)é =9 (d + b x)i (-2+p+q)
ouf- - True

So the generating function satisfies the desired relations, and hence its coefficients satisfy the relation

as well.

In[ « ]:=

Left differentiate with respect to WW1 and WW2

Left and right differentiation commute. It suffices to consider g=p

m - - Clear[Phi]

Phi[r_] = (*This is (mp/z) *¥)Binomial[p, (p-r)/2]1bA((p-r)/2)dAr((p+r)/2)

r/2,p/q
Proper p-r
our- - b2 d Binomial[p, —]
2
w--u={{a, b, 0}, {c, d, 0}, {0, O, 1}}
v = km[1, Cos[t], Sin[t]].u /. Conjugate [xx_] = XX

our - = {{a, b) 0}, {c, d’ 0}, {0, 0, 1}}

our - - {{a Cos[t]+ c Sin[t], b Cos[t]+d Sin[t], O}, {c Cos[t]- a Sin[t], d Cos[t]- b Sin[t], 0}, {0, O, 1}}

1= Phi[r] /. b -» b Cos[t]+d Sin[t]/. d » d Cos[t]-b Sin[t]
dPhl =D[%, t]1/. t » 0 // Simplify

-r p+r
our - - Binomial [p, p—] (d Cos[t]- b Sin[t])2 (b Cos[t]+ Sin[t](d Cos[t]- b Sin[t]))
2

p-r
2

1 . . ot
our == b3 CFPT G 2P (2 (Cpyr) 4 b2 (p+ 1)) B'inom'ial[p, ]
2 2
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/- Binomial [p, p—] (d Cos[t]+ib Sin[t])> (b Cos[t]+iSin[t](d Cos[t]+ib Sin[t])
2

-u={{a, b, 0}, {c, d, 0}, {0, 0, 1}}
v = km[1, Cos[t], I Sin[t]].u/. Conjugate[xx_] = XX

- {{a, b, 0}, {c, d, 0}, {0, 0, 1}

- {{a Cos[t]+ic Sin[t], b Cos[t]+id Sin[t], O}, {c Cos[t]+7a Sin[t], d Cos[t]+ib Sin[t], 0}, {0, 0, 1}

;- Phi[r]/. b - bCos[t]+idSin[t]/.d - d Cos[t]+ib Sin[t]
dPh2 =D[%, t]1/. t » 0 // Simplify

p-r
2

1 E p-r
L = ib3 2Pr) gy (2epen) (d* (p-r)+b? (p+r))Binomial [p, ]
2 2
- dPh[eps_] = dPhl + I eps dPh2 // Simplify
1o pn) 2 2eper) s g2 2 pP-r
== b7 (2P g (2 )(d (-1+eps)(p-r)+b” (1+eps)(p+r)) B'inom'ial[p, ]
2 2
o 1- dPh[1]
%l.r >-p
242 (-2+p-r) E (-2+p+r) . . p-r
R e L PRl e (o r)B1nom1a1[p, ]
-0

;= dPh[1]/Phi[r - 2] // FullSimplify
=-2-p+r

- dPh[-1]/Phi[r + 2] // FullSimplify
dPh[-1]/. r > p

F24p+r

-0



