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Introduction

OUR-MANIFOLDS live in a strange world. Very much like three-manifolds, their dimension is high

enough so that the classical tools used to study curves and surfaces fall short. On the other hand,

in the smooth realm, their dimension is too low, and there is not “enough room” to apply advanced
techniques of techniques of differential topology to them. Historically, this meant that for the greater
part of the 20th century, there was little knowledge of four-manifolds, relative to their higher- and lower-
dimensional counterparts.

In the early 80’s, Freedman proved that a fundamental tool for studying manifolds of dimension five
and greater could szi// be applied for four-manifolds, but ignoring the smooth structure. With these
ideas, he proved a complete classification of simply-connected zopological four-manifolds in terms of their
intersection form.

Intuitively, the intersection form is a bilinear form over the integers which describes the intersection
numbers of embedded surfaces of a four-manifold. Freedman [Fre82] proved that every nondegenerate,
symmetric bilinear form over the integers is the intersection form of exactly one or two simply-connected
topological manifolds. In the case where an intersection form corresponds to two manifolds, az least one
of them is non-smoothable. This tells us that in order to classify simply-connected four-manifolds up to
homeomorphism, it suffices to understand all nondegenerate symmetric bilinear forms; and fortunately
we have a partial classification of all of them, due to Serre. It also tells us that the is a huge amount of
topological four-manifolds which do not admit any smooth structure.

Does this classification hold up in the smooth realm?

'The answer is an astounding 7o. By examining the moduli space of anti-self-dual SU(2) connections,
Donaldson [Don8 3] showed that all the definite intersection forms of smooth manifolds are diagonal. This
shows that in the realm of smooth manifolds, the power of the intersection form is severely limited. This
study of the anti-self-dual connections on manifolds is known as Donaldson theory, and throughout the
80s it was used as a powerful tool for studying smooth four-manifolds.

In the late 80’s, Witten [Wit88] showed that Donaldson theory could be understood from the point of
view of the high-energy limit of a (mysterious) supersymmetric quantum field theory. This proved useful
when in the early 9o’s, Seiberg and Witten [SWo4a; SWo4b] found a way to obtain its low-energy limit.
For mathematicians, this returned a set of equations defined for spinors on manifolds, and the study of
their moduli space, known as Seiberg-Witten theory [Witg4], turned out to be another excellent tool for
the study of four-manifolds.

In this work, we present a proof of Donaldson’s theorem on the intersection form using the Seiberg-
Witten moduli space, which is attributed to Kronheimer and Elkies. Our intention is for this work to be
a reasonable introduction to both Seiberg-Witten theory and the algebraic topology of the intersection
form, aimed at masters’ students.

'This work is organized as follows. In Chapter 1, we present most of the preliminary notions in algebraic
topology, gauge theory, differential geometry, and analysis that is needed to discuss the construction of the
Seiberg-Witten moduli space, and how it determines the intersection form. In Chapter 2, we introduce the
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notion of Spin and Spin® structures, which are #be fundamental objects of the Seiberg-Witten equations.
WEe try to be thorough and for the most part, we don’t limit ourselves to the case of dimension four. This
is to show that many of the properties of spinors on four-manifolds are general ideas that are not specific
to dimension four. In Chapter 3 we discuss the construction of the Seiberg-Witten moduli space, and
show that it is generically smooth, finite-dimensional, oriented, and compact. This is the most technically
demanding chapter, and it requires some results from the analysis of PDE and K-theory that we only state
or lightly sketch. Finally, in Chapter 4, we introduce the intersection form, study some of its properties.
We close the work with the proof of Donaldson’s theorem, using Seiberg-Witten theory.

Of course, due to time and space constraints, there is a lot that had to be left out. Seiberg-Witten
theory is broad and intersects with many areas of mathematics. Some great references for Seiberg-witten
theory are [Dong6; EFg7; Klars; Margg; Nicoo; Nabos; Salgg; Moog6; Morg6]. Our main references
are [Nicoo; Salgg; Morg6; Scoos].
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CHAPTER

Preliminaries

needed to discuss Seiberg-Witten theory and the Donaldson theorem. In the differential realm, will

assume that the reader is familiar with basic notions and tools of smooth manifolds, de Rham coho-
mology, vector bundles and some Riemannian geometry. In algebraic topology, we will assume familiarity
with singular and cellular homology.

I N THIs chapter we review the basic language of algebraic topology and differential geometry that is

1.1 Gauge theory

Gauge theory is the heart of Seiberg-Witten theory’. The name gauge theory comes from physics, where
gauge fields are a particular class of fields that have many degrees of freedom. Mathematically, the study of
gauge fields is done in terms of principal bundles and other structures associated to them. In this section,
we will quickly review the basic notions of principal bundles, connections and curvature, and “matter fields”.
Great comprehensive references are [Nabrra], [Nabr1b] and [KNg6].

1.1.1  Principal bundles, connections and curvature

'The basic objects of gauge theory are principal bundles.

Definition 1.1.1 (Principal G-bundle).
Let M be a smooth manifold and G be a Lie group. A principal G-bundle over M is a smooth manifold
P and a smooth surjective map w . P — M, along with a right action of G on M, satisfying:

1. The action of G preserves the fibers: w(p - g§) = n(p) forallp € P and g € G.

2. P is a fiber bundle with typical fiber G, and the trivialization can be chosen G-equivariant: For
every X € M there is a neighborhood U of X and a diffeomorphism ¥ . 7~ Y(U) - UxG satisfying
pry ° W = 7 and

¥(p-g)=¥(p)-g

*And Donaldson theory too.
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where the action of G on U X G is right multiplication on the second component.

We write this as G < P 1 M.
'The main example that we will work with is the frame bundle of a vector bundle.

Example 1.1.2 (Frame bundles).
Let E — M be a K-vector bundle of rank k. For each x € M, let Fr,.(E) be the set of frames of E,,
i.e. the set of bases of Ey. The union of all such Fr,(E) gives us the frame bundle

Fr(E) = | | Fry(E).

xXeM

There is a natural GL(k, K) action on the fibers: if e = {¢;} is a frame of E,, then for any A €
GL(k, K) there is another frame ¢’ = {e;} given by

L
6 =D A8
7

. This is a free action which is transitive on the fibers. A trivialization of E determines both a smooth
structure on Fr(E) and a trivialization of it as a principal GL(k, K)-bundle.
If E is a real Riemannian vector bundle, this process can be repeated to obtain the orthogonal

frame bundle O(E), which is a principal O(k)-bundle over M.

Similarly, if E is a complex Hermitian bundle, we can obtain the unitary frame bundle U(E),
which is a principal U(k)-bundle over M.

An important fact of principal bundles is that local trivializations are uniquely determined by local sections,

and vice-versa. Let G & P 2> M be a principal bundle and {U};; a trivializing cover with trivializations
Y, : 771U; > U; X G. For each i, there is an associated local section s; : U; — 7~ 1(U;) given as s;(x) =
Wrl(x,e), where e € G is the identity. Conversely, every local section s : U — 7~ 1(U) determines a
trivialization W : 771(U) — U X G, precisely in such a way that ¥(s(x)) = (x,e) for all x € U. In the
physics literature, the sections s; are called /ocal gauges.

Given the trivializing cover {U;};; with trivializations W, there are smooth functions g;; : UinU; — G,
called fransition functions or gauge transitions such that

(W) 0o Wi H)(x, h) = (x, h - gji(x))
for all (x, h) € U; N U; X G. These gauge transitions are related to the local gauges by
5i(x) = s;(x) - g;(%)-
Definition 1.1.3 (Connection on a principal bundle).

Let G be a Lie group with Lie algebra §. A connection on a principal bundle G < P L MisaLie
algebra-valued 1-form w € QX(P, @) satisfying the following:

1. w is Adg-equivariant: for allg € G, let Rg . P — P be the action Rg(p) = p - 8. Then

Ryw = Adg_1 ow.
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2. Forall p € P, consider the infinitesimal action a, : ¢ — TpP given as a,(§) = %‘ p-exp(t§).
t=0
Then w is a left inverse of this action:

wp(ap(g)) = g
forall§ € gand p € P.

A connection w € Q(P, g) determines a splitting of the tangent space T,P at every point p, given by
T,P = ker T,m @ ker wp.

The subspace kerw,, C T,P is called the horizontal space determined by . This decomposition is compat-
ible with the group action, in the sense that for all g € G, (Rg), ker @, = kerwp, 5. Every vector X € T,P
can be written as X" + X, and we say that X" € ker T,7 is the vertical component and X € kerw, is
the horizontal component.

Given a trivializing cover {U;};; with local gauges s; : U; — P, we call the pullbacks A; = sjw €
QU(U;, g) the local gauge potentials associated to w.

Proposition 1.1.4 (Transformation of local gauge potentials).

Let w be a connection on the principal bundle G < P — M, {Uy};; a trivializing cover with local gauges
s; © Uy = P, and local gauge potentials A; = s U;. Then in the intersections U; 0\ U, the local potentials
are related by

./lj = Adgi_jl Oﬂi + g:}@,
where gij * UyNU — G are the transition functions and © € QYG, g) is the Maurer-Cartan form,

givven by the differential of left multiplication: ®g = Tngl.
In particular, if G is a matrix Lie group, then the transformation law becomes

Aj = g Aigij + g7 dgij -
Conversely, given a collection of 1-forms defined locally on M which satisty these transformation law, there

is a unique way to “glue” them to obtain a connection on P:

Proposition I.L5 (Global connection from local potentials).
Let G & P — M be a principal bundle, and {Uy};; a trivializing cover with local gauges s; © U; — P.
Suppose that there is a collection of g-valued 1~forms A; € QY (U;, @) satisfying the transformation law

— k
Then there exists a unique connection w € Q(P, g) such that A; = s}w.

With a connection w € Q!(P, g), we have an associated exterior covariant derivative d : Q(P,g) —
Qk+1(P, g) given as the horizontal part of the de Rham differential: for any a € Qk(P, g), define

d?a(Xy, .., X)) = dat (X, ..., XH).
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Definition 1.1.6 (Curvature of a connection).
Let w € Q(P, g) be a connection. The curvature of w is the 2—form Q € Q*(P, g) given by

Q :=d%.
This definition is not very useful in practice, and we can find an alternative expression for Q. For this we
will need to define the bracket® of valued forms. For every a € Qk(P,g) and g € QL(P, ), choosing a
basis {e,} of g we can write @ = )} a%e;and § = )}, BPey, where a, € Q(P) and B, € Q(P). We
define [a, 8] € QK*(P, g) as
[a, 8] = Z a® A ﬁb[ea’ epl-
a,b

It can be shown that this is a good definition, independent from the chosen basis of g. With this bracket

of valued forms we can show:

Proposition 1.1.7 (Cartan structure equation).
Let w € QY(P, g) be a connection and Q its curvature. Then

Q=dw+ %[co,co].

Given connection w with curvature Q and a trivializing cover {U;};; with associated sections s; : U; —
P, we define the local field strengths F; = st Q € Q3(U,, g). Their behavior in the overlaps is much simpler
than for the local potentials.

Proposition 1.1.8 (Transformation of local field strengths).
Let w € QYP,g) be a connection with curvature Q and a trivializing cover {Ui};; with associated
sections 8y © U — P. The local field strengths F; = s{Q € Q%(U;, g) are related in the overlaps U; N U;

by the transformation law
5 = Adgi_jl o,

where gij : Uy N U — G are the transition functions of the trivialization.

1.1.2 Associated bundles and matter fields

LetG & P 5 Mbea principal bundle, V' a vector space and p : G — GL(V) a representation. The
associated bundle to P and the representation p is the quotient

Px,V=PxXV .
where the action of G on P X V is given by
(p,v)-g=(p-gpEH).

The set P X, V can be endowed with a smooth structure such that the map Ty 1 PX,V — M given as
7o[p,v] = 7(p) is a surjective submersion. We denote elements of P X, V as [p,v] with p € P,v € V.

*Also called a rwisted wedge product, which is probably a better name.
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Consider a cover {Uj};; of M which trivializes P, with local gauges s; : U; — P. These determine a
trivialization of P X, V as

U xV = '(U)

(x,0) = [5;(), v]-

'This exhibits P X, V as a vector bundle over M.
Consider a section W : M — P X, V. Then we can write ¥(x) = [p,¥(p)], where ) : P — V and
7(p) = x. For this to be well-defined and consistent, ¢ must be p-equivariant:

W(p-8) = p(g)~'Y(p).

'This determines 1 uniquely, and conversely, ¥ is uniquely determined by 3. In the physics literature, the
sections of P X, V are called matter fields.

Given a connection w on P, we obtain a connection V® @ T(P X, V) X (M) — ['(P X, V) as follows:
Forasection W : M — PX,V, which can be written as W(p) = [p, %(p)], and a vector field X € (M), we
define

(VO¥(x) = [p, (dh)p(X) + Tp(w,(XD)P(p)],
where X € T,P is a lift of X, i.e. Tpn(X) = X. We call V? the covariant derivative associated to w. If
{Ui};e; 1s a cover that trivializes P with local gauges s; : U; — P, we obtain local representations of ¥ in

terms of maps ¥; : U; — V, such that W(x) = [s;(x), $;(x)]. Then the covariant derivative has the local
expression

(V)W(x) = [5;(), (dp)x(X) + Tep (A x (X)) (x)]-

Conversely, given a [K-vector bundle E — M of rank k and a connection V on it, we can obtain a
connection w" on the frame bundle Fr(E). Let ey, ...,e; : U — E be a local frame of M. For every fixed
e;, we can think of Ve; as a map Ve; : X — T'(E). We write

Vei = Z l-%jeia
J

where I‘ij D X(M) - C®(M, K) are C®-linear. We collect them together as matrices to obtain gl(k, K)-
valued 1-forms I' € QY(U, gl(k, K)). It is straightforward to show that under a change of frame, the

forms T transform according to the rule of Proposition 1.1.5, and therefore glue to a global connection
wV € QYFr(E), gl(k, K)).

1.1.3 'The space of connections

Let w,,w, € Q(P, g) be connections on a principal bundle G < P i M, and write A = w, — w;. This
difference satisfies the following properties:

1. A s horizontal: If T,n(X) = 0, then there is a § € g satisfying a,(§) = X. Therefore
Ap()() = w2,p(ap(§)) - wl,p(ap(g)) ={-¢=0.

2. Ais Ad-equivariant:
RiA = Adgi 0.
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We say that A is an Ad-tensorial or basic3 form, and we denote the space of all such basic 1-forms by
Qzlxd(P ,8)-

Conversely, given a connection @ and an Ad-tensorial 1-form A € Q}.‘d(P, g), necessarily w + A is also
a connection. We conclude:

Proposition 1.1.9 (Connections form an affine space).
Let Conn(P) C QY(P, @) be the set of connections of the principal bundle G < P — M. Then Conn(P)
is an affine space modelled on the vector space of Ad-tensorial 1-forms Q}\d(P, g).

Let’s specialize to the case where G = U(1), so g = iR. Since U(1) is abelian, the adjoint representation
is the trivial one, and thus Ad-equivariance is the same as invariance under the action of U(1). Letw, 0’ €
Conn(P) and let A = w’ — w. Consider a trivializing cover {U;} of P with local gauges s; : U; — P, which
determines local potentials A; = sfw and A’ = sfw’. Writing A; = sfA € QI(U;, iR) for the difference
of the local gauge potentials, we find that in the overlaps,

Aj =.AJI—AJ =A;+gl_11dg”—./l;—g51dg” =Jq;—fll =Ai-

This tells us that the collection {A;};; glues to a one-form on the base space § € Q' (M, iR), which satisfies
m*6 = A. Conversely, given a one-form &, the pullback A = 7§ is a U(1)-invariant 1-form. With
this, we conclude that Q}\d(P, iR) = Q}(M, iR), and we often abuse the notation and do not distinguish
between either.

1.2 Algebraic topology

'The main tools we will need from algebraic topology are Stiefel-Whitney classes, Chern classes, and of
course, the intersection form of four-manifolds. In this section we will quickly review the background that
is necessary for stating and proving Donaldson’s theorem on the intersection form. For this, we will have
to use cohomology with coeflicients in an abelian group (specifically, Z, and Z). The golden reference for
this is Hatcher’s Algebraic Topology*[Hato2]. We will also follow [Breg7].

1.2.1  Cohomology and cups

Let G be an abelian group’, and let (C., 0) be a chain complex of free abelian groups. There is a canonically
defined cochain complex (relative to G) (Cg, §) given as

Ck :=Hom(Cy, G)

with coboundary operators
.k k+1
6:CL—Cg,

given as 6(p) = 0*p = @ o d. It is straightforward to show that (Cg, 6) is a complex as well, and therefore
we can define the cohomology groups

._ker(§ : Ck - Ck+!
Hk(C, G) = ( )/1m(5 : Ck—l - Ck)
3This is a general definition. Let V" a vector space and p : G — GL(V) a representation. We say that a V-valued form
a € QK(P, V) is basic or p-tensorial if o is horizontal: C(p(Xl, s Xp) = 0if TpT[(Xj) = 0 for one of the Xj; and if « is
p-equivariant: Rgar = p(gHoa.
4It’s grown on me, you know? I appreciate it now after years of disliking it.
5In practice we will only use G = Z or Z.
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How do we understand elements of H¥(C, G)? We might be temped to think that H kc,6)is precisely
Hom(H(C), G), but this is not exactly so. However, we can still interpret an element ¢ € HX(C, G) as a
morphism Hy(C) — G as follows: Let ¢ € kerd C C¥ be a representative of ¢. This means that for all
a € Ctr

(6p)(a) = p(dx) = 0,

and thus @ vanishes on imd C Cy. 'Therefore ¢, when restricted to kerd C Cy, descends to a morphism
in the quotient

a P Hy — G.
The morphism @ is independent of the representative of @, precisely since we restrict to ker 3 before de-

scending to the quotient. Specifically, let ) € C¥~1. Then

(P|ker6 = (¢ + 51)b)|kcra’
and so @ = @ + 1. In conclusion, we have a well-defined morphism

% : H*(C,G) - Hom(Hy(C), G)
¢ hlp)=o.

If 7 were an isomorphism, all would be great. As we will see, % is surjective, but alas, it is generally not
injective®.

Asking about the surjectivity of % is asking if every homomorphism 9 : Hx(C) — G is given as ¢ for
some ¢ . Cy — G which satisfies that ¢ = 0. We al/most have such a homomorphism. Given 1, we can
find a homomorphism ) : kerd — G, simply by pre-composing 1 with the quotient ker d — H(C):

ho(9) = P(9),

where 6 € H(C) is the class of 0. Naturally, 9o vanishes on im d. However, it is only defined in kerd.
Can we extend it to the entirety of Cy? The answer is yes since Cy, (and, consequently, ker d and im 0) is
free: The sequence

0 — kerd —3 C;, —% imd —3 0

is a short exact sequence of free abelian groups, and therefore it splits’. This means that we can find a
retraction r : Cy — kerd such that r(g) = o for all o € kerd. Thus, we can extend ¥y to ¢ : Cx = G as

p=tgor.

By construction, we have that ¢ = 1, and so we have shown that % is surjective. The following example
shows that % is not an isomorphism.

Example 1.2.1 (Non-isomorphism of 7).
Consider the following complex of free abelian groups:

0 s 7 N7

~
o

¢Like my mom says, de eso fan bueno no dan tanto.

7Mini-proof: Suppose 0 - A — B — C — 0 is a short exact sequence of free abelian groups, with f : A — B. Let B C B
be a set of generators of B, and define r : B — A as follows: for all 8 € B, define r(8) = f~1(B) if B € im(f), and r(B) = 0
otherwise. Extend r by “linearity” to all of B. By injectivity of f, this map is well-defined, and it satisfies ¥ o f = id4.



Preliminaries

Here, n denotes multiplication by n. The homology of this complex is

HO = ZVL’
Hl =0.

When we take the dual with respect to Z, we obtain the cochain complex

0 < 747 ¢ 0.

'This follows from the fact that a homomorphism f : Z — Z is uniquely determined by the value
f(@1). The cohomology of the cochain complex is

HY =0,
H' =7,.

Since the only homomorphism Z,, — Z is the trivial one, we indeed have that H® =~ Hom(H,, Z).
However, certainly Z,, = H! ¢ Hom(H;,Z) = 0. Therefore # : H*(C,G) - Hom(H,(C),G) is,
in general, no# an isomorphism.

Even though 7% is not an isomorphism, we can still use it to define a way in which a cohomology class
can be evaluated on homology classes:

Definition 1.2.2 (Pairing of cohomology and homology).
We define a pairing of cohomology and homology (e, *) : H*(C,G) ® Hi(C) = G as

(g, 0) = %(p)(9).

Now that we know that # is not injective, it is but natural to ask oneself, “what is its kernel”? The
answer is given to us by the Universal Coefficients Theorem, but first we must define® the (first) Ext group
associated to an abelian group.

Definition 1.2.3 (Ext(H, G)).

Let H be an abelian group. Take a set of generators {hq}, . n of H and let Ky be the free abelian group on
{halgen- We have a natural morphism fo : Fy — H, which sends each generator of K to its counterpart
in H. Let i = ker fy, so that we have a short exact sequence

0 —> F —— F > H —> 0,

which we call a free resolution of H. Let G be an abelian group, and apply the functor Hom(—, G) to this
sequence fo obtain a sequence

0 <— Hom(F,G) (L Hom(Fy, G) (i Hom(H,G) <— 0,

8This definition we present is specialized to the case of free abelian groups and differs a bit from the standard, more general
definition.
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which is not necessarily exact. The (first) Ext group is defined as the cohomology in degree 1 of this sequence:
Ext(H, G) = cokert*.

It can be shown that Ext(H, G) is independent of the free resolution of H. Furthermore, it can be shown
that Ext(H, G) satisfies the following properties [see Hatoz, p. 195]:

- Ext(H @ H',G) = Ext(H, G) ® Ext(H', G),
* Ext(H,G) = 0if H is free,
* Ext(Z,,G) = G/nG.

With these results, we see that if H is finitely generated, then by the fundamental theorem of finitely
generated abelian groups, we can write

Hx7"®Z, & ®Z,,

And therefore,
Ext(H,2) 2 Z,, & -+ ® Z,,, = Torsion(H).

Now we can present the Universal Coefficients Theorem[Hatoz, Theorem 3.2]:

Theorem 1.2.4 (Universal Coefficients for Cohomology).
Let C, be a chain complex of free abelian groups and G an abelian group. Then there is a split exact sequence

0 — Ext(H,_,(C),G) — H"(C,G) —3% Hom(H,(C),G) —> 0 .

In particular,
H"(C,G) 2 Hom(H,(C), G) & Ext(H,,_,(C), G).

'This theorem tells us that the cohomology groups are uniquely determined by the homology groups, albeit
in a non-trivial way.

All this algebraic theory is meaningful to us when we apply it to the (singular, simplicial, CW)? ho-
mology groups over a topological space X, of course.

Taking cohomology is a contravariant functor: given a continuous map f : X — Y, we have an induced
chain map f, : C.(X) = C.(X), and therefore an induced cochain map f* : C*(Y,G) — C*(X, G) given
by precomposition, f*@ = ¢ o f,. This induced map commutes with the coboundary operator, and so it
descends to an induced map in cohomology

f*H(Y,G) » H(X,G),
which we call the pullback by f. This assignment satisfies
(gof) =frog

for continuous maps f : X - Yandg : Y - Z.

9Since our interest is in manifolds, that beautiful realm where all your topological dreams are true, the choice between these
three is essentially irrelevant.
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One of the biggest differences between homology and cohomology is that we have a (sort of) natural
operation that turns the entire collection of cohomology groups of a space into a ring. This is the cup
product, defined as follows:

Let X be a topological space and G a ring (in practice, Z,, Z or R). For ¢ € Ck(X,R)and ¥ € CI(X,R),
define ¢ — ¢ € CK*+(X,R) as

((0 ~ ¢)(0) = §0(C7|[U0 ..... vk])¢(g|[vk+1 ,,,,, vk+1])s (1.1)

for every singular (k + I)-simplex o : A¥*! — X. Here [vy, ..., uj] denotes the convex hull of the points

Vg, v » Uj With Vg, ..., U4 the canonical basis of RM+1+1and AR = [y, ..., Ugyq]. Tt is a straightforward
exercise in «dious bookkeeping to show that

8(p —¥) =8¢ — P+ (-Drp — &9
In particular, §(¢ — ¥) = 0if d¢ = 0 and 83 = 0. Therefore the cup product descends to cohomology:
—: H¥X,R) x H\(X,R) - H**!(X,R).
In fact, the defining formula in equation Equation (1.1) defines relative cap products:
H*(X;R) x H(X,A;R) - H**{(X, A;R),
H*(X,A;R) x H(X;R) —» H**(X,A;R),
H*(X,A;R) x H'(X,A;R) — H**(X, A;R).
'This cup product behaves well with pullbacks: for a map f : X — Y, the pullback satisfies
flo—d)=Ffe—f9
Furthermore, if R is commutative, we can show that
p—¥=CD" —o.

If this is reminiscent of the wedge product in differential forms, it’s because it basically is the same
thing! Under the isomorphism of (smooth) singular cohomology with real coefficients with de Rham
cohomology, cup products pass over to wedge products’®.

1.2.2 Orientations and caps

From here on we specialize to the case of topological manifolds. Here we will introduce an algebraic
notion of orientation, and with it the Poincaré duality. Again, the golden standard here is [Hatoz2, Section

3.3]-
Remark. Throughout this section we will consider (co)homology with inzeger coeflicients.
First, let’s tackle orientation. Let M be a topological manifold of dimension n. For any point x € M,

there is a neighborhood U € M which is homeomorphic to R". Consider the relative homology groups
with integer coeflicients Hy (M, M — {x}). By excision (namely, excising M — U), we have

Hy(M,M — {x}) = Hi(U, U — {x}) = Hi(R",R" — {x}),

'° An indirect proof can be found in [BT9 5]; Specifically, [BT95, Theorem 14.28] exhibits a ring isomorphism to Cech cohomol-
ogy. Then in [BT95, p. 192] they explain that Cech cohomology is isomorphic to singular cohomology.
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where ¥ € R" is the image under the homeomorphism U = R". The isomorphism Hy(M, M — {x}) =
H (U, U — {x}) tells us that H,(M, M — {x}) depends only on the local topology around x. We call these
the Jocal homology groups at x.

Now we consider the (beginning of the) long, exact sequence induced by the pair (R"?, R" — {%}):

0 —> H,R" —{x}) — H,(R") — H,(R",R" —{x}) — H,_1(R" = {x}) — -,

We have Hi(R™) = 0if k # 0, and since R" —{%} retracts to S"~!, we have Hi(R" —{X}) = H(S" 1) =Z
ifk =0o0rk =n-—1,and it is zero otherwise. Therefore this sequence reduces to

0 — H,[R"R"—{%}) —» 2 —— 0,

which implies that
H,(M,M —{x}) 2 H,(R",R" — {%}) @ Z.

'This holds for a// points x € M!

Alocal orientation at x € M is a choice of a generator u, € H,(M, M —{x}). Suppose that we have a
collection of local orientations {t }, .- Take Xy € M and consider an open neighborhood U € M which
is homeomorphic to R". We can find a (closed) subset B C U containing X, which is homeomorphic to a
closed ball in R". By the same procedure we did above, we find that H,(M,M — B) = Z. For every x € B,
the inclusion (M, M — B) C (M, M — {x}) induces a morphism

H,(M,M —B) - H,(M,M — {x}).

We say that the family of orientations {uy}, .y, is locally consistent at x,, if for all x € B, every i, is the
image of a single chosen generator of H, (M, M — B) under this morphism.

Definition 1.2.5 (Orientation of a manifold).
An orientation of a manifold is a collection {fiy},. oy of local orientations which is locally consistent at every
point x € M. If M admits an orientation, we say that it is orientable.

We have the following result on the orientability of a c/osed manifold:

Theorem 1.2.6 (Orientability of closed manifolds).
Let M is a closed, connected manifold of dimension n. If M is oriented, then for all X € M, the morphism
arising from the long exact sequence of the pair (M, M — {x}),

Hn(M) = Hn(M’M - {x})

is an isomorphism.

Fora proof, see [[Hatoz, pp. 236-237]. A generator of H,(M) whose image is a generator of H,, (M, M—{x})
for all x € M is called a fundamental class of M. We write it as [M] € H,(M). Conversely, the existence
of a fundamental class implies the existence of an orientation of M.

Let M be a closed, connected, oriented n-dimensional manifold. Given ¢ € C¥(X, Z) and a singular
simplex 0 : Al — X, define ¢ ~ o : Cj_i(X) as
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Extending this to Cj(X), we obtain a map « — » : CK(X,2) x Ci(X) = Ci_i(X). Once again, itisa
straightforward exercise to show that —~ behaves well with the boundary operator:

0@ ~ o) = (-1)!*'(8p ~ 0 — 9 ~ o).
Therefore, this operation descends to cohomology and homology, and we call it the cap product:
o~ : HYX,2) x Hi(X) = Hr_(X).

The cap and cup products enjoy a duality of sorts: for all ¢ € H*Y(X,7),% € H'(X,Z) and 0 € Hi(X),
we have

(P ~0) =@ —9,0).

Let [M] be the (a) fundamental class of M. Then for every ¢ € H*(M,Z), we have an element
» —~ [M] € H,,_x(M). The map H*(M,7) - H,_; (M) is an isomorphism:

Theorem 1.2.7 (Poincaré Duality).
Let M be a closed, connected, oriented n-dimensional manifold and [M a fundamental class. Then the map

H*(M,Z) — H,_1(M, Z) given by
e o~ [M]

is an isomorphism.

The proof of this theorem is a little bit laborious. The curious reader can check [Hatoz, pp. 245-249].

Suppose that M is a compact manifold with boundary. We say that M is orientable if M — 0M is
orientable. In this case, there exists a unigue class [M] € H,(M,dM) which restricts to the choice of
generator U, € H,(M,M — {x}) for all x € M — 0M [see Hatoz, Lemma 3.27]. We call [M] the
fundamental class of M. Similarly to manifolds without boundary, we have a version of Poincaré duality
for manifolds with boundary [Hatoz, Theorem 3.43]:

Theorem 1.2.8 (Poincaré Duality for manifolds with boundary).
Let M be a compact manifold with boundary. Then the map H*(M, M) — H,_;(M) given by

P9~ [M]

is an isomorphism.

1.2.3 Theintersection pairing

Let M be a closed, connected n-dimensional topological manifold with an orientation over Z. We define
the intersection pairing H*(M,Z) x H""¥(M,Z) — Z as

P i=(p — P [M])

where — is the cup product and [M] is the fundamental class of M, induced by its orientation. This pairing
vanishes on the torsion subgroups T C H™(M, Z), and thus it descends to quotients H k(M,7)/T* and
H"%(M,Z)/T"¥. Once we have quotiented the torsion out, the intersection pairing is non-degenerate.
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Proposition 1.2.9 (Intersection pairing is non-degenerate).
For each o € H*(M, 2)/T* andp € H*¥(M, 2)/T"¥, the maps
H*(M,2)/T* - Hom(H" %M, z)/T" ¥, Z)
[pl =@ (=)
and

H""k(M,7)/T"* - Hom(H*(M, 2)/T*, Z)
(Bl (=) 9

are isomorphisms of abelian groups.

Progf. — Consider the a natural surjective map % : H k(M,Z) - Hom(H (M, Z), Z) given as

(p)(@) = (p,0)

Therefore, we can rewrite the intersection pairing as

@Y =(p— §[M]) = £({p,p ~ [M]) = £{p, PD(¥)) = £(PD" o /)(9)(¥),

where PD : H"¥(M,Z) — Hy(M, Z) is the Poincaré Duality map, PD()) = ¢ —~ [M]. Therefore, the
map @ — @ » (—) is precisely =(PD* o #).

From the Universal Coeflicients Theorem (1.2.4), we find that in general % is not injective and its
kernel is precisely the torsion Tk ¢ H¥(M,Z). Therefore if we quotient out Tk, there is an induced
isomorphism

A . HY(M,Z7)/T* - Hom(Hy(M, 2), 7).

Similarly, the Poincaré duality isomorphism descends to an isomorphism
PD : H(M,2)/T, - H" kM, z)/T""k,
and thus we find that
PD" o A : H*(M,Z2)/T* — Hom(H"*(M, 2)/T""*, 7)

is an isomorphism. Since ¢ — ¢ ¢ (=) is precisely 2PD* o #, the result follows once we pass to the
quotient.

The name “intersection pairing” seems gratuitous at this point. What does it have to do with intersec-
tions? R. Thom [TMo7, Corollary I1.28] proved that for compact, orientable manifolds, if &« € H,(M, Z)
with k < 8, then there is an embedded orientable submanifold i : V; < M such that i, [V,] = a. We say
that 1}, represents the class a'*. We will see this in Theorem 1.3.5 for homology in codegree 2.

With Thom’s result, assuming dim(M) < 8, the name of the intersection pairing is justified: via
Poincaré duality, the intersection pairing passes to a pairing in homology, H(M,Z) X H,_(M,Z) — Z.
For any a € Hy(M, Z) and § € H,_y(M, 2), let V; and V3 be embedded submanifolds which represent
them. Then PD(a) « PD(B) is precisely the oriented intersection number of ¥ and V3. We will see this
explicitly for degree 2 (co)in 4-manifolds in Section 4.1.

" Lifting the restriction of dimension leaves us with a weaker result: any integral homology class has a multiple is representable
by a submanifold. The adventurous reader can check [TMo7] for the general proof.
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1.3 Characteristic classes

Some of the most important tools in algebraic topology are characteristic classes, which are used to classify
vector bundles. In this work we will use the first Chern class, which is a classifying tool for complex line
bundles, and the first and second Stiefel-Whitney class, which are used to study real vector bundles.

At the outset, We will consider vector bundles over paracompact spaces’*. The golden standard here
is [MS74], but we also take some things from [Maygg] and [Hatz7].

1.3.1 Classifing spaces for line bundles and the first Chern class

First, let’s review some definitions. Recall that a topological space E is a K-vector bundle of rank k over a
paracompact space X if there is a surjective map 77 : E — X which is locally trivial: for every point x € M
there is a neighborhood U of x and a homeomorphism W : 7~ }(U) — U x K¥, which is linear on the
fibers: W -1y @ T7H(x) = {x} X K¥ is a linear isomorphism. We call E the zoal space and X the base
space. We compress all this and say that 7 : E — X is a vector bundle.

Ifr : E—> Xand 7' : E' - X' are vector bundles, 2 morphism between them is a pair (fg, fx) of
continuous maps fg : E — E’ and fy : X — X' for which the diagram

commutes’3, and for all x € X, fg is fiberwise a linear map; i.e. fg|z-1x) @ 771 (%) = 7' H(fx(x)) is
linear. Naturally, we say that (fg, fx) is an isomorphism if there exists an inverse morphism (gg, gy), in
which case we say that E — X and E’ — X' are isomorphic. Note that this implies that the base spaces
are homeomorphic. Furthermore, (fg, fx) is an isomorphism if and only if fy is a homeomorphism and
JElz-1(x) is a linear isomorphism on each fiber.

Particularly, we are interested in equivalence classes of vector bundles over a same space. We say that
two vector bundles E — X and E’ — X are equivalent if there is an isomorphism (fg, id) between them
which /ifts the identity. We denote the set of equivalence classes of [K-vector bundles of rank k over X by

VB, (X, K)

and we drop the K if there is no confusion on the field.
Now we introduce a construction that is essential for the discussion of characteristic classes. Let 7 :
E — X be a vector bundle and f : Y — X a continuous map. We can construct a vector bundle f*(E)

over Y, called the pullback of E by f, as the subspace of the product Y X E given by
fH(E) ={(x,e) e Y XE| f(x) = m(e)}.

The projection f*(E) — Y is the projection on the first component. It is straightforward to check that
f*(E) is indeed a vector bundle over Y which has the same rank as E. It turns out that this construction
is only dependent on the homotopy type of f[see Mayqg, section 23.1]:

2 A topological space X is paracompact if any open cover has an open refinement which is locally finite. That is, every point has a
neighborhood which intersects only finitely many sets in the refinement of the cover.
3That is, fg maps fibers into fibers.
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Proposition 1.3.1 (Pullback bundle is homotopy-invariant).
Let E — X be a vector bundle and fo, fi © Y — X homotopic maps. Then f§'E and fi'E are equivalent.

This tells us that the assignment X ~~ VBp(X,K) is a contravariant functor between the category of
homotopy classes of manifolds to the category of sets. The surprising fact is that this is a representable
functor! That is, there is a space BOg(K) such that there is a natural bijection between VB (X, K) and the
set of homotopy classes of maps from X to BOy(k), which we denote by [X, BOy(k)]. This is to say, there
is a natural isomorphism between the functors VBy(—, k) and [—, BOy(k)]. We call BO (k) a classifying
space for K-vector bundles of rank k.

The representability of the functor can be proved in purely categorical terms’*. However we will give
an explicit construction of BOy(n).

Assume K = R or C. Let G (K") be the Grassmannian space of k-subspaces of K", whose points are K-
vector subspaces of dimension k of K". These can be given a natural topology (a manifold structure, even)
inherited from K"™. For k = 1, the Grassmannians are no more than the projective spaces G;(K") =
KP"~!. We construct a tautological or canonical bundle of rank k over Gy(K"), denoted by y, as a
subbundle of the product G (IK") X K" given by

W ={(V,v) € Ge(K") X K" |v e V}.

The projection ) — Gy (IK") is the projection on the first component. The name “tautological” comes
from the fact that the fiber above a point V € Gy (IK") is precisely the subspace that V represents.

The natural inclusion K" & K"Xx{0} C K"*! induces inclusions Gx(K") & G (K"™*1) and 3 < y**!
for all n. Then we can take the union over all n € N and consider the infinite Grassmannian Gy (IKK*) and its
tautological bundle y°. This is precisely the space that represents the functor VBy(—, K) [May99, Section

23.2]:

Theorem 1.3.2 (Infinite Grassmanian represents functor VB, (—, K)).
Given a K-vector bundle of rank k E — X, there is a continuous f . X — Gi(K®) which is unique up
to homotopy, such that

E= "y
Furthermore, the assignment of a homotopy class of a function f . X — G(IK*) to the equivalence class

of [V is a natural isomorphism between the functors [—, G(K®)] and VBy(—, K). This is to say that
G (K®) is a classifying space for K-vector bundles of rank k.

Let R be aring™s. A characteristic class of degree n for K-vector bundles of rank k is an assignment
<y 1 VBr(X, K) = H"(X, R) which is natural with respect to pullbacks:

[*(en(E)) = cx(f*E),

for vector bundles E — X and maps f : Y — X. This naturality property implies that it suffices to define
characteristic classes on the classifying spaces. In the rest of this section we will focus only on the firsz
Chern class, which is defined for complex line bundles. Therefore we need to study the cohomology ring
of the classifying space G,(C*®) = CP™.

4 As May[Mayg9] puts it, “on general abstract nonsense grounds, using Brown's representability theorem”.
SFor our purposes either Z,, Z or R.
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Proposition 1.3.3 (Cohomology ring of CP").
The cohomology ring of CP" is the polynomial ring

o n ~Z
H*(CP",Z) ~ [ﬂ]/<ﬂn+1>,

where u € HX(CP",2) isa generator, which can be chosen as the Poincaré dual to the fundamental class
[CP"™!] € H,,_,(CP", 2).

Proof — It is a standard result from algebraic topology16 that the homology of CP" is

Z ifk <2niseven,

H(CP",Z) :
K ) {o ifk > 2n or k is odd

From the Universal Coeflicients Theorem (1.2.4), we see that

Z ifk <2niseven,

H*(CP",2) ~ )
( ) {0 ifk > 2n or k is odd

. . 1. . .
Furthermore, the standard inclusion of CP" & CP""! induces isomorphisms'7

H,(CP",2) S H (CP",2),
H*(CP",7) > HKCP™, 2),

forall k < 2n.

Let’s proceed by induction on n. For n = 1 the statement is trivially true. Now assume it holds for
C[FDI, .., CP". Since HX(CP",Z) = Hk(CPn+1,Z) for all k < 2n, then have that if ¢ is a generator of
HZ(C[P’nH, Z), then ¥ isa generator ofHk(CPn+1, Z) forallk < 2n. Let’s see that 4"**! indeed generates
H(cp", 2).

Since u" generates H™(CP"*!, Z), then there is a morphism ¢ : H*(CP",Z) — Z such that p(u") =
1. However, the intersection pairing is non-degenerate (Proposition 1.2.9), which implies that there is
a (unique) 2-form f§ € H2(CP"™,Z) such that pla) = a-Bforalla € H"(CP"™,Z). However, 7
generates HX(CP"*!,2), so B = mu for some m. Therefore,

1=(u") = u" - mu = m(u*1, [CP"1]).

This implies that m = £1 and <,u”+1, [C[FD”+1]> = +1. Finally, since evaluation on the fundamental class
[C[P’nﬂ] is a morphism H"*(cp",2) - 7, necessarily u"*1 has to be a generator.

Finally, we have that [C[P’k] € H(CP",Z) is a generator because the inclusion CP* & CP" induces
isomorphisms in homology of degrees up to 2k. Therefore, the Poincaré dual of[C[P’n_l] € H,,_,(CP",Z)
is a generator ofHZ(CIPk, Z), which we can choose for u.

With this definition, we can define the first Chern class of a line bundle.

16Easily computed using cellular homology [see Hatoz, p. 140].
17'This can be seen by looking at the standard CW decomposition of CP".
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Definition 1.3.4 (First Chern class).
Let L — M be a complex line bundle. There exists amap f : M — CP* such that L = f*(E). We define
the first Chern class of L, ¢,(L) € H*(M, Z), as

c(L) = f*(w),

where [ is the generator asz(C[F"w, Z) that we found in Proposition 1.3.3.

This definition of the Chern class, and the characterization of the cohomology ring of CP", lets us
prove the representability of homology classes of codegree 2 with submanifolds.

Theorem 1.3.5 (Thom representability).
Let M be a closed, connected, oriented manifold and a € H, oM, Z) a homology class. Then there exists
an embedded submanifold Voy C M such that [Vy] = a.

Proof (Sketch). — Let & € HA(M, Z) be the Poincaré dual of a. There exists a complex line bundle L —
M such that & = ¢;(L). Since CP® is the classifying bundle for complex line bundles, there is a map
f : M - CP® such that L & f*(35°). By the cellular approximation theorem, we can choose f to be
a cellular map, so that f(M) C CP" for some large enough n. Furthermore, we can take f to be smooth
and transverse to CP" ™! ¢ CP". This implies that V' = f_l(CIP"_l) is an embedded submanifold of M,
which is our candidate for the representing c.

Using the Thom isomorphism theorem, it can be shown that indeed [V] = « [see Breg7, Theorem
I1.16].

An additional characterization of the first Chern class comes from considering connections on a U(1)-
bundle. Let L — M be a complex line bundle. Given a Hermitian metric on it, we can construct the
unitary frame bundle U(1) & U(L) — M. Choose a connection w € QY(U(L), iR), whose curvature is
Q = dw since U(1) is abelian. Given a cover {U;};; which trivializes L (and therefore U(L)), consider the
local field strengths % € Q%(U;,iR). According to Proposition 1.1.8, on the overlaps U; N U, the fields
strengths are related by

Fi=Adg1 F = 5.
ij

'This is because U(1) is abelian, so Adg = id for all g € U(1). This tells us that the collection of 2-forms
{Fi}icr “glues” together into a unique 2-form F € Q%(M, iR). Clearly, F is closed, so it determines a de
Rham cohomology class [F] € H3x(M) ® iR.

Even though we started with a choice of a connection, the class [F] is independent of it: any other
connection @’ is of the form o’ = w + 7%, where § € Q'(M,iR). Therefore its curvature is Q' =
Q + d(7*8), and so the local field strength satisfies

F' =F +dd.

This implies that [F'] = [F] € H3x(M) ® iR. In fact, this class is also independent of the choice of

Hermitian metric, it is characteristic, and more specifically, it satisfies

o) = 171,

For proof of these statements, see [MS74, Appendix C, p. 305].
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1.3.2  Cech cohomology and the first Stiefel-Whitney class

The other characteristic classes we will use are the Stiefel-Whitney classes. These can be defined similarly
to the Chern classes; that is, in terms of the classifying space of rea/ vector bundles. However, we will
present another face of the first Stiefel-Whitney class, in terms of Cech cocycles. Therefore, we will very
briefly describe Cech cohomology with coefficients in Z,. Later, when we discuss Spin structures, we will
see the second Stiefel-Whitney class show up as an obstruction to their existence over a manifold.

Let X be a topological space and U = {U;};; be an open cover of X. Given a indices iy,...,ix € I,
write Uj,...;, = U, N---NU,. For j =0,...,k, we have inclusions

Ut © G,

ok i+ dj--ige?

where §; means that the index is omitted. Let G be an abelian group™®. The set of Cech k-cochains,

denoted by C¥(U, G), is defined as follows: For every tuple of indices (ig, ... , i), consider locally constant
function fiy i * Uy...;, = G. This defines a map

£ oIk LocConst(Uj, ..., G),

(igs s i) = fgs s ii) = ﬁo,...,ik

The set of k-cochains is the set of all such maps, that is,

Cku,6) = H LocConst(Uj, ..., » G)-
(igsmip )ETkH
There is a codifferential ¥ : CX(U, G) —» Ckt1(U, G) given by
k+1
k . . _ i
E Pliorsie) = DV F g |
Jj=0 o1y

It is a straightforward bookkeeping exercise to show that this codifferential is indeed nilpotent, so that
(?' (U, G),d) is a cochain complex. The Cech cohomology groups are the cohomology groups of the
Cech complex:

v k
B, G) i= k0 .
Of course, this complex, and therefore its cohomology, depend on the choice of cover of X. We can fix

this if we restrict ourselves to covers U for which all intersections Uy ...;, are either empty or contractible™.
We call these good covers, and it can be shown that if X is a paracompact topological manifold, then Cech
cohomology groups are independent of the choice of good cover, and in fact they are isomorphic to the
singular cohomology groups with coefficients in G = Z,,Z or R[see GQ19, Theorem 10.5].

Now consider a vector bundle E — X of rank k, and let U be a good cover. Since each element U; € U
is contractible, then necessarily the cover trivializes the bundle. This trivialization has associated transition
functions

1n practice, Z, Z or R.
19 Another way to fix it is to see that a refinement U’ of the cover U induces a morphism H*(u,G) - HE(U', G). We can
then define H¥(X, G) as the colimit over all covers with respect to the partial order of refinements.
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satisfying the cocycle conditions:
gji(x) = gij(x)_l
8ij(0)gjk(X)gki(x) = id

for all x in the appropriate domains. Two sets of cocycles {g,- j}, {g{ j} over the trivialization U determine
the same bundle if and only if there is a collection of maps f; : U; - GL(k, R) such that

8;(%) = £ (x)gi; () fi(x)-

In particular, for a line bundle, choosing a metric we can obtain transition functions g;; : Uj — Z,.
'Then two sets of transition functions determine the same line bundle if and only if there is a collection of

maps {f;} such that
8= giifi '

Note that the collections g = {gi j} and ¢’ = {g; j} determine Cech 1-cocycles g, ¢’ € CHU, Z,), whereas
the collection £ = { Ji } determines a Cech 0-cocycle ¢ € C°(U, Z,). The equivalence condition is precisely

9 =4g-df,
written in multiplicative notation. This implies that, in cohomology,

[¢] =[¢'l € H' (U Z,).

Definition 1.3.6 (First Stiefel-Whitney class).

Let E — M be a real line bundle of rank k. Choosing a Riemannian metric on E and a good cover U on
M, we can find transition functions q = {gij (G~ O(k)}for the bundle. The first Stiefel-Whitney
class of the bundle is the Cech cobomolagy class wi(E) € HY(U, Z,) of the determinant of the cocycle:

det(gij) . IJl] - ZZ'

That is, wy(E) = [det(g)].

From this definition, we see that E is orientable if and only if w;(E) = 0.

I.4 hodge-theory.zip

Let M be a closed, oriented, n-dimensional Riemannian manifold. The metric on M induces a metric on
differential forms, which is defined in terms of wedge products of 1-forms as

(1 Aes Aage, Br Ao A Br) = det((a, 7))

where on the right-hand side we mean the determinant of the matrix whose i, j-th entry is <oc1, ﬁj> There
exists an isomorphism * : QK(M) — Q" K(M), called the Hodge star, such that forall a, § € Qkv),

aAxf = {a,B)vol
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’-.[}IC * operator Satisﬁes
* x o = (—1)kn=K)g,

for all @ € QK(M).
If M is compact, then we have an I?-inner product on forms:

(o, B2 :=-[v1a/\*ﬁ=/M<a’ﬁ>VOL

Under this inner product, the adjoint of the de Rham differential is d* : Qk(M) - Qk-1(M), given by
d*a = (_1)n(k+1)+1 *dxa,

for all a € QK(M).

Consider the Hodge Laplacian Ay; = dd* + d*d. We say that a form w is harmonic if Ay (w) = 0.
Denote by H k(M) the set of harmonic k-forms. The key result of Hodge theory is that harmonics forms
represent de Rham cohomology.

Theorem 1.4.1 (Hodge).
For all k > 0, the space of harmonic k—forms I k(M) is finite-dimensional, and there is an orthogonal

decomposition

QM) = dQF1(M) @ d* QK1 (M) @ Fk(M).

Furthermore, each de Rham cohomology class in H k(M ) has a unique harmonic representative. That is,
H*(M) = 7k (M).

For a proof, see [War83, Chapter 6].

1.5 Elliptic regularity

In order to prove that the moduli space of the Seiberg-Witten equations is a smooth, compact manifold,
we need to use the implicit function theorem. For this we have to use the Sodo/ev completions of spaces of
sections of a bundle.

1.5.1  Sobolev spaces

Let U C R" be an open set. We say that f : U — R is locally p-integrable if every point p € U has a
neighborhood V such that f|, € IP(V). The set of all such functions is denoted by LII)OC(U). For any given
multi-index a = (&, ..., &y,), we say that a function g € LIIJOC(U) is a weak a-th derivative of f if for all

test functions ¢ € C(I)aI(U),
f pg = (=1 f f3xp.
U U

We write g = 0, f. It is a standard result that g is determined uniquely almost everywhere.
For every integer k > 1 and real 1 < p < o0, define

wkp = {fe I (U) | f has weak a-th derivatives in I}, (U) for all |a| < k.}

loc loc
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It is straightforward to show that WP is a vector space. Furthermore, defining the Sobolev norm

- a.fP|
T (lzk fU | f|>

we have that the space W*P is a Banach space, which we call a Sobolev space.
For our purposes, we will need to consider the Sobolev completions of spaces of sections of a vector
bundle E over a manifold M. In this case, we say that a section s : M — E is in WkP(M,E) if it is

represented locally by functions in whkp,
The Sobolev spaces satisfy some very useful properties. The adventurous reader can check [Brérz,

Chapters 8 and 9], [GTor, Chapters 7 and 8], [DK97, Appendix II], or [see Salgg, Appendix C.1] for
more details.

Lemma 1.5.1 (Rellich’s lemma).
For allk > 1, the inclusion
Wk+1,p [N Wk,p

is compact. In particular, any bounded sequence in WK+LP pas a subsequence that converges in wkp,

Proposition 1.5.2 (Sobolev embedding).
Letn = dim(M). Then for all finite-dimensional vector bundles E over M, there is a continuous embedding

WkP(M,E) < C"™(M, E),

provided that
m<k-— E.
p

In particular, if s € WkP(M, E) for all k > ko, then s is smooth.

1.5.2 Elliptic operators

Let E, F be real or complex vector bundles of ranks p and g, respectively, over a manifold M. A partial
differential operator of order at most k is a linear map L : T(E) — I'(F) that locally, given a choice of
trivializations of E and F and coordinates on M, is given by

gle

L= A,

|ax|<k

where o is a multi-index, and each A% is a ¢ X p matrix-valued function on the local chart.
For each m < k, let L,,, be the “homogeneous” component of order m of L, that is

glal a 0
= Mg ) A e

|a|l=m A5l
If we change coordinates to x'B but not the trivialization of the bundles, then we must have
x'Br dx'Pm 3 d o)

A%1-Gm = A'B1-Bm [P —
D(lzs“m 612 xal axam ax,ﬁl 6x’5m ﬁl’z’ﬁm ax,ﬁl 6x’ﬁm
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and therefore, the coefficients of L transform as

, dx'Br gx'Pm
A,@I‘..ﬁm — 2 140(1-~-0fmax_cx1 ax—am

This tells us that the coeflicients A% glue well to form p X g-matrix-valued symmetric tensor field. Even
more, following a similar procedure, we can see that these matrices transform well under a change of
trivialization, so that L,,, has an associated section

&,.(L) € T(S"TM ® End(E, F)),
whose components are precisely the A% of above. We interpret it instead as a map
Gn(L) : T(S™T*M) - T(End(E, F)).
We define the symbol of order m of L as the map°

on(L) : QY (M) = T(End(E, F))
§ - Gn(L)E, €. ©).

If L is a partial differential operator of order at most k, then we call o (L) the principal symbol of L. We
denote it as o(L) whenever there is no chance of confusion. In local coordinates, for x € M and § € Ty M,
if we write § = §, dx¥, then the symbol 0,,,(L) becomes**

o)=Y, AM-GmE L E, . (1.2)

A1 Am

Sometimes, the coordinate expression of a partial differential operator is cumbersome, and it makes it
difficult to compute its symbol. Luckily, there is an alternative way to find the symbol in a coordinate-free
way. For the sake of simplicity (and since it’s our main interest), assume that L is a partial differential
operator of order at most 2. Then we can write

62 4
L=L2+L1+L0: z A“IO{ZW +;Bﬁw+cy

a1,

where A%1%2 B and C are q X p-matrix-valued functions. For an arbitrary f € C®(M), define the map
[L, f] : T(E) = I'(F) as
[L, f1(s) = L(fs) + fL(s)

for all s € T(E). A straightforward computation shows that

L A1) =2 Y, =L O ey

0x%1 9x%2
a1,q2

Note that this expression is precisely Equation (1.2) with a leading factor of 2 and with the components of
& replaced by Oy, f- Therefore, a way to compute o(L) is by computing [[L, f1, f] for an arbitrary function,
substituting df with an arbitrary form &, and dividing by k!.

>°Note that 0 and & are equivalent by polarization.
2*'This follows by writing & as df . for some function, and by interpreting the aaj in Ly, as the dual basis to the basis dx;‘.
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Example 1.5.3 (Symbol of the Lie derivative).
Let X € X(M) be a vector field, and consider the Lie derivative £x : X(M) — X(M). In local
coordinates x¥, write X = X#0,,. For any vector field Y = Y”3,, we have

o}
— (YV U _ vy i
Lx(Y) = (X°8,YH — Y?8,XH) =
Here we identify the first- and zeroth-order terms

0 d
LX,O(Y) = —YvavX“m 'CX,I(Y) = X”@VY/“‘W.

Here, even though the zeroth-order term has a partial derivative, it is 7o acting on the components
of Y. From this expression, we see at once that the principal symbol of Ly is

o(Lx)(§) = X7§,.
Equivalently, fix f € C*(M). Then

[Lx, fIY) = Lx(fY) = fLxY = Lx(f)Y = df (X) - Y,

and thus, with the rule “substitute d f with an arbitrary form £”, we see that
a(Lx)(§) =§X)-.
'The principal symbols of operators behave well under composition:

Proposition 1.5.4 (Symbol of composition).
Let L : T(E) = I(F) and D : T(F) — I(G) be partial differential operators of order at most k and l,
respectively. Then

014k(D o L) = 6(D) o 0y (L).

We are interested in a very specific class of operators:

Definition 1.5.5 (Elliptic operator).
A partial differential operator L is elliptic if its principal symbol is a fiberwise isomorphism for all nonzero
Sforms §. That is, if for all x € M and all § € T*M, the map o(L)(§) : Ey — Fy is an isomorphism.
Furthermore, if M is a Riemannian manifold and L . T(E) — T(E), we say that L is a generalized
Laplacian if its symbol is

o(L)(E) = =[EPid.

'The importance of elliptic operators comes from the fact that the elements of their kernels enjoy a lot
of regularity. We will constantly make use of this fact to “recover” lost regularity of spinors when we take
derivatives of them, or use Rellich’s lemma to find convergent subsequences.

Theorem 1.5.6 (Elliptic regularity).
Let M be a closed, oriented Riemannian manifold, E,F Riemannian vector bundles, and L : I'(E) —»
L(F) an r-th order elliptic operator.
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. Foralll < p < 00 and k > 1, there are constants (depending on k, p) such that ifu € W(E) is

a weak IP-solution of

wk
Lu = v,

withv € W*P(F), then
u € Wktrp(E)

and
utllsr,p < Clullp + lVllk,p)-

. IfE,F are Hermitian, and P : I1?(E) — I*(E) is the orthogonal projection to kex(L), then for all

1< p < o0 andk > 1 there is a constant C such that
[l = Pullrsicp < CliLullip

Sforallu € WT+kP(E).



CHAPTER

Spin Geometry

HE SEIBERG-WITTEN equations are, above all, equations about spinor fields on manifolds. These

spinors have their origin in physics, from the Dirac equation, which comes from relativistic quan-

tum mechanics. In a naive relativistic generalization of quantum mechanics, the evolution of the
quantum wavefunction is given by the Klein-Gordon(-Schrédinger) equation (in “natural” units):

2
%—V2¢+m2§b=o.
Where ¢ : R* — C is a scalar field, and m > 0 is the mass of the particle. On physical grounds, Paul
Dirac found this equation unsatisfactory, specifically because it was of second order in time’. He set out
to find a “square root” of the D’Alambertian operator 87 — V2 + m? which was of first order in time as
well. He quickly discovered that such a square root cannot exist as an operator acting on sca/ar functions.
However, if he allowed for vector-valued wavefunctions, then by choosing matrices y°, ..., > satisfying the
relations

YHYY +ytvR =29, (2.1)

where n* is the Minkowski metric®, he proved that the operator
_ P
= E M_T_
51,[) =1 “ y ax’u ml;b’ (2-2)

does indeed square to the D’Alambertian.

In general, the y* form a (faithful) representation of a Clifford algebra on a vector space S. This
Clifford algebra is defined precisely as a real algebra with relations given by the anti-commutation relations
of Equation (2.1) 3. 'Therefore, the wavefunction % can no longer be a complex function, but rather a

This leads to a failure in a conservation law that ruins the standard interpretation that the square norm of the wave-function
[]? represents a probability distribution in space.

*Defined as 7% = 1,9t = —1 fori > 1, and H*¥ = 0 in all other cases.

3Clifford himself defined these algebras (which he called geometric algebras) as an alternative to the Grassmann algebras, gener-
ated by anti-commuting objects but whose squares are 1 or —1. Dirac’s rediscovery of them is a nice case of serendipity.

25
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S-valued field on the space-time R® X R. Such fields we call spinor* fields. In order to generalize this
operator to manifolds, we need an additional structure on the manifold, called a Spin structure.

Not all 4-manifolds admit a Spin structure (for example, CP? does not). However, if we fwist the
structure locally with an additional complex line bundle, we obtain a Spin®-structure, and these a/ways
exist for 4-manifolds. Physically speaking, the addition of a complex line bundle is coupling the evolution
of the relativistic particle to an electromagnetic field.

Overview of this chapter

This chapter can be roughly divided in two parts. The first is algebraic: We define Clifford algebras, review
some of their properties, and study their representations. Then we introduce the Spin groups, which are
subgroups of the Clifford algebras that can be seen as the universal covers of the orthogonal groups. The
second part is geometric: we promote all these algebraic structures to geometric structures on manifolds,
and define the Dirac operator. Finally, we add a U(1) term to everything and study the Spin® groups,
Spin®-structures, and the coupled Dirac operator. This U(1) term is physically interpreted as coupling
an electromagnetic field to the relativistic particle. Topologically, this extends and adds flexibility to the
notion of a spin structure.

2.1 Clifford algebras

This section follows [Fig17] and [[LIM89], with a dash of [Nabos]. Let V be a finite-dimensional vector

space over’ K = Ror C,and g : V XV — K a symmetric bilinear form. We are mostly interested on

non-degenerate forms, which we call semi-Riemannian metrics, or Riemannian if they are positive definite.
We want to mimic the behaviour of the Dirac y matrices, which satisfy

vy YR =2,
so we want to make a [K-algebra that contains V and satisfies

xy + yx = —g(x, y)1.

Remark. Here is the first example of slightly different conventions between mathematicians and
physicists (which sometimes lead to not-so-slight annoyances). The physics convention is to define
the Clifford algebras such that xy+yx = g(x, y)1. This follows the behavior of the Dirac y matrices
and the Minkowski metric. This does not change anything in the theory, only the names of things.

2.1.1  Definition and basic properties

We proceed as usual when we want to construct objects that satisfy certain relations: find a larger object
of the “same type” and take the quotient over a subset of elements that we need to be identified with zero.

Thus, if V is a vector space with a symmetric, bilinear form g, we construct the Clifford algebra from
its tensor algebra T*V quotienting out the ideal I generated by elements of the form v @ v+ g(v, v).

4Pronounced “spinner”, like those fidget toys that were quite popular a few years ago.
5Most of the theory, up until the definition of the Spin group, works for any field.
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Definition 2.1.1 (Clifford algebra).
The Clifford algebra associated to a vector space (V, 8) with a symmetric, bilinear form is

Cv,g) :=T"V 4,

where 1 is the ideal generated by
fv®uv+g(,v)|ve V.

Note that the ideal I contains only only elements of even degree of T*V, and hence VNI = {0}.
'Therefore the map V' — CI(V, g) which maps v to its class in CI(V, g) is injective, and so we simply think
of V as sitting in CI(V, g). Furthermore, since I contains only even elements, the quotient C1(V, g) inherits
a Z, grading (which we will view in more detail below).

Therefore, in CI(V, g), by definition we have for all v € V, denoting the class of v by the same symbol,

v-v=-g(,v)l.
More generally, for allv,u € V. CI(V, g):
u-v+v-u=-2g(u,v)l.

Suppose that we have a linear map ¢ : V — A into a unital K-algebra A. When can we extend it to a
morphism of algebras from CI(V, g)? Certainly, any extension ¢ : CI(V,g) — A must satisfy

p(v)* = p(v)* = 9(v?) = p(~g(v, vV)1) = —g(v, V)1

for all v € V. Conversely, since any map can be extended naturally to the tensor product, the condition
for it to descend to the quotient CI(V) is that it vanishes on the ideal I, which is precisely the condition
®(v)* = —g(v, v)1. This property has its own name name:

Definition 2.1.2 (Clifford map).
Let V' be a K-vector space, g a symmetric bilinear form on 'V, and A an associative, unital K-algebra. A

K-linear map @ . V — A is a Clifford map if for allv € V:
P(v)* = —g(v, v)1.

In the discussion above, we have almost shown that the Clifford algebra CI(V/, g) satisfies the following
universal property:

Proposition 2.1.3 (Universal property of the Clifford algebra).

Let (V,g) be a vector space with a quadratic form g. There is a unique (up to isomorphism) associative
unital K-algebra CV, g), along with a linear injective morphismt . V- — CWV, g), such that for every
associative, unital K-algebra A, if ¢ . V. — A is a Clifford map then there exists a unique morphism of
algebras @ © CIV, 8) — A such that the diagram commautes:

Cl(V,g) —2 A

o
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We haven’t shown uniqueness of CI(V, g), but it follows from the universal property itself.
'This universal property also tells us that linear maps that are orthogonal with respect to the symmetric
form can be extended as morphisms of Clifford algebras.

Corollary 2.1.4 (Extension of orthogonal maps).

Let (V,8) and (W, h) be K-vector spaces and g, h symmetric bilinear forms on V, W respectively. If
@ V= W is a K-linear map such that h(p(u), p(v)) = g(u, v) for allu,v € V, then @ extends to a
unique morphism @ : CI(V,g) — CI(W, h).

Progf. — 'This proof is an exercise in using the universal property. First, we have that ¢ itself can be
considered as a map ¢ : V — CI(W, h). It is a Clifford map, since forallv € V,

p(v)* = —h(p(v), p(V)1 = —g(v, V)1.

The first equality comes from the basic relation of CI(W, h). Therefore, by the universal property, there is
a unique morphism ¢ : CI(V, g) — CI(W, h) which restricts to ¢ on V.

Universal properties and quotients of tensor algebras are not very pleasant to work with. Fortunately,
we can be much more explicit with our description of CI(V, g). If we choose a basis ey, ..., e, of V, then
the Clifford algebra CI(V, g) is the K-algebra generated by ey, ..., e, subject to the relations

eie +eje; = —2g(e;, ¢)1.

Notation. We will denote by R™ the semi-Riemannian vector space R"="*¢ with the standard
semi-Riemannian metric with 7 positive eigenvalues and s negative eigenvalues. We denote

Cl(r,s) = CI(R"*); and Cl(n) = CI(R") with the standard euclidean metric.

Let’s see a few examples:

Example 2.1.5 (C1(1), C1(2)).
For n = 1, we have that CI(1) is the real associative algebra generated by the elements 1, e with the
relation e = —1. This is precisely C, seen as an R-algebra. Thus,

Cl(1) = C.
Note that the inclusion of R into CI(1) = C is no# the obvious one: we have

R < iR € Cl(1) = C

1.

Now let’s go to the case CI(2). This is generated by elements 1, e;, e, subject to the conditions
el = e3 = -1, and ere; = —eje;. A little bit of playing around with it lets us see that the iden-
tification e; = 1, e, = J, e;e; = k induces an isomorphism between CI(2) and the quaternions
H:

CI(2) ~ H.
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What is the dimension of the Clifford algebra CI(V, g)? If ey, ..., e, is an orthonormal basis of V, then the
elements

1’
€15 s €y,
€16y, ..., €16y, €63, ..., €,_1€y
e1...ey

are all linearly independent and they span CI(V), and so dim CI(V) = 24™ ¥ We have proved, then:

Proposition 2.1.6 (Dimension of the Clifford algebra).

Let (V,8) be a finite-dimensional vector space with a symmetric bilinear form. Then dim CI(V,g) =
2dim V'

It is time to revisit the Z, grading of the Clifford algebra. We have a natural decomposition of CI(V)
into even and odd components

CI(V) = CI(V), & CI(V), (Only as vector spaces!)

where CI(V), is the set of even elements, and CI(V); is the set of odd ones. Note that CI(V), is a
subalgebra of CI(V'), but CI(V); is noz. This decomposition turns CI(V) into a Z,-graded algebra, since if
a € CI(V); and b € CI(V);, then ab € CI(V);,j (the sum taken modulo 2).

Consider the orthogonal map v = —v on (V, g). By Corollary 2.1.4, it induces an automorphism, the
parity map, which we denote by p : CI(V, g) — CI(V, g). Explicitly, for vy, ..., Uy € V, this map is

p(V] ... V) = (=07) oo (—0g) = (=1)¥0y ... U
Therefore, for all a € CI(V), if we write a = ay + a; with ag € CI(V), and a; € CI(V),, then
p(a) = p(ag + a;) = ap — a;.

Namely, CI(V)q (resp. C1(V),) is the eigenspace associated to the eigenvalue 1 (resp. —1) of p.

2.1.2  Complex(ified) Clifford algebras

There is a rich theory of real Clifford algebras (see e.g.[LIM89]), but we will study their complexified
flavours, basically since in the global case we consider complex spinors. Given a real vector space V, with a
symmetric bilinear form g, we define

Cle(V,g) :=Cl(V,g) Qg C.
Note that Clc(V, g) is a C-algebra with scalar multiplication
z-(aQ@w)=a® zw,

foralla € CI(V,g) and z,w € C.
'The complexified Clifford algebra is precisely the Clifford algebra of the complexified 1z = V & C.
This is a straightforward application of the universal property.
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Proposition 2.1.7 (Complexification and Cliffordization commute).
LetV be a real vector space and g a semi-Riemannian metric on'V. Then there is an isomorphism

Cle(V, g) = CI(V¢, gc)»

where g¢ is the metric g, extended complex-bilinearly to V¢.

Remark. Note that the complex bilinear form g¢ is 7oz an inner product. Complex inner products
(or Hermitian metrics) are sesquilinear, not bilinear.

Furthermore, note that complexifying a bilinear form destroys any definiteness: Suppose that
v € V is such that g(v,v) > 0. Then iv is C-linearly dependent with v, but it satisfies

gc(iv,iv) = —g(v,v) < 0.

'This means that if ey, ..., e, is a g-orthonormal basis of V, we can multiply some of those elements
with i to obtain a basis ¢, ..., €, with gc(gj,&) = 1 for all j. This way, we conclude that for all
r,s >0,

Cle(R"%) = Cl(R"+9).

Remark. We will be interested in complex representations of Clifford algebras. Since these are in bi-
jection with representations of the complexified algebras (see the discussion below Definition 2.3.2),
from now on we will only consider Riernannian metrics.

Let Clg(n) = Cl(n)e = CI(C"). We consider CI(C") as taken with respect to the standard quadratic

form
n
qst(z) = Z Zi2'
i=1
These complexified Clifford algebras have a very simple classification[ LIM89, Theorem I.4.3]:

Theorem 2.1.8 (Classification of complex Clifford algebras).
Forn > 0, we have

Cle(2n) = C(2"), and Cle(2n +1) @ C(2™) & C(2").
'This classification will help us with the classification of their irreducible representations.

2.2 'The Spin group

'The next algebraic ingredients are the spin groups. In a pinch, one can define them as the universal covers of
the orthogonal groups. However, with this definition, their relation to the Clifford algebras are somewhat
obscure. In this section, we will see that the spin groups are the subgroups of the Clifford algebras which
are “most like” the orthogonal groups.
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2.2.1 Definition and examples

Let V be a Riemannian K-vector space. We denote the inner product as (u, v). For every invertible element

a € CI(V)*, we have the adjoint action Ad, : CI(V) — CI(V), given as
Ad,(b) = aba™!,

for all b € CI(V). This action is an automorphism of CI(V), with inverse Ad, 1= Adyr.
Note that if v € V is nonzero, then the Clifford condition

v =vv = —|v||’1,
implies that v is invertible as an element of CI(V'), with inverse v™! = —v/||v||*. Therefore we can consider
the adjoint action of nonzero vectors of V. In particular, if v € V is nonzero, then for any u € V, we have

Y]

Ad,(u) = vuv~! = = TolE

“Tol —Wv(—vu—z(u,v»: —<u—2<u,v>

) = —Refl,(w

that is, Ad,(u) is (minus) the reflection of u across the plane normal to v. This tells us that restricting Ad,,
to V gives us an orthogonal map. In fact, for any element of multiplicative subgroup of CI(V') generated
by V, which we denote by V*, the adjoint action is still an orthogonal map on V, since

Ady, o, (W) = (Ady, 0.0 Ady, )(w) = (—1)1‘(ReﬂUl o -+ o Refl,, )(w).
for all u € V. 'Therefore, we have a group homomorphism, which we call the spinor map 3, given as

3 V>0V,
v (V) = Ady |y

'This morphism is surjective, since every orthogonal map can be decomposed as a set of reflections (this is
the Cartan-Dieudonné theorem [see Car81, section 10 for an elementary proof]). Any rotation can be
decomposed as an even number of reflections, so if we write 15 = V> n CL(V), for the subgroup of even
elements generated by nonzero vectors, we have a surjective homomorphism

31 1= SO(V).

In neither case 4 is injective, since conjugation is invariant under scalar multiplication: if @’ = Aa for
some nonzero A € K, then Ad, = Ad,. However, for the even case, this is indeed precisely the kernel
[LM89, Proposition I.2.4]:

Lemma 2.2.1 (Kernel of ).

Let V', g be as above. Then
ker 3 |V(T = K*.

This tells us that the map 3 does not identify a copy of SO(n) inside C1(V)*. However, if we restrict 4 to

the subgroup of even elements generated by unir vectors, we find an object that is very similar to SO(n).

'This is what we call the Spin group:
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Definition 2.2.2 (Spin(V)).
Let V be a Riemannian vector space. The spin group Spin(V) is the even multiplicative subgroup gener-
ated by vectors of unit length in V:

Spin(V) = {v; ..v € CUV) | (v vy)* = 1 for all k}.

We write Spin(n) = Spin(R"™) with the standard euclidean inner product.

Since Spin(V) C V5* and 4 is invariant under rescaling, we have that 3 restricted to Spin(V) is also
surjective. 'This is because a rotation can be decomposed as a series of reflections perpendicular to unit
vectors”. From all our work above with the map 3, we obtain:

Theorem 2.2.3 (Short Exact Sequence of Spin).
Let V be areal, finite-dimensional Riemannian vector space. The short sequence

1 — {-1,1} — Spin(V) —— SO(V) —> 1

is exact. For V. = R"™ withn > 2, the spinor map 3 is a non-trivial two-sheeted covering. Furthermore,
ifn > 3, then Spin(n) is the universal cover of SO(n).

Proof. — Suppose that x € Spin(V) is in ker 9. By Lemma 2.2.1, since Spin(V) C V5%, then x € R*.
However, x is a product of elements of unit norm, so x = £1.

Finally, we have that 3 : Spin(V) — SO(V) is surjective by the Cartan-Dieudonné theorem (and the
fact that we can normalize vectors in R). Therefore the sequence is exact.

Now let’s show that Spin(n) is the universal cover of SO(n). First, note that 4 : Spin(n) — SO(n)
is indeed a covering map. Since 1;(SO(n)) = Z/2Z for n > 3 [see Hal1s, proposition 13.10], if we can
show that Spin(n) is connected, we will be able to conclude that it is the universal cover” of SO(n).

We can construct a path connecting 1 to —1 in Spin(n), assuming n > 2 as follows: let e;,e, € V be
orthonormal. Consider the curve

t > x(cos(t)e; + sin(t)e,)(sin(t)e, — cos(t)ep).
Clearly this curve lies entirely in Spin(n) and connects 1 to —1.
Remark. Many references define the Spin groups as the universal covers of the respective special

orthogonal groups. Such a definition avoids all the Clifford algebra stuff. However, we do need the
Clifford algebra stuff to define the Dirac operator that comes in the Seiberg-Witten equations.

This is where we need more conditions on the field K. Since the Cartan-Dieudonné theorem states that rotations can be
decomposed into an even number of reflections along planes; just could choose a vector U orthogonal to the plane and normalize it.
However, this assumes that the equation

(Av, Av) = A2 (v, V) = *1
can be solved for A, which is 7oz the case for all fields K.
7'This follows from the following fact: if o : X - Xisa covering, then for x € X, the cardinality of the fiber 07 1(x) is the index
of [11(X,x) : p.7m1(X, %)][Rotg3, Theorem 10.9]. In our case, since [3~1(1)| = |71(SO(n))|, then 4,7, (Spin(n), 1) = {1}.
However, 3, : 71(Spin(n),1) — 71(SO(n), 1) is an injection [Rotg3, Theorem 10.7], so necessarily 777 (Spin(n),1) = {1}, i.e.
Spin(n) is simply connected, and thus the universal cover of SO(n).
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2.2.2 Whenn=4

We are building up towards the Seiberg-Witten equations, which are on 4-manifolds. Our main interest is
then in the n = 4 case. While we can obtain a characterization of C1(4) via [LM389, Theorem 4.3], namely
that Cl(4) = H(2), this is not good enough for our purposes and does not help us with the computations
that we want. The embedding of R* < CI(4) is needed in order to determine the Spin(4) group, and

following the proof of [ LM 89, Theorem 4.3] (which is constructive) gives us a very complicated embedding.

Fortunately, we can express C1(4) explicitly.
This example follows [Nabos, pp. 32-37]. Denote by i, j, k the complex units of H. Let ey, ey, €5, €3
be the standard orthonormal basis of R*, and consider the map R* — H(2) given as

o 0 1 . 0 i
=1 0 a4~ o
(o (0 k
e, ﬁ 0 €3 kK o)
It is straightforward to show that this is a Clifford map, which induces an isomorphism of rea/ algebras
Cl(4) =~ H(2). This is called the Weyl or chiral representation of C1(4). In this representation, R* is
embedded as
- .,0 ] U0+U1|]+02j]+v3[k.
—Ug + U1f 4+ 0§ + U5k 0

For every v € R, let q(v) = vy + v + U] + U3k € H. Then this embedding is simply

< 0 q(U))
Pl — .
—q) 0

In particular, products of pairs of vectors go to

uUH(—q(u)@ o )
0 —q(u)q(v)

'Thus the even and odd components are the diagonal and antidiagonal matrices:

0
Cl(4), = {(%1 q2> 1 q1,q, €H },

Cl(4), = {(;’2 ‘3)  qrgs € H }

The spin group Spin(4) is the subgroup of C1(4), which is generated by vectors of unit norm. Ifv € R* has
unit norm, then the corresponding quaternion q(v) also has unit norm, and the product of such elements
is again a unit quaternion. Therefore, identifying the unit quaternions® with SU(2), we have

. 0
Spin(4) € {(“Q q2> 41,92 € Wand |, ]| = [lg2ll = 1} = SU(2) x SU().

1 0 i o0 0 1 0 i
BT s g il e . .
The identification is given by 1 (0 1), i (0 —i)’J] - (_1 0), k (i 0)_
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In fact, this is an equality. This can be seen by explicitly computing the even products of the basis vectors
[see Nabos, equation 7.33] and seeing that any pair of unit quaternions can be obtained from an even
product of unit vectors?. Therefore

. 0
spin@) = (% ) @ € Hand sl = sl = 1] 2 SUQ) x U@

2.2.3 Lie algebra structures

For any finite-dimensional real or complex vector space V and symmetric bilinear form g on V, the Clifford
algebra CI(V, g) has a natural smooth structure, arising from its vector space structure. The group of units
CI(V)* is an open subset of CI(V), so it is an open smooth submanifold of CI(V). Furthermore, the
multiplication map m : CI(V) x CI(V) — CI(V) is bilinear, which automatically grants it smoothness
in the finite-dimensional case’®. The inversion map inv : a — a~! is also smooth, and its derivative is
T,inv(b) = —a~'ba~! but proving that requires a bit more work [see Murgo, Theorem 1.2.3]. With these
two remarks we conclude that CI(V)* is a Lie group.

We can easily find what the Lie algebra of CI(V)* is. For all a € CI(V), there is a small enough € > 0
such that forallt € (—¢,€), the curve t — 1+ta lies entirely in CI(V)* [Murgo, Theorem 1.2.2]. Then the
curve t = 1+ ta is an integral curve of a, if we interpret a as a tangent vector at the identity 1. Therefore,
the Lie bracket is'*

[a,b] = 4 (1+ta)b(1+ta)~! = ab — ba.
dtli=o

We have shown, then:

Proposition 2.2.4 (Group of units is a Lie group).

LetV be a real or complex finite-dimensional Riemannian vector space. Then the multiplicative group of
units CL(V)* is a Lie group of dimension 24 and its Lie algebra is c(L(V') = (CI(V), [, -1), with the
commutator as the Lie bracket.

Consequently, Spin(V') is a Lie group as well.

Let’s focus now on Spin(n) and its Lie algebra. If n > 2 then Theorem 2.2.3 states that the spinor
map 3 : Spin(n) — SO(n) is a non-trivial double cover. This means that 3 is a local diffeomorphism, and

" (m)(n+1)

2
Let ey, ..., e, be an orthonormal basis of R". Consider the curves R — Spin(n) given by

dim Spin(n) = dim SO(n) =

t = (cos(t)e; + sin(t)e;)(— cos(t)e; + sin(t)e;) = cos(2t) + sin(2t)e;e;

for i < j. These are all curves contained in Spin(n), passing through 1 at t = 0, with tangent vectors 2¢;e;.
'These tangent vectors are elements of the Lie algebra 8pin(n) = T; Spin(n). They are linearly independent,
and there is in total (n)(n + 1)/2 of them, so they generate pin(n).

Let’s collect this in a proposition:

9'This straightforward but not fun.
°In general case, for any real or complex algebra A, smoothness of the multiplication map A X A — A is guaranteed if A is a
Banach algebra: That is, A is a Banach space and the multiplication satisfies

llab|| < llall||b]]

foralla,b € A.
"In fact, this is true of any Banach algebra.
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Proposition 2.2.5 (Lie algebra 8pin(n)).
For alln > 2 the Lie group Spin(n) has dimension (n)(n + 1)/2. If ey, ..., e, is an orthonormal basis of
R", then a basis of 8pin(r, 8) is given by elements of the form

eiej
withi < j.

'The spinor map 3 : Spin(n) — SO(n) is a Lie group homomorphism, and so its derivative Ty :
gpin(n) — 8o(n) is a Lie algebra morphism. We can see what its explicit action is on the basis that we
found in the previous Proposition 2.2.5. We interpret 8o(n) as a subset of End(R"). Let ey, ..., e, be an
orthonormal basis of R", which induces a basis of $pin(n) with elements e;e; with i < j. An integral
curve of such elements is given by y : R — Spin(n), with y(t) = cos(t) + sin(t)e;ej. A straightforward
computation shows that y(¢)~! = y(—t) forall t € R.

Then for allv € R"

Toeg)o) = 5| 0@ = 5| _ roer-o

= eiejv - Ueiej

= e;(—ve; — 2(gj, v)) — (—e;v — 2(e;, V))e;

= 2((e;, v) ¢ — <ej’ v)e;)

= 2E;;(v).
Here, E;j is represented by the anti-symmetric matrix with a 1 in the i, j entry, —1 in the j, i entry, and
zeros everywhere else. These matrices generate 30(n).

Notation. We denote the induced infinitesimal action of 8pin(n) as

8 :=Tys : 8pin(n) - 3o(n).

2.3 Representations

Let’s go back for a moment to the Dirac equation ( Equation (2.2)). In it, we have a collection of objects
y# which satisfy the anti-commutation relations of the Clifford algebra CI(1, 3), which act on the vector
space where the wavefunction 9 lives. That is, they form a representation of CI(1, 3).

We will only focus on the complex representations of the Clifford algebras, and as we will see below,
this implies that the signature of the bilinear form on the vector space becomes irrelevant.

2.3.1 Classification and examples

Definition 2.3.1 (Representation of an (associative) algebra). .
Let A be a unital, associative algebra over a field K, and K 2 K an extension. A [K-representation gf A

is a K-algebra morphism p . A — Endi(V), where V is a K-vector space.
A subspace W C V is and invariant subspace of the representation p if for all a € A,

p(a)(W) C W.
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[f P admits a nontrivial invariant subspace, we say that it is reducible. Otherwise, we say it is irre-

ducible.

This is the general definition’” but we will only consider complex representations of the real Clifford algebras

and their complexifications. That is, for our purposes K = R or C and K = C. Furthermore, we are
interested in the irreducible representations of the Clifford algebras.

Definition 2.3.2 (Equivalence of representations).
Letp : A — End(V) andp’ : A — End(V") be two representations of the associative unital algebra A.
We say that the two representations are equivalent if there exists an isomorphism @ . 'V — V' such that
foralla € A:

p'(@)=popla)ep.

We say that @ is an intertwining operator and that it intertwines p and p'.

Note. From now on, all representations are complex, unless otherwise stated. You'll thank me after
you read the next paragraph.

Note that since we are considering complex representations, it doesn’t really matter whether we are
representing a real algebra or its complexification. Namely, if A is a unital, associative rea/ algebra and
p : A — Endc(V) is a representation, then we can extend p to the complexification A¢ simply by
requiring p to be complex-linear:

pla+ib) := p(a) + ip(b).

The right-hand side makes sense since End¢(V) is a complex algebra. Conversely, if we have a representa-
tion of the complexification A¢, i.e. p : Ac = End¢(V), then by restricting to the real form A C A, we
obtain a representation of A. These two operations (extending to the complexification and restricting to
the real form) are inverses of one another. Therefore, the representations of a real algebra are in bijection
with representations of its complexification.

Furthermore, if p : Ac — Endg(V) is irreducible, then the restriction p|4 : A — Endc(V) is
irreducible as well. We can see this as follows: suppose that W C V is an invariant subspace of p|4. Then
p(a)(W) C W for all a € A. However, W is a complex vector space so that

(p(a@) + ip(b)(W) € W

as well for all a,b € A. Therefore W is an invariant subspace of p, which implies that it is either zero or
V.

All in all, this means that if we want to find the irreducible representations of an algebra A, it suf-
fices to find the irreducible representations of A¢. Fortunately for us, we have a neat classification of the

complexified Clifford algebras Clg(n), as we found in Theorem 2.1.8:

Cle(2n) = C(2")

2In a few references, there is little or no mention of representations of associative algebras, and instead everything is discussed
in terms of modules. This is because every representation o : A — End(V") turns V' into an A-module, with “scalar” multiplication
defined by
av := p(a)(v).
An invariant subspace W C V then corresponds to an A-submodule of V. Therefore, an irreducible representation induces an
A-module which has no non-trivial submodules. This is known as a simple module.
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Clc(2n+1) = C(2") @ C(2").

These are all (sums) of matrix algebras, and their irreducible representations are determined by the wise
mages of algebra:

Theorem 2.3.3 (Irreducible representations of matrix algebras).
Let K be a field, and let A be a direct sum of matrix algebras over K:

A= é K(ni).
i=1

Then the only irreducible K-representations of A are projections onto the components K(n;):
pi + A = K(n;) = Endyi (K"),

fori=1,..,r.

For a reasonably elementary proof, see [Eti+11, Theorem 2.6]. As a corollary of this, we have all the
irreducible representations of the complexified (and therefore of the real!) Clifford algebras:

Corollary 2.3.4 (Irreducible representations of Clifford algebras).

Foralln € N, the Clifford algebra CI(2n) has a unique irreducible representation, which is 2" dimensional.
In the odd case, C1(2n + 1) has exactly two inequivalent, irreducible representations, both of dimensions
2",

2.3.2 'The Spin representation

We want to restrict these representations to obtain representations of the Spin groups. In the case of
even dimension, there is only one irreducible representation to begin with. However, in the odd case
where there are two inequivalent representations, both restrict to equivalent representations of Spin. Since
Spin(n) C Cl(n),, it suffices to see what happens to irreducible representations when we restrict to the
even subalgebras.

Lemma 2.3.5 (Restriction of irreducible representations).

Let n > 0 be even and let p be the unique irreducible representation of Cl(n). When restricted to the even

subalgebra Cl(n)o, the representation is reducible. It can be decomposed into two summands p = p, ®p_.
Ifn > 1 is odd, then both irreducible representations of CI(n) become equivalent when restricted to

Cl(n)g, and the resulting representation is still irreducible.

The proof of this result is a bit laborious (although not too difficult). It can be found in [LM89, section
L.5]. Even though we worked with Cl¢(n), these results hold in general for complex representations of all
Cl(r, 5). This is because there is a bijection between representations of an algebra and representations of its
complexification (see the discussion before Theorem 2.3.3), and because complexifying destroys definite-
ness, so Cle(7, s) = Cle(r + 5) (see the remark after Proposition 2.1.7).

We define the (complex) spin representation as follows:
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Definition 2.3.6 (The Spin representation).

Let V' be a real, finite-dimensional vector space and § a semi-Riemannian metric on V. The (complex)
spin representation is he unique representation A . Spin(V) — End(S) that is obtained by restricting
an irreducible representation of CI(V') to Spin(V). If dim(V') is even, then A is reducible, and can be
decomposed into two summands A = Ay @ A_. If dim(V) is odd, A is irreducible. We call an element of
S a spinor.

Example 2.3.7 (The spin representation: n = 4).
In Section 2.2.2, we saw that C1(4) is isomorphic to H(2), and the even subalgebra is

am%:K% %)emm:%gzew}

To complexify Cl(4), we see each of the four entries of a matrix in H(4) as a complex 2 X 2 matrix via
the standard representation. All complex-linear combinations of these matrices generate the entire
matrix algebra C(4), so that (as we expect from Theorem 2.1.8), Clc(4) = C(4). Therefore, the only
irreducible representation is the identity. When we restrict to Cl(4), the representation is simply
interpreting each element of H as a 2 X 2 complex matrix:

@1 O ) (‘h 0)
e HQ2) —» e C@4).
(B o)enan (B 2)ecw
'This representation is clearly reducible.

Particularly, the spin representation A : Spin(4) — GL(4, C) splits as A, : Spin(4) — SU(2)
given by projections onto the first and second entries of the diagonal:

0
Ay <Q1 2) =q

2.3.3 Clifford multiplication and infinitesimal actions

Let V be a Riemannian vector space, and let p : CI(V) — End(S) be a representation of the Clifford
algebra. The representation induces a structure of a C1(V)-module on S, with multiplication given by

a-v:=p(a)(v)

foralla € Aand v € S. We call this multiplication Clifford multiplication.
If we restrict p to the group of units CI(V)*, we obtain a group representation

p : CI(V)* = GL(S).

Thus, its differential is a representation the Lie algebra ¢I(V) on S. However, since p is linear, then
Ti(p) = p, so the induced representation is again Clifford multiplication. Note that we have identified the
Lie algebra ¢[(V) with CI(V), as in Section 2.2.3.

Similarly, restricting o to Spin(V') gives us a representation whose differential is a representation of
the Lie algebra 8pin(V). Once again, this is just Clifford multiplication. We can see this explicitly: Let
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ey, ..., e, be an orthonormal basis of V. Then, as we saw in Proposition 2.2.5, the elements e;e; € Cl(n)
with i < j are a basis of 8pin(n), and the curve

y(8) = cos(t) + sin(t)e;e;
is an integral curve of e;¢; € 8pin(r,s). The action of the differential T; 0 is, then

Tipteg)©) = 31| _ ) = | costow+sin(0p(eig)(v) = plere)

so indeed Tl(plsl)in(n)) = plspin(n)'

2.4 Spin structures

'Think of what we have done so far as a local model that we want to push up to a global structure on a
manifold. The basic ingredient in this global recipe will be a SO(n)-structure, which is to say that our
manifold should have a Riemannian metric and be orientable. Then we want to lift the SO(n)-structure to
a Spin(n) structure via a suitable globalization of the adjoint map Ad : Spin(n) — SO(n). Once we have
the Spin(n)-structure, then we can construct the spinor bundle, which is the associated vector bundle to
the spin representation.

This gives us half of the components of the Dirac equation: the spinor fields, which are sections of the
spinor bundle. The second half is the Dirac operator, which is a suitable “globalization” of the operator
iy#9, that we saw in the introduction.

2.4.1 Fromlocal to global

In the previous sections, we constructed the Clifford algebra and Spin group of a Riemannian vector space
V. The global analog of V' is an orientable vector bundle E — M of rank n over a smooth manifold M, with
a bundle metric on E. Since E has a metric and is orientable, its frame bundle reduces to an orthonormal
frame bundle, which is a principal SO(n) bundle and is denoted by SO(E) (in the case where E = TM is
the tangent bundle, we simply write SO(M) := SO(TM)).

Let’s begin with the Clifford algebra. The fibers E, of the bundle E are Riemannian vector spaces, so
it makes sense to take the Clifford algebra CI(E,) for each x € M. A choice of a frame e = (ey, ..., €,)
of E in an open U C M is equivalent to choosing fiberwise isometries i,(x) : E, — R" forall x € U.
These isometries, by Corollary 2.1.4, extend to unique isomorphisms i,(x) : CI(E,) — Cl(n), which in
turn can be interpreted as choices of bases of CI(E,). If we change frames to some other e’ = (e}, ..., e},),
in another open V, then the frames are related by a transition function g : UNV — SO(n), such that
I (x) = g(x) o ip(x) forall x € U NV. Again, by Corollary 2.1.4, each g(x) extends to an automorphism
ol g(x) : Cl(n) - Cl(n), such that the following diagram commutes:

R" <3 Cl(n)

ieoc/[

Ex 8(x) <Cg(x) *

ie’%

R" «—3 Cl(n)

Therefore, a transition function g : U NV — SO(n) of the orthonormal frame bundle SO(E) induces a
change of frames <€, : UNV — Aut(Cl(n)) of the collection of Clifford algebras in the fibers. This tells
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us that we can glue together those fibers with transition maps ¢4, to obtain a vector bundle. In particular,
note that the map ¢¢ : SO(n) — Aut(Cl(n)), sending g = ¢, is a representation of SO(n) on Cl(n).
'This tells us that the resulting bundle is precisely the associated bundle to SO(E) via the representation
<t.

Definition 2.4.1 (Clifford bundle).
Let E — M be an oriented Riemannian vector bundle of rank n and SO(E) its orthonormal frame bundle.
The Clifford bundle is the vector bundie

CI(E) = SO(E) x,, Cl(n)

associated to SO(E) via the representation <€ . SO(n) — Aut(Cl(n)) which is obtained by extending
each element of SO(n) to an automorphism of Cl(n).
In the case where E is the tangent bundle TM, we write CI(M) := CI(TM).

Note that, by construction, the fibers of CI(E) satisfy
Cl(E), = CI(E,)

for all x € M. This means that there is a well-defined inclusion E < CI(E). However, in order to make
this inclusion explicit, we need the isomorphism CI(E), = CI(E,), which requires a choice of frame for
E,. Of course, everything is independent of this frame, but it is necessary.

Spin structures are required for the existence of spinor fields, such as those that appear in the Dirac
equation. They are bundles which are fiberwise lifts of the SO(n) structure that comes with the Riemannian
vector bundle E.

Definition 2.4.2 (Spin structure).
A spin structure on E is a principal Spin(n) bundle Spin(E) — M, and a bundle morphism T :
Spin(E) — SO(E) which is fiberwise the spinor map $ . Spin(n) — SO(n). That is, for all p € Spin(E)
and g € Spin(n),

Z(p- 8 =Z(p)- 5(8)-

Let’s consider the question of the existence of Spin structures. Let U = {U;};; be a cover of M that
trivializes SO(E), and let {gi ituny - SO(n)} - be the transition cocycle. We want to lift the

L,j

cocyles g;; to cocycles {gi it uny - Spin(n)}, following the condition

308 = gij-
On triple overlaps U; N U; N U, the SO(E) cocycles satisfy

1=ggik8k = 4 (8ij&jK8k1) -
'This implies that
8ij8jk8r = £1,

which is a priori not enough to determine cocyles of a Spin-structure. If we write w;ji = &;;8;k 8k, the

collection w = {wijk} determines a Cech 2-cochain w € C3(U, Z,). Using the fact that w;ji € Z,, so
Wijk = wl;llc = wjy;j it is a direct (but a bit tedious) computation to show that

(Gw)ijkl = Wik Wi Wi Wi jic = 1.
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Assuming that U is a good cover, w defines a Cech cohomology class, which we call the second Stiefel-
Whitney class:

w,(E) := [w] € H*(M, Z,).

'This class is independent of the choice of lifts §;; of g;;. Any two such lifts g;; and §;; are related by
gij = 1i;8ij»

with 7;; € Z,. The collection of these 7;; determines a cochain 7 € CY(U, Z,), and the cocycles wlfjk =
81818k satisfy

Wi jic = WijijN ki = Wijic(6N)ijic-
Therefore w and w' differ by a closed Cech 2-cocycle, and thus they determine the same cohomology
class. From all these considerations, we find:

Proposition 2.4.3 (Conditions for existence of Spin structure).
Let E — M be an oriented, Riemannian vector bundle. Then E admits a Spin structure if and only if

2.4.2 Spinor bundles

In the physics literature, as spinor field is often defined as an “object” 1 (whatever that may be) which,
under a Lorentz transformation™ A of the underlying spacetime, transforms as

PP =SA) @A),

where S is a representation of Spin(1, 3) (equivalently, of Spin(4)). In the general case, the Lorentz group
acts on the frame bundle, so we should think of ¢ as a map on the orthonormal frame bundle, which is
Lorentz-equivariant, thus a section of the bundle associated to the frame bundle via S.

Definition 2.4.4 (Spinor bundles and the spinor bundle).
Let E — M be an orientable Riemannian vector bundle with a spin structure Spin(E), and p : Cl(n) -
End(S) a representation of the Clifford algebra. The spinor bundle S(E, o) is the associated bundle

S(E, p) := Spin(E) X, S,

where we see P as a representation of Spin(n) on S. If we make no explicit reference to the representation
0, we talk of the spinor bundle S(E), which is associated to Spin(E) wvia the spin representation A
Spin(n) — GL(S):

S(E) := S(E,A) = Spin(E) X, S.

A section of a spinor bundle is called a spinor field.

Since we have a representation p : Cl(n) — End(S), we can see S as a Cl(n)-module. The mul-
tiplication of elements of Cl(n) with elements of S is called Clifford multiplication. This operation
m : Cl(n) ® S — S exists at the level of linear algebra. Can we promote it to a global operation on
CI(E) ® S(E, p)? Let’s try to brute force it.

3The Lorentz group is the group SO(1, 3) of linear transformations that preserve the Minkowski metric, i.e. the standard
semi-Riemannian metric of signature (1,3).
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Consider an open U C M which trivializes SO(E), with a canonical section s : U — SO(E)y, and
choose alift § : U — Spin(E)y (which exists by definition of the existence of a spin structure), such that
Zo§ = 5. Foreach x € U, consider the elements in the fibers p = s(x) € SO(E), and p = 3(s) € Spin(E)y.
Fixing these elements induce isomorphisms

CUE), — Cl(n) S(E,p)y — S
[p,al — a [B,v] ~ v,

which trivialize the bundles CI(E) and S(E, p) over U.
Now suppose that we want to define, fiberwise, a Clifford multiplication map m : CI(E),®S(E, p), —
S(E, p)y- Naively, we can fix the trivialization above and let

m(a ® v) := p(a)(v).
'This is equivalent to naively defining
[p,a] - [p,v] := [B, p(a)(V)].

Of course, this definition should be robust under changes of trivialization. If s : U — SO(E)y is
another trivialization, then there is a transition map g : U — SO(n) such that s’ = s- g. This map can be
lifted to g : U — Spin(n), such that 3(g) = g and we obtain another trivialization § - § of Spin(E)y;. On
the fibers above x, we change the point pto p- g € SO(E)y and p to p - § € Spin(E)y, so that the frames
in Cl(n) and S change as

ar cotg(a); v p(@)(v);
a®uvr cty(a)®p(@(v)
for all a € Cl(n) and v € S. However, the resulting product p(a)(v) is still in S, so it changes as
p(a@)(v) = p(@p(a)(v) = p(ga)(v).
Therefore, if we want m to be robust under changes of frames, it has to satisfy
m(ctg(a) ® p(8)(v)) = p(ga)(v),
or equivalently,
[p, ¢t g(a)] - [P, p(@) (V)] = [P, p(ga)(V)]
that is,
pety(a)g) = p(ga)
for all a € Cl(n). Now we recall that <€ acts on homogeneous elements of Cl(rn) as
ot g(vy -+ vg) = g(vy) -~ g(vg).
'This, combined with the fact that g = 3(g), implies that
ot g (@) = gag™! = s4(a)

foralla € Cl(n) and § € Spin(n). This is independent of the choice of preimage of g under s : Spin(n) —
SO(n), since they differ by a sign, which disappears in conjugation. Therefore we have

otg(a)g = gag™'g = ga,
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which means that the fiberwise multiplication map m : CI(E), ® S(E, p), — S(E, p)y is independent of
the choice of trivialization, so indeed it can be extended to a bundle map

m . CI(E) ® S(E, p) — S(E, p),
which we call Clifford multiplication. The above discussion shows the following proposition:

Proposition 2.4.5 (Clifford multiplication).
Let E be an oriented, Riemannian vector bundle, which admits a spin structure Spin(E), CI(E) its Clifford
bundle, and S(E, p) the spinor bundle associated to a representation p . Cl(n) — End(S). Then Clifford
multiplication m . CI(E) @ S(E, p) — S(E, p) makes S(E, p) into a bundle of Cl(n)-modules.

In particular, the sections of S(E, p) are a module over the sections of CI(E).

2.5 'The Dirac operator

We have spinors and a Clifford module structure on spinor fields. The only thing we need for the Dirac
equation is the Dirac operator, for which we need a way to take derivatives of spinor fields. That is, we
need a connection on the spinor bundles. Our fundamental structure is the orthonormal frame bundle, so
we will begin with a connection on it and work our way to defining a connection on the spinor bundles
with it.

2.5.1 Spin connections

Let E be an oriented, Riemannian vector bundle over M which admits a spin structure Spin(E). Let
V be a metric connection on E, which induces an Ehresmann connection w¥ € Q(SO(E), 80(n)) on
SO(E). If we pull back @V to Spin(E) via the morphism £ : Spin(E) — SO(E), we obtain an 8o(n)-
valued one-form Z*w"¥ € Q!(Spin(E), 80(n)). Finally, composing this with the inverse of the Lie algebra
isomorphism 8 : 3pin(n) — 30(n), induced by the spinor map 4 : Spin(n) — SO(n), we obtain an
Ehresmann connection @ on Spin(E):

@V 1=8"1o(Z*") € Q}(Spin(E), 3pin(n)).
Explicitly, for a point p € Spin(E) and a vector X € T,Spin(E),
@y (X) = (87" 0 wf 5 NTE(X)).

Finally, with the connection @V, we can define a connection on any associated vector bundle of Spin(E).

In particular, for any representation p : Cl(n) — End(S), we have the associated spinor bundle S(E, p)
and thus a connection V on it, which we call the spin connection. Schematically:

&V on Spin(E) £E &' on SO(E)

$ f

V on S(E, p) VonE

Let’s see how V acts on a section of S(E, p). Note that p : Spin(n) = GL(S) induces a representation
ps & #pin(n) — gl(S).
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Notation. To avoid cluttering of notation, we write the infinitesimal representation p,, as an action
of 8pin(n) on S:
a-v .= P*(a)(v),

forall a € 8pin(n) and v € S.

Let ¥ € T'(S(e, p)) be a section. There is a unique function 3 : P — V such that for all x € M,
¥(x) = [p,p(p)],

where p € Spin(E), is in the fiber above p. For this to be independent of the choice of representative, 3
must be Spin(n)-equivariant, that is
¥(p- 8 =p@ Y(p)
for all g € Spin(n). By definition, the connection V acts on ¥ as
VxW(x) = [p, d®9,(X)] = [p, ([d),(X) + @y (X) - P(p)]

for all vectors X € T,M, where X € T,Spin(E) is a vector which projects to X, i.e. Tpﬂ'spin(X) =X.
Let’s go local now. Let e = (ey,...,e,) : U = SO(E) be a local orthonormal frame of E, which we
interpret as a section of SO(E). This frame has associated connection coefficients w;; € QY(U) such that

Ve =2 wji6.
7

These connection coefficients glue together to form the Ehresmann connection w € Q}(SO(E), 80(n)),
precisely in a way such that the pullback e*w € Q!(U, 80(n)) is a matrix with entries w ji- If we write it
in terms of the elementary matrices E; j which form a basis of $0(rn), we have

e*w = Z wj,iEi,j'
i<j
Leté : U — Spin(E) be a lift of e, such that X o & = e. The section € induces a trivialization of the

spinor bundle by “fixing a gauge” everywhere above U. More specifically, for all x in U, there is a preferred
element p = é(x) € Spin(E)y in the fiber above x, so we can write ¥(x) as

W(x) = [e(x), Pe(x))] : = [&(x), p(x)],
where we have written ) = o é& : U — S.

Now we plug this into the expression of V. For a tangent vector X € T, M, a lift to T,Spin(E) is
simply X = &,X. Therefore, if € = (€1, ..., €,) is the standard orthonormal basis of R", we have

VxW(x) = [€(x), diPe(xy(.X) + By (€.X) - ()]
= [&(x), & dPr(X) + 871 (Z*we(x)(€.X)) - Y(x)]
= [&(x), dp (X) + 87 (e* (X)) - P(x)]
= [e(x), dhx(X) + D (@) (X871 (Ey ) - h(x)]
i<j
= [6(x), dhp(X) + D (@, )x(X)87(Ey ) - p(x)]
i<j
N 1
= [é(x), d,(X) + 5 Z(wj,i)x(X)eiEj - P(x)]-
i<j
In the last line, the dot is the infinitesimal action of 8ptn(n) on S which is induced by the representation
p. However, as we saw in Section 2.3.3, this representation is just Clifford multiplication.
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2.5.2 'The Dirac operator

Now we specialize on the case where the vector bundle E is the tangent bundle TM. We therefore assume
that M is an oriented Riemannian manifold. Furthermore, suppose that M admits a spin structure Spin(M)
that lifts the orthonormal frame bundle SO(M).

Fix a representation p : Cl(n) — End(S) of the Clifford algebra, and let S(M, p) its associated spinor
bundle. If V is the Levi-Civita connection, we have an induced spin connection V on S(M, p).

We define the Dirac operator in analogy to Equation (2.2):

Definition 2.5.1 (Dirac operator).
The Dirac gperator @ . T(S(M,p)) — T(S(M, p)) is defined locally, for an orthonormal frame e =
(e1, .. ) : U - SOM), as )

v = Zi:e,- -V, %,

where we interpret e; as a section of C(M) wvia the natural embedding TM < CIM), and the dot is
Clifford multiplication.

WEe need to check that this definition is independent of the choice of frame. Lete’ : U — SO(M)
be a frame of SO(M) which is related to e via a transition map A : UNn U’ — SO(n):

’
e = Z e]AN
J
Then

Dl Vej‘l—‘ = ZZAj,iAk,ief : ve;('
i

i j.k
However, since A € SO(n) we have that

DA A = (AN} = S,
i
where J is the Krénecker symbol. Therefore, as desired'*:

DV ¥=>¢f- Velglli.
i i

2.6 'The world of Spin®

As we saw above, the condition for the existence of Spin-structures over a vector bundle is rather strict. In
this section, we will introduce the Spin® groups and Spin® structures. Roughly speaking, a Spin® structure
looks locally like a Spin structure with an additional U(1) structure. This additional structure gives it more
flexibility, to the point that all 4-manifolds admit Spin®-structures. In physical terms, a Spin‘-structure is
necessary for the existence of spinor fields that are coupled to electromagnetic fields.

4In Einstein notation, for a semi-Riemannian manifold, we might write the Dirac operator as
— V, N7 —_ N7
AV = g¥He,V, ¥ = etV , ¥,

with e# = gHe,, and 8uy = <eM’ e,,) are the metric coefficients. It is then automatic that the equation is independent of the
chosen frame, since the expression has no free indices, only dummy indices.
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2.6.1  The Spin® group

Let V be a real vector space with a symmetric bilinear form.

Definition 2.6.1 (Spin® group).
The group Spin®(V') is the subgroup of Clc(V)* given by

Spin®(V) :={zA € Cle(V)* : z € U(1) and A € Spin(V)}.
If'V = R" with the standard inner product, we write
Spin®(n) = Spin°(R").
Note that the map Spin(V)xXU(1) — Spin®(V) given as (z, A) = zA is surjective, with kernel {(1,1), (=1, —1)}.

Therefore
Spin“(V) = Spin(V) x U(1)/z,.

One of the key properties of the Spin group is that it is a double cover of the corresponding special orthogo-
nal group. Indeed, we have something similar for Spin®(V). Define the determinantmap & : Spin*(V) —

U(1) as
5(zA) = 2%

'This map is well defined, since it is invariant under the change (z, A) = (—z,—A).
Furthermore, the adjoint action Ad : CI(V) — CI(V) extends trivially to Cle(V), simply by noting
that for all nonzero z € C and a, b € CI(V),

Ad,,(b) = (za)b(za)~! = aba™! = Ad,(b).
'Therefore, the spinor map 4 : Spin(V) — SO(V) also extends to a map 3¢ : Spin®(V) — SO(V), simply
by setting
3°(zA) = 3(AN).

We call this the complex spinor map. Very often we will abuse the notation and simply write § for 3°.
With these two maps, we obtain a short exact sequence similar to that of Spin (see Theorem 2.2.3).

Proposition 2.6.2 (Short exact sequence of Spin®).
Let V be a real Riemannian vector space. Then the map Spin®(V) — SO(V) x U(1) given by

& (2(8).8(9)

Sfor all § € Spin®(V'), makes the following short sequence exact:

1 — 7, — Spin‘(V) — SO(V) xU(1) —> 1 .

Finally, note that any (complex) representation p of Spin(V') can be extended to Spin°(V) by setting

p(zA) = zp(N).
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Remark. The name “determinant” for the map 6 : Spin“(V) — U(1) comes from the fact that for
n =4, if A, are the irreducible components of the Spin representation, then

8 = detoA,.

2.6.2  Going global: Spin°-structures and spinors

Now we take the previous section as a local model that we are going to promote to a global structure over
a manifold, in the same way as in Sections 2.4 and 2.5. The first few definitions are essentially the same
as those in Section 2.4.

Let E - M be an oriented, Riemannian vector bundle of rank n with orthonormal frame bundle

SO(E).

Definition 2.6.3 (Complex Clifford bundle).
The representation <€ . SO(n) — Aut(Cl(n)) can also be viewed as a representation <€ : SO(n) —
Aut(Clge(n)). Thus, we define complex Clifford bundle Clc(E) as the associated bundle

Cle(E) = SO(E) X, Cle(n).

Definition 2.6.4 (Spin®-structure).
A Spin®-structure over E is a principal Spin°(n)-bundle denoted by Spin°(E), along with a bundle mor-
phism T . Spin®(E) — SO(E) which is fiberwise the spinor map; that is, for all p € Spin*(E) and
& € Spin‘(n),

Z(p-§) =2(p) - 3(8).
Whenever there is chance of confusion with the spinor morphism of a Spin-structure, we will denote this
complex spinor morphism as Z€.

Since the determinant map § : Spin®(n) — U(1) is, in particular, a representation, then we have a line
bundle associated to Spin®(E), which we call the determinant bundle L(E). Specifically, it is given by

L(E) := Spin‘(E) x5 U(1).

In the same fashion as in Section 2.4.2, given a representation p : Clg(n) — End(S), we obtain a
representation of Spin(n), with which we can construct the spinor bundle S°(E, p). Specifically,

S(E, p) = Spin“(n) X, S.

Once again, if we do not explicitly write the representation, we assume that we are using the extension to

Spin® of the Spin representation A : Spin®(n) — End(S):
S(E) := S(E,A).

Similarly to the Spin case, the action of Clg(n) on S can be extended to a global Clifford multiplication
morphism

m : Cle(E) ® S(E,p) — S(E, p).

'This morphism turns the sections of S(E, p) into a bundle over the sections of Cl¢(E).
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Example 2.6.5 (Spin°®-structure from a Spin-structure).

Let E — M be an oriented vector bundle with a Riemannian metric, and suppose that E admits a
Spin-structure Spin(E), with spinor map X : Spin(E) — SO(E). Locally, the fibers of this Spin-
structure are copies of Spin(n). Therefore, if we want to “complete them” to a Spin®-structure, we
should “complete” the fibers with an additional U(1) group, and then take the fiberwise quotient by
Z,. We can achieve this (effectively) by constructing the Spin°-bundle from the transition functions
of Spin(E) and the additional U(1)-bundle.

Let {U;};¢; be a trivializing cover of SO(E), with transition functions A;; : U; N U; — SO(n)
that lift to the transition functions A; j - UinU — Spin(n). Then, by definition, for all i, j € I we
have

Zo [\i j = Ai e
Let L be a complex line bundle over M and let U(L) be its associated U(1) frame bundle. Suppose

that the cover {Uj};; is fine enough so that it also trivializes U(L), with transition functions a;; :
U;n U — UQ1). Then we can construct a Spin°~bundle over M from the cocycles

5ij = aij[\ij . []l N IJ] - Spil’lc(l’l).

We denote this bundle by Spin°(E). We can see that this is indeed a Spin°-structure over SO(E),
since the cocycles satisfy

do B =30 =N,
and thus there exists an associated bundle morphism X¢ : Spin“(E) — SO(E) such that for all
p € Spin*(E) and & € Spin‘(n),

Z(p - &) = Z(p) - 3(§).

Finally, let U(E) be the determinant line bundle of the Spin°-structure. Then the cocycles of
U(E) are
é oﬁij =do (C(UAU) = Ofizj,

and therefore U(E)? = L. 'Thus, L is the square root of the determinant line bundle of the Spin®-
structure.

In general, the process of Example 2.6.5 cannot be done in reverse. Thatis, given a Spin°-structure over
a vector bundle, we cannot always decompose it into a Spin-structure and a line bundle. This is because
the conditions for the existence of a Spin°-structure are weaker than those for the Spin case. However, this
decomposition can always be done locally. Morally, we can think of a Spin® structure as

Spin‘(E) + Spin(E) ® U(E)?,

1
where neither Spin(E) nor U(E)2 can be guaranteed to exist globally's.
Now we turn to the question of existence of Spin°-structures.

Proposition 2.6.6 (Condition for existence of Spin®-structures.).
Let E — M be an oriented Riemannian vector bundle over M. Then E admits a Spin®-structure if and

5 Some references call these virtual bundles.
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only if there is a class w € H*(M, Z) such that
wy(E) =w mod 2.
Every such integral lift w determines a Spin®-structure Spin®(E) satisfying
c(L(E)) = w.

A proof of this is outlined in [Scoos, p. 423], and with more detail in [Klar3, Lemma 3.2.4].

2.6.3 'The complex spin connection and the coupled Dirac operator

We want to repeat the same process of Section 2.5.1: given a metric connection V on a vector bundle E with
Spin®-structure Spin°(E), can we obtain a connection V on the complex spinor bundle S(E, p) associated
to some representation p : Clc(n) — End(S)?

In the Spin case, we can do this easily because we have the bundle morphism X : Spin(E) — SO(E).

Fiberwise, this morphism is the spinor map 3 : Spin(n) — SO(n), whose differential induces a Lie
algebra isomorphism 8 between 8pin(n) and 8o0(n). To obtain a connection on Spin(E), we pull back a
connection on SO(E) with %, and then compose it with 871 so that it is a 8pin(n)-valued form.

In the complex case, the spinor map 4 : Spin°(n) — SO(n) is not a finite cover, so its differential 3¢
is not an isomorphism between 8pin°(n) and 3o(n). In fact, the entirety of u(1) is contained in is kernel!
If we pull back a connection on SO(E) with Z¢, we will be missing the 1(1) part that is needed to define
a connection on Spin(E).

How do we get the u(1) part? We have a hint: the map (3,6) : Spin°(n) - SOn) x U(1) is a
double cover, and it induces an isomorphism 8 : 8pin°(n) — 8o(n) X u(1). Therefore, if we can find a
SO(n) x U(1)-bundle P and a bundle morphism 8 : Spin°(E) — P which is fiberwise the map (3, §), we
can pull back a connection on P, compose it with 87!, and obtain a connection on Spin°(E). Of course, P
cannot be just any SO(n) X U(1)-bundle. Its SO(n) component has to be SO(E), and since the morphism

8 @ Spin°(E) — P is (3,0) fiberwise, then the U(1) component has to be the determinant bundle U(E).

Therefore, we are looking for the fiber product’®
P = SO(E) xp; U(E).

We have a connection w on SO(E), but in order to get a connection on the fiber product, we need an
additional connection iA on U(E). Since we don't have any a priori connection, we will have to introduce
it by hand as an independent object.

With both w and iA, we can define a connection wp on the fiber product P = SO(E)X; U(E) by pulling
them back with the projections pryy : SO(E) Xpr U(E) — SO(E) and pr; @ SO(E) Xp U(E) — U(E):

wp 1= preyw + prj;(iA).

16The fiber product between two fiber bundles F 7—T> M and F' Z) M is defined as the fibers above the diagonal Apy € M X M
in the bundle F X F’ — M X M. Specifically:

Fxy F' = (mx ')~ Y Ay,

with projection 77 : F Xpr F' — M given by the composition of 77 X 7’ with a projection from the diagonal Aps onto M.
The fiber product is precisely the pullback bundle of F’ by 7 (or vice versa):

Fxy F' :=n*F' ={(f,f)e FxF : n(f)=7'(f")}.
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Then, we pull wp back with the morphism 8 : Spin°(E) — P and compose it with 3~! : 8o(n) X u(1) —
8pinc(n) to obtain a connection @4 on Spin°(E). Explicitly,

CZ\A = g_l o S*C()P.
Note that we’ve made explicit the dependence on the U(1)-connection.

~N

(€8] U\JF
Op ACEY e SOEVEMU(E)

; 7
SCE$) soe) (&)
\V4 co%\ ¢ N

E
v

Figure 2.1: The Spin® connection

With @,, we can define a connection V4, called the complex or coupled spin connection'’ on the
spinor bundles S(E, p) associated to a representation p of Clz(n). How does it act on spinor fields?

Let® : M — S(E, p) be a spinor field, e = (e, ..., e,) : U = SO(E) a local orthonormal frame, and
s : U — U(E) a section. The map (e,s) : U - SO(E) Xp; U(E) given by

x = (e(x), s(x))
is clearly a section of SO(E) Xp; U(E), so we can find a section € : U — Spin°(E) such that
Soé=(e5s).

Since 8 is a double cover, there are two such options.

In the local gauge defined by ¢, the spinor field ¥ becomes
P(x) = [e(x), p(0)],

with ¢ : U — S. Following the same procedure as in the end of Section 2.5.1, we can show that action
of the coupled spin connection is

1. 1
VAlP= [é, d'l,b+(§lA+ Zzwj,iEiEj)"l,b], (23)
Lj

where w;; are the matrix entries of the local gauge potential e*w, €1, ..., €, is the standard orthonormal
frame of R", and the dot (-) is Clifford multiplication. The factor of 5 comes from the isomorphism
3 : apinc(n) — go(n) x u(1).

With the coupled spin connection, we can define the coupled Dirac operator, in the same was as in
Definition 2.5.1. We consider an orientable, Riemannian manifold M that admits a Spin® structure (that

7In physics references, this is called the (minimally coupled) covariant derivative.
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is, on its tangent bundle) Spin“(M). If p : Clc(n) — End(S) is a representation, then we have the spinor
bundle S(M, p).

Let V be the Levi-Civita connection, and iA a connection on the determinant bundle U(M). These
induce the coupled spin connection V4 acting on spinor fields ¥ € T(S(M, p)).

Definition 2.6.7 (Coupled Dirac operator).
Let e = (eq, ..., ey) be a local orthonormal frame of TM defined in some open set U C M. The coupled
Dirac operator 4, : T(S(M, p)) — T(S(M, p)) is defined as

dA‘P = Zgi,jei ° VA ejlp,
ij

where g; j are the metric coefficients. Here we interpret e; as a section of Clc(M) via the natural embedding
TM < Cle(M), so that the dot is Clifford multiplication.

In the same way as in Section 2.5.2, we can show that this definition is independent of the choice of frame
of TM.
Let’s review some properties of the Dirac operator.

Proposition 2.6.8 (Dirac operator is elliptic).
The Dirac operator is an elliptic partial differential operator of order 1.

Progf. — From its local expression, it is clear that d , is a partial differential operator of degree 1. To find
its symbol, we fix an orthonormal frame {e;} and a function f € C*(M), and compute:

[@a, F1I(®) = G4 (fW) — f3,¥ = [S’Z df (ee; - P].

Note that . df (e;)e; is precisely the dual vector of df under the isomorphism T*M = TM induced by
the metric. Using the rule “replace df with an arbitrary form £”, we find that

o(@)E(W) = € -,

where ()% : T*M — TM is the isomorphism induced by the metric, and the dot represents Clifford
multiplication.

Furthermore, since Clifford multiplication by a non-zero vector is an automorphism, we conclude that
@4 is elliptic. Note that this also applies to d, restricted to the space of positive or negative spinors.

Proposition 2.6.9 (Dirac operator is formally self-adjoint).

Let M be a compact, oriented, Riemannian manifold that admits a Spin°-structure. Let A be a U(1)-
connection on the determinant bundle. Then there is an induced Hermitian metric on the spinor bundle
S(M), and under it the Dirac operator is formally self-adjoint:

/M<07A¢,§0>V01=fM<Z/),dAgo)vol,

Jor all spinor fields 1, p € T(S(M)).
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Proof: — We work locally around a point x € M. We can choose a moving orthonormal frame {e;} such
that V e; = 0. Then

(340, 0) =D (&1 V@)

= —Z (Vae e~ o)

=— Z (Vae e o)

- _ zi:(ei W€ ) — (., Ve 9)))
== 2ei@ei @)~ (e Vaed)
= —Z::ei (P,e;- @)+ (W, d49).

Here we used the fact that V 4 is a unitary connection, and that it satisfies a Leibniz rule V(X - ¢) =
V(X) -9 + X - V1. This tells us that

(349, 9) — (. dap) = _Zei (¥,e; - @).

If we define a one-form f3 by as (e;) = (¥, e; - @), we have that the right-hand side is precisely d*$, and

so integrating over M, we obtain the result.

The Dirac operator is related to the Bochner Laplacian of the spin connection via the Weitzenbick for-
mula:

Theorem 2.6.10 (Weitzenboéck formula).
The Dirac operator satisfies

3,049 = VaVap+ 39 - Y iEx(eig)eic; - ).
i<j
where S is the scalar curvature of the metric.
'This result can be proved by choosing a local moving frame and expanding everything in its local form [see
Moog6, p. 56].
2.7 Final ingredient: The squaring map

'The final ingredient in our spin soup is a map that relates spinor fields with self-dual two forms on a
manifold. This at once tells us that we have to work with four-dimensional manifolds. It also tells us that
we need to be careful with the signature of the semi-Riemannian metric, since it will affect the Hodge star
operator.

Remark. From now on, we will work exclusively with Riemannian metrics, and set n = 4.
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2.7.1 'The linear squaring map

It is a good time to review and collect all the algebraic results that we have about C1(4) and Spin(4). Recall
that in ?? we showed that the Clifford algebra CI(4) is precisely the set of 2 X 2 matrices with entries in
the quaternions H. Explicitly, the embedding R* < CI(4) = H(2) is given by

vn—»( 0 vo+vlﬁ+v2jj+v3|k>=( 0 CI(U))’

—Vy + V11 + U] + sk 0 —qv) 0

where q() = vy + V1 + V] + U3k
Furthermore, in Example 2.3.7 we found that the only irreducible representation p : Cl(4) — End(C*)

is given by
@ %@ Q Qz)
= € C(4),
(‘b Q4) (Qz Q4 @
where if g; = a; + b;i + ¢jj + djk € H, then Q; € C(2) is the image of gj under the standard representation
of Hin C(2):
Q':= aJ+le Cj+ldJ )

In particular, the image of vectors v € R* under p is
_( 0 QW
:O(U) - (_Q(U)* 0 )a

Vo +iv; U+ iv3>

where

-0, + iU3 Ug — iUl

mm=(

Note that p(v) is anti-Hermitian for all v € R*. Therefore, if v is a unit vector, since —vv = 1 in CI(4), it
follows that

p()*p(v) = —p(L)p(v) = p(—vv) = p(1) = I4,
and so p(V) is unitary'®.
In particular, the spin representation A = p|sin4) * Spin(4) — SU(4) is

¢ 0 Q O
(0 q2> — (0 Qz) e SU(4),

where q; and g, are unit quaternions, which implies that Q;, Q, € SU(2). Clearly, the spin representation
is reducible, with irreducible components A, : Spin(4) — SU(2) being the composition of A with the
projection on the first and second components.

Lete, ..., 3 be the standard orthonormal basis of R%, and €, ..., €} be its dual basis. The map Q*(R*) —
Cly(4) given by

& AE 1 gg

is a well-defined linear map, so we can define a representation u : Q*(R*) — End(C*) using the spin
representation:

KO = 5 X0 el AGID) = 5 X MG,
i,j LJ

¥1n fact, given a representation p : Clc(n) — End(S), there exists an inner product on S such that p(v) is unitary for all unit
vectors U [see LM 89, Theorem 5.17]. In the case of n = 4 and the spin representation, this is the standard inner product.
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Since A is unitary, then u is anti-Hermitian:

(ue; A, b) = (Aleig)) (), 6)
= (, Algig) ™ (9))
<zp Agie)(9))
— (1, A(5ig)(9))
— (%, u(ef AE)P))-

Since {4 acts on even forms, then it preserves the splitting of the spinor space S = ST @ S~. This can be
seen directly by writing u(#) as a matrix:

un) =p ((7701 +123)i + (o2 + 1315 + (o3 + N12)k 0 )
0 (M23 — Mot + (31 — M02)f + (M12 — Moz )k
z(ﬂdm 0 )
0 u_(m)
Where

1o (n) = ( (o1 + M23)i (o2 + M31) + (No3 + 7712)i> .
* —(Mo2 + 131) + (o3 + N12)i —(Mo1 + M23)i ’

w_(n) = ( (123 — Mo1)i (131 = No2) + (M2 — 7703)1').
B =131 = N02) + (12 — No3)i —(123 —Non)i

Note that the u, (1) (resp. 1_(n)) is determined only by the self-dual (resp. anti-self-dual) components
of 1. Therefore, if 7 is self-dual, we have that 1g; = 9,3, 92 = %31 and g3 = 912, so that

Motk Moz + Nozi
=2 . . .
#e () (‘7702 + Mozl —No1l )

Futhermore, if we let the coefficients of 7) to be complex (i.e. if we consider Q% (R?, C)), then p is an
isomorphism onto the space Endy(S¥) of traceless endomorphisms”?.

Proposition 2.7.1 (Traceless endomorphisms are isomorphic to complex self-dual 2-forms).

The morphism py = Q2(R*,C) — End(S™) is an isomorphism between the space of complex-valued
self-dual 2~forms and the traceless endomorphisms.

Proof: — We can find an explicit inverse. Let A € Endy(S*). In its matrix form, we can write A as
z, z
A=(1 2).
Z3 —7

Comparing this expression with the matrix form of w(n) for a self-dual, complex-valued 7 € Q% (R*, C),
we have that u, () = A if and only if

i
=—=z
To1 5741

9Similarly, 4_ is an isomorphism between the space of anti-self-dual 2-forms and traceless endomorphisms, but we won't use
it.
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1
No2 = —Z(zz —z3)
i
Noz = _Z(ZZ + z3).
It is straightforward to check that the map
i 1 i
WA = L2 a4 e nED) — 1z — 265 A + 65 AED) — w2+ Z3)(EB A ] AcH)

is indeed the inverse of u .

Now we are ready to construct the squaring map. Let ¢ € S* be a spinor. We can construct an
endomorphism ¥ ® ¥* € End(S*), and make it traceless:

W®Y ) 1= 9@ — 3 THP ® YOI
In matrix form, if = (P,1,)7, then Pp* = (l,_blaz) and

~( P = ) 99, )

®v =2 -
@@ ( TR RO

Definition 2.7.2 ((Linear) Squaring map).
We define the squaring map o+ : ST — Q% (R*,C) as

ot (@) 1= u (B ® ¥*)o)
forallp € ST = C% We can write o explicitly using Proposition 2.7. 1:
i K sk sk sk
ot(¥) = —Z((|¢1|2 — [a]*)(es Agf + &5 Ae3)

— 28 ,)(eh A €5 + €5 A )
+ 2R P,)(Eh Al + e A D).

We can rewrite this more compactly (and also in a basis-independent way). Writing €;¢;-% 1= A, (€;5)(¥),
we have

(W, €081 - ) = (P, 6263 - P) = @1 17’2) (é El) (i;) = i(|]? = [$2l*)
(P, €082 - ) = (P, €361 - P) = (1,_01 az) (_01 (1)) <$;> = _Zis(zpliz)

Weoes B =Were, B = (3, ) (? g) (il) = 2R T

Therefore, we can write

ot () = —4—1‘ Z(z,b, €5 - P) & A €.

i<j
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2.7.2 'The global squaring map

Let M be a Riemannian 4-manifold which admits a Spin or Spin® structure. The spin representation A
splits, so the spinor bundle S(M) = S(M, A) splits into the sum of the positive (or right-handed) spinors
S*(M) and the negative (or left-handed) spinors S~ (M):

S(M) = SH(M) @ S~(M).

Analogously with the linear case, the bundles S(M), S*(M) and S™(M) have Hermitian metrics such that
Clifford multiplication by an unit-length vector field is unitary.
Finally, we promote g% to a definition on the positive spinor bundle.

Definition 2.7.3 (Squaring map).

Let M be an orientable Riemannian 4-manifold that admits a Spin or Spin® structure. Let S(M) =
S*(M) @ S~ (M) be the spinor bundles associated to the (complex) spin representation A. We define the
squaring or quadratic map o0& : [(S*(M)) — Q3 (M, C) locally, in terms of an orthonormal frame
€1, ...,y as

ot(@) = —% Z(z,b, ee; - pye; A

i<j

Note that o™ () is a purely imaginary self-dual 2~form.

It is a straightforward exercise to show that o is well-defined.



CHAPTER

The Seiberg-Witten Equations and
Moduli Space

W E ARE finally ready to define the Seiberg-Witten equations and their moduli space. Let M be an
oriented Riemannian 4-manifold which admits a Spin°-structure. The Seiberg-Witten equations
are the equations on positive spinor fields ¢ € T'(S*(M)) and U(1) connections iA, given by

d,9=0 (3.12)
Ef =a*(y), (3.1b)

where F;" is the self-dual part of the curvature of A, and o't is the squaring map of Section 2.7.2. We call
a solution of Equation (3.1) a Seiberg-Witten monopole, or just a monopole.

We will see that these equations are equivariant under the natural action of a specific group G on
the space of spinors and connections on U(M). Therefore, the solutions (1, A) of the Seiberg-Witten
equations will be invariant under the action of the gauge group, and thus, we can consider the Seiberg-
Witten moduli space

M= {®,A) € T(ST(M)) x Conn(U(M)) | Equations 3.1 hold }/9’

where Conn(U(M)) denotes the space of U(1)-connections on U(M). The moduli space M depends both
on the Riemannian metric on M and the Spin®-structure on it.

In most cases, it turns out that M is a surprisingly good object: it is a compact, orientable smooth
manifold of finite dimension. Briefly speaking, this regularity comes from two ideas. The first one is that
the coupled Dirac operator is e//iptic, and therefore its kernel is reasonably well-behaved. The second one
is that the symmetry group § is “large” enough to cut down the dimension of the moduli space, while also
having a good enough topology so that the quotient is a manifold too.

We will then define the Seiberg-Witten invariant of the Spin®-structure as the integral of a specific
form over M. Indeed, this will be an invariant, independent of the Riemannian metric. Furthermore, in
most cases, M will be zero-dimensional, so the invariant will reduce to counting the points of M with
signs depending on the orientation.
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Overview of this chapter

The first thing that’s in order is proving that the moduli space M is a smooth manifold. For this, we will use
the implicit function theorem, in its infinite-dimensional flavour. First, we need to set some nomenclature:

define the Seiberg-Witten configuration space Conf(M) as
Conf(M) = I'(ST(M)) x Conn(U(M)),

and the zarget space
Y =T(S™(M)) X Q3 (M, iR).

'This way, the solutions of the Seiberg-Witten equations are written as the zero set of the Seiberg-Witten
map SW : Conf(M) — Y, given as

SWH,A) = (@a9. Ef — o™ ().

Ideally, we would show that (0, 0) is a regular value of SW, so that by the implicit function theorem, its
zero set is a smooth submanifold of Conf(M). Then, if the quotient by G is well-behaved, we obtain the
moduli space as a smooth manifold too.

However, there’s a catch: first we need to endow Conf(M) and Y with structures of smooth Banach
manifolds. Of course, they are the direct product of spaces of sections, so they already are vector spaces.
However, upon endowing them with an IP-norm, smoothness of sections inevitably means that the normed
spaces are incomplete. Therefore, we must work with appropriate completions, which in our case will be

Sobolev completions of these spaces of sections. We write Conf*P (M), y*P GKP(M) for the Sobolev
versions of the smooth spaces, with k weak derivatives in IP.

The first important step is showing that even though we've considered a larger configuration space
(and thus a larger zero set of SW), the moduli space remains the same. That is, any solution with “low”
regularity is gauge-equivalent to a smooth one. This is a result that follows from the fact that the Dirac
operator is elliptic, and thus the solutions to the Dirac equation enjoy a lot of regularity.

Once we have this, we can try to apply the implicit function theorem. However, we will quickly note
that in many cases, (0,0) will not be a regular value of the Seiberg-Witten map. We can fix this by
applying a perturbation. For any fixed closed self-dual 2-form 7, define the perturbed Seiberg-Witten
map 8W, : Conf(M) — Y, as

SW, (Y, A) = (B4, Ef —n— (@)

With the aid of Smale’s infinite dimensional version of Sard’s theorem, we can show that for a generic
perturbation #), the value (0,0) will be a regular and thus the zero-set will be a submanifold of Conf(M),
albeit infinite-dimensional.

Now we take the quotient, and calculate the dimension. At every point (1, A) in the configuration
space, we have an infinitesimal action of the “Lie algebra” of the gauge group G, which we denote by
9w,a) - 119 — Tya)Conf(M). If (3, A) is furthermore a solution of the perturbed Seiberg-Witten
equations, we have a complex, called the Seiberg-Witten complex

3 T(p,a)$My

0 > T > oy ConfM) — 2"y T )Y ————5 0.

'The homology of this complex tells us about how good a point (A, 1) is. Specifically, we have

Hy =0 ifand only if the action of G is free at (¥, A),
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Hiy =0 ifand only if (1, A) is a regular point,

and furthermore,
Hyy, =kerTumSWy o= 1,

'The Fredholm property of the Dirac operator also extends to the entirety of the Seiberg-Witten map, so
the kernel ker T(y, 4)8W), is finite dimensional. Therefore, we can compute

dim Tjy 41 M = dim(ker Tiy 4)8W},)) — dim(im g).

From the Atiyah-Singer index theorem, we can calculate these dimensions in terms of the indices of the
elliptic operators d, and d + d*, and thus obtain

dim M = dim Ty o M = ‘1‘(c2 — 2(M) — 3sign(M)),

where ¢? = Sy 1 (LM)) A ¢y (L(M)) with L(M) determinant line bundle of the Spin®-structure, y(M) is
the Euler characteristic of M, and sign(M) = by — b3 is the signature of M.

Now that we now that M is a smooth, finite-dimensional manifold, we can define an invariant on it.
It turns out that M is compact, and this follows mainly from an @ priori bound on % and E;" given by
the scalar curvature of M and a Weitzenboch formula with the Dirac Laplacian. We can prove that M
is sequentially compact by starting with these a priori bounds, and the Sobolev embedding theorems to
obtain convergent subsequences of smaller regularity. The elliptic regularity of the solutions to the Dirac
equation help “restore” the lost regularity.

Finally, M is orientable, and an orientation can be inherited from orientations of the cohomology
groups H'(M, R) and H% (M, R). Therefore, we can happily integrate forms over M, and the Seiberg-
Witten invariant will be defined as the integral of a naturally-chosen form.

3.1 'The gauge group and its action

Let M be a smooth manifold that admits a Spin°-structure Spin°(M). The gauge group or group of gauge
transformations of Spin®(M), denoted G, is the group of automorphisms’ of Spin°(M) which lift the
identity of the orthonormal frame bundle SO(M). That is, ® € G if the following diagram commutes:

Spin®(M) —2-% Spin°(M)
Iz Iz
soM) —4 som)

Here, 2 : Spin°(M) — SO(M) is the bundle morphism which is fiberwise the spinor map 4 : Spin“(n) —
SO(n).

'The gauge group seems very unwieldy, but in our case it has a nice presentation.

*An automorphism of a principal G-bundle G & P — M is a diffeomorphism @ : P — P such that 77 o ® = & and for all
pEPandge G, o(p-g) = 2(p) &
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Proposition 3.1.1 (Characterization of gauge group).
The gauge group G is in bijection with the set of smooth mapsy . M — S L.

G~ C®(M,Sb).

Proof — Lety : M — S' be a smooth map. We interpret S* C Spin®(n), so that y can be seen as a map
Y : M — Spin®(n). Then we define
@, : Spin‘(M) — Spin‘(M)
p~ p-y(@(p)

for all p € Spin®(M), where = : Spin‘(M) — M. Clearly, @, is a smooth bundle map, being the
composition of smooth maps and mapping fibers into fibers. For all p € Spin®(M):

(@, (p)) = Z(p - y(@(p))) = Z(p) - 3(¥(7(p))) = Z(p),

since y(7r(p)) € U(1), and so 4(y(7(p))) = 1.
Now let ® € G. We want to see that there is a unique y : M — S! such that ® = ®,. Locally, ®
must act as

®(x, ) = (x, p(x, §)),

such that for each x, the map ¢(x, —) is an automorphism of Spin®(n). Since P is a gauge transformation,
then

Z(2(x, §)) = (x, 3(p(x, £))) = (x, 3(8)) = Z(x, )

and thus 3(@(x, §)) = 3(§), which implies that p(x, §) = e8¢ for some function 6. Therefore, @ is
of the form

®(p) = p - 7(p),

where 7 : Spin(M) — U(1) is a smooth function. Let’s see that 7 is actually constant along the fibers of
Spin®(M), so that it determines a function y : M — U(1). Let p, p" € Spin°(M) be points on the same
fiber, so 7(p) = 7(p’). Then there exists a unique § € Spin®(n) such that p’ = p - £, and thus

o(p)=2(p-§) =2(p)-§=p- P
On the other hand,
o(p)=p' - (#p))=p - 7P
Since 7(p) and 7(p’) are in U(1), then they commute with £ and thus
7(p) = 7(p).
From this, indeed we see that @, = .

Now let’s see that G acts on the space of spinors and U(1)-connections, and that the Seiberg-Witten
equations are equivariant under this action.

The action of G on spinor fields is given as follows. Lety € G, seen asasmoothmapy : M — S! C C.
For any left, right, or total spinor field ¥, we define

(¥ P)(x) = y(x) " ().



3.1. 'The gauge group and its action

61

The action of G on connections on the determinant bundle are a bit more subtle. Given a map
y : M — U(1), we have an induced automorphism of the U(1)-bundle ®, : U(L) — U(L), given as

@, (p) = p - S(r(7(p)))-
Given a U(1)-connection w € QY(U(M), iR), we define
w-y=djw.
How does this action look like locally? Lets : U — U(M) be a local trivializing section, and write
iA = s*w. Then
5 (w - y) = (D, 0 8)*w.

However,
(@) 0 5)(x) = s(x) - 8(y(x)) = s(x) - ¥(x)?

which is another section s’ related to s by a transition function g = y2. Therefore, writing iA’ = s*(w - ¥),
A =iA+gtdg=iA+2y71dy.
Since the action of y looks like a change of local gauge, then the curvature is unchanged:
E, = Ey.
With this we prove:

Proposition 3.1.2 (Invariance of solutions of SW equations).
If¥ € T(ST(M)) and A € Conn(U(M)) form a solution to the Seiberg-Witten equations, i.e.,

d,p=0
FA+ = G+(lp)1

then for ally € G, the gauge-transformed monopole (P - y, A - y) is also a solution.

Proof — We need to see how the Dirac operator d,, and the squaring map o*(¢) change under a gauge
transformation.
Recall that locally, the action of G on A is

A =iA-y=iA+2y ldy.

Therefore, in a local frame s = (ey, ..., ;) of SO(M) that lifts to a frame s of Spin®(M), if ¥ is represented
locally as ¥ = [, 1], then the spin connection acts as

! = — i ’ 1 —
Vol = [5d(y 1¢)+(§A * szwk,jejek)-(y )]
Js
=By 2dyptytdp+ | LAty td +1Z ieie | - (r')]
=ls, -y dyp+yTdd+| SA+yT dy 4.kwk,]e]ek Yy
J>

- i 1
=y~ '[s.dy + (EA +7 Zk CL’k,j"’jek) -]
Js
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= y_lvA‘P.

This implies that 4, ¥’ = y~1d,¥.
Finally, let’s see how the squaring map changes. Again, locally,

!’ 1 —_ —_ * *
U+(¢)=—Z (r ', ee -y ') e NE

i<j
1
=7z Z <1/’, eiffjlp) e Nef
i<j

=" ().

In summary, under a gauge transformation y, the Seiberg-Witten equations transform as

aA‘P Y }/_lqu}
Ef — ot (®) ? Ef —ot(®)

and thus, (¢, A) is a solution of the Seiberg-Witten equations if and only if (¥, A) is.

The fact that the action of ¥ € G on a spinor ¥ is y~'W means that the stabilizer of any configuration
(¥, A) is trivial if and only if ¥ = 0. In that case, from the local expression of the action on connections,
we have that y € Stab(0, A) if and only if dy = 0. We have proved:

Proposition 3.1.3.
The stabilizer of an element (W, A) under the action of G is trivial if and only if ¥ is not uniquely zero. If
W =0, then

Stab(0,A) = ST

We say that a configuration (¥, A) with W = 0 is a reducible configuration. If ¥ # 0, then we say that it
is irreducible. As we saw above, reducible configurations are an obstruction to obtaining a nice manifold
structure the moduli space.

3.2 Topology of the Moduli Space

This section follows [Nico7, Section 2.2.1] with a bit of cosmetic changes. The proper setup of the Seiberg-
Witten equations and their moduli space is, then, in the Sobolev completions. Fix, once and for all, a
smooth reference connection Ay € Conn(U(M)). We define the configuration space as

Conf* = W22(S*(M)) x Conn>(U(M)),

where
Conn®*(UM)) = {Ao + 7*a | & € W22(iT*M)}

is the space of connections® in W2, The target space is

Y2 = wh2(S=(M)) x WH2(iA%. T*M),

>Recall that the space of U(1) connections is an affine space modelled on Q!(M).
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so that Seiberg-Witten map SW is
SW : Conf? = ylz,

The regularity decreases since SW is a first-order differential operator. Note both Conf>* and Y12 are
Hilbert spaces, so if SW is smooth, we can use the implicit function theorem. We will often drop the
superscripts and write Conf, Y, etc., but we remark that we are always using these Sobolev completions.
Just as we want it the Seiberg-Witten map is a smooth map between Hilbert manifolds [Proposition
2.1.7 Nicoo] Similarly, we enlarge the gauge group G so that it becomes a Hilbert-Lie group [Nicoo,
Proposition 2.1.8]. Write
93,2 — W3’2(M, Sl)

Proposition 3.2.1 (G>? is a Hilbert-Lie group).
G32 i g Hilbert-Lie group, and its “Lie algebra” is

T, 632 = W32(M, iR).

. 2 .
Furthermore, the action of G32 on Conf3 is smooth.

'The next thing that’s in order is proving that, even though we have enlarged the configuration space
and the gauge group, the moduli space Aas not changed. This is a prime example of the usefulness of elliptic

regularity.

Proposition 3.2.2 (Moduli space is the same).
Letn € WY2(A2T*M) be a perturbation and (¥,A) € Conf>? be a solution to

SW,(W,A) = 0.

Then there exists a gauge transformation’y € G>*(M) such that (¥ - y, A - y) is smooth. Consequently,
there is a bijection between the moduli space of W*? solutions

MZ’Z(U) = {(\P,A) S Confz’2 | SWn(IIJ’A) - 0} /93’2(M)
and the moduli space M(1)) of smooth solutions.

Proof (Sketch). — 'This proof is an excellent example of the use of elliptic regularity. Let (¥,A) € Conf™”
be a solution, with A = Ay + ia. By Hodge decomposition, we can write

a=[al+df +d*B,

where [a] is the harmonic part, f € W32(M) and f € W32(A’T*M). Consider the gauge transformation
y= ¢ 2/ Then .

(W,A) -y = (e 2/ W, Ay +i[a] + id*B).

Writing a = [«] + d*8, we have that d*a = 0.
Since (¥, A) are a solution to the Seiberg-Witten equations, then so is (¥, A) - y. That is,

1,
90, ¥ — z(za)-qJ:o
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Ef +id*a+n=0"(¥).

We see then that W is a solution to a homogeneous Dirac equation with respect to a smooth connection.
Here is where the elliptic regularity comes into play. Since @, € W22 then by the Sobolev embeddings
we have that a,1p € IP for all 1 < p < oo. Therefore, the multiplication ia - ¥ is in IP as well for all
1 < p < o0, and therefore @ 4, ¥ too. By elliptic regularity of the Dirac operator, since ¥ € W22 and
W e I for all p > 1 is the solution of an elliptic equation, then ¥ € WP for all p < oco.

From the second equation since d*a = 0, we have that (d* + d*)a+ 7 € WP forall p < c0. By
Sobolev embedding, we find that 7 € WP for all p < oo, and thus (d* + d*)a as well. From elliptic
regularity of (d* + d*), we obtain that a € W2%, and so ia - ¢ € WP for all p < co. We repeat this
process to obtain that ¥ € W%P, and so we obtain that ¥ and a are smooth.

Let B%? be the quotient space
B22 = Conf"?/G>*(M),

We can show that it is Hausdorff with the quotient topology [Morg6, Section 4.5]. Furthermore, we can
show that the action of the gauge group admits /oca/ slices; that is, for every point (¥, A) € Conf, there is
a neighborhood U of (¥, A) and an embedded submanifold S € U which “parameterizes” the orbits of G
close to (¥, A)[Morg6, Section 4.5][Nicoo, Section 2.2.2]. Intuitively, this shows that the quotient space
B looks like S locally. For irreducible solutions, these local structures stitch together well to form a global
smooth structure.

Theorem 3.2.3 (Manifold structure of quotient space of irreducible configurations).
Let B* C B be the open subset of gauge classes of irreducible configurations. Then B* is a Hilbert manifold.

Now we want to show that M is also a smooth, finite-dimensional manifold. The strategy is showing
that the zero set of SW, isa smooth submanifold of Conf. If the action of G behaves well enough, M will
be a smooth manifold and we can compute its dimension with the strategy outlined at the beginning of
this chapter.

3.2.1 Dimension of M
Fix a perturbation 7 € W12(A2T*M), and denote the zero set of § W), as
25" ={(W,4) € Conf** | SW,(¥,4) = 0}.

Then, if 8y 4y : G — Confis the action By 4)(¥) = (¥-y,A-¥), necessarily we have that for all (¥, A) €
Z,Z)’Z, the composition W, 08y 4 is exactly zero. Taking differentials, and denoting by gow ) = T1G(w 4),
we have the Seiberg-Witten complex

Ty 4)SW
0 — TLGM) “* Ty 49 ConfM) “23 T 04 — 0.
'The homology of this complex is

.7{0 = ker g(‘IJ,A)
FHy = ker Tog 4)SWy/ im g(w,a) = Tiy a1 M (1)
I, = coker Ty 4)SW),.
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We have that H is trivial if and only if the action of § is free on (¥, A), and therefore it its trivial if and
only if (¥, A) is irreducible.

On the other side of the complex, J{ is trivial if and only if (¥, A) is a regular point of SW,. Therefore,
if 0 is a regular value of 8W),, then by the implicit function theorem, the set of irreducible solutions will
form a smooth submanifold of Conf. Since the action of G is free on irreducible solutions, the quotient
2Z/G will be a smooth submanifold of B*.

Therefore, we have two obstructions to having a good structure of the moduli space: First, the re-
ducibility of some solutions, and second, the failure of 0 to be a regular value of $W},. We will see below
that under some conditions on M, we can choose a generic perturbation 7 such that there are no reducible
solutions and such that 0 is a regular value of W), and therefore the moduli space M (1) is smooth.

But for the rest of this section, let’s assume that all is good. Let’s assume that there exists a perturbation
7 for which all solutions are irreducible and 0 is a regular value. Therefore Hy, = 0 and F(, = 0. Our main
result is that M () is, surprisingly, finite-dimensional. Then we need to find explicit expressions for all
the elements of the Seiberg-Witten complex. From Proposition 3.2.1, we know that T} G = W32(M, iR).
We know that Conf is the product of a Hilbert space with an affine space modeled on W2%(T*M), and so
its tangent space at any configuration (¥, A) is

Tow a)Conf = W22(ST(M)) @ W**(T*M).
'The target space Y is the product of two Hilbert spaces, so
TonY =Y = W2(S™ (M) @ WH(IA T*M).

Let’s find the differential of the Seiberg-Witten map. First, we vary the spinor. Consider, for some t > 0,
a slight perturbation from a spinor ¥. We have

JA(lI‘ + t¢) = JA(lI‘) + taA¢.
On the other hand, we have the endomorphism
P+t QP +1tp) =V Q¥ +1t(p* @Y+ ¥ Q ¢*) + O(t?),

and thus,
ot (¥ +tp) = o (¥) + tui (P* @+ ¥ ® ¢*)) + O(t?).

Putting these results together, we obtain

d
dt i—o SWy)(lI’ +tD,A) = T(\IJ,A)SVV,)(CD, 0) = (3,0, 17 (9" ® ¥ + ¥ ® %))

Let’s see what happens when we vary the connection. For a one-form ia € Q'(M, R), write A’ = A+itr*a.
Then
FA’ = FA + itda.

'The Dirac operator changes as as
i 1.
dA/‘P = Zi:ei . VA,ei P = Zi:ei . (VA,eilP + Eoc(ei)‘lf) = dA‘P + EIOC -y,

Putting these two results together, we have
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Lemma 3.2.4 (Differential of Seiberg-Witten map).
The differential of the Seiberg-Witten map SW;, is

1
Tow.a)SWh(p, i) = (Gap + i - W, w3 (9" @ P + W @ 97)o) + d¥ (ix)).

In a little bit more legible matrix form:
TS, (ioc) - (ﬂ—l((.* ® 1PA+ W@y dt )(i“)'
+ 0

Finally, let’s see what the differential of the action of G on Confis. Let 3 = eitf e g, Then, for a
configuration (¥, A), we have

d

L6(f) = i %A%
_ 4 (e7 /P, A + 207 1tf deilS)
dtli=o

(—if®,2idf)

We have proved:

Lemma 3.2.5 (Infinitesimal action of gauge group).
For every configuration (¥, A), the infinitesimal action gy ay = Ti®w 4y of the gauge group is given by

8ew,a)(if) = (=if ¥, 2idf).

The strategy to computing the dimension of the tangent space is to “fold” the Seiberg-Witten complex
in half and present the quotient ker Ty 4)SW),/ im(g(w 4)) as the kernel of a surjective Fredholm® map
whose index is known. For it, we will use the I?-adjoint of the infinitesimal action.

Lemma 3.2.6 (Adjoint of infinitesimal action).
Given a configuration (¥,A) € Conf, the [*-adjoint of the infinitesimal action is the map Sw.a)
Tow,a)Conf — T, G given by

gZ‘\P,A)(go, ia) = —iS (¥, @) + 2d*(ia).

Proof — We will drop the subindex (¥, A). Note that ;G = W*2(M, iR) is a real vector space, and so
we must take the adjoint with respect to the rea/ part of the inner product on Ty 4)Conf = W22(SH) @

W22(iT*M):
(9. (g ic)) = f R (—if%,g) + (20 df . ic) vol

M

_ f £5 (W, @) + (20f, d*(ic) vol.
M

3Recall that a bounded operator between Banach spaces is Fredholm if its kernel and algebraic cokernel are finite dimensional
[see Cono7, Section XI.2]. Its index is the difference between the dimension of its kernel and the dimension of its cokernel.
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= f 1f (—iS (¥, ) + 2d*(ia)))vol
M

Comparing with

(if (i)} = f if g (. vl

M

we obtain the result.

Now we proceed with “folding” the Seiberg-Witten complex. Define a map Dy 4 : Tiw,4)Conf —
T0,00d ® Th G as

Dw,a)(@, i) = (Tew,4)S Wy, G 4))(@> i)
] 1
= (A4 + %a W, dH (i) — (P @ 9), 24 (i) — IS (¥, 9).

Then we have that

kCI' T(\IJ’A)S

ker Dy 4y = ker Ty 4)SW), N ker giklIJ,A) = ker Toy 4)8W, N (im g(q;’A))L = W'Vim 8(w.4)"

'This is the operator we are looking for. Let’s see that it is Fredholm and find its index.

Proposition 3.2.7 (Fredholm index of Dy 4)).
The map Dy 4y is Fredholm, and its real index is

ind(D(y,4)) = dimg ker Dy 4) — dimg coker Dy 4y = %(CZ — 2x(M) — 3sign(M)),
where c* = Ju ai(LM)) A ¢y (L(M)).

Progf. — Let Ag be the smooth reference connection, so that A = Ag + 7*(ia). Then

D0,49)(®> 1) = (da, ¢, d* (ia0), 2d" (iar)),

and so Do a,) = ¥4, ® (d*,2d") is the sum of elliptic operators, and thus it is Fredholm. Furthermore,
we have that
Dew,a) = Deo,a0) K
where ) ) 1
K(p,ia) = (Eia - G-, —z/«lll(q’* Q¢+ ¢" QW) —iS (¥, 9))

is a C°(M)-linear operator (i.e. a zeroth-order differential operator), which is compact. Thus, Dy 4) is
also Fredholm and it has the same index as Do 4,)-

Let’s compute the index of D 4,) then. Write d : W22(iT*M) —» W2(iNZ T*M) @ W32(M,iR)
as d(ia) = (d* (i), 2d*(iar)). Suppose that a € ker(d), i.e., dta = 0 and d*a = 0. Since d*d* = %d*d,
then d*da = 0, and thus

(da,da) = (a,d*dex) = 0,

which implies that da = 0. Conversely, if da = 0 then d*a = 0, and so kerd* = kerd. With this we
conclude that
kerd = kerd Nkerd* =~ H'(M, R)
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is precisely the space of harmonic 1-forms.

Now let’s find coker d = ker d*. We have that
o*(B,if) =d*B+idf.

These two terms are orthogonal, since (d*g,df) = (B,d2f) = 0. Therefore (B,if) € kerd* if and only if
B € kerd* and f € kerdf. Thus

ker d* = HO(M, R) @ ker(d*).

However, since on 2-forms, d* = — % dx, if 8 is self-dual then d*f = — x df3, and thus d*8 = 0 if and
only if dB = 0. Thus, o self~dual forms,

kerd* = kerd = kerd* N kerd = H2 (M, R).

With this we see that
kerd* =~ HO(M,R) @ H3 (M, R).

Therefore, since we've assumed that M is connected, dim H°(M, R) = 1 and so
indd=b' —b% — b2 =b' —1-b32.

Finally, from the Atiyah-Singer index theorem[Morg6, p. 47], we can deduce that for any connection
A

)

indg 4 = % (/ a@)Ac(L)— sign(M)) = %(02 — sign(M)),
M

where L is the determinant bundle of the Spin®-structure and we've written ¢ = f; v €1(L) A cq(L). 'This,
together with the index of D, tells us that

. . 1 .
indg(D(w 4)) = indr(D(g,4,)) = Z(Cz —2x(M) — 3sign(M)).

Now we have all the tools to find the dimension of the moduli space, assuming that there are no
reducible points and that 0 is a regular value of SW},.

Theorem 3.2.8 (Dimension of the moduli space).

Letn € WY2(IiN2 T*M) be a perturbation such that the Seiberg-Witten map SW;, has no reducible
solutions and 0 is a regular value. Then the moduli space M(()) is a smooth manifold of dimension

dim M(y) = %(c2 _ 20(M) — 3 sign(M)),
where c? = [, vt ©1(L) A ¢y (L) is the integral of the squared Chern class of the determinant line bundle L of

the Spin®-structure.
Note that this depends only on M and the Spin°~structure (which possibly depends on the metric on M).

Proof. — Aswe have shown in Proposition 3.2.7, for all configurations (¥, A), the map Dy 4y = (d4, g&, ’A))
is Fredholm with index }l(c2 — 2x(M) — 3sign(M)). Furthermore, we have that

ker D(\P,A) = ’Ii:\IJ,A]M(n)
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Since all solutions (¥, A) are irreducible, then the infitesimal action gy 4) is injective, and thus its adjoint
gz‘ly A) s surjective. Furthermore, since 0 is a regular value of 8W)), then its differential Ty 4)8W}, is
surjective. Therefore Dy 4) is surjective and so coker Dy 4y = 0. With this, we have

dim Ty M) = dim ker Dpy_g = ind Dy 1) = %(cz — 2(M) — 3 sign(M)).

3.2.2 Generic smoothness

Now the question remains: How likely are we to find a perturbation # such that there are no reducible
solutions and all points are smooth? Spoiler: very.
First, let’s see what conditions are necessary to be able to find a perturbation for which all solutions
are irreducible. Suppose that 7 € WL2(iA2 T*M) is a perturbation that admits a reducible solution (0, A).
Then
Ef+n=0

For any differential form w, we write [w] for its harmonic part in its Hodge decomposition. Then neces-
sarily,

[ES] = —Inl.

Since F is a representative of (—27i times)the Chern class of the determinant bundle L(M), we have

2zifey(L)] = [n]-
The converse statement is also true.

Proposition 3.2.9 (Perturbations that admit reducible solutions).
A perturbation 1) admits reducible solutions if and only if its harmonic part satisfies

2mife;(L)] = [n].

Progf. — We've already proved above that if 77 admits reducible solutions, then 27ic;(L), = 7). Con-
versely, assume that 27icy (L), = np,. Given any connection A, we have that* [Fy] = —2mi[c;(L)], and
$0

[FX'] = —Inl.

If we can extend this equality of harmonic parts to an equality of self-dual parts, we're done. Write 7 =
[7] + da. For any given connection A, we have that E; = [E4] + d for some 5. If we let A be such that
Fj = [E4] — da, then necessarily

Ef =-n,

and thus (0, A) is a reducible solution.

Corollary 3.2.10 (Condition for perturbations without reducible solutions).
Ifbi = 0, then there all closed perturbations have reducible solutions. Ifb3 > 0, then there exist closed
perturbations which do not have reducible solutions.

4this is from Hodge theory and the isomorphism of cohomology with harmonic forms. Two forms have the same harmonic
part if and only if they are in the same cohomology class.
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Alright, so the question of the existence of reducible solutions is settled. What about smoothness?
The main tool in our arsenal is Sard’s theorem, or rather, Smale’s infinite-dimensional version of it[ Nicoo,
Section 1.5.2]:

Theorem 3.2.11 (Sard-Smale theorem (with parameters)).
Let X, N\, Y be Banach manifolds and F . XX\ — Y asmooth map. Foreachd € N\, writeF) : X —Y
as By(x) = F(x, ). If yo €Y is a regular value of F, then the set of parameters A € N for which yy is a
regular value of Fy is dense in .

This is to say, for ‘generic” A, the map Fy has Yy as a regular value and thus E[*(y,) is a smooth
submanifold of X.

The part of the theorem that says that F; !(}) is a smooth submanifold can be copied almost verbatim
from the implicit function theorem for finite-dimensional manifolds.
In lieu of this theorem, we should consider the map

SW : Conf™ x WL2(iA2 T*M) — Y12
(P, 4,7) — SW,(W,A).
If 0 is a regular value of SW, then were done. Let’s see that this is the case.

Note that SW is linear in the perturbation. Therefore, we can easily find its differential in terms of the
differential of SW:

1
TowanSW (@i, §) = (Gap + 5ia - it (¢* @ W+ W ® g)o) + d* (i) + §).

From this, we see that the differential is surjective on the second factor, because of that clean & term. Let’s
see that it is surjective in the first one: define G : W22(S*(M)) @ W24(T*M) —» WH2(S™(M)) as

1
G(p,ia) = d0 + Eioc -,

If we prove that G is surjective as well, then we are done. We argue by contradiction: assume that i) €
WL2(S~(M)) is in the orthogonal complement of the image of G. Then in particular, for all ¢, we have

(3,0.9) = (p,da9) = 0.

This is to say that 9 satisfies the Dirac equation d43 Y 0 in the weak sense. By elliptic regularity, it
satisfies it in the strong sense as well, so d,9 = 0. Choose a point xq € M and a neighborhood U of
Xg such that neither ¥ nor ¢ have zeros in U. Make U small enough so that there is a coordinate chart
defined on U and so that the spinor bundles S*(M) are trivialized.

Note that, given the expression of the spin representation, we have that the composition

R*® C < Clc(4) -» Homc(S*,S7)
is a linear injective map, and by dimension counting, it is an isomorphism (since dim¢ S* = 2.) This
implies that given two spinors ¢, € ST and ¥_ € S~, we can find an element a € R* ® C such that
la-py =9_.

Locally, in terms of the trivialization, this means that for all x € U, we can find a tangent vector a,, € T, U
such that

iay - P(x) = P(x).
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Then the assignment x — a, is a vector field @ on U. If we multiply it with a bump, we can construct a
global vector field vanishing outside of U such that

iay - ¥(x) = P(x).

Let a, be the 1-form dual to a under the isomorphism induced by the metric. Then a, is a one-form
supported in U and

/ (iay - ¥, p)vol = / (iay, - ¥, p)vol = / |p|?vol = 0.
M U U

'This implies that ¢ = 0 on U, and thus, by unique continuation of Dirac spinors [see Salgg, Theorem E.8],
we conclude that ¢ = 0. With this we conclude that Tiy 4 ,)SW is indeed surjective. By the Sard-Smale
theorem, we conclude the following:

Theorem 3.2.12 (Generic smoothness).
For a generic perturbation n € WYA(iN. T*M), the moduli space of irreducible solutions M*(n) is a
smooth manifold. Ifb% > 0, then we can furthermore choose 1) such that M(n) = M*(1).

3.2.3 Orientation

Recall that we described the tangent space to the moduli space at a point [¥, A] in terms of the map
DW,A . ’T(lp,A)COIlf i T‘(0,0)y @ Tlg, giVCIl by

i 1 , ‘s ;
Dy a(p,ia) = (@ap + 30 V. d* (i) — 5" (¥ @ ), —2d"(ic0) — iS5 (¥, ).

Specifically, we proved that
ker Dy 4y = Ty, a1 M®).

The collection of all operators Dy 4y is a smooth family of Fredholm operators, parameterized by the
configuration space Conf. Then there is an associated line bundle over Conf, called the determinant of the
family D, whose fiber over (¥, A) is

det(D)(\P,A) = AP(ker Doy 4)) ® AP(coker Dy 4))",

see [Nico7, Section 1.5.1] and [Section 5.2.1 DK97]. Assuming that we’ve chosen a perturbation so that
all solution to the perturbed equations are smooth, then the restriction of the bundle det(D) to the set of
solutions is

det(D)(qJ A= NP (ker Doy 4)) = det(T[q;’ aM (7)) assuming (¥, A) is a solution.

Clearly, we see that the resulting bundle det(D)| is constant along the orbits of the action of the gauge
group, so it descends to precisely the determinant bundle of M (). This is to say that it suffices to find an
orientation of the determinant bundle det(D) to find an orientation of M(n).

To find such and orientation, we note that if there are two homotopic families of Fredholm operators
parameterized by a smooth manifold have isomorphic determinant bundles Therefore, consider the curve
t— Dé\P,A)’ given as

Dy 4@ i) = (@ap + t%a ‘@, dt (i) + tuT (P @ ¢ + ¢F @ W), —2d* (i) — LI (¥, p)).
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Then D(l\PA) = Dy a), and

D&J,A)(qo, i) = (dagp, d* (ia), —2d*(ia)) = Do 4)(@, ic0).
'This is precisely the simplified map that we used in Proposition 3.2.7. For it, we proved that

ker Do 4y = kerd4 & H' (M, R)
coker Do 4y = cokerdy @ H'(M,R) @ H; (M, R).

Since kerd4 and coker d4 are complex vector spaces, they have canonical orientations. Similarly, since M
is connected, then HO(M, R) 2 R has a natural orientation. Therefore, it suffices to choose an orientation
of H'(M,R) and H3(M,R) to find an orientation of det(D(g 4)) = det(l)&,’ A)). Note that such an
orientation is made globally. If the action of § is orientation-preserving, then this orientation descends to
an orientation of M(n).

Then fixy € G, and consider the action Conf — Conf, (¥, A) = (¥-y,A-7). Recall that ¥y = y~1¥
and A - y = ®}A, where @, : Spin°(M) — Spin‘(M) is the bundle morphism ®,(p) = p - 6(z(p)). This
action is C-linear on spinors. Furthermore since the space of connections is an affine space modelled on
Q'(M,iR) and @, is a bundle morphism that lifts the identity, then for any ia € Ql(M, iR) we have that
@ (A + m*(ia)) = @y + 7*(icr). This is to say that the differential of the action (¥,A) = (¥ -y,A - y) is

(p,ia) = (y 1o, iq).

'The induced isomorphisms ker Doy 4y — ker Dy.y 4.y and coker Dy 4y — coker D(y.y 4.y) are orientation-
preserving, so indeed the orientation of the determinant bundle descends to the quotient.

We have proved, then:

Proposition 3.2.13 (Orientation of the moduli space).
The moduli space M(n) is orientable, and an orientation is obtained by the choice of an orientation on

H'(M,R) @ H2(M, R).

3.2.4 Compactness

Arguably, the most remarkable feature of the Seiberg-Witten moduli space is that it is compact. This is the
greatest contrast with Donaldson theory, where the moduli space of self-dual forms is not compact, and
finding an appropriate compactification requires a lot of work.

Our main idea is showing that M (%) is sequentially compact. Since M (#) is a submanifold of a Hilbert
manifold, then sequential compactness implies compactness. There is a key a priori estimate on the norm
of a solution that is given by the Weitzenb6ck formula.

Proposition 3.2.14 (Curvature bound on Dirac spinors).
Let (¥, A) € Conf andn € WY2(iN%, T*M) be a perturbation. Then for all x € M:

1
WGP < 5 max(0, sup(—s) + 4l

Proof:— Without loss of generality, assume that the solution is smooth. Since d,%¥ = 0, then naturally
3,d,%¥ = 0, and by the Weitzenbock formula, we have

S 1
VaVayp + ¥+ §|‘I’|2LIJ — pr (W) =0.
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Here we used the fact that u, (F;) = (¥ ® ¥*)y — u4(n). Taking the pointwise inner product with ¥,
we obtain

(VAVAS W) + S0+ 2 9 — (e, (), W) = 0.

Since the connection is compatible with the metric on the spinor fields, we have

25 Loy (¥ 00, W) = 20 (Ve Ve W), W) + 227 (Ve ¥6), Ve, W)

L

+ 25 (W), Vg Vg W)

which implies that
AP 42 [Vae ¥ =20 (VaeVae ¥ ¥).
i i

Now we use the fact that Vi = — % V4% on 1-forms°® to see that

VAVAW = — % Vy % (Z VA,eiIPdei)
i
= — % Z VA,ei VA,eilpVOI
i

= - Z VA,e,- VA,eilP'
i

Therefore
A(PP) +2) [Vae, PP =2R(V4V,4P,¥).
i

From the Weitzenbock formula, we see that if d,% = 0, then <VZ Va9, ‘P) is real, and thus necessarily
(U ((P), ¥) is real as well. Then
A(P|?) < 2(VAV4P,¥)
s
= R [ 2 (e, ()P, )

S
< =591 = 21 + 4]l [P

If x is a point where [¥(x)|? achieves its maximum, then A(|¥(x)|?) = 0 and so, assuming that ¥ is not
identically zero,

S
P)? < -5+ 2|7l P2
This proves the proposition.

As an immediate consequence, we have that for 7 = 0 (or small enough), if M has a metric with positive
scalar curvature, then the only possible solutions of the Seiberg-Witten equations have ¥ = 0.
The next step is refining the gauge-fixing that we used in the proof of the regularity of solutions.

5'This can be checked directly, or proved by using an explicit expression of d*.



74

The Seiberg-Witten Equations and Moduli Space

Lemma 3.2.15 (Gauge-fixing lemma).
Let Ay € Conn(U(L)) be a smooth reference connection. There is a constant C, which depends only possibly

. . k,2 . .
on the metric, such that for A = Ag + ia € Conn " (U(L)), there is a gauge transformation’y € Gk+1,2
such that A - gamma = Aq + ia’ satisfies

d*a’ =0
la']ll; < C,

where [a'] is the harmonic part of @'.

Theorem 3.2.16 (Moduli space is compact).
Let (W, Ap) € Conf? be a sequence of solutions of the perturbed Seiberg-Witten equations, with per-
turbation ) € WH2(INL.T*M). Then there is a sequence of gauge transformations y, € G32 such that
(W, - Vo An - W) has a convergent subsequence.

Proof (Sketch). — 'The proof is quite laborious (and that of the previous lemma), so we will only sketch it.
It can be found in all its splendor in [Nicoo], [Salgg], and [Morg6].

The key idea is to use the @ priori bounds to “start” the convergence. Since we have a priori bounds
on ¥, from the monopole equation we find a bound on A. By Sobolev embedding, this implies that
there are convergent subsequences but with lower regularity. We then “restore” the regularity using gauge
transformations and elliptic regularity.

Without loss of generality, from the previous lemma we can assume that A,, = Ag+ia,, withd*a, = 0.
'Then the curvature bound, together with the monopole equation Fj’n +n = ot (¥,), gives us a bound

1(d* + d)aulle < C.

But (d* + d*) is an elliptic operator, and therefore, we have a bound on ||a, — [a,]|lyp for all p < oco.
However, since ||[a;]||, is bounded, we obtain that ||a,||;,, is bounded for all p < co. Then by Sobolev
multiplication, we can find a sup-bound on ||ia,, - ¥} ||e. And now, since

1.
aAan= aAO‘P+ zlan -lIJn =0

we can use the elliptic regularity of @ 4, to obtain that [[¥y][; ; is bounded for all p < co. Since we had
already an WP bound on a,, we have that |[ia, - ¥,||; , is bounded too. Therefore, again by elliptic
regularity of @ 4,» We have that [|Psip||,, is bounded for all p < co. Here we found a better bound with
boosted regularity of ¥,,. Repeating this same argument again, we also find that [|a,||, p is bounded for all
p < 0. Then by the Sobolev embedding theorem, there is a subsequence that converges in weakly WP,
If we repeat this process, we can find that there is a subsequence that converges strongly in W2P.

3.3 'The Seiberg-Witten invariant

Even though we will not use it in the proof of Donalson’s theorem, we will briefly discuss the Seiberg-
Witten invariants, since no discussion of Seiberg-Witten is complete with at least a mention of them. See
[Nicoo, Section 2.3] and [Section 7.4 Salgg].

We have proved that if b_2,_ > 0, then for a generic perturbation ), the moduli space is a smoozh, compact,
oriented, finite-dimensional manifold. In this section we define and invariant depending only on the smooth
structure and the Spin®-structure on it. We distinguish the case where dim M(#) = 0 and dim M(») > 0.
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If dimM(n) = 0, then M is a finite set of points. We will see that these points have a canoni-
cal orientation that might differ from the orientation which comes from a choice of an orientation of
HY(M,R) @ H3(M, R) (Proposition 3.2.13). The invariant is defined as a signed sum over these points.

First, let’s see that there is a canonical orientation. Recall that we wrote the tangent space Ty 41M ()
as the kernel of the map Dy 4. This family of Fredholm map induces a line bundle det(2), which on
each fiber is

det(D(y 4)) = AP(ker Diy 4)) @ AP(coker Dy a))*.

Since M(n) is zero-dimensional, and assuming that we've chosen 7 to be a perturbation for which all
solutions are smooth, then
ker Doy 4y = 0 = coker Dy 4),

and thus,

det(Dey a)) = AP(0) @ AP(0)* = R,
where the isomorphism is canonical®7. This canonical fiberwise isomorphism induces an orientation of
M (1), and this one we compare with the one obtained from the orientation chosen from H'(M,R) &
H2(M,R).

Definition 3.3.1 (Zero-dimensional invariant).
Let M be a smooth, oriented, Riemannian 4-manifold with a Spin®-structure, for which the moduli space
M(n) is zero-dimensional. Choose an orientation of H'(M, R) @ H% (M, R).

We define the Seiberg-Witten invariant, which depends possibly on the Spin°-structure, as

SW= Y sl
[¥.AleM(n)

where the sign is +1 if the canonical orientation at [, A] agrees with the one induced from the orientation

of the cobomology groups, and —1 if it doesn’t.

When the dimension is positive, the definition of the invariant is a bit more subtle. Consider the space
of irreducible configurations

Conf;

rr

={(¥,A) € Conf | ¥ # 0}.
Fix a point x, € M, and consider based gauge group G, as
Go={r € 91 r(xo) =1}.

Clearly there is a bijection G = G, X S'. The action of Gy is always free: fory € Gy, if A -y = A, this
implies that dy = 0, and therefore since y(xg) = 1, then y = 1.

Let B, = Conf/G,. Then there is a natural S*-action on B, and the orbits of this action coincide
precisely with the points of B = Conf/G. Thus, we have an S!-bundle

By, — B.

5For any finite-dimensional (real) vector space V, there is an isomorphism APV @ APV* — R given on homogeneous terms

as
VLA AUy QUL A AU — det([u}‘(vi)])-

7Note that if V' is zero-dimensional, we define A®P(V) = R. This is for consistency with AP(V @ W) = APV @ A*PW.
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Definition 3.3.2 (Seiberg-Witten invariant).
Let u be a representative of the Chern class of the S*-bundle By — B. Ifd = dim M() is even, we
define

d
SW = uz.
M)

Ifd is odd, we define SW = 0.

'The idea for proving invariance of the Seiberg-Witten invariant, very briefly, goes as follows:

Assume that b > 1, and let g1, g5, 71,7, be Riemannian metrics and parameters such that Mg, (1)
are smooth. Consider a smooth path of metrics g; connecting g, and g;, and for each ¢ choose equivalent
Spin®-structures. When b3 > 1, the space of good parameters is (path)-connected, and therefore we can
consider a smooth path of good parameters 7, connecting 7o and #;. 'The collection of moduli spaces
M(n;) can be organized as a manifold M, exhibiting a cobordism between M (7,) and M(7,), in such
a way that the form u chosen above can be extended. Then from Stokes theorem, since i is closed, this
implies that its integrals over M(7)y) and M () are equal.

If by = 1, then the space of good parameters is disconnected: the obstruction is 27i[c,(L)] = [7], and
since by = 1, the space of good perturbations has two components. If the perturbations 7, and 7; are on
same component, then we can repeat the procedure above, and thus the invariants are the same. However,
if the perturbations are on different components, then there is a wa// crossing formula:

SW(ny) — SW(o) = (~1)5,

where d = dim M(#;) = dim M (n,).



CHAPTER

The Intersection Form and Donaldson’s
Theorem

OUGHLY SPEAKING, the intersection form of a four-manifold is a bilinear, symmetric, nondegener-
ate integral form that codifies information of the intersection numbers of its embedded surfaces.
'This simple algebraic object is an excellent classifying tool for zopological four-manifolds: every
such form is the intersection form of exactly one or two of them. Therefore, a study of the algebraic
characteristics of these forms gives us a wealth of information about the topology of four-manifolds.
However, once we go to smooth realm, the situation changes. In this chapter, we will prove Donaldson’s
theorem, which imposes severe restrictions on the intersection forms of smooth four-manifolds; namely,
the only positive- or negative-definite intersection forms that are allowed are diagonal. The proof we
present is attributed to Kronheimer and Elkies, and it is based on looking closely at the restrictions that
the intersection form imposes on the Seiberg-Witten moduli space.

Overview of this chapter

'The main idea to have in mind is Thom’s representability theorem for homology in degree 2, which we
briefly discussed in Theorem 1.3.5. It tells us that classes of degree 2 are precisely the fundamental classes
of embedded surfaces. 'This allows us to freely move back and forth between algebraic and geometric
concepts. With this, we will define the intersection form, its main properties and state some results which
exhibit it as a powerful classification tool for four-manifolds. We will look at the algebraic aspects of
non-degenerate, symmetric bilinear integral forms (which we call unimodular forms), and show a partial
classification of them.

'The main course of the meal is Donaldson’s theorem. Briefly speaking, its proof is goes as follows: first,
we show that there is a close relation between the Spin‘-structures on a manifold and characteristic vectors
of the intersection form. Afterwards, we see that the Seiberg-Witten moduli space of a manifold with
positive- or negative-definite intersection form must be empty or be zero-dimensional. Finally, we see
that intersection forms that are 7oz diagonal allow for characteristic vectors whose corresponding Spin®-
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structures have moduli spaces with positive dimension. This implies that if a smooth four-manifold has a
definite intersection form, it is necessarily diagonal.

4.1 'The intersection form of 4-manifolds

Let M be a closed, connected, oriented 4-manifold. The intersection pairing is a map on cohomology
classes of degree 2. By Poincaré duality, the intersection pairing can also be seen as a pairing between
homology classes of degree 2. We call this the intersection form.

Definition 4.1.1 (Intersection form).
Let M be a closed, connected, oriented 4-manifold. The intersection form is the bilinear, symmetric map
ay : Hy(M,Z) X Hy(M, Z) — Z given as

am(o,n) := PD(o) « PD(1).

Explicitly,
qm(o,n) = (PD(0), B) = (PD(B), o).

Indeed, qy; is symmetric since the cup product is symmetric between even-degree classes. We had shown
that the intersection pairing is non-degenerate (outside of torsion), and this implies at once that gy is
non-degenerate. This means that once we choose generators of H,(M, Z), qps can be represented by an
integer-valued matrix which is invertible over the integers. 'This property is called unimodularity'.

Proposition 4.1.2 (“Intersection form” is not a gratuitous name).
Let M be a closed, connected, oriented A-manifold with intersection form quy. Let a, 3 € Hy(M, Z) be
homology classes represented by surfaces Sg, S,g C M, respectively. Then

qm(a B) = Sg - Sp,

where the - on the right-hand side is the oriented intersection number of the surfaces.

Progf. — The idea of the proof is as follows. If @, are not torsion, then their Poincaré duals can be
represented as de Rham cohomology classes in &, B € H3(M, R). Furthermore, since a, f8 are represented
by Sy and Sg, then we can choose & and § vanishing everywhere except for a neighborhood of S and Sg,
respectively.

We may assume that S, and Sg intersect transversely. Since they have complementary dimensions,
they intersect at a finite set of points. For each point p € Sy N Sg, consider a neighborhood U and
coordinates (X1, X, y1,,) such that locally, S, is given by y; = y, = 0 and Sg is given by x; = x, = 0.
Then we can write

d = f(xl’ xZ) dyl A dy2 )

with f a function with compact support such that f f = 1. Since under the de Rham isomorphism, cup
products pass to wedge products, we have

qM<a,ﬁ>=<avB,[M1>=/aA3=f P

M Sg

*Equivalently, its determinant is +1.
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and the sign depends on whether dy; A dy, coincides with the orientation of Sg or not.
Repeating for all points in the intersection, we obtain

aef= Z +1,

PESAUSp

where the sign is chosen depending on whether the orientation of T,S, @ T,Sg is the same as T,M. This
is precisely the intersection number.

Now suppose « is torsion, i.e., for some k, ka = 0. 'Therefore ko is represented by a surface Sk,
bounding a 3-submanifold, which implies that Syq - Sg = 0.

Example 4.1.3 (Intersection form of S? X S2).
We have that H,(S? X S%,7) = Z @ Z. Take two points p,q € S?, so that @ = [S? X {q}] and
B = [{p} X S?] are generators. Then

qs2xs2 (et B) = (S x {q}) - (g} x $*) =1,

whereas
Isexse(a, @) = (8% x{q}) - (S* x{q'}) = 0.
Here we perturbed S? X {g} a little so that there is no self-intersection. Therefore, with this basis,

0 1
qds2xs2 =<1 O)'

Example 4.1.4 (Intersection form of CcP?).
We have that HZ(CIPZ, Z) = Z, with generator [CP']. Let 1 be the Poincaré dual of [CP']. Then

(= m[CP?]) = (u.pu ~ [CP]) = (. [CP']) = 1
if the orientation of CP? is the canonical one inherited from its complex structure. Then

qepz = (1).

Note that changing the orientation of M means changing the sign of the fundamental class [M]. From the
definition of the intersection pairing, we see that changing the orientation of M corresponds to changing

the sign of qy.

Proposition 4.1.5 (Intersection form of connected sum).
Let M, M’ be closed, connected, oriented  four-manifolds. Then

Amam = qu @ qmr

Progf. — Recall that the connected sum M#M’ is obtained as follows: Take small open 4-balls B*cM
and B* ¢ M’, and consider the manifolds M, = M — B* and M/ = M’ — B*. Both of them have S for
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boundaries. Consider the cylinder S® X [0, 1], and embeddings

M, M

S3 % [0,1]

which map £(S3 x {1}) = dM,, &(S> x {0}) = M, and whose images are precisely collar neighborhoods
of the boundaries. The connected sum M#M’ is obtained by identifying the collar neighborhoods via the
images of the embeddings &, §’. The choice of this embedding guarantees that the resulting manifold is
smooth, and has an orientation compatible with the orientations of M and M'.

The connected sum M#M’' only alters 4-cells, so the homology in degree two in unaltered. As far as
the 1, 2, and 3-cells are concerned, M#M’' is a disjoint union of M and M'. More explicitly, let M, and
M, be the images of M, U S3[0, 1) and S3 X (0, 1] U M., in the quotient M#M'. Intuitively, M, and M, are
just M, and M, plus a little cylinder that extends into the “other side”. Then M, N M, = S* x (0,1), and
from the Mayer-Vietoris sequence (in reduced homology) we obtain

Hy(Mc) @ Hy(M,) = H (M#M’)

for k = 2 and k = 3. However, we have that M, is just M minus a disk; i.e. M, = M — D%, so again,
considering a Mayer-Vietoris sequence with a slightly larger disk D C M such that M—D*nD = $3x(0, 1),
we find that

Hy(M,) = H (M)

for k = 2 and k = 3. In particular, this tells us that Hy(M#M") = H,(M) @ H,(M'), and so the result
follows.

4.1.1  Unimodular symmetric forms

In order to make use of the intersection form, we need to study its algebraic properties. W e saw that it
is an integral, nondegenerate, symmetric bilinear form defined on a finitely-generated free abelian group.
WEe call all such forms unimodular symmetric forms. In this section, we will state some basic results about
them. The standard reference is [MH73].

Definition 4.1.6 (Invariants of unimodular symmetric forms).
Let Z be a finitely-generated free abelian group, and let q © Z X Z — Z be a unimodular form. Tv it we
can assign three invariants.

« Rank: Since q is unimodular, it has full rank. We write it rank(q) = rank(Z).

. Type or parity: We say that q is even if for all x € Z, q(x, x) is even. Otherwise, we say that q is
odd. This means that that q is odd if Q(x, X) is odd for at least one element x € Z.

« Signature: Since q is represented by a symmetric matrix, it can be diagonalized over the rationals.

The signature of q, denoted sign(q), is
sign(q) = # { positive eigenvalues } — #{ negative eigenvalues } .

If we choose generators of Z, by Sylvester’s Law of Inertia, this is indeed an invariant of q.
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In relation to the signature, we can say that q is positive-definite (7esp. negative-definite) if for all
X € Z, q(x,x) 2 0 (resp. < 0). Equivalently, q is positive (resp. negative) definite if sign(q) = rank(q)
(resp. sign(q) = —rank(q)). If q is neither positive-definite nor negative-definite, we say that it is
indefinite.

Notation. In [MI173], unimodular symmetric forms on Z are called inner products on Z. In their
notation, a forms of #ype I are odd and forms of #ype II are even.

Given two symmetric bilinear forms, q,q' : ZXZ — Z, we say that they are equivalent or isomorphic
if there is an automorphism ¢ : Z — Z such that

q'(x,y) = q(p(x), ()

forall x,y € Z.
We can easily classify all indefinite odd forms in terms of their rank and signature.

Proposition 4.1.7 (Classification of indefinite odd forms).

Let q be a symmetric unimodular form over Z. Then there is a set of generators of Z for which q is a
diagonal matrix (and therefore with only £1 on the diagonal). Consequently, indefinite odd forms are
uniquely determined by their rank and signature.

Proof:— 'This proof follows [MI173, Theorem 4.3]. We proceed by induction on the rank of Z. If
rank(Z) = 1, the result follows immediately. Assume rank(Z) = n > 0, and take an element x; # 0 € Z
such that q(x;,x;) = 0. Such elements always exist [M 73, Lemma II.4.1]. Furthermore, assume that
X1 is a generator of an cyclic component of Z, and complete this to a basis xy, ..., X,,. By non-degeneracy
of g, there exist unique elements )1, ..., ¥, such that q(x;,¥;) = 1, which generate Z as well. Now, by
hypothesis, q is odd so there is a vector v € Z such that q(v, v) is odd. Writing v in terms of y;, ..., Yy, we
see that necessarily there is a y; for which q(y;, ;) is odd as well.

Define a subgroup Zy = (x,y) C Z as follows: if q(y, y;)isodd, lety = y;. Otherwise, lety = y;+yk.
Note that q(y, y) is odd. When restricted to Z,, q has the form

0 1
1 2m+1)°
We can find a set of generators of Z, which diagonalizes q|z, as follows: Write X’ = y — mx; and

y' =y —(m+1)x;. Then

q(x',x") = q(v,y) — 2mq(y, x,) + m*q(xy, x;) =2m +1-2m =1,
q,¥") = q(v,y) = 2(m + 1)q(y, x1) + (m + 1)%q(xy, %) =2m+1—-2(m + 1) = -1,
q(x',y") = q(,y) — Cm + 1)q(y, x1) + m(m + 1)q(x1, x;) = 0.

Therefore in the basis X', y', the form q|z, is (1) @ (=1). Now we split Z as Z, & Z%, where Z3 is the
q-orthogonal complement of Z,. Then we have that

= (1) ® (1) ®qlz

If q| %O is indefinite, by induction we are done. If not, then either (1) @ q| 74 or (- q| 74 are indefinite,
so we can proceed by induction and obtain the result.
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There is an equivalent result for the even case, but its proof requires some lattice theory [see MH73, The-
orem II.5.3]. With this, we conclude:

Theorem 4.1.8 (Indefinite forms are determined by rank, signature and type).
Let q,q' be indefinite unimodular, symmetric forms. Then q and q' are equivalent if and only if they have
the same rank, signature, and type.

'The notion of a characteristic vector is crucial in our proof of Donaldson’s theorem. We will see that
characteristic vectors of the intersection form of a manifold are precisely lifts of the second Stiefel-Whitney
class of a manifold.

Definition 4.1.9 (characteristic vector).
Let q be a unimodular, symmetric form over Z. A vector w € Z is characteristic if for all x € Z,

g(w, x) = g(x,x) mod 2.

Lemma 4.1.10 (Existence of characteristic vectors).
Ewvery unimodular, symmetric form admits a characteristic vector.

Proof — Consider the Z,-vector space X = Z/ZZ' For every x € Z, denote by X € X its class in the
quotient. The form q descends to a bilinear form q : X X X — Z, defined as

q(x,y) :=q(x,y) mod 2,

where X,y are representatives of X,y. This form is non-degenerate: suppose that there is X such that
q(x,y) = 0 for ally € X. 'This is to say that q(x,y) is even for all y € Z. Choose generators ey, ..., e, of
Z, such that x = kye; + k,e,,. If x is not of the form 2x’ for some x’ € Z, then necessarily there is some
kj which is odd, which implies that for all y € Z, q(ej, y) is even. However, this violates non-degeneracy
of q, and therefore x must be of the form 2x’, i.e., x = 0.

Consider the map s : X — Z, given by s(x) = q(X, x). A priori, the maps looks quadratic. However,
it is linear:

s(x +y) = q(x +y,x +y) = q(x,x) + 2q(x,y) + q(y,y) mod 2
=q(x,x)+q(y,y) mod 2
= 5(x) + s(y).

By non-degeneracy of q, there exists a unigque class w € X such that
s(x) = q(w, x)
for all X € X. Choosing a representative w € Z of w gives us a characteristic vector.
Lemma 4.1.11 (Signature in terms of characteristic vector).
Let q be a unimodular symmetric form over Z and W a characteristic vector. Then

sign(q) = q(w,w) mod 8.
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Progf. — First, suppose that q is odd and indefinite. Then there is a g-orthonormal basis X1, ..., Xp, Y1, Vp

of Z which exhibit q as a direct sum q =~ @,(1) @4 (—1). Here, where p+q = rank(q) and sign(q) = p—q.

Then
W=+ Xy Y+ Yy

is a characteristic vector and clearly q(w, w) = p — q = sign(q). Note that if w’ is any other characteristic
vector, then as we saw in the proof of Lemma 4.1.10, W’ = w + 2x for some x € Z, and thus

qw’,w'") = q(w, w) + 4q(w, x) + 4q(x, x) = q(w, w) + 8q(x, x) + 8a.

Here we used the fact that g(w, x) = q(x, X) + 2a for some a € Z. Then indeed, if q is odd and indefinite,
for all characteristic vectors we have the result.

Suppose that q is arbitrary, and consider the form ¢’ = g @ (1) @ (—1) on Z @ Z?, which is odd and
indefinite. If w is a characteristic vector of g, and X, y are generators of Z%, we have that w’' = w + x +y
is a characteristic vector of ¢ @ (1) @ (—1) and by the previous result for odd indefinite forms,

sign(q) =sign(@) =q'(wW +x+y,w' +x+y) mod 8
=q(w’,w') mod 8.

With this result we can explicitly exhibit all the indefinite forms, if we study two examples:

n=(? )

It is straightforward to show that H is even, indefinite with sign(H) = 0. As we saw in Exam-
ple 4.1.3, H is the intersection form of S? X S2.

Example 4.1.12 (Hyperbolic form).
Consider the form H on Z? given by

Example 4.1.13 (Ej).
Define the form Eg on Z8 as

— N
— N
— N
— N
= —
— N
N =

1 1

'This form is unimodular, positive-definite and even. Therefore rank(Eg) = sign(Eg) = 8. This can
be proved by row-reducing the matrix to see that its reduced form (over the rationals) is diagonal,
with all positive entries, and that its determinant is 1 [see Scoos, p. 126].

Surprisingly, the form Ej is the intersection form of a four-manifold, which we also call Eg. The
construction of this manifold requires some techniques that fall out of the scope of this work [see

Scoos, pg. 86].
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Theorem 4.1.14 (All indefinite forms).
Let q be an indefinite unimodular symmetric form.

1. If q is odd, then q is of the form
®,(1) ®; (-1),

withr + s = rank(q) andr — s = sign(q).

2. If'q is even, then q is of the form
+ @, Eg B, H,

where rank(q) = 8r + 25 and sign(q) = £8r.

Proof — We already know this result for odd forms. If q is even, then 0 is a characteristic vector, and
therefore sign(q) = 0 mod 8. If we write sign(q) = a — b, then necessarily rank(q) = a + b is even as
well. We can see that all combinations of the form + @, Eg @, H exhaust all such ranks and signatures,
and since indefinite forms are uniquely determined in this way, the result follows.

4.1.2 'The topology of four-manifolds

In this section, we will see the immense power of the intersection form as a classification tool for topological
four-manifolds. Unfortunately, the proof of most of these results fall out of the scope of this work.
'The first result says that the intersection forms classify four-manifolds up to homotopy equivalence:

Theorem 4.1.15 (Whitehead).
Let M and M' be closed, oriented, simply connected topological four-manifolds. Then M and M’ are
homotopy-equivalent if and only if their intersection forms are isomorphic.

A proof can be found in [MH?73, Section V.1].
The question of which unimodular symmetric forms show up as intersection forms was answered by

Freedman: a// of them, and in an almost unique way:

Theorem 4.1.16 (Freedman).
Let q be a unimodular, symmetric form.

1. If q is even, there is exactly one closed, oriented, simply-connected topological four-manifold whose
intersection form is q.

2. Ifqisodd, there are exactly two closed, oriented, simply-connected topological | four-manifolds whose

intersection forms are q, at least one of which does not admit any smooth structures.

A proof of this theorem can be found in [FQgo, Chapter 10]. As an immediate consequence of this, we
have that if two closed, oriented, simply-connected smooth four-manifolds have isomorphic intersection
forms, then they must be homeomorphic.

4.2 Finale: Donaldson’s theorem

We’re finally here. The final stretch. Let M be a smoozh, oriented, closed 4-manifold with negative-definite
intersection form qp;. We will first show that, given a choice of a Spin®-structure on M, the Seiberg-Witten
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moduli space is either empty or zero-dimensional (i.e., the expected dimension is non-positive). Then, we
will show that if the intersection form is not diagonal, then there is a Spin®-structure on M for which the
moduli space has a strictly posizive dimension. Therefore, qps is necessarily diagonal.

The first step is an application Wu's formula which exhibits the second Stiefel-Whitney class of a mani-
fold as the mod-2 reduction of (the Poincaré dual of) a characteristic vector of its intersection form.

Proposition 4.2.1 (w,(M) is mod-2 reduction of characteristic vector).
Let M be a closed, connected, oriented four-manifold with intersection form qpy. ‘Then for any characteristic
vector w € Hy(M, 7),

w,(M) = PD(w) mod 2.

Consequently, for all & € Hy(M, Z),

(w,(M), &) = qpr(a, ) mod 2.

'The proof of this theorem comes from studying the definition of the Stiefel-Whitney classes in terms of
the Steenrod operations and the Thom class of the tautological bundle of RP*, see [Mayg9, section 23.6]
and [MS74, p. 130].

Corollary 4.2.2 (Closed four-manifolds admit Spin®-structures).
Every closed, connected, oriented four-manifold admits Spin®-structures.

Progf. — 'This follows immediately from the previous proposition: The intersection form of a manifold
always admits characteristic vectors, and these are integral lifts of the second Stiefel-Whitney class. This
is precisely the condition for the existence of Spin®-structures that we saw in Proposition 2.6.6.

Lemma 4.2.3.
Let M be a smooth, closed, oriented A-manifold with negative-definite intersection form qpy. If H Y(M,R) =
0, then for all characteristic vectors u of qyy,

7@ () + b, (M) 0.

Proof — Since the intersection form is negative definite, then b} = 0, so that b, = b3 and sign(M) =
—b;y. Let w € H?*(M, Z) be the Poincaré dual of a characteristic vector of qy;. By Wu's formula, w is
an integral lift of w,(M), and so we can consider a Spin‘-structure over M whose determinant bundle L
satisfies c;(L) = w. Therefore, the expected dimension of the Seiberg-Witten moduli space M is

d = dim M = %(w e w— 3sign(M) — 2(M)) = %(w cwHby)—1.

Since w is (dual to) a characteristic vector, then w « w = sign(M) = —b, mod 8, and thuswew+b, =0
mod 8. This means that dim M is odd.

Now, assuming that H'(M, R) = 0, there is a unique gauge class of reducible solutions to the Seiberg-
Witten equations. To see this, take any closed perturbation ), and consider the smooth reference connec-
tion Ag. Any other connection is of the form A = Ay — ia + i, where § is a closed form. Note that
Fy = Fy, — ida, and it trivially satisfies
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since Fy" + 7 is a harmonic self-dual form and b2 = 0. Furthermore, since b! = 0, then § = df for some

f € C®(M), and thus
A=A —ia+idf,

which is precisely the gauge transformation by y = e/ of the connection A = A, — ia. Therefore indeed
all reducible solutions are on the same gauge class.

Consider the space of solutions modulo the based gauge group My(n) = Z,/Go. The tangent space at
1 of the based gauge group is simply

T1Go ={if € C*(M,iR) | f(xo) = 0}.
And the infinitesimal action, which we denote with the same symbol g 4), is given by

8(0,4)(f) = (0, —2idf).

We still have a “based” Seiberg-Witten complex

9° M ROA)COHfT(()’A—)‘S;VUT(O,O) g,
and here the differential of the Seiberg-Witten map reduces to
TonSW, = 94 @ d*.
Therefore the tangent space of the based moduli space My(#) at the reducible point [0, A] is

Tion Mo(n) = Ker To,0)8Wy 1 §o.) = Kerda @ H'(M.R) = kerd.

This is because we've assumed that H (M, R) = 0.

Recall that we still have a free action of U(1) on the based moduli space. Since this action is free, the
induced linear action of U(1) on the tangent space Tjg 41M is also free (except at the origin). Furthermore,
since d, is elliptic and C-linear, then kerd, is a finite-dimensional complex vector space, whose (real)
dimension is necessarily dim M () + 1. 'Therefore, if we quotient out by the U(1) action, we get that

T[O,A]MO(n)/U(l) is a cone over

Of course, all these considerations on the tangent space at [0, A] extend to a small neighborhood U of it.
That is to say that the (unbased) moduli space M (%) is a smooth manifold except the single reducible
d-1
class [0, A], and there is a neighborhood U of it which is isomorphic to a cone over CP 2 . Its complement
-1
M(n) — U is, then a smooth compact manifold with boundary CP 2 .
If d = 1, then M(n) — U is a compact, one-dimensional manifold whose boundary is a single point,
which is impossible. Suppose now that d > 1. 'Then the restriction of the U(1)-bundle My(n) — M(n)
d-1
to the boundary d(M(n) — U) = CP 2 as a U(1) bundle. The fiber above a point [¥, A'] is the orbit of
the U(1) action on My(n), that is, it is precisely the circle that it comes from in the quotient. This is to
d-1
say that the restriction Mo(1)|a(ae(n)—uy is precisely the universal bundle over CP 2.
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Let u be the first Chern class of this bundle. Then, by definition, u is the Poincaré dual to the funda-

mental class of [CPI]CP(d—l)/z , and since the cohomology ring of cpld=1"2

tal class, we have

is generated by this fundamen-

(a2, [ept=b"1) =f L@ = 11,
oM (m-U)

On the other hand, since the bundle My — M is defined everywhere else, then u extends to M(#n) — U,

and by the Stokes theorem,
f ld=nrz — / du(@-D12 — g,
o (n-U) M()-U

We have then arrived at a contradiction in both cases when d = 1 and d > 0. 'This implies that d < 0, and
the result follows.

The following result, which is purely algebraic, tells us that unimodular symmetric forms that are not
diagonal have “short” characteristic vectors. Combining this with the previous lemma, we will obtain
Donaldson’s theorem, at least in the case where H'(M, R) = 0.

Lemma 4.2.4 (Elkies).
Let q © Z X Z — Z be a symmetric, unimodular bilinear form. If q is not @(—1) nor &(+1), then there
exists a characteristic vector W € Z such that

|g(w, w)| < rank(q).

We call w a short characteristic vector.

'The proof of this lemma requires the theory of theta series and modular forms, and can be found in [Elkgs].

Lemma 4.2.5 (Killing cohomology with surgery).
Let M be a smooth, closed, oriented 4-manifold. Then we can perform surgery on M and obtain a manifold
M’ with H' (M',R) = 0, but with qpy = Q-

Proof-— 1In this proof we will take all groups with integral coefficients. Consider a non-trivial element
¢ € H,(M) which is not torsion. It can be represented by an embedded S! < M. Since it’s nontrivial,
then S (nor any multiple of it) bounds a surface in M.

Let’s do the intuition first. We take a tubular neighborhood of S?, which is of the form S* X D3. If we
remove this neighborhood we obtain a manifold with boundary 8S! x D* = S! x S2. Each circle S' x {p}
in the boundary is “equivalent” in homology to the initial circle. We want to make all these circles in the
boundary trivial, so we want to make them bound a surface, and thus we replace each S! x {p} by a disc
D? X p with matching boundary. The resulting manifold is the same as attaching the handle D? X S? along
S x S2, and since each of the circles S* X {p} is now the boundary of the corresponding disk, then their
homology class is zero.

How do we know that this procedure doesn't alter H,(M)? Nontrivial homology classes in H,(M) can
be thought of as closed surfaces that do not bound any 3-submanifolds. When we attach the “filling” disk
D? to each circle S! X {p} on the boundary, we are not “closing off” any surface that might introduce new
homology. This is because such “half sphere” that we're capping off with D? would have the circle S* X {p}
as its boundary.

So that’s the intution.
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Let T C M be a tubular neighborhood of S, which is diffeomorphic to S! X D3. From the long, exact
sequence in (reduced) homology for the pair (T, M), we have

oo =3 Hy(M,T) — Hy(T) — H,;(M) — H;(M,T) —> 0.

However, the map H;(T) — H;(M) induced by inclusion is injective, since S! is nontrivial in H;(M).
Then by exactness of the sequence, the map H,(M, T) — Hy(T) is zero. We are left with the short exact
sequence

0 — H(T) — Hi(M) — H;(M,T) — 0,

which implies that Hy(M, T) = H;(M)/Hy(T).

Let M’ be the manifold obtained as follows: after removing the tubular neighborhood T from M, we
obtain a manifold with boundary (M — T) = S! x S2. The manifold M’ is the result of attaching a
2-handle S? x D? along this boundary:

M’ = (M —T) Us—1) (S* X D?).

Denote the handle S*> X D? as T’ C M’. Repeating the same process as above, we have that H)(M', T")
H,(M")/H{(T"). However, H{(T") = 0, so H{(M',T') = H;(M'). On the other hand, since M — T =
M’ — T, then by excision, H;(M, T) = H;(M', T"). Putting all these together we find

HI(M/) o~ Hl(M)/Hl(T) — Hl(M)/<C>

Repeating this process for all generators of the free part of H; (M), we successfully kill H; (M).

An argument using the Mayer-Vietoris sequence of T and M — T shows that H,(M) remains invariant.
'This surgery can be performed away from surfaces representing generators of H,(M), and therefore the
intersection form is preserved [see Katgs, Section 6].

We are finally ready to prove Donaldson’s theorem.

Theorem 4.2.6 (Donaldson).
Let M be a smooth, closed, oriented 4-manifold, with definite intersection form qpg. Then quy is diagonal.

Progf. — Without loss of generality, suppose that gy is negative-definite (if not, consider M with the
opposite orientation). Suppose that H'(M, R) = 0. If gy is not diagonal, the by Elkies’s lemma, there is
a short characteristic vector w for which

lgp (W, w)] = —qp(w, w) < rank(qyr) = b2,

and so
qm(w, w) + b? > 0.

However, this contradicts Lemma 4.2.3. Therefore gy must be diagonal.
If H'(M, R) is not trivial, then from Lemma 4.2.5, we can perform surgery on M to obtain a manifold
M’ with HY(M',R) = 0 but qp;r = qpy. After applying the results above to M, we obtain the result.

At once, Donaldson’s theorem exhibits a wealth of non-smoothable four-manifolds. Given any definite
unimodular form which is not diagonal, by Freedman’s theorem there exists a topological manifold that
represents it, but it cannot have any smooth structure. For example the manifold Eg is non-smoothable.

We also immediately obtain the result that any smooth manifold with definite intersection form is

_2
homeomorphic to a connected sum of several copies of CP? or CP .
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