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Trick 3

Example
Compute ∫ 2π

0

1
1 + sin2 θ

dθ.

For z = eiθ, dθ = dz
iz , and

sin θ =
eiθ − e−iθ

2i
=

z + z−1

2i
.

Hence we can rewrite the integral∫ 2π

0

1
1 + sin2 θ

dθ =
∫

S1

1

1− (z−z−1)2

4

dz
iz
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Trick 3

Example

∫ 2π

0

1
1 + sin2 θ

dθ =
∫

S1

1

1− (z−z−1)2

4

dz
iz

=

∫
S1

4
4− (z− z−1)2

dz
iz

=

∫
S1

4
(2− z + z−1)(2 + z− z−1)

dz
iz

=

∫
S1

4z2

(−z2 + 2z + 1)(z2 + 2z− 1)
dz
iz

=

∫
S1

−4iz
(−z2 + 2z + 1)(z2 + 2z− 1)

dz
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Trick 3

Example

∫ 2π

0

1
1 + sin2 θ

dθ = 2πi
∑
|zi|<1

(Reszi

−4iz
(−z2 + 2z + 1)(z2 + 2z− 1)

)
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Trick 3 – General case

Want to compute ∫ 2π

0
Q(cos θ, sin θ)dθ

Use

z = eiθ ⇒


dθ = dz

iz

cos θ = z+z−1

2

sin θ = z−z−1

2i
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Trick 3 – General case

∫ 2π

0
Q(cos θ, sin θ)dθ =

∫
S1

Q
(

z + z−1

2
,

z− z−1

2i

)
dz
iz

= 2πi
∑
|zi|<1

Reszi

Q
(

z+z−1

2 , z−z−1

2i

)
iz

L11P02 - Tricks with integrals III Cavalcanti


