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Recall

Lemma (Cauchy–Riemann relations)
If f = u + iv is holomorphic, then

∂u
∂x

=
∂v
∂y

and
∂v
∂x

= −∂u
∂y

Corollary
If f = u + iv is holomorphic, then u is harmonic.

Proof.
∂

∂x
∂u
∂x

+
∂

∂y
∂u
∂y

=
∂

∂x
∂v
∂y
− ∂

∂y
∂v
∂x
.
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Examples

Example
The function

u(x, y) = log
(√

x2 + y2

)
is harmonic because u(z) = Re log(z).

Example
For any complex polynomial p, Re(p) is harmonic.

Example
The function (x, y) 7→ ex cos y is harmonic.
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The operators ∂
∂z and ∂

∂z̄
The operator ∂

∂x corresponds to directional derivative in
the direction of e1.
The quantity dx is a covector for which dx(e1) = 1 and
dx(ej) = 0 for j 6= 1.
On C we can consider the complex covectors dz = dx + idy
and dz̄ = dx− idy.
Notice that

dz(
1
2

(e1 − ie2)) = 1 dz(
1
2

(e1 + ie2)) = 0

dz̄(
1
2

(e1 − ie2)) = 0 dz(
1
2

(e1 + ie2)) = 1.

Introduce the differential operators

∂

∂z
:=

1
2

(
∂

∂x
− i

∂

∂y

)
,

∂

∂z̄
:=

1
2

(
∂

∂x
+ i

∂

∂y

)
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The operators ∂
∂z and ∂

∂z̄

Lemma

A function f : U→ C is holomorphic if and only if ∂f
∂z̄ = 0, in which

case
∂f
∂z

=
df
dz
.

Lemma

4
∂

∂z̄
∂

∂z
= 4.
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Primitives

Lemma
Let f = (u + iv) : U→ C be holomorphic and consider the vector field
X = ue1 − ve2. If g = ϕ+ iψ is a holomorphic primitive for f , then
∇ϕ = X

Proof.
Since g is holomorphic, we have, using the Cauchy–Riemann
relations

(u + iv) = f = dg =

(
ϕx ϕy
−ϕy ϕx

)
= (ϕx − iϕy).

Therefore∇ϕ = ue1 − ve2.
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Harmonic⇔ holomorphic
Theorem
Let U ⊂ C be simply connected and let u : U→ R be a harmonic
function. Then there is a holomorphic function f : U→ C whose real
part is u.

Proof.
Insight: if there was such an f , by the Cauchy Riemann
relations we would have

df = ux − iuy = 2
∂

∂z
u.

Consider the function g = 2 ∂
∂z u. Then

∂g
∂z̄

= 2
∂

∂z̄
∂

∂z
u =

1
2
4u = 0.
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Harmonic⇔ holomorphic

Proof.
So g is holomorphic, hence has a primitive, f . Let u1 = Re f ,
then

2
∂u1

∂z
=
∂f
∂z

= g = 2
∂u
∂z

Hence

∂(u1 − u)

∂z
= 0⇒ ∂(u1 − u)

∂x
= 0 and

∂(u1 − u)

∂y
= 0

So u1 − u = c for some constant.
It follows that Re (f − c) = u.
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