
Differentiable manifolds – homework 4

Solve exercises 9 and 10 from Warner.

Exercise 1. Let E
π−→ M be a rank k vector bundle over M and let σ1, · · · , σk : M −→ E be sections

such that {σ1(p), · · · , σk(p)} is a linearly independent set of Ep. Show that E is isomorphic to the trivial

bundle M × Rk, i.e., there is a diffeomorphism

Φ : E −→M × Rk

such that Φ : Ep −→ p× Rk and this map is linear.

Definition 2. Let E
π−→ M be a vector bundle over M . A degree k Čech cochain with coefficients in

Γ(E) for the cover U is a collection of functions

f̌ := {fa|a ordered subset of A with k + 1 elements} (1)

where each fa ∈ f̌ is a smooth section of E over Ua (coefficients in Γ(E)) satisfying

fα0···αiαi+1···αk
= −fα0···αi+1αi···αk

(skew symmetry)

We denote the set of all degree k Čech cochains with coefficients in Γ(E) obtained from a cover U of M
by Čk(M ; Γ(E);U). We defined the Čech differential using the same way expression we used for Čech
cohomology with real coefficients.

Exercise 3. Show that

1. Ȟ0(M ; Γ(E);U) = Γ(E).

2. Ȟi(M ; Γ(E);U) = {0} for i > 0.

Exercise 4. Let (U,ϕ) and (V, ψ) be two charts on a manifold such that U ∩ V 6= ∅. Let (x1, · · · , xn) be
the coordinates relative to ϕ and (y1, · · · , yn) be the coordinates relative to ψ. Show that

dxi =
∑
j

∂xi
∂yj

dyj .

Exercise 5. Let ϕ : M −→ N be a smooth map and f : N −→ R be a smooth function. Show that

ϕ∗(df) = d(ϕ∗f) = d(f ◦ ϕ).

Exercise 6. Given α ∈ Ω1(M) and p ∈M , show that there is a function f ∈ Ω0(M) such that df |p = α|p.
Show that one may not be able to find f such that df = α in a neighborhoodof p.

New exercises regarding the material from Lecture 1:

Exercise 7. The (real) projective space, RPn is the set of all lines in Rn+1 passing through the origin.
This can be equivalently defined as the quotient of Rn+1\{0} by the equivalence relation x ≡ y if and only
if there is λ ∈ R∗ such that x = λy.

Give RPn the structure of a manifold.

Exercise 8. The (complex) projective space, CPn is the set of all (complex) lines in Cn+1 passing through
the origin. This can be equivalently defined as the quotient of Cn+1\{0} by the equivalence relation x ≡ y
if and only if there is λ ∈ C∗ such that x = λy.

Give CPn the structure of a complex manifold.


