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Exercise (Exercise 5.2.10)

Find the Laurent series for 1
z2(1−z) in the regions: (a) 0 ≤ |z| ≤ 1; (b)

|z| ≥ 1.

Solution.
The regions given are annuli centered at 0, so we need to find a
power expansion on z (with negative powers).
For |z| < 1 we use the geometric series:

1
1− z

=

∞∑
n=0

zn

Hence
1

z2(1− z)
=

1
z2

∞∑
n=0

zn =
∞∑

n=−2

zn
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power expansion on z (with negative powers).
For |z| < 1 we use the geometric series:

1
1− z

=

∞∑
n=0

zn

Hence
1

z2(1− z)
=

1
z2

∞∑
n=0

zn =

∞∑
n=−2

zn

L08P01 - Exercises Cavalcanti



Exercise (Exercise 5.2.10)

Find the Laurent series for 1
z2(1−z) in the regions: (a) 0 ≤ |z| ≤ 1; (b)

|z| ≥ 1.

Solution.
For |z| > 1 we use the geometric series with a trick to get 1/z:

1
1− z

= −1
z

1
1− z−1 = −1

z

∞∑
n=0

z−n = −
∞∑

n=1

z−n

Hence
1

z2(1− z)
=

1
z2

∞∑
n=1

z−n =
∞∑

n=−3

z−n
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Lemma
If |b| ≤ |a|,

1
a− b

=

∞∑
n=0

bn

an+1

Solution.

1
a− b

=
1
a

1
1− b/a

=
1
a

∞∑
n=0

(
b
a

)n

=
∞∑

n=0

bn

an+1
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Exercise (Exercise 5.2.11)

Find the power series expansion of f (z) = 1
1+z2 around the point

z = 1, and find the radius of convergence of this series.

Solution.
Simplify and force the geometric series:

2
1 + z2 =

2
(1 + iz)(1− iz)

=
1

(1 + iz)
+

1
(1− iz)

.
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Exercise (Exercise 5.2.11)

Find the power series expansion of f (z) = 1
1+z2 around the point

z = 1, and find the radius of convergence of this series.

Solution.

1
(1 + iz)

=
1

(1 + i + i(z− 1))

=

∞∑
n=0

(−i)n(z− 1)n

(1 + i)n+1

=

∞∑
n=0

(−i)n(z− 1)n

2
n+1

2 e
(n+1)πi

4

=

∞∑
n=0

e−
(n+1)πi

4 (−i)n(z− 1)n

2
n+1

2
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Exercise (Exercise 5.2.11)

Find the power series expansion of f (z) = 1
1+z2 around the point

z = 1, and find the radius of convergence of this series.

Solution.

1
(1− iz)

=
1

(1− i− i(z− 1))

=

∞∑
n=0

in(z− 1)n

(1− i)n+1

=

∞∑
n=0

(1 + i)n+1in(z− 1)n

2n+1
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