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Exercise

Exercise 1. Let M be a compact manifold and U = {Uα : α ∈ A} be an open cover such that for
each multi index a ⊂ A the corresponding Ua is either empty of diffeomorphic to a disc. Show that
Ȟk(M ;U;R) = Hk(M) for all k.

A possible route to prove this result relies on two facts.

Fact 1 (See Exercise 3 from homework 4): For any vector bundle E,

Ȟk(M ;U; Γ(E)) = {0} if k > 0 and

Ȟ0(M ;U; Γ(E)) ∼= Γ(E).

Fact 2 (Poincaré Lemma) If U is diffeomorphic to an open ball in Rn, then Hi(U) = {0} for i > 0 and
H0(U) = R.

And the proof involves introducing another cohomology space, Hk
D below, and then prove that

Ȟk(M ;U;R) ∼= Hk
D
∼= Hk(M).

Roadmap to the solution
Consider the N× N graded vector space

E•,• = ⊕p,q∈NEp,q; Ep,q = Čp(M ;U; Ωq(M)).

Endow E•,• with the operator

D : Ep,q −→ Ep+1,q ⊕ Ep,q+1; D|Ep,q = δ̌ + (−1)p+qd,

If we use a coarser grading for E, namely, if we define

Ek = ⊕p+q=kEp,q

then D : Ek −→ Ek+1.

1. Show that D2 = 0 and hence we can define its cohomology. Since D : Ek −→ Ek+1 we get an
N-grading for the D-cohomology:

Hk
D =

ker(D : Ek −→ Ek+1)

Im(D : Ek−1 −→ Ek)

2. Using the inclusion of constant functions into smooth functions, we have an inclusion

ι : Čk(M ;U;R) −→ Čk(M ;U; Ω0(M)) = Ek,0 ⊂ Ek.

Show that ι ◦ δ = D ◦ ι and hence conclude that ι induces a map in cohomology

ι∗ : Ȟk(M ;U;R) −→ Hk
D.



3. Show that ι∗ is a surjection: given an element α ∈ Ek with Dα = 0, decompose it into its (p, q)
components:

α =
∑
p+q=k

αp,q, αp,q ∈ Ep,q.

Let q0 be the biggest integer for which αk−q0,q0 is not zero. Using the Poincaré Lemma, show that
if q0 > 0, there is a another representative α̃ for the D-cohomology class [α] such that α̃p,q = 0 for
q ≥ q0. Conclude by induction that any cohomology class in Hk

D can be represented by an element
in Čk(M ;U; Ω0(M)). Conclude that this representative is in the image of the map ι and hence ι∗ is
surjective.

4. Use a similar argument to the one above to show that ι∗ is injective and hence conclude that

Ȟk(M ;U;R) ∼= Hk
D.

5. Using the inclusion of κ : Ωk(M) −→ Č0(M ;U; Ωk) obtained by restricting a globally defined section
to each open set of the cover U, show that

κ ◦ d = D ◦ κ

and hence we have a map in cohomology

κ∗ : Hk(M) −→ Hk
D.

6. Use Fact 1 and a similar argument to item 3 to prove that κ∗ is surjective.

7. Use Fact 1 and a similar argument to item 4 to prove that κ∗ is injective.


