7 Shift operators, construction

§3.1

Ta. Shift operators in general (g,K)-modules

7b. Minimal vectors

See §3.1

Part ii) of lemma 3.4

mn- - Clear[v, h, p]
x1 = sh[-3, =1] %+ sh[3, 1]#x v - (p + 1) sh[3, =1]%* sh[-3, 1]*x Vv /.
{sh[-3, -1]#* sh[3, 1]** Vv » (Z13 - (2 (p+ 2)) (- 1) Z12 %% Z23) *x Z31 %* V,
sh[3, =11 sSh[=3, 1]#% v = (Z32 + (2 (p + 2)) M (= 1) Z12 %% Z31) %% Z23 % v} /I
{CKisxv>-TIThv, WO *xv - =Ipv, (Ff_A(=1) XX_)#x YY_ > ffA(=1) XX #x YY,
Z21 %+ v - 0} // Expand // Simplify

1
our- 1= — (=((h=pP) (L +P) V) =2 % (L +Pp) Z23 %% Z32 %x V = Z23 %% Z12 »x Z31 #x V)
2

i X1 e Z12 %% Z31 4% v > =(2 (P + 1)) Z32 %% v [l « {XX_sx ((p+ 1) YY_) > (p + 1) XX #% YY} // Simplify

1
outf + J- —; (h-p)(1+p)Vv

Inf[ « ]:=

Casimir element, part iii) of the [emma

Inf[ « ]:=
X1 = CasZ s V-4 (p+2)(p+1)A(-1) sh[-3, —1] % sh[3, 1]** Vv
CKi #% CKi #x v

our- - 21 CKT %% V+ 2 i WWO %% V - —————————— —WWO #%x WWO %% V = Z12 %% Z21 %% V +
3

4 (2+p)sh[-3, —-1]#x sh[3, 1]*x Vv
4 713 %% Z31 xx V + 4 Z23 %% 232 %x V —

1+p

i 1e X2 = x1 1. {Sh[=3, 1] %% Sh[3, 1]#% V = (Z13 = (2 (p + 2)) A (= 1) Z12 % Z23) %% Z31 4 V} /] .
{CKis*Vv o> -Thv, WO sxv > -Ipv, XX_#x (ff_ v) > ff XX »xv,
Z21wx v > 0, (FF_A(=1) XX_) %% YY_ > FFA(=1) XX %% YY} // Simplify
27223 %% 212 %% Z31 %% v

1
o = (6h+h>+3p(2+P))V+4Z23 % Z32 #x v +
3 1+p

Use of minimality



X2 1. Z12 4% Z31 %k V > —(2 (P + 1)) Z32 % v [l « {XX_ % (1 +p) YY_) = (1 + p) XX #x YY} // Expand /I Factor
1
ouf - - — (6h+h2+6p+3p2)v

Inf « J:=

Central element of degree 3, part iv) of the lemma

In a similar way

moj- X1 =Dt3Zsxv-2(p+2)(h-3p+6)(p+1)A(-1)sh[-3, -1]+x sh[3, 1]*xV /.
{sh[-3, 1]+ sh[3, 1]#% vV » (Z13 = (2 (p + 2)) A (= 1) Z12 #% Z23) %x Z31 ** v}

1
our- - 81 CKi #x v = 2 CKi #%x CKT %% vV + 2 CKT »x WWO %% V + 24 Z13 %% Z31 #x V + 24 723 #x Z32 »* V —
1+p
1 2713 +7Z23 %+ 712 1
2x(6+h-3p)«(2+p)|Z13 »* Z31L »x v - — x%x Z31 %% V| = — § CK #%x CKi #% CK #% v +
2 2+p 9

i CK % WWO % WWO %% Vv + 7 Z12 %% CKT #x Z21 %% V+ 2§ Z13 #x CK7 %% Z31 %%+ V=67 Z13 »x WWO %% Z31 #x Vv —
6 713 %% Z21 %% Z32 xx V + 2 1 Z23 %% CK %% Z32 sx V + 6§ Z23 %% WWO %% Z32 %% V+ 6 Z23 %% Z12 %% Z31 %% Vv

1= X2=X1 Mo {CKixxVv-a>-IThv, WNO*xVv > -Ipv, XX_#x(ff_ v) > ff XXsxVv, Z21%xv > 0,

(FF_A(=1) XX_) %% YY_ > FFA(=1) XX %% YY} /. Z12 %% Z31 %% v » —(2 (p + 1)) Z32 #x v /| Simplify

h3 v 2(h+3 - (4+p))Z23 #x (1 +p) Z32 #+ V)

our - 8hv+2h?va+ -2hpv-hp?v-

9 1+p
25(-6+h=-3p)Z13 %% Z31 %x V+ 24 723 %% Z32 % V + 21 Z13 4% CKT %% Z31 #x v —

67713 %x WWO %% Z31 %% V = 6 Z13 %% Z21 %% Z32 #x V + 2 1 Z23 %% CKi %% Z32 %% V + 61 Z23 %x WWO #% Z32 %% v

1= X3 = X2 Mo {WWO %% XX _ %% v > —=I p XX %% v + Lb[WWO , XX] %+ v,
CKi %% XX_#x V> =T h XX #%x v+ Lb[CKi , XX]#*x v, XX_** (p YY_) > p XX % YY,
XX_#x (hYY_) > h XX %% YY, Z21 5% XX_#x v > O + 1b[Z21, XX]»* v} // Simplify

ouf - o ———h+3 (4 +p)(h(6+h=-3p)«(L+p)Vv-18723 #x (p Z32 %+ V) + 18 p Z23 »* Z32 »* V)
9x(1+p)

- X301 {XX_%% (p YY_) = p XX % YY} // Simplify /I Factor

Out[

1
- —h(®+h-3p)-(12+h+3p)v
9



