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Harmonic functions

Definition
In Rn the Laplacian is the second order linear operator

4 : C2(Rn)→ C0(Rn), 4u =

n∑
i=1

∂2

∂x2
i

u.

A function u is harmonic if4u = 0.

Definition

4u = 0 is the Laplace equation.

−4u = f is the Poisson equation.
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Harmonic functions

Definition
The gradient of a function u : Rn → R is the vector field

∇u =
∑ ∂u

∂xi
ei.

The divergent of a vector field X =
∑

Xiei is

∇ · X =
∑ ∂Xi

∂xi
.

We have4 = ∇ · ∇.
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Harmonic functions

Theorem (Gauss/Green/Stokes)
Let U ⊂ Rn be an open set with smooth boundary, and let X be a
vector field on U, then

ˆ
U
∇ · X =

ˆ
∂U

X · νdS,

where ν is the outward pointing unit vector for ∂U and dS is the area
element for ∂U.
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Harmonic functions

Exercise (Green’s formulas)
Let U ⊂ Rn be an open set with smooth boundary, and let
u, v : U→ R be real functions on U. Then´

U4u dx =
´
∂U∇u · νdS =

´
∂U

∂u
∂ν dS,´

U(∇u · ∇v)dx = −
´

U u4v +
´
∂U u ∂v

∂ν dS,´
U(u4v− v4u)dx =

´
∂U u ∂v

∂ν dS−
´
∂U v∂u

∂ν dS,
where n is the outward pointing unit vector for ∂U and dS is the area
element for ∂U.
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Harmonic functions

Corollary
Let U ⊂ Rn be a bounded open set with smooth boundary, and let
u : U→ R be a harmonic function on U. Then

ˆ
∂U

∂f
∂ν

dS = 0,
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Harmonic functions

Lemma
The following functions are harmonic on Rn\{0}:

Φ2(x) = − 1
2π log |x|, for n = 2,

Φn(x) = 1
n(n−2)α(n)

1
|x|n−2 , for n > 2,

where α(n) is the volume of the unit ball in Rn.
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Harmonic functions

Theorem (Mean-value formula)
Let u : U→ R be a harmonic function on an open set U, let x ∈ U
and let r > 0 be such that Br(x) ⊂ U. Then

u(x) =

 
∂Br(x)

udS.
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Harmonic functions
Proof.
Let

ϕ(r) =

 
∂Br(x)

u(y)dS(y) =

 
∂B1(0)

u(x + rz)dS(z)

Taking the derivative we obtain

ϕ′(r) =

 
∂B1(0)

Du(x + rz)zdS(z)

=

 
∂B1(0)

∂u(x + rz)

∂ν
dS(z)

= c
ˆ

B1(0)
4u(x + rz)dz

= 0.

Hence ϕ is constant and limr→0 ϕ(r) = u(x)
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Harmonic functions

Exercise
Let U ⊂ Rn be a connected open set and let u : U→ R be a harmonic
function. If u has a maximum at x ∈ U then u constant.
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Harmonic functions

Definition
Given a bounded open set U with smooth boundary assume
that for each x ∈ U there is a function ϕx : U→ R such that{

4ϕx = 0
ϕx(y) = Φn(x− y) on ∂U.

The Green function for U is the function

G(x, y) = Φn(x− y)− ϕx(y).
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Harmonic functions
Theorem
Given u ∈ C2(U) we have

u(x) = −
ˆ
∂U

u(y)
∂G
∂ν

(x, y)dS(y)−
ˆ

U
G(x, y)4u(y)dy.

In particular, if u is harmonic,

u(x) = −
ˆ
∂U

u(y)
∂G
∂ν

(x, y)dS(y).

Conversely, given f : ∂U→ R continuous, the expression

u(x) = −
ˆ
∂U

f (y)
∂G
∂ν

(x, y)dS(y).

defines a harmonic function u which equals f at ∂U.
L14P01 - Harmonic functions Cavalcanti



Harmonic functions
Proof.
Follows from several uses of Green’s formulas.

ˆ
U

(u4v− v4u)dx =

ˆ
∂U

u
∂v
∂ν

dS−
ˆ
∂U

v
∂u
∂ν

dS.

Fix x and consider U\Br(x). Then,4yG(x, y) = 0 and
G(x, y) = 0 on ∂U, hence

−
ˆ

U\Br(x)
G(x, y)4u(y)dy =

ˆ
∂U

u
∂G
∂ν

dS−
ˆ
∂Br(x)

u
∂G
∂ν
− G

∂u
∂ν

dS

Need to estimate
ˆ
∂Br(x)

u
∂G
∂ν

and −
ˆ
∂Br(x)

G
∂u
∂ν

dS
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Harmonic functions

Proof. ∣∣∣∣∣
ˆ
∂Br(x)

Φn(x− y)
∂u
∂ν

dS

∣∣∣∣∣ ≤ c
ˆ
∂Br(x)

r−n+2
∣∣∣∣∂u
∂ν

∣∣∣∣ dS

≤ cr−n+2rn−1 r→0−→ 0
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Harmonic functions

Proof.

ˆ
∂Br(x)

u
∂Φn(x− y)

∂ν
dS =

 
∂Br(x)

udS r→0−→ u(x)
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Harmonic functions

Theorem
Given a function f ∈ C2

c(Rn), let

u(x) =

ˆ
Rn

Φn(x− y)f (y)dy.

Then u ∈ C2(Rn) and
−4u = f .
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