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Recall

o If f =5 a,z" is analytic, its radius of convergence
satisfies 1 = lim sup |a,|/".

@ If f is holomorphic, then it is analytic,

f2) =2 an(z—2)",
n=0

where
1 f(€)

= o ap (& —zo)"H1 %

If D is centered at zy and has radius 7, then the radius of
convergence of the series is at least 7.
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Laurent series

o If f =5 a,z" is analytic, with radius of convergence r,
then g(z) :=f(1/z) = > .2, anz~" converges for |z| > 1/r.

o0

e oo MnZ", we let

@ Givenaseriesf =)

fr= ianz” and fo= Z a,z"
n=0
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Laurent series

If the radius of convergence of f is R and of f_(1/z) is 1/r then f is
analytic on the annulus A = {z € C: r < |z| < R}.

For each zp € A, we have z = zp + (z — z9) and

11 1 1
z zo+(z—20) 201+ L (z—zo)

Z ol

So can re-write f as a power series in (z — zp). O
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Laurent series

If f is holomorphic in the annulus A = {z € C: r < |z — zg| < R},
then

(o)

f2)= Y au(z—2)",

n=-—oo

L O
0

= o p (§ —zp)"H1

and the series converges in A.

where

The same as in the previous case, but now split in two parts:
one for the positive and one for the negative parts. O
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Laurent series

Theorem

If f is holomorphic in the annulus A = {z € C: r < |z — zo| < R},
with -
f(z) = Z an(z — z0)",
n=—o0
then -
f@&)= > nayz—z)"",
n=—o00
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Laurent series

Consider f(z) = ﬁ

Using
1 o
1_2—;2 for |z| < 1,
f@y=> 2"
n=-—1
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Laurent series

Consider f(z) = z(11—z)'

Using
1 L I N
11—z z1-1/z ZZZ - ZZ
n=~0 n=0
We have
oo
f@==>_z"72 for |z| > 1.
n=0
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