Differentiable manifolds — exercise sheet 3

Whenever necessary, you can assume that the Cech cohomology H*(M;R;4l) is independent of I as
long as il is a good cover of M.

Exercise 1 (Euler characteristic). Let {V* : 0 < k < n} be a family of finite dimensional vector spaces
where n € N is some fixed number. Whenever necessary, let V_; = V,, ;1 = {0}. Let dy : V¥ — VF+1 be
linear maps such that diy1 o di = 0 for all ¢ and define

k_ ker(dy,)
Im(dk_l) '

Show that

> (=D)Fdim(VF) = " (~1)* dim(H*).
Conclude that if 4l is a finite open cover of a manifold then

> (DR dim(CH (M R; 80)) =Y ~(—1)" dim(H*(M; R; 40)).

Hint: Use the rank nullity theorem from linear algebra, namely, if A:V — W is a linear map,

dim(V) = dim(Im(A)) + dim(ker(A)).
Definition 2. For a cover 4 of M, the Fuler characteristic of M with respect to the cover il is the number

X(M;80) = > (=1)F dim(H* (M; R; 1))
The Euler characteristic of M, denoted by x (M), is x(M; 1) where 4l is any finite good cover of M.

Exercise 3. Cover the sphere S? with four open sets obtained by slightly enlarging the tetrahedral
triagulation of the sphere (see Figure 1). Compute the Euler characteristic of S with respect to this open
cover.

Figure 1: Tetrahedral decomposition of the sphere.

Exercise 4. Consider S! as the interval [0,1] with the ends identified. Cover S! by the open sets
Uo = (0,2/3), Uy = (1/3,1) and Uy = (2/3,1) U (0,1/3). Compute the Euler characteristic of S from
this cover.

Exercise 5. Let M and N be manifolds and &l and U be finite covers of M and N respectively. Then
the product M x N is covered by

UXxV:={UxV:Uecl VeP}

Show that
X(M x N) = x(M) x x(N).



Exercise 6. Assuming that the Cech cohomology H* (M;R;4l) is independent of 4l as long as il is a good
cover of M show that S? is not diffeomorphic to S x St.

Exercise 7. Let G be an Abelian group, K < G be a subgroup and H = G/K be the quotient so that
we have natural maps
{e} — K G- H—{e}

with the property that the image of each map is the kernel of the next.
Let M be a manifold and 4 be a finite open cover of M. Show that we get a corresponding sequence

of maps 5 § 3
CH(M; K; ) = CF(M; G5 4) = CF(M; H; )

For which the kernel of 7 is the image of «. Further, show that these maps commute with differentials,
that is, the following diagram commutes:

C*L(M; K; ) —— CFY(M; G; ) —— CFH1(M; H; 41)

| | J

CH(M; K; i) —— C*(M; G; k) —— C*(M; H; 81)
d | d
CH=Y(M; K;4t) — CF1(M; G3 () —— CH=(M; H; 1)
Conclude that we obtain corresponding maps between the different cohomology groups:
HY(M; K 4) N HY(M; G 81) AN HY(M; H; 41).

Show that ker(7*) = Im(:*).



