A2e. Checks of the definitions of V, s and W, ¢

Checks for the case that s =s; € Z,q and k such that W, respectively V, is not proportional to M. Determi -
nation of the leading term in the asymptotic behavior at 0.

-1/2

Here the common factor e™"'< of the Whittaker functions can be ignored.

Terms of the expansion of M,

n - - Clear[term, tau]
term[kp_, s_, n_] := tau?(s+1/2+n)Gamma[l/2+s -Kkp +n]
Gamma[l/2 +s - kp]*(-1) Gamma[l+ 2 s+ n]*(-1) Gamma[l + 2 s] Factorial[n]*(-1)

W-Whittaker function

n - 1- Clear[kp, s]
factWp = Gamma[-2 s] Gamma[l/2 -s - kp]*(-1)
factWm = Gamma[2 s] Gamma[l/2 + s - kp]*(-1)
Clear[gamsub]
gamsub[xx_] := Gamma[xx] - Pi Gamma[l - xx]*(-1) Sin[Pi xx]/(-1)

Gammal[-2 s]

Out[ » ]= 1
Gamma[; -kp - s]

Gammal[2 s]

Out[ » ]= 1
Gamma[; - kp +s]

For W we work with the assumption that sq — Kk =pg —1/2 with a positive integer p.
First terms

The terms with order 0 £m <25, should give holomorphic conditions in s by themselves.



- - Clear[eta]
factWm term[kp, -s, m] //.
{gamsub[1 +m-2 s], gamsub[1-25s], Sin[m(1+m=-25s)] > (-1)"m Sin[rr (1 -2 s)]}

wlw=%/.s » sO+eta/l. {Sin[r (L+m-2 (eta +s0))] » Sin[-2Pi eta] (-1)* (1L +m-2s0),
sO-kp->p0-1/2, -kp-s0 > p0-1/2-2s0}/ Simplify;
Series[%, {eta, 0, 0}]

% [.m->0

(-1)™ tauz"""° Gamma[% - kp +m-s]Gamma[-m+ 2 s]

outf « J-
m! Gamma[% - kp - s] Gamma[% - kp +s]

(-1)" tau:"""°° Gamma[m + pO® - 2 sO] Gamma[-m + 2 sO] L
ouf « J= + O[eta]
m! Gamma[p0O] Gamma[p0O - 2 s0O]

tau:"*° Gamma[2 s0]
ou « J= + O[eta]
Gamma|[p0O]

Holomorphic in s at sg.

Non-zero starting term with factor tau:"*°

Case s=0

n - 1- factWm term[kp, -s, m] + factWp term[kp, s, m} /. {kp » 1/2 -p0O,
Gamma[-2 s] » Gamma[l-2s]/(-2s), Gamma[2 s] » Gamma[l + 2 s]/(2 s)} // Simplify
Series]|
%,
{s,
0’
CH|

ouf -+ J- -((tau?m’S Gamma[l - 2 s] Gamma[l + 2 s]
(‘cau2 ° Gamma[l + m- 2 s] Gamma[m + pO + s] - Gamma[m + pO - s] Gamma[l + m + 2 s]))/

(2 sm!Gamma[l +m- 2 s] Gamma[pO - s] Gamma[pO + s] Gamma[l + m+ 2 s]))

ouf « J= —((tau3+m Gamma[m + p0] (Log[tau] - 2 PolyGamma [0, 1+ m]+ PolyGamma[0@, m+ pO]))/

(m! Gammal[1 + m] Gamma[p@]z)) + 0[s]*

Holomorphic, with a logarithmic term .

Case 0<s



n - - factWm term[kp, -s, m+ 2 s0] + factWp term[kp, s, m] /. Gamma[l - 2 s] » Gamma[-2s](-2s) /.

Outf

I
J=

{kp > 1/2-p0O}/.s > sO+eta/. gamsub[-2 (eta +s0)] /.
{Csc[2 it (eta + sO)] » Csc[2 Pi eta] (-1)"(2s0O)} // Simplify;
Series[%, {eta, 0, 0}] // Simplify
% /.m-> 0/ Simplify

(-1)%2°° tauz"™"° Gamma[m + p0® + sO] (- (m + 2 sO)! Gamma[l + m] Gamma[l + 2 sO]

(-2 PolyGamma[@, 1+ m]+ PolyGamma[@, m+ p0O + sO] + 2 (Log[tau] + PolyGamma [0, 1+ 2 s0])) +
2 m! Gamma[2 sO] Gamma[l+m+ 2 sO] (1 +2 sO PolyGamma [0, 2 sO] -
sO@ PolyGamma [0, m+ pO + sO] + 2 sO PolyGamma [0, 1 +m+ 2 sO])))/

(2m!'(m+ 2 s0)! Gamma[l + m] Gamma[pO - sO] Gamma[pO + sO] Gamma[l + 2 sO] Gamma[l +m+ 2 sO]) +
O[etal*

our - - [(=1)**2°° tau:="*° (-2 Gamma[2 sO]

- - factVp

Outf

Out[

I
J=

IS

(1+2s0 PolyGamma[0, 2 sO]- sO PolyGamma [0, pO + sO]+ 2 sO PolyGamma [0, 1+ 2 sO]) +
(2 s0)! (PolyGamma [0, pO + sO] + 2 (EulerGamma + Log[tau]+ PolyGamma [0, 1+ 2 sO]))))/

(2 % (2 s0)! Gamma[p0O - sO] Gamma[l + 2 sO]) + O[eta]l

Holomorphic, zero if pg <sg.

So W, s is holomorphic and even ins.
If so > 0 it starts with 77%*2,

If so =0 its main contribution at zero is logarithmic .

V-Whittaker function

IEAPiIs)(Pi/Sin[2Pi s])Gamma[l/2-s+kp]*(-1)Gamma[l+ 2 s]*(-1)
factVm = -I EA(-Pi Is)(Pi/Sin[2Pi s])Gamma[l/2 + s+ kp]A(-1)Gamma[l -2 s]*(-1)

ie'™s mCsc[2s]

Gamma[% +kp - s] Gamma[1 + 2 s]

ie™™S Csc[2r s]

Gamma[l - 2 s] Gamma[é +kp + 5]

For Vwith s +k=qgo-1/2
First terms

Take 0<=m<2s,



- - Clear[eta]
vlw = factVm term[kp, -s, m] /. kp » -s0+q0-1/2/.s > eta+s0O /. gamsub[l+m-2 (eta +s0)] /.
gamsub[eta +q0] //. {Csc[2 5t (eta + sO)] » (-1) (2 sO) Csc[2 Pi eta],
Sin[rr (L+m-2 (eta +s0))] » Sin[2 Pi eta] (-1)*(m-2 s0),
Sin[rr (eta + q0)] » Sin[Pi eta](-1)*q0O} // Simplify

1 ; E
oup - o =i (= 1)™90 g T (eta+s0) 54,3720 Camma[l - eta + m - qO] Gamma[-m + 2 (eta + s0)] Sin[eta m]

Tm!
Suppose m 2qq

mn- - Series[vlw, {eta, 0, 0}]

our - - O[etal*

The coefficients with m in [go, 2 5¢) are zero

Suppose m <(qy

m- = (vlw /. gamsub[l-eta+m-q0] //. {Csc[rr (1 -eta+m-g0O)] » Csc[Pi eta] (-1)*(m-qO)} /
Simplify) /. (-1)>" > 1;
Series[%, {eta, 0, 0}] // Simplify

% /l.m-> 0

1
—+m-s0

ie 7 tau> Gamma[-m + 2 s0] L
ouf « ]= — + O[eta]
m! Gamma[-m + qO]

ie7%° tauz"*° Gamma[2 sO] )
ouff « ]= = + Oleta]
Gamma[qO]

For 0 <m <min(qq, 2g)

the terms are holomorphic at s,.

The initial term is non-zero, with tau>"s°

Case sp=0



m- - wO = factVm term[kp, -s, m] + factVp term[kp, s, m]/. kp » q0-1/2/. gamsub[1+m-q0-5s]/.
gamsub[1-q0 +s]/. gamsub[1+m-qg0O +s] /. gamsub[1-qg0-s]//.
{Csc[rr (L+m-qg0 -5s)] » (-1)A(m-g0O) Csc[Pi s], Sin[rr (1 -g0O -s)] » Sin[Pi s](-1)"q0O,

Csc[rr(1+m-q0 +s)] » Csc[Pis](-1)*(1+m-q0),
Sin[rr (1 -q0 + s)] » Sin[Pi s](-1)A(1-q0O)} // Simplify;

Series[%, {s, 0, 0}] // Simplify;

% /. (-1)A(2q0) > 1/.(-1)A(-2q0) » 1

% l.m= 0/ Simplify

our - - [(=1)F"™ 29 tauz"" (;r - i Log[tau] + 2 i PolyGamma [0, 1 +m]-iPolyGamma[®, -m+ qO]))/
(m! Gamma[1 + m] Gamma[-m + q0]) + O[s]*

1
i(-1)2% ~/tau (2 EulerGamma +i 1T+ Log[tau] + PolyGamma [0, qO]) + O[s]

outf + |

. Gamma[qO]
If s=0 all terms are holomorphic at s=0. The initial term contains a non-zero multiple of %% log ()
Terms with m = 2 s,>0

[ o Ji= th = S'impl'ify[

factVm term[kp, -s, m] + factVp term[kp, s, m]/. kp » -s0+q0-1/2/.s » eta+s0 /.
gamsub[l+m-2 (eta +s0)] /. gamsub[-eta +q0 - 2 s0] /. gamsub[1 - eta -q0O]] //.
{Csc[2 it (eta + sO)] —» Csc[2 Pi eta](-1)*(2s0), Sin[rr (L +m-2 (eta +s0))] »
-Sin[2 Pi eta] (-1)A(m-2 s0), Sin[rr (-eta +q0 -2 sO)] » -Sin[Pi eta] (-1)"*(q0 - 2 s0),
Sin[rr (-1 +eta +q0)] » -Sin[Pi eta] (-1)*q0O} // Simplify

out - - —((i (-1)30 g7 (etarsO) g metAINTS0 (g21T(€Ra1SO) ;7 45,2 (€12450) Csc[2 eta 7] Gamma[l + eta + m - qO + 2 SO] +

(-1)"*" Gamma[l - eta + m - q0] Gamma[-m + 2 (eta + sO)] Gamma[l + m + 2 (eta + s0)])

Sin[eta rr]) / (rm! Gamma[l + m+ 2 (eta + s0)])

Case 1=qy<2s0
m- - Series[vhg, {eta, 0, 0}] /. {Gamma[l + xx_] =» Factorial [xx]}

i(-1)° ¢ 7% tauz"™° (m-qgo + 2 sO)! )
ouf « ]= — + O[eta]
2m!l(m+ 2 s0)!

Holomorphic, with non-zero value

Case 2s0<gpo=m

m- - vhg . gamsub[-m+ 2 (eta +s0)] /. gamsub[1+m-2 (eta +s0)] /.
{Csc[rt (-m+ 2 (eta + s0))] » Csc[2 Pi eta] (-1) A (-m+ 2 s0),
Sin[rr (L+m-2 (eta +s0))] » Sin[2 Pi eta] (-1)*(m-2s0)}// Simplify ;
Series[%, {eta, 0, 0}] //. Gamma[l + xx_] =» Factorial[xx] // Simplify
i(-1)° ¢ 70 tau:*™ (m-qo + 2 sO)!

ouf « = = + O[eta]l
2m!(m+ 2 s0)!




Holomorphic and non-zero.
Case 2s0=sm<gqq
n- - vhg I. gamsub[l -eta+m-q0]//. {Csc[rr (1-eta+m=-q0)] » Csc[Pieta](-1)*"(m-q0O)} // Simplify;
(Series[%, {eta, 0, 0}] /. Gamma[xx_] = Factorial[xx -1]/ Simplify)/. (-1)*(2m) > 1
1 2(-1-m+2s0)! (-1)1"9° 2770 £3y2% (M- q0 + 2 s0O)!

ouf - ——ie tauz*"s° + +Oleta]*
2m! (-1-m+qO)! (m+ 2 s0)!

-im s

This is also holomorphic .

The function V, (1) is holomorphic in s at all points with Re(s)20.
At s=0 the main term at 0 is a non-zero multiple of 7% logt

At points sy € (1/2) Zs;

the expansion starts with a multiple of r*/2~%,



