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Abstract

In this thesis we study the basics of differential analysis on complex manifolds. On Ké&hler
manifolds we show that A = 200 = 200 and a few more useful relations between operators. Then
we prove the Lefschetz decomposition theorem for harmonic forms on a Kéhler manifold and we
prove the Hodge decomposition theorem on a compact Kéhler manifold X, which claims that
the de Rham cohomology group H" (X, C) can be decomposed as a direct sum of all Dolbeault
cohomology groups HP9(X) with p+ g = r. As a corollary to the last theorem we obtain rela-
tions between the Betti numbers b,(X) and the Hodge numbers h??(X), which put topological
restrictions on Kéahler manifolds.






Contents

[Abstract]

[Chapter 1. Introduction|
[[.__Outlind
2. Manifolds
(3. Vector Bundles|

[Chapter 2. Difterential Geometry on Complex Manifolds|
[1.  Complexification|
[2." Hermitian Diftferential Geometry|
|3.  Example of Canonical Connection and Curvature|

[Chapter 3. Operators on Complex Manifolds|
[1. Differential Operators and their Symboll
[2.  Elliptic Operators|
[3.  The Hodge Operator on Exterior Algebrag|
4. Computing Adjoint Operators and Duality Theorems
[5.  The # Operator and Letschetz Decomposition|

[Chapter 4. Kahler Manifolds|
[1. Differential Operators on Kahler Manitfolds|
[2. The Hodge Decomposition Theorem on Compact Kahler Manifolds|

iii






CHAPTER 1

Introduction

We give an outline of what we are going to discuss in this thesis in Section Then we
refresh some prerequisites: we take a look at manifolds in Section [2| and at vector bundles in
Section [3] We will see some important examples of vector bundles which we will often use later
on.

1. Outline

In this thesis the Hodge decomposition theorem on compact Kéhler manifolds is proved.
This outline is meant as an introduction and gives an idea of how we will reach the Hodge
decomposition theorem and it tries to explain its importance. Shortly, we use Chapter [I] for
prerequisites, we will study the basics of differential analysis on complex manifolds in Chapters
(2] and 3] and we prove all major results in Chapter [4

In the rest of the sections of Chapter (1, we will refresh the prerequisites: the definitions of
differentiable and complex manifolds and some elementary examples of vector bundles. Then we
use Chapter [2] to study the very basics of differential geometry on complex manifolds. Namely,
we look at the concepts of a metric, a connection and a curvature. In addition, we discuss the
complexification of an exterior algebra and we introduce the @ and @ operators. We can look
upon O and O as operators that affect different subspaces. These two subspaces can be compared
with splitting a complex number into its real and imaginary part. Further, we prove the useful
fact that the exterior derivative d = 0 4+ 0 on a complex manifold. In Chapter |3 we introduce
a lot of differential operators and study the relations between them. They turn out to be very
useful in computations and proofs during the chapter and later on. Moreover, we define the
fundamental 2-form 2 on an oriented complex manifold and we observe that this 2 depends on
the metric and determines the orientation. Since all complex manifolds are orientable, we can
always find such an 2. We also give two theorems that we will extend to more interesting spaces
in Chapter [l For instance to the space of harmonic forms 3, which consists of forms ¢ that
are closed under the Laplacian operator A, i.e., such that Ay = 0.

Chapter [4] contains the major results of this thesis and makes use of all previous chapters
to prove them. We restrict ourselves in this chapter to the case of Kahler manifolds, where
everything becomes easier. A Kéhler manifold is a complex manifold equipped with a metric
and a certain condition on the metric. Namely, for the complex manifold to be Kéhler we
demand that the fundamental 2-form € (which is induced by the metric) is d-closed, i.e., that
d2 = 0. It turns out that this condition simplifies a lot of relations between operators on a
Kaéahler manifold and many commutators between operators become zero.

As the final results of this thesis, we prove two important theorems on K&hler manifolds
with the help of the versions in Chapter [3] The first one, Corollary is due to Lefschetz
and claims that the harmonic forms H on Kahler manifolds can be decomposed into certain
subspaces of harmonic forms by a direct sum decomposition. The second and more important
final result is the Hodge decomposition theorem, which relates certain de Rham cohomology
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groups on a compact Kéahler manifold X to Dolbeault cohomology groups on X. Namely, it
claims the direct sum decomposition (4.10)):

H'(X,C) = @) HP(X),

P,
ptq=r

where we use the symbol @ instead of ¥ to indicate that the sum is a direct sum. Here H" (X, C)
is notation for the degree r de Rham group of X with coefficients in C and H?9(X) denotes
the degree (p, q) Dolbeault group of X. As a corollary to this theorem we obtain five relations
between the dimensions of certain de Rham groups, Dolbeault groups and spaces of harmonic
forms H. These relations are very useful since they make it easier to find out whether a given
complex manifold is Kéhler or not. Namely, since all of them have to be valid on Kahler
manifolds, showing that one of them is violated on a given complex manifold is enough to prove
that the manifold cannot be Kéhler.

2. Manifolds

In this section we recall the definition of a differentiable (or smooth) manifold and introduce
another class of manifolds: complex manifolds. We start with the definition of the most general
manifold: a topological manifold. Recall that a topological n-manifold is a Hausdorff topological
space with a countable basis which is locally homeomorphic to an open subset of R”, i.e., on
every open of this basis there is a homeomorphism to an open of R™. The integer n is called the
topological dimension of the manifold.

To obtain more specific classes of manifolds, we want to add some structure to topological
manifolds. Multiple structures are possible, depending on the class of functions used. Let us
first introduce a few notations with respect to these functions. Let K denote either the field of
real or complex numbers, R or C, respectively. Note that we will use this notation throughout
all of the following. Let D be an open subset of K. Then:

(1) If K = R, we will denote by £(D) the set of real-valued indefinitely differentiable or
smooth functions on D. So f € £(D) if and only if f is a real-valued function of which
the partial derivatives of all orders exist and are continuous on D. We will abbreviate
indefinitely differentiable with differentiable.

(2) If K = C, we will denote by O(D) the set of complex-valued holomorphic functions on
D. So if (21, ..., zn) are coordinates in C", then f € O(D) if and only if near each point
29 € D, f can be represented by a convergent power series of the form

o
f(z)=f(z1,...,2n) = Z Qoo - (21 = 2)20 L (2 — 29)m
aq,...,an=0
In the following we will write 8 for either of the families of K-valued functions € and O. So
8(D) is either &(D) or O(D). Now we can define a differentiable structure on a real-manifold
and a holomorphic structure on a complex-manifold at the same time by giving the definition
of an S-structure on a K-manifold.

DEFINITION 1.1. An 8-structure, Sy, on a K-manifold M is a family of K-valued continuous
functions defined on the open sets of M such that

(1) For every p € M, there exists an open neighbourhood U of p and a homeomorphism
h: U — U’, where U’ is open in K", such that for any open set V C U

f:V—Ke8y if and only if foh e 8(h(V))
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(2) If f: U — K, where U = U; U; and U; is open in M, then f € 8y if and only if

flu, € 8y for each 1.
A topological manifold M together with an S-structure is called an S-manifold and denoted by
(M, 8yr) or simply by M. The elements of 8y, are called S-functions on M. An open subset
U C M and a homeomorphism h: U — U’ C K" is called an 8-coordinate system or an 8-chart.

In particular, for our two families of functions we use the following terminology, with M a
topological manifold:

(1) If 8 = &, we call &y a differentiable structure and its elements are smooth functions on
open subsets of M. Further, (M, Eyy) is a differentiable manifold or smooth manifold.

(2) If 8§ = O, we call Oy a holomorphic or complex structure and its elements are holomor-
phic functions on open subsets of M. Further, (M, Oyy) is a complex manifold.

When talking about manifolds, we mean a smooth or complex manifold instead of only a
topological manifold without structure.

Note that in Definition the dimension n of K" depends on which field we are studying.
Suppose the topological dimension of the manifold is k. In the case that K = R, we have just
k = n and in the case K = C we see that k = 2n. In either case we call n the K-dimension of
M (the real dimension or complex dimension,).

Now we look at mappings between two manifolds.

DEFINITION 1.2. We define the following two concepts.
(1) An S-morphism F: (M,8y;) — (N,8y) is a continuous map
F: M — N,
such that
fedn implies foF €8y.

(2) An 8-isomorphism is an 8-morphism F': (M,83;) — (N, 8y) such that F: M — N

is a homeomorphism and

F~' (N, 8n) — (M, 8n)
is an 8-morphism.

If now an S-manifold (M,8y) is given with two coordinate systems hi: Uy — K" and
ho: Uy — K™, then we see by definition that

ho o hi': hy(Uy NUs) — ho(Uy N Us)

is an 8-isomorphism on open subsets of (K", 8gn).
For our families of functions we use the following names for an S-morphism and an 8-
isomorphism, respectively:
(1) If 8 = &: a differentiable mapping and a diffeomorphism of M to N.
(2) If 8 = O: a holomorphic mapping and a biholomorphism or biholomorphic mapping of
M to N.

It follows from the definition above that a differentiable mapping
f: M — N,

with M and N differentiable manifolds, is a continuous mapping of the underlying topological
space such that in local coordinate systems on M and N, f can be represented as a matrix of
smooth functions. We could also have used this as the definition of a differentiable mapping.



4 1. INTRODUCTION

Similarly, a holomorphic mapping between two complex manifolds can be represented in local
coordinates as a matrix of holomorphic functions.

3. Vector Bundles

We will introduce the concept of a vector bundle, which mathematicians study in order
to linearize nonlinear problems in geometry. We will give a lot of examples of vector bundles,
which we will use a lot later on. Then we define homomorphisms and isomorphisms between
two vector bundles and we will discuss the concept of sections of a vector bundle.

Again, we will use the notation 8 for € or O and K for R of C.

DEFINITION 1.3. A continuous map n: F — X of one Hausdorff space, E, onto another,
X, is called a K-vector bundle of rank r if the following conditions are satisfied:

(1) E, := 7~ (p), for p € X, is a K-vector space of dimension r (E, is called the fibre over

p).
(2) For every p € X there is a neighbourhood U of p and a homeomorphism

h: Y (U) — U x K" such that h(E,) C {p} x K",
and hP, defined by the composition

h proj.
h: E, — {p} x K" — K",
is a K-vector space isomorphism (the pair (U, h) is called a local trivialization).

Note that we used hP here for local homeomorphisms A in (a neighbourhood of) the point
p and this notation should not be confused with a power function. It is chosen in order to use
the subscript position for something else, for instance which element of a cover or which vector
bundle we are considering. We will continue to use this notation throughout the following.

The intuitive idea of a vector bundle is painted in Figure [1.1

In Definition [I.3] we call E the total space and X the base space and we say that E is a
vector bundle over X. When we are given two local trivializations (Ua, hq) and (Ug, hg), the
map

haohg': (Ua NUg) X K" — (Ua NUp) x K’
induces a map
gag: UaNUg — GL(r,K)
where
gaﬁ(p) =hE o (hg)ili K" — K",

We call the functions g,g transition functions of the K-vector bundle 7: E — X (with respect
to the two local trivializations above). This function g,g(p) with p € (U, NUg) C X is a linear
mapping from the (Ug, hg) trivialization to the (Uy, hq) trivialization. From the definition of the
transition functions g,g it follows that they satisfy the following two compatibility conditions:

Jap 9y Gya = Iy on U, NUgNU,

1.1
( ) Joa = I on U,,

where the product is matrix multiplication (which is equivalent to composition of the transition
functions) and I, is the identity matrix in r dimensions.
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X
T
——
U
E, :=n"1(p) h U x K"
——
7 HU) K"
p
——
U

Figure 1.1. This figure represents the concept of a vector bundle intuitively, where the same no-
tation is used as in Definition [1.3] The manifold X is represented by a distorted circle and the
manifold E by the border of a distorted cylinder. Therefore, the manifold E is of higher dimension
than the manifold X and the rank of this intuitive vector bundle is 1. The fibre E, of a point p € X
is represented by a thick vertical line segment and the neighbourhood 7=*(U) consists of five thin
vertical line segments. The figure is inspired by Lee [2].

DEFINITION 1.4. A K-vector bundle, 7: E — X, of rank r is said to be an 8-bundle if E
and X are S-manifolds, 7 is an S-morphism, and the local trivializations are 8-isomorphisms.
More specifically, we call them differentiable vector bundles and holomorphic vector bundles in
the cases that 8 is equal to € and O, respectively.

By the observation that (g.) ™! = gga We see that the set of all transition functions for a
given cover of X contains all the inverses. Thus the condition that the local trivializations of
an S-bundle are S-isomorphisms is equivalent to the condition that the transition functions are
S-morphisms.

REMARK 1.5. For any set of transition functions, a vector bundle F —— X having these
transition functions can be constructed. We give an outline of these procedure. Suppose that
on an 8-manifold X we are given an open cover il = {U,} of X and a set of transition functions,
i.e., on each ordered nonempty intersection U, N Ug an 8-function

Jag: U, N Uﬁ — GL(T, K)
is assigned such that these S-functions satisfy both compatibility conditions in (1.1). Now define
E = |_| U, x K",
«

where U is notation for a disjoint union, and let E be equipped with the natural product topology
and S-structure. Choose the following equivalence relation on E:

(z,v) ~ (y,w) for (z,v) € Us x K" and (y,w) € Uy x K"

if and only if
y==zx and w = gop(x)v.
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One checks easily that this is indeed an equivalence relation using the compatibility conditions
(1.1)). Now define E := E/ ~ (the set of equivalence classes), equipped with the quotient
topology, and let m: E — X be the mapping which sends a representative (z,v) of a point
p € FE to its first coordinate x € X. One can show that E defined in this way still has the
S-structure and is an S-vector bundle. A

Next, let us pay attention to some important examples of vector bundles.

EXAMPLE 1.6 (Trivial bundle). Let M be an 8-manifold. Then
m: M x K" — M,
where 7 is the natural projection, is an 8-bundle called the trivial bundle. A

EXAMPLE 1.7 (Tangent bundle to a differentiable manifold). Let M be a differentiable
manifold. We would like to construct a vector bundle over M whose fibre at each point is the
linearization of the manifold M, which we call the tangent bundle to M. First we will define
the tangent space to M, denoted T'(M), and we consider a natural basis for it using derivations.
Then we search for the appropriate transition functions that will make the natural projection
from T'(M) to M into a vector bundle: the tangent bundle.

Let p € M. Recall that €,;(U) consists of all differentiable (or smooth) functions on an open
set U of the manifold M. Now we define
Emp = hg Em(U)
pelU C M

open

to be the algebra (over R) of germs of differentiable functions at the point p € M. Here li
is used as notation for the direct (or inductive) limit, which considers smaller and smaller
neighbourhoods U of p by inclusion. We can interpret this algebra as follows. Let f and g be
functions which are defined and smooth near p. Then f and g are equivalent if and only if they
coincide on some neighbourhood of p. We call an equivalence class of this relation a germ of a
smooth function at p. The set of equivalent classes (elements of €,y,) forms an algebra over R
and this is the same algebra as the direct limit algebra above. Now a derivation of the algebra
Emp is a vector space homomorphism D: €y, — R such that

D(fog)=D(f) 9(p) + f(p) - D(g).
The tangent space to M at p is the vector space of all derivations of the algebra €7, and is
denoted by T,,(M). By the definition of a manifold, we can find a diffeomorphism % defined in
a neighbourhood U of p,
h:UcM—U" c R"

open

We define the pullback h* for all f € E,;(U) by
h*f(z) := f o h(x).

Then h* induces an algebra isomorphism on germs,

h*l 8R",h(p) ; (C,Myp
and thus induces a pushforward h, with
(1.2) hy: Tp,(M) — Ty (R™),
which is an isomorphism on derivations. It is easy to verify that:

(1) 0/0x; are derivations of Egn ppy for j=1,...,n
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(2) {0/0x1,...,0/0zy} is a basis for T, (R™).
Here the derivations are the classical directional derivatives evaluated at the point A(p). Thus

T,(M) is an n-dimensional vector space over R for each point p € M. We are now in a position
to construct the tangent bundle to M. Let

T(M):= | | T,(M).
peEM
Further, define
m: T(M) — M
by
m(v) =p for v € T),(M).
Now we will make T'(M) into a vector bundle. Let {(Ua, hq)} be an atlas, i.e., the maximal
collection of coordinate systems of M with respect to a certain cover Y = U; U; of M. Let
T(Uy) := 7 1(U,) and let
Vo: T(Uy) — Uy x R”

be defined as follows. Suppose that v € T,(M) C T(Uy). Then dht(v) € Tyr (R™), where d is a
notation for pushforward (compare with .) So we can write

dh® (v Z &(p 8%

where ¢; € €y (Uy) since {0/0z1, ..., 8/8acn} is a basis for the tangent vectors at a point in R".
Now let

hp

Ve (v) = (p,&1(p); - - &n(p)) € Ua x R™.
It is not hard to check that 1, is a bijective fibrepreserving mapping and that

o proj.
P T,(M) — {p} x R" —— R"

is a real-linear isomorphism. Now we can define transition functions

9gap: UsNUy — GL(n,R)
by

9ap(p) ==Y o (v) 7!
for all p € Uy, NUg. So
9ap(p): R" — R™.

Moreover, the coefficients of the matrices {go5} are smooth functions in U,NUpg since g, s is a ma-
trix representation for the composition dhg o dhg1 with respect to the basis {9/0z1,...,0/0x,}
at Tpp (R™) and Thp (R™). Further, the maps dh,, are differentiable functions of local coordinates.

We conclude that {( oy ¥a)} are the desired trivializations.

We are only left with putting the right topology on T'(M) such that T'(M) becomes a differen-
tiable manifold. Define U C T'(M) to be open if and only if (U NT(U,)) is open in U, x R".
This is well defined since

waolf}/;ll (UaNUg) x R" — (Us NUg) x R"
is a diffeomorphism for any « and g (since 1, o wgl = id - gop with id the identity mapping).

As the transition functions are diffeomorphisms, this defines a differentiable structure on T'(M).
Moreover, the projection 7 and the local trivializations 1, are differentiable maps.
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EXAMPLE 1.8 (Tangent bundle to a complex manifold). Now let X = (X, Ox) be a complex
manifold instead of a differentiable manifold, with complex dimension n. Let

Oxe:= lim Ox(U)
zeU C X

open

be the complex-algebra of germs of holomorphic functions at = € X and let T,(X) be the
derivations of this complex-algebra defined analogously to Example Then T,(X) is the
holomorphic or complex tangent space to X at x. In the same way as before, we see that there
are local isomorphisms

ho: Tp(X) = Th@)(C")
and locally the complex partial derivatives {0/0z1,...,0/0z,} form a basis over C for the vector
space T,;(C™). Again, we can make the disjoint union

T(X) = | | T.(X)

zeX

into a holomorphic vector bundle 7: T(X) — X, where the fibres are isomorphic to C". A

We have seen a few examples of vector bundles and explored the fact that they behave
locally like a vector space. Now we will take a look at operations between vector spaces and use
them to create new vector spaces out of given ones. If the given vector spaces are vector bundles
over X, then we see that these new vector spaces become vector bundles over X as well.

Consider two K-vector spaces A and B. Then we can form new K-vector spaces in a lot of
ways, such as:

1) A& B, the direct sum.

2) A® B, the tensor product.

3) Hom(A, B), the linear mappings from A to B.

4) A*, the linear mappings from A to K (the dual space of A).

5) AFA, the antisymmetric tensor or wedge products of degree k (the eaterior algebra of
A).

(6) S*(A), the symmetric tensor products of degree k (the symmetric algebra of A).

(
(
(
(
(

We can extend all these algebraic constructions to vector bundles with the same construction
we used in Examples [I.7] and [I.8] Namely, suppose that we have two vector bundles

g B — X and mp: F— X.
Now define
EoF:=||EoF,
peX
where E, = n.'(p) and F, = m5'(p) are the fibres in p. Then we can consider the natural
projection
T EeF — X
determined by
7 (p) = E,®F,.
For any p € X we can find a neighbourhood U of p together with local trivializations
hg: E|, — U xK"

hp: F|, = U xK™,



3. VECTOR BUNDLES 9

and we define
hger: E® F|, — U x (K" @ K™)
by
hpor(v+w) == (p, K (v) + b (w)) for all v € E, and w € F,.

Note that this map is an isomorphism since we combined two isomorphisms by a direct sum.
Further, the mapping hggr is K-linear on fibres and we obtain transition functions

E@F(p) _ ( 955(1?) 0 ) ’

Jas - W=\ 0 gF(p)

using the fact that gf and gg are bundle transition functions and following the same construc-
tion as in Examples ﬁ and Thus we see that 7: E® F — X is a vector bundle. Moreover,
if F and F are 8-bundles over an 8-manifold X, then gfﬁ and ggﬁ become 8-isomorphisms and
E & F becomes an S-bundle over X.

Analogously, we can construct vector bundles out of all other vector space constructions
above and deduce the transition functions of the derived bundle from the transition functions
of the original bundle(s). In this way we obtain the following vector bundles:

(1) m: A& B — X.

) Tt A® B — X.

) m3: Hom(A, B) — X.
) my A — X

) ms: AFA — X

) me: SF(A) — X.

After these examples, we define a few types of mappings between two vector bundles.

DEFINITION 1.9. Let E and F' be two §-bundles over X with projections ng: E — X and
np: FF— X. Then a homomorphism of S-bundles or an 8-bundle homomorphism,

f: E— F,
is an 8-morphism of the total spaces E and F' which is K-linear on each fibre and preserves
fibres, i.e., g = wp o f.

DEFINITION 1.10. An 8-bundle isomorphism is an S8-bundle homomorphism which is an 8-
isomorphism on the total spaces and a K-vector space isomorphism on the fibres. Two 8-bundles
are called equivalent if there exists an 8-bundle isomorphism between them. This clearly defines
an equivalence relation on the S-bundles over an 8-manifold X.

The statement that a vector bundle is locally trivial now becomes the following: For every
p € X there exists an open neighbourhood U of p and a bundle isomorphism

h: E|, — U xK".
In Definitions and we considered maps between two vector bundles with the same

base space. We want to extend this to the case of vector bundles with different base spaces and
we call this a bundle morphism.

DEFINITION 1.11. A morphism of S-bundles or an S-bundle morphism between two §-
bundles 7g: F — X and np: F' — Y is an 8-morphism

f: E— F,
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which takes fibres of E homomorphically (as vector spaces) onto fibres of F. An 8-bundle
morphism f: F — F induces an 8-morphism

f: X —Y

such that the diagram

E—1,F

e L

x oy
commutes. Moreover, we call f an isomorphism of 8-bundles or an S-bundle isomorphism be-
tween E and F' if f takes fibres of E isomorphically (as vector spaces) onto fibres of F' and if
f becomes an S-isomorphism between S-manifolds. Now if f is an 8-bundle isomorphism and if
E and F are bundles over the same base space and f is the identity, then F and F are said to
be equivalent. This implies that the two vector bundles are S-isomorphic and equivalent in the
sense of definition

We have the following proposition.

PROPOSITION 1.12. Given an S-morphism f: X — Y and an S-bundle m: E — Y, then
there ewists an 8-bundle ': E' — X and an $-bundle morphism g: E' — E such that the
following diagram commutes:

E 24 F

sk

x L,y

Moreover, E' is unique up to equivalence (with equivalence as in Definitions and . We
call E' the pullback of the vector bundle E by f and denote it by f*E.

PROOF. Let
(1.3) E :={(z,e) e X x E | f(z) =7(e)}.
Then we can define two natural projections. Firstly, let g: £/ — E be defined by
(r,e) — e
Then define n’': B/ — X by
(z,€) — x.

From our definition of E’ and the projections above, we obtain that each fibre Ey(;) induces the
structure of a K-vector space on the fibre E.:

Let (U, h) be a local trivialization for FE, i.e.,
h: E|, = U x K",

where U is an open subset of Y (recall that we are used to simplify the notation by letting
Ely = Elz-1@)). Then one can show that

E'l iy — fHU) x K"
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is a local trivialization for £’ thus 7’: B/ — E is the required vector bundle.
Further, we will prove that E’ is unique up to equivalence. Suppose that we have another bundle
7: E — X and another bundle morphism g such that the diagram

ELE

ot
x 1y

commutes. Then define the bundle homomorphism A : E—E by

h@) = (7(e),5(8)) e {r(e)} x E  forall €€ E.
Note that h(€) € E' by the commutativity of the above diagram, i.e., f o 7(€) = w0 g(€). Thus
h is indeed a bundle homomorphism. Moreover, it is a vector space isomorphism on fibres and
so an 8-bundle morphism which induces the identity on X, 1x: X — X. We conclude that F
is equivalent to E. O

REMARK 1.13. We will often denote pullbacks such as in the diagram of Proposition [1.12
by f* to indicate the dependence on the map f. Then this diagram becomes

rE I, F

[ s
x L.y

Assume from now on that f*E is given by (1.3) and that the maps 7¢ and f, are the natural
projections. A

Now let us turn back to the vector bundle 7: E — X. We would like to consider functions
that are defined the other way around, i.e., from X to F, as possible inverses. Since the dimension
of E is often larger than that of X, it is clear that there are a lot of options. We make the
following definition.

DEFINITION 1.14. An 8-section of an 8-bundle F — X is an S-morphism s: X —» F such
that
mos =1y,
where 1x is the identity on X. So the section s maps a point z in the base space X into the fibre
over that point E,. 8(X, E) will denote the family of all S-sections of E over X and 8(U, E)
will denote the family of all 8-sections of E}U = Elw—l(U) over U C X.

Intuitively, a section can be seen as in Figure [1.2

REMARK 1.15. We make the following remarks.

(1) We often identify a section s with its image s(X) C E. For example, the term zero
section refers to the section 0: X — E given by 0(x) = 0 € E, and is often identified
with its image, which is 8-isomorphic with the base space X. See Figure[1.3

(2) Let E — X be an 8-bundle of rank r with transition functions {9ap} with respect
to a trivializing cover {U,} and let f,: U, — K" be S-morphisms satisfying the
compatibility conditions

(1.4) fa = Gap* f@ on Ua N U@.
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Figure 1.2. This figure represents a section s of the vector bundle 7w: E — X intuitively, using
Definition [I.14] Compare with Figure [[.I] and note that the images of p and ¢ under the section s
are notated by s(p) and s(q), respectively. Moreover, we demand that the composition 7 o s is equal
to the identity.

Recall that the transition function g,g can be written as a matrix of 8-functions and
therefore the dot means matrix multiplication when we look upon f, and f3 as column
vectors. Then consider the collection {f,}. Since each S-morphism f, gives a section
of Uy,
fa: Uy — (Uy xK") ~ E|p,,

the collection as a whole seems to define a global 8-section of F, f: X — E. We only
need to check that this global section f is well defined on the overlaps of cover elements.
However, this is trivial by the compatibility conditions . On the other hand, any
S-section of E has this type of representation as a collection {f,}. We call each f, a
trivialization of the section f.

A

Figure 1.3. In Remark the zero section of a vector bundle 7: E — X is defined and this
figure represents it, similar to Figure[I.2] By definition, the image of any point in X under 0 is equal
to the identity in its fiber of E. Intuitively, it is easy to see that the images of all points of X under
0 lie on the same distorted circle, which is indeed S-isomorphic to X.

It is possible to define algebraic structures on the sections 8(X, E) of a vector bundle

E " X when X and F are certain categories of $-manifolds. First we make 8§(X, F) into a
K-vector space under the following operations:
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(1) For s,t € 8(X, E),
(s+t)(x) := s(z) + t(x) for all z € X.
(2) For s € §(X, F) and a € K,
(as)(x) == - (s(x)) for all z € X.

Now, let M be a differentiable manifold and T'(M) — M its tangent bundle. We would
like to consider new differentiable vector bundles over M derived from the tangent bundle 7'(M)
with the help of the algebraic operations above. We obtain the following.

(1) The cotangent bundle, T*(M), whose fibre at x € M is the real-linear dual to T, (M).
This means that

T"(X) = | | *(X),
reX
and the fibres are
T,*(X) :={a: T(X) — R | o is a linear mapping}.

(2) The exterior algebra bundles, NPT (M) and APT*(M), whose fibre at © € M is the
wedge product (of degree p) of the vector spaces T, (M) and T(M ), respectively, and
n
NT(M) == @D APT(M) = A°T*(M) & T(M) & N*T(M) & - -- & A"T (M)
p=0
n
NT*(M) := @D NPT*(M) = AT (M) & T*(M) & N*T*(M) @ - -- & A"T*(M).
p=0
By convention, A°T*(M) is equal to the trivial vector bundle of rank 1.
We will continue to denote a summation by €p instead of ) when the sum is a direct sum.
We denote
(1.5) EP(U) = E(U,NPT*(M))
for the smooth differential forms of degree p (p-forms) on the open set U C M. Now we recall
the definition of the exterior derivative
d: EP(U) — EPTHU).
Namely, consider U C R" and the basis {9/0z1,...,0/0x,} for T,(R™) with (z1,...,x,) local
coordinates at © € U. Let {dz1,...,dz,} be a dual basis for T,*(R™). We can form a basis for
EYU) = &(U, T*(R™)) out of the maps
dzj: U — T*(R")|,
given by
drj(x) = dxj|m.
More generally, {dz; := dz; A--- Adw;,} forms a basis for EP(U), where I = (iy,...,i,) and
1 <1 <idg <--- <ip <n. Then the exterior derivative is defined as follows:
(1) If p =0, i.e., suppose that f € E9(U) = &(U). Then

df ==Y 87Ujda:j eel().
j=1
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(2) If p > 0, i.e., suppose that f € EP(U). We can write
/
=" fidar,

[Il=p
where f; € EU),I = (i1,...,ip), |I| is the number of indices in I and " denotes
summation just over strictly increasing indices.

In general we can write, for p > 0,

/ ' L afr
df = dfi Adwp = Za—%da:j/\dxf.

[l=p [|=p j=1
When we consider a differentiable manifold M with a local coordinate system (U, h), then the
homeomorphism A induces a local homeomorphism between tangent bundles

T(M)‘U — T(Rn)}h(U)C]R”

and therefore induces a local homeomorphism between p-forms
EP(U) = EP(W(U)).
On the other hand, the mapping
d: EP(h(U)) — EPTL (WD)
induces a mapping
d: EP(U) — EPTYT),
which we also denote by d. Thus this defines the exterior derivative d locally on M. Moreover,

one can show by the chain rule that the exterior derivative is globally well defined on M, i.e.,
that this definition is independent of the choice of local coordinates.



CHAPTER 2

Differential Geometry on Complex Manifolds

This chapter gives the basics of differential geometry on complex manifolds.

In Section [I] we will study the process of complexification: making a real vector space into
a complex one. This can also be applied to exterior algebras. Further, we will take a look at
almost complex manifolds, which are a generalization of complex manifolds. They make use of
a complex structure J which is a generalization of the complex number 4.

Then Section [2] introduces the basic differential geometric concepts on complex vector bun-
dles. Namely, the notions of metric, connection and curvature. In Section [3| we apply these
concepts to the case of a Hermitian holomorphic vector bundle by computing its most natural
connection and curvature.

1. Complexification

In this section we will discuss a generalization of complex manifolds: almost complex mani-
folds. These are real manifolds together with a complex structure which is similar to (actually
an extension of) the operation of the number ¢ in the field C. In first-order approximation,
i.e., on the tangent space level, almost complex manifolds turn out to be complex manifolds.
Further, we will introduce the first-order differential operators @ and 0 which act on differential
forms on a complex manifold, reflecting the complex structure.

We start with some linear algebra, namely, the concept of a complex-linear structure on a
real-linear vector space. Then we will apply this to the real tangent bundle of a differentiable
manifold.

DEFINITION 2.1. Let V be a real vector space. Then a complex structure J on V is a
real-linear isomorphism J: V' —= V such that J? = —I, where I is the identity.

Suppose that V is a real vector space and J is a complex structure. We can equip V with
the structure of a complex vector space by defining scalar multiplication by complex numbers
onV as

(a+iB)v:=av+ BJv for a, 8 € R,
where i = /—1. Now it is easy to check that V becomes a complex vector space. On the
other hand, if V' is a complex vector space, then it can also be considered as a real vector space
where multiplication by i is a real-linear endomorphism of V', which is a complex structure .J.
Moreover, if {v1,...,v,} is a basis for V over C, then {vq, Juy,ve, Jua, ..., vy, Ju,} will be a
basis for V' over R.

EXAMPLE 2.2 (Standard complex structure on R?"). Consider the usual Euclidean space
C"={(z1,...,2n) | z € Cfor 1 <j <n}.
Write z; = x; + iy; with z;,y; € R for j € {1,...,n}. We can identify C" with
R2" — {(x1,91,- - xn,yn) | zj,y; € Rfor 1 <j <n}

15
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by a trivial isomorphism. Observe that scalar multiplication by i in C" induces a mapping
J: R*™ — R*" which sends (x; + iy;) to i - (z; +iy;) = (—y; + iz;) so we obtain

J($1,3/17 cee ,l”n,yn) - (_ylyxla ey _yn,l”n)

Moreover, J? = —I since i% sends (z; + iy;) to i? - (z; + iy;) = i - (—y; + iz;) = (—z; — iy;).
This is the standard complex structure on R*®. We can find any other complex structure by the
mapping A — A~'JA for A € GL(2n,R). The coset space GL(2n,R)/GL(n,C) determines
all complex structures on R?". A

EXAMPLE 2.3 (Complex structure on T (Xp)). Let X be a complex manifold and let T, (X)
be the (complex) tangent space to X at . Now X induces a differentiable structure on the
underlying topological manifold of X, i.e., identify C", together with a complex structure, with
R?", together with a differentiable structure. Let X be the underlying differentiable manifold of
X and let T, (Xp) be the (real) tangent space to Xy at . We claim (1) that T, (Xo) is canonically
isomorphic with the underlying real vector space of T,,(X) and (2) that 7,,(X) induces a complex
structure J, on the real tangent space T, (Xp).

(1) Let (h,U) be a holomorphic coordinate system near z. Then h: U — U’ C C". By
taking real and imaginary parts of the vector-valued function h, we have

h: U —3 R
given by
h(z) := (Rehi(x),Imhi(z), ... ,Rehn(z), Im hy ().

Note that (h,U) is a real-analytic (and differentiable) coordinate system for X near x.
Then we only have to look at the vector spaces Ty(R?") and Tp(C") at 0 € C", where
R?" has the standard complex structure from Example We know that there exists
a real-linear isomorphism between R*" and Tp(R*") and a complex-linear isomorphism
between C™ and Tp(C™). Moreover, there is a real-linear isomorphism between R*" and
C™. Then we obtain the diagram of isomorphisms

To(c™y —L ¢n

[ s
TO(RZTL) # R2n,
where k is the real-linear isomorphism obtained from the other three maps, i.e.,
k:=fogoh.

(2) As in Example the complex structure on 7p(C") induces a complex structure on
Ty(R?") by the isomorphism k. One can verify that the complex structure .J, induced
on T, (Xy) is independent of the choice of local holomorphic coordinates. An outline of
this procedure is as follows. Consider local (holomorphic) coordinates and write them
in real and imaginary parts. Now define a change of coordinates and observe that the
Jacobian matrix corresponds exactly to the transition functions. Further, observe that
we can write the complex structure J as an n X n matrix with 2 x 2 blocks of the form:

(2.1) J:((ll _01 )
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as this is a solution to the equation

(ca))=()

Then the Jacobian matrix turns out to commute with J, using the Cauchy-Riemann
equations for these holomorphic coordinate maps. Thus each change of coordinates
commutes with the complex structure J.

A

Now that we have a real vector space V and the notion of a complex structure J on V,
we proceed with the complezification of V. We can describe complexification in two ways: by
a tensor product or, equivalently, by a direct sum decomposition. Let us start with the tensor
product. In that case the complexification of V is denoted by V ®r C where the subscript R
means that the tensor product is taken over the real numbers. This makes sense since V' is a
real vector space. We extend J to a complex-linear mapping by defining

JoRa):=J0w)®a forallve V,a e C
and defining conjugation on V ®g C by
(2.2) VRaI=vRa forallveV,a e C.

Note that the property that J? = —I is preserved under this extension. Moreover, it follows
that J has two eigenvalues: +¢ and —i. Namely, suppose that

J(v®a)=Av® a).
Then
Jv@a)=-v@a=\0vea).

So A2 = —1 and A = =+i. Denote the corresponding eigenspaces of i and —i by V0 and V01,
respectively. Now we reach the direct sum decomposition because we can see V ®gr C as built
up from the two independent eigenspaces:

(2.3) VorC=vV0gqyol

In the following, we will often use this decomposition in the exterior algebra of a complex vector
space. First, let us take a closer look at the eigenspaces themselves. Computing the eigenvectors
in V10 and V0! using (2.1)) gives eigenvectors of the form x + iy and x — 4y, respectively. More

formally, this means that we can write
2.0 VW= lv®l-Jvei|veV},
‘ VOl =lvel+Jvei|ve V).

As an example, we check that v ® 1 — Jv ® i is indeed an eigenvector of J with eigenvalue +i:
Jovel-Juvei)=Jvel+vi=vRi+Joel=i(vel - Jv®i).

REMARK 2.4. Keep in mind that the above decomposition of V', which we will use very
often further on, is very similar to the decomposition into real and complex parts. When we
look at C, the easiest case, a possible basis is given by {z,iy}. However, we could have chosen
{z — iy, + iy} as well, which differs only by a rotation over —7/4 in the complex plane. 4
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Now let us go back to the concept of the exterior algebra of a vector space V ®g C to which
we can extend this decomposition. Firstly, for simplicity, denote the complexification of a real
vector space V' by V¢ instead of V ®g C. Let n be the complex dimension of V¢ and recall that
the exterior algebra of Vi is then by definition

2n
(2.5) ANV = @ NPV
p=0

Note that V19 and V0! given by (2.4)) are vector spaces as well so we can consider the exterior
algebras
AV, AVEOand AVOL

By the decomposition of V¢ given by (2.3 we see that there exist trivial injections
AVEY 5 AV

and

AVOL sy AV,
We define AVP? to be the subspace of AVp generated by the set
{funw | ue APV and w € A9V}, Using these subspaces, the direct sum decomposi-
tion of AVg can be specified:

2n

(2.6) ANe=E @ A,

r=0 P4
ptg=r

where n is the complex dimension of V19 (or of V%! equivalently). This makes sense because
an element u A w of the generator set of AVP4 becomes a wedge product of p + g vectors in
V. Note that in our notation we do not use the subscript C in case of AVP4 since the bidegree
makes it already clear that we must be dealing with a complex vector space. In the following,
we will drop the subscript C any time a bidegree appears.

Now we would like to extend the decomposition to the tangent bundle of a complex
manifold. We start with a definition and a proposition.

DEFINITION 2.5. Let X be a differentiable manifold of dimension 2n. Suppose that J is a
differentiable vector bundle isomorphism

J: T(X) — T(X)

such that J is fibrewise a complex structure for 7'(X), i.e., Jy2 = —I for all z € X, where I is
the identity vector bundle isomorphism acting on 7'(X). Then J is called an almost complex
structure for the differentiable manifold X. If X is equipped with an almost complex structure
J, then (X, J) is called an almost complex manifold.

REMARK 2.6. Now one can immediately rephrase Example by saying that any complex
manifold X induces an almost complex structure on its underlying differentiable manifold. On
the other hand, there exist almost complex structures that do not arise from complex structures.

A

Next, we will extend our decomposition (2.6) to the tangent bundle of a manifold. Let X
be a differentiable manifold of dimension m. Denote for simplicity the complezification of the

tangent bundle by
Tc(X) = T(X) RRr C
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and the complexification of the cotangent bundle by
Te(X) :=T"(X) @r C.
We can form the exterior algebra bundle AT{(X) and we define
EL(X) 1= £(X, N'TE(X))
to be the complez-valued differential forms of total degree r on X, similar to the differential p-
forms EP(X) from ((1.5). We start with an almost complex manifold (X, J). Then J becomes a
complex-linear bundle isomorphism on T (X) and has eigenvalues +i on its fibres. Let T'(X )Y
be the bundle of (+i)-eigenspaces for J and let T(X)%! be the bundle of (—i)-eigenspaces for

J. According to (2.4), conjugation on a fibre simply indicates an isomorphism between the two
subspaces. Denote conjugation on T¢(X) by @, where @ is defined by fibrewise conjugation:

Q: To(X)H — T (X)™! for z € X.

Now let T*(X)4 and T*(X)%! be the complex-dual bundles of T(X)%? and T(X)%!, respec-
tively. For instance,

T*(X)"0 = {a: T(X)"? — C | a is a linear map}.
As with vector spaces, there exists a decomposition similar to the one in ([2.3)),
TEX) =T (X)) @ T (X)"".

We are interested in the bundle AP7T*(X), whose fibres are AP9T,*(X) for z € X. The sections
of this bundle are exactly the complez-valued differential forms of type (p,q) on X, notated by
EPAUX) := E(X,A\PIT*(X)).

It follows that
(2.7) Ee(X) = P e (x).
P
ptg=r
The next question is: ‘How can the (p, ¢)-forms be represented locally?” Therefore, we make the

following definition.

DEFINITION 2.7. Let E — X be an S8-bundle of rank r and let U be an open subset of
X. A frame for E over U is a set of r 8-sections {si,...,s,} with s; € 8(U, E), such that
{s1(x),...,s-(x)} is a basis for E, for any z € U.

Now we check that any 8-bundle F admits a frame in some neighbourhood of any given
point x in the base space X. Namely, let (h,U) be a trivialization for E. Then

h: E|, = U xK"
and there is an isomorphism
he: 8(U,E|,) — 8(U,U x K").
Consider the (constant) frame for U x K" over U given by the constant vector-valued functions
e :=(1,0,...,0,0),
e :=(0,1,...,0,0),
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Since h is an isomorphism on fibres, it carries a basis to a Dbasis. Thus
{(he ) Loer,...,(he) "t oe,} forms a frame for E|y over 7~ 1(U). Summarising, having a frame
is equivalent to having a trivialization and the existence of a global frame over X is equivalent
to the bundle being trivial.

Again, let (X, J) be an almost complex manifold of dimension n and consider a local frame
{wy, ..., wy,} for T*(X)10 over some open set U. Then {7, . ..,w,} is a local frame for T*(X)%!
over U. Here we used bars on top as another notation for complex conjugation (besides ) and
we will continue to do so throughout the following. A local frame for AP47T*(X) is then given
by, in multi-index notation,

{w! Aw'} with |I| = p,|J| = q and I, J strictly increasing.
Thus given a section s € EP4(X), we see that we can write it locally (in U) as

(2.8) s = Z,au-w]/\wj with ay; € €%(U).

Now consider again the direct sum decomposition (2.7 of E¢(X) into subspaces EP9(X).
Let n be the complex dimension of X and define the natural projection operators

(2.9) Tpqt E0(X) — EPI(X) with p+q=r.
By restricting the exterior derivative d to EP4, we see that

d: EPI(X) — ELFIT(X),

where
LX) = @ e (X).
r4+s=p+q+1
Now define
0: EPUX) — Sp“’q(X)
0: EPUX) — SP’q+1(X)
by setting
0:=mpr140d
(2.10) e

0= mp g1 0d.

Extend 0 and 0 by complex linearity to all of
2n
EL(X) = P EL(X).
r=0

Note that 9 and 0 operate on different eigenspaces, which is shown in Figure
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Figure 2.1. From the definition of d and 0 in it follows that they operate on different
eigenspaces of £"(X). Namely, if we consider €7¢(X), then 0 only affects the first degree, p, and 9
only the second, ¢. Recall from Remark that we can choose a basis similar to {x + iy,z — iy}
and therefore this diagram is painted with a rotation of —m /4.

REMARK 2.8. From Figure we see that 0 acts along basis vectors like = +1y and O along
basis vectors like z — iy. Since writing z = x + 4y is more common, we see that 0 is a naturally
more interesting operator than 9. That is why 0 appears more often than 9 in the following. A

In addition, we give an intuitive picture of the definitions in (2.10). For example, let us look
at €3(X) and consider how & and 9 act on its subspace €21(X). We start with representing
€3(X) and its subspaces as in Figure

£3(X)
70,3 1,2 2,1 3,0
80 3 81 2 82 1 83 0 X)

Figure 2.2. As an example we consider £3(X) and we represent it graphically by the ‘worm’ above.
The natural projections from (2.9 separate the worm into its independent subspaces, which are
painted as circles.
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Now consider Figure which shows 9 and 0 acting on the subspace £*!(X).

(P.q) = (2,1)
£%(X) e4(X)

Ql

/ﬂp7q+1 Tp+1,q
epg+1 (X)

gp-&-Lq(X)

Figure 2.3. In this figure we consider intuitively the example of £3(X) and how 0 and 9 act on its
subspaces EP4(X) with p + ¢ = r. As an example, we choose the subspace (p,q) = (2,1). Similar
to Figure we represent &3(X) by a ‘worm’ of circles and €4(X) by a ‘worm’ of thombi. Each
circle or rhombus represents a subspace EP9(X) with p + ¢ equal to 3 or 4, respectively. Therefore
the numbers p, ¢ are written in its center. Observe that from definitions follows that 9 and 0
map the dotted circle of €%!(X) into the rhumbi of £22(X) and &31(X), respectively.

Recall that both @ and bars denote complex conjugation. We obtain the following result.
PROPOSITION 2.9. Let f € EL(X). Then
Qod(Qf) = a(f).

PRrROOF. Let f € EG(X) with = p+¢. Then f can be written as a direct sum of components
in €P4(X) and EPTLI7L(X) and EP~19TL(X), etcetera. Define the component

fpqg i=mpgo fe€EPIX).

First we show that

(2.11) Qompg(f) = mgp o Q).
Namely, we can write in local coordinates, similar to ({2.8]),

/
Ipq = Z arg -2 ANzt for some aUGEO(U).
Then the left hand side of (2.11]) becomes

!/ /
QompaN) = Qo fpg=Q | Y ars- 2 a7 | = S ar 2 n.

|1|=p ||=p
|J1=q I71=q
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On the other hand, note that @ works on each component of f independently. For the component
fp,q We have

Q
Jog — Jap

and by the injectivity of the isomorphism () we see that the inverse image of f;, under ) consists
only of f,, 4. On the right hand side of (2.11) we only consider the part in E9P(X) thus we only
have to pay attention to the Q(f,4) part of Q(f) and, locally, we see that the right hand side
becomes

! I =] . A
Tgp © Q(fpg) = Tgpo Q ZGU"Z Nz :ZQU'Z Nz7,

|[I|=p |I|=p
|J|=q |Jl=q

as required.
Now we will prove the proposition for the component f;; € €5(X), with s+¢ = r. By definition,

8fs,t = Ts+1,t (dfs,t)-
On the other hand, note that (Qfs;) € £"%(X) so

E(Qfs,t) = Tt,s+1° d(Qfs,t)'
Then
Qg(Qfs,t) = Qﬂ-t,s-l-l o Q(dfs,t)a

by linearity of the exterior derivative. From ([2.11] follows that 7 11 0Q = @Q o msy1+ and since
Q o @Q is equal to the identity mapping, we reach

Qg(Qfs,t) = Tis+1,t (df&t),

proving the proposition for fs;. Since this holds for all independent components fs; with
s+t =, the proposition is proved for the direct sum f € E(X) as well. O

We know that in general d> = 0. However, it is not always true that 9> = 0 or 7 =o.
From Proposition [2.9] we observe the following.

COROLLARY 2.10. 82 = 0 if and only if 9 = 0.
In general
d: EPI(X) — LT (X)
can be decomposed as
d= GB Trs O d
r+s=p+q+1
= (Tpt1,g T Tpgt1 + Tpr2g-1+ Tp_1g42+...)0d

=0+ 0 +....

(2.12)

If the terms indicated by dots in the above equation turn out to be zero, then we obtain a very
simple expression for the exterior derivative restricted to (sections of) the manifold considered.

DEFINITION 2.11. Let (X, J) be an almost complex manifold. The almost complex structure
J is called integrable if d = 0 + 0 on E;(X).
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Suppose a given almost complex structure is integrable. Then
B2 =0+02=0+(00+00)+0 .
Note that these operators act on different subspaces of 8%+q+2(X): on EP24(X), on EPTHLIHL(X)

and on EP9F2(X), respectively. Thus for d? to be zero, these three terms have to be zero
independently.

COROLLARY 2.12. Let (X,J) be an almost complex manifold and let the almost complex
structure J be integrable. Then

=0, =0 and 00=-00.
Moreover, we have the following theorem.
THEOREM 2.13. The induced almost complex structure on a complex manifold is integrable.

PROOF. Let X be a complex manifold. By Remark [2.6] we know that X induces an almost
complex structure J on the underlying differentiable manifold Xy. Now T'(X() with the complex-
bundle structure induced by J is complex-linear isomorphic to 7'(X), i.e., as complex bundles,

T(X) = T(Xo)""
and similarly, for the dual bundles, we have
T*(X) = T*(Xo)*°.

Next, we will consider local frames and look at how the exterior derivative behaves locally. Let
(#1,...,2n) be local coordinates. According to Example {0/0z1,...,0/0z,} forms a local
frame for T'(X). So for the dual of this bundle, 7%(X), a local frame is given by {dz1,...,dz,}.
Let {0/0x1,0/0y1,...,0/0xn,0/0yn} be a local frame for the complexification T¢(Xp) and
define

. a - 0 .
wj = (@_187)’ forj=1,...,n
w; = (Q%J—G-ZB%J), forj=1,...,n.
Observe that
0 d 7 0
W, = — an w; = —.
J (92]' J (%j

Namely, letting z; = x; + iy;, we compute the complex partial derivative of a holomorphic func-
tion as

o__ o _o & . 0 Oy
0z Ox; +iy;)  Ox; 0wy +iy;)  O(iy;) 0w +iy;)
o1 1o 19 1o,
or; 8(5&7:;)%) i Qy; ‘9%”{7;7;??)“) d; idy;
that is,
(2.13) o _9 90

aZj - 6.%'j 8yj
and analogously, we find
0 0 .0
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Since the partial derivatives form a local frame for T(X), we see that {ws,...,w,} is another
local frame for 7'(X). Similarly, {wi,...,w,} forms a local frame for 7*(X). From the linearity
of d it follows that

dzj = dx; + i dyj, dzZ; = dx; — 1 dy; forj=1,...,n
This gives us
1
da;j = i(de + d?j)

1
dy; = QZ(dZJ - dz;),

for j =1,...,n. Now let s be a section in EP?(X). Then we can write, similar to (2.8]),
/
s = Z ary-dz' A dz7,
1,J

for some ar; € E°(X) and with |I| = p, |J| = q. Applying the exterior derivative on the section
s, we obtain

ds="%" (8“” ~ a“”dyj> A del A dE
J=1 1,7 0y,

/aaU GaU I —J
4 52 dzj A d2' A dz’ +ZZ cfj/\dz Adz,
j=1 I,J j=1 I,J

where we used expressions for 8 and - extracted from (|2 and ([2.14]). In the last equation

the first term is of type (p + 1 q) and the second term is of type (p,q +1). There are no terms
of other types and we conclude that all other terms in (2.12)) are zero, i.e., d = 0 + 0, and we
obtain

(2.15)

Therefore the induced almost complex structure is integrable. O

Note that of the proof gives simple formulas for 0 and 0 in their natural frames, and
we will use them later on.

The converse of Theorem turns out to be true as well: for every integrable almost
complex manifold, there exists a unique complex structure which induces this almost complex
structure. This result is known as the Newlander-Nirenberg theorem. However, we will not need
this theorem and we omit the proof, which can be found in Hérmander [I].

2. Hermitian Differential Geometry

In this section we study vector bundles more closely by introducing some basic differential
geometric concepts: metrics, connections and curvatures. We start with differentiable complex
vector bundles and in this section we abbreviate this class of vector bundles just by ‘vector
bundles’. Later on and in Section [3] we will apply these concepts to a more specific kind of
differentiable complex vector bundles: holomorphic vector bundles.
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Recall that a differentiable complex vector bundle is a vector bundle whose fibres are home-
omorphic to complex vector spaces.

Let E — X be a vector bundle of rank r, i.e., a differentiable complex vector bundle of
rank r. Suppose that f = (e1,...,e,) is a frame at x € X, i.e., there is a neighbourhood U of
x and there are sections {ey,...,e,} with each e; € E(U, E), which are linearly independent at
each point of U. Suppose that a differentiable mapping g: U — GL(r,C) is given. Then g acts
on the set of all frames f on the open set U by the action

f — fg7
given by

(f9)@) = | D gp() - epl@), ..., Y gpr(2) - ep(2) for z € U.
p=1 p=1

We see that fg is a new frame on U and the multiplication inside is the definition of the matrix
product. We call such a mapping g a change of frame. On the other hand, given two frames f
and f’ on U, there always exists a change of frame ¢ defined on U such that f’ = fg.

Let us now introduce the notation [E(U)]™. Recall that ¢ € £(U) is a smooth section

p: U —C
and define ¢ € [E(U)]™ to be the smooth function
P: U —CxCx---xC with m copies of C

defined by ¥(x) := (Y1(z),...,¥m(z)) for x € U and ¢; € E(U) for all j € {1,...,m}.

We use frames to find local representations for all sorts of differential geometric objects.
We start with a local representation of the sections of a vector bundle. Let £ — X be a vector
bundle of rank r and let f = (e1,...,e,) be a frame for E over U for U open in X and U small
enough such that a frame exists. Let £ € (U, E). Then we can write

(2.16) =L =)_8(f) e

where £°(f) € E(U) are uniquely determined smooth functions on U, depending on the frame
f. This induces a mapping
ty
E(U, E) — [E(U)]" = E(U,U x C7),

where the congruence relation is obtained by a local trivialization (h,U) of the complex vector
bundle. We use the notation £y because the mapping depends on the frame f and / is short for
local. We write

&'(f)
lp: & — &)= + |,
§"(f)
where £°(f) is given by . Now let g be a change of frame over U. We want to compute
&(fg). By we have

§(f9) =) _€°(f9) e
o=1
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and using (2.16)), we see that

E=8(fg) =D U [ D gpo-eo| =D D €(f9) Gpo - €p-
o=1 p=1

p=1o=1

Note that this last equation is very similar to the expression for £ = £(f) in (2.16)) and the
coefficients in the summation over p necessarily have to be the same:

&) =_£(f9) goo-
o=1

It follows that
(2.17) g-&(fg9) =¢&(f),

where the product is matrix multiplication at a given point € U (here g,, is just a number
so it commutes). Summarising, we have obtained in a vector representation for sections
¢ € E(U, E) with respect to a local frame and tells us how this vector is transformed
under a change of frame.

REMARK 2.14. If E is a holomorphic vector bundle, we call a frame where the sections
are holomorphic instead of smooth (as before) a holomorphic frame, i.e., f = (e1,...e,;) with
each e; € O(U, E) such that {ei(x),...,e (x)} forms a basis for £, for any z € U. In this
case holomorphic changes of frame are given by holomorphic mappings g: U — GL(r,C) and
analogously we find that the transformation rule is still valid.

Now we are ready to introduce three fundamental differential geometric concepts: metric,
connection and curvature.

DEFINITION 2.15. Let E — X be a vector bundle. A Hermitian metric h on E is an

assignment of a Hermitian inner product (-,-), to each fibre F, of E such that for any open set
UC X and &, € E(U, E) the function

&n):U—C
given by

is smooth. A vector bundle E equipped with a Hermitian metric h is called a Hermitian vector
bundle.

Suppose that E is a Hermitian vector bundle of rank r and that f = (e1,...,e,) is a frame
for F over some set U which is an open subset of X. Define

h(f)po = <em ep>'
Note that in the right hand side of this definition p and o are switched with respect to their
order in the left hand side. Let h(f) = [h(f),o]| be the r x r matrix of smooth functions A(f) -
Then h(f) is a positive definite Hermitian symmetric matrix and is a local representation of the
Hermitian metric h with respect to the frame f. Now let £, € E(U, E). Then we write

<Z€p(f) ) >
P o
= G haolf) - €(F).

fXes

(& m)
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It follows that

(2.18) (€ m) ="n(f)- h(f) - €0F),

where the products are matrix multiplication and ‘A denotes the transpose of the matrix A.
In we obtained a representation for the Hermitian metric in terms of sections, which in
turn have a local vector representation depending on the given frame. Now we would like to
deduce a transformation law expressing how a change of frame influences this representation of
the metric. Let g be a change of frame over U. Then we plug the transformation rule

into (2.18) to find

& n="g-n(f9)-h(f)-g-£(f9)
—"0(F9) - (gh(f)g) - £(f9)-

And on the other hand, by (2.18)),

(€.n) = "n(fg) - h(fa) - &(f9).
Thus
(2.19) h(fg)="g-nh(f)-g
is the transformation rule for local representations of the Hermitian metric.
THEOREM 2.16. FEvery vector bundle E — X admits a Hermitian metric.

PROOF. There exists a locally finite cover {U,} of X and frames f, defined on U,. We
define a Hermitian metric h,, on E|y, by

(€& ma ="n(fa)(@) - £(fa) (),

for x € U, and where the product is matrix multiplication of the vector representations of
&,n € E;. Now let {p,} be a smooth partition of unity subordinate to the cover {U,} and let

Enz—zpa 577:57

for £,n € E,. Next we check that (-,-) defined in this way is indeed a Hermitian metric for E.
First we see that, for £,n € E(U, E),

v — (€ = 3 paa) - (el nfels
Zpa W)(@) - €(fa) (@)

is a smooth function on U since it is a (finite) sum of a product of three smooth functions. Then
we need to verify that h is indeed a Hermitian inner product on each fibre of E. It is easy to
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see that A is an inner product. Moreover, the Hermitian property follows from

Zpa ( ) - n(fa)(x)
Zpa e(fa) (@) - n(fa) (@)

Zpa fa ( )f(fa)(x)
- <§7 )( )7

where, from the second to the third expression, we used the fact that partition of unity functions
are real (namely between zero and one) and the fact that one can switch two vectors v and w
in the matrix multiplication (*v) - w, i.e., this is equal to (‘w) - v. O

Now we would like to consider differential forms with vector bundle coefficients and then
write the differential forms locally in terms of a frame.

DEFINITION 2.17. Suppose that F — X is a vector bundle. A differential form of degree
p on X with coefficients in E, or a E-valued differential p-form on X, is an element of

EL(X, E) := &(X, \PTE(X) ®c E).

Here the subscript C under the tensor product means that the tensor product is taken over
the complex numbers. In addition, we prefer to give EP(X, E) the subscript C as well to reflect
the complexification inside.

Note that the smooth sections from X to E, £(X, E), are a particular case of the differential
p-forms on X with coefficients in E, EX(X, E). Namely, £(X, E) = €X(X, E). A more general
relationship is given by the following proposition.

PROPOSITION 2.18. Let E be a vector bundle over X. Then

EL(X) ®e E(X,E) = EL(X,E).

Here the subscript € means that the tensor product is taken over smooth functions; smooth
sections in this case. One can see that the isomorphism in Proposition [2.18]is natural with the

help of Figure [2.4]
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E X

NPT

~—~

X)®c E

NPT

—~

X)

=

Figure 2.4. This figure tries to make Proposition intuitively clear. In the upper part of this
figure, the set of smooth sections €(X, E) of a vector bundle 7: E — X is illustrated in the same
way as in Figure The complexification of the tangent space of X, Te(X), is represented by the
same distorted circle as X with an arrow added to the point € X. The dual space T¢(X) of this
complex vector space is represented by the upper rectangle, which contains a map from T¢(X) to
C. Note that this rectangle is used to create another rectangle representing APT(X) and this one
is used in its turn to create the rectangle of APT{#(X) ®c E. Check with the help of the definitions
that the sets of smooth functions EZ(X) and EL(X, E) are painted correctly. Now verify that EZ(X)
together with (X, E) contains the same mapping information as €Z(X, E).
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PROOF. Write out the notation more extensively using definitions. Then the isomorphic
relation we want to prove becomes

E(X,NPTE(X)) ®e E(X,E) =2 E(X,NPTE(X) ®c E).

Locally, on a small enough neighbourhood U of a point z € X, this means that we need to find
an isomorphism

7: E(U,NPTE(X)) ®e, E(U,E) — E(U,NPTE(X) @c E).
Let £ € E(U, NPTE(X)) and let n € E(U, E). Define 7y fibrewise by setting

(2.20) w(§@n)(x) = &(x) @n(x).
Then the image of x under 7y lies in E(U, APTE(X))] ® E(U, E)|,. It is easy to see that 7y is a
(local) isomorphism and that we can ‘glue together’ all 77 to obtain a global isomorphism. [

In terms of local frames, one can find a local representation for differential p-forms on X
with coefficients in £ and deduce the transformation law for a change of frame analogously to
the derivation of (2.17). For £ € EL(X, E) this gives

(2.21) (f9) =97 &),

which is exactly the same as for £ € (X)) (which in its turn is the same as for £ € EP(X)).
Let ¢ € EL(X) and £ € (X, E). Then we denote the image of ¢ ® ¢ under the isomorphism

7 of Proposition by ¢ - & € EL(X,E), ie.,
¢ &(z) = p(z) ® (),
where we used (2.20]) and U is a small enough neighbourhood of x such that a frame f of E over

U exists.
We proceed with the definition of the next important concept: a connection.

DEFINITION 2.19. Let E — X be a vector bundle. Then a connection D on E — X is a
complex-linear mapping
D: &c(X,E) — EL(X, E),

which satisfies the Leibnitz rule

D(p-&) =dp- &+ oD,
for all p € Ec(X) and € € E(X, E).
REMARK 2.20. Consider the case of the trivial bundle, i.e., E = X x C. Then a connection
D on X x C — X is a mapping
D: &c(X, X xC) — EL(X, X x C)

satisfying the Leibnitz rule. Note that the ordinary exterior derivative d is an example of such
a connection D. Therefore a connection D is a generalization of the exterior derivative d to
vector-valued differential forms. Later on we will extend the definition of D to higher-order
forms. A

Now we want to describe connections locally. Let f be a frame over U for a vector bundle
E — X, which is equipped with a connection D. We define the connection matriz 6(D, f)
associated with the connection D and the frame f by

0(D, f) := [0,0(D, f)] with 0,,(D, f) € EL(U),
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where

T
De, = ZHPU(D, f)-ep.
p=1
Given a fixed connection or given a fixed frame when investigating local properties, we will often
replace the notation 6(D, f) by 0(f) or even 6.
With the help of the connection matrix (D, f), we can calculate the action of D on sections
of E. Namely, let £ € (U, F) and let f be a given frame. Then

D¢=D (Z&”(f) : ep)

p

=Y d&(f) - ea+ > _E(f)De,
o P

g

= ST () + 3 ()op(f)] - o

DE= Y [dE7(f) + (0(f) AE(N)),) - €o

where we used
dg'(f)
aif) =1 : |
dg" (f)
with £ € Ec(U), e, € E(U, X) and where the wedge product means ordinary matrix multiplica-

tion where the matrices have differential forms as coefficients and the multiplicative operation
between two coefficients is a wedge product. Locally we obtain the useful relation

DE(f) = d&(f) +0(f)S(f)
= [d+0(f)IE(f),
or shortly D = d + 6(f) where we look upon d + 6(f) as an operator acting on vector-valued
functions.

Suppose that we are given a vector bundle ¥ — X equipped with a connection D. Let
Hom(E, E) be the vector bundle whose fibres are Hom(E,, E;), i.e., Hom(E, E) consists of
homomorphisms from E to E which send a fibre to itself (see also the second part of Remark
1.15)). We will see that the connection D on E induces an element

Op(D) € E4(X,Hom(E, E))

in a natural way, which we call the curvature tensor. Namely, let f be a frame for £ — X
over an open subset of X. Let 6(f) = 0(D, f) be the connection matrix associated with the
connection D and the frame f. We define

O(D, f) = dbo(f) +0(f) NO(f),
which can be written as an r x r matrix of 2-forms, i.e.,
Opo = dbps + Y _ Opi A O
k

Then ©(D, f) is called the curvature matriz associated with the connection matrix 8(D, f). The
next lemma shows how 6(f) and ©(f) = ©(D, f) transform.
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LEMMA 2.21. Let g be a change of frame and define the connection matriz 0(f) and the
curvature matriz ©(f) as above. Then

(1)
(2)

dg+0(f)g = g0(fg),
O(fg) =g 'O0(f)g.

ProOF. We prove the equations one by one.

(1)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Write f = (e1,...e;). Then

' T
fg: ngl'epv'”7zgpr'€p :3(6/1,...,6;,).
p=1 p=1
Now we have .
D(e,) =Y buo(fg)-€,
v=1
and since .
6:, = ngu " €p,
p=1
we obtain

D(e;) - Z eva(fg) *Gpv * €p.

v,p=1
On the other hand, we have

T ' T
D ngo'ep :ngpa‘€p+ Z gpa'e‘rp'eT-
p=1 p=1 p,T=1

Then it follows that
g-0(fg) =dg+0(f) g,

as required.
We start the proof with rewriting the left hand side

9-O(fg) = gldo(fg) +0(fg) NO(fg)]-

First we want to obtain an expression for the term g - df(fg). Therefore apply the
exterior derivative to (2.22)). We find

d(dg +0(f)-g) =do(f)-g—0(f)-dg=dg-0(fg) +g-db(fg) =d(g-0(fg)),
where we used the fact that ¢ is a O-form, 0 is a 1-form (and © is a 2-form) to obtain
the right plus and minus signs. The first part of this lemma gives us

0(f9) =g " -dg+97'0(f)g
and substituting (2.25]) into (2.24)), we find
g-do(fg) =do(f)-g—0(f)-dg—dg-(g~" -dg+g~'-0(f)-9g)
Plugging (2.26]) into (2.23)) and simplifying, we find that (2.23]) is equal to
[d6(f) +6(f) AO(f)lg,
where we used the observation that
O=dl=dg-g~')=dg-g" +g-dg~"
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with I the identity. Thus
9-6(f9) =0O(f) -9,

as required.

In addition, we have the following identity.

LEMMA 2.22. Let 0(f) be the connection matriz and O(f) be the curvature matriz associated
to a connection D and a frame f on U. Then

[d+0(N)]ld+0(NIES) =O(NES)  for & € E(U, E).

PRrOOF. For simplicity we drop the dependence on the frame f in the notation. Then we
compute

(d+0)d+0)=d*¢+0-de+dO-&)+(ON0)-&
=0-dé+di-E—0-dE+ (ON0)-&
= (d9+6Nn0)-&
- @ga
where the minus sign comes from (—1)l = (=1)! = —1 since 6 is a 1-form. O

After having introduced a Hermitian metric and the notation of curvature, let us move on
to the third important definition.

DEFINITION 2.23. Let £ — X be a vector bundle equipped with a connection D. Then the
curvature © (D) is defined to be that element © € €2(X,Hom(F, F)) such that the complex-
linear mapping

0: &c(X,E) — EL(X, E)
has the representation
O(f) = 0D, f) = do(f) + 6(f) N O(f),
with respect to a frame f. By the second part of Lemma we know that ©(D, f) satisfies
the usual transformation property (2.21)) and therefore ©(D, f) determines a global element in
€4(X,Hom(E, E)) and O (D) is well defined.

Now we will extend Definition of a connection D to higher-order forms. Define the
action of D on higher-order differential forms by
DE(f) = de(f) + 0(f) NE(S),
where ¢ € EL(X, E). Therefore

D: EX(X,E) — eXTN (X, E).

We still need to check whether this is well defined. This means checking that the image under D
satisfies the usual transformation law (2.21)). Then the image would be a well-defined E-valued
(p+ 1)-form. To check this, let £ € EL(X, E), let f be a frame, let g be a change of frame and
observe that

glDE(f9)] = gldé(fg) +0(fg) NE(fg)]

=g
= d(g¢(f9)) —dg - &(fg) +g-0(f9) NE(f9),
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where we used the fact that ¢ is a 0-form and therefore

d(g§) =dg-&+g-dE.

Substituting the first part of Lemma for 6(fg) and applying the transformation rule (2.21))
for £(fg), we obtain

glDE(fg)] = dE(f) —dg- g~ - &(f) + [dg +0(f)gl Ag™" - £(f)
=de(f)+0(f) - ghg - E(f)
= [d+0(f)N 1E(S)

9lD&(fg)l = DE(S),

as required. Thus D := d + 0(f)A extends the definition of a connection D to (E-valued)
differential forms of higher order and we call this extension covariant differentiation. On our
way we have proved the following corollary.

COROLLARY 2.24. Let D? := D o D. Then D? is equal to © as an operator mapping
2
EL(X,E) — XXX, ).

PRrROOF. For p = 0 the equation follows immediately by Lemma For p > 0 we observe
that Lemma [2.22] is still valid; the proof is analogous for this extended definition of D. O

It turns out that any differentiable vector bundle admits a connection and we will show
this in the following. Assume that £ — X is a vector bundle equipped with a Hermitian
metric h as in Definition 2,15l We extend the metric h on E to act on E-valued covectors. Let
w e NPTE (X)), w' € NTE (X)) and let £, € E for x € X. Then we call w® & and o' ® ¢’
FE-valued covectors. We define

(w® &0 ® §/>x =wAW - <f,§’>x
This extension of the inner product induces a fibrewise mapping
h: EL(X,E) ® EL(X, E) — ELTY(X).
A connection D on FE is called compatible with a Hermitian metric h on E if (locally)
(2.27) d(€,m) = (D&, m) + (&, D).

We will not only show that any differentiable vector bundle admits a connection but moreover,
that it admits a connection that is compatible with any fixed given Hermitian metric. First we
write the condition of compatibility in another way.

LEMMA 2.25. Let E — X be a Hermitian vector bundle. Then a connection D on E is
compatible with the Hermitian metric h if and only if

dh(f) = h(£)0(f) + OF)A(f)

holds for any local frame f.
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PROOF. Let f = (ey,...,e,) be a frame. Suppose that D is a connection compatible with a
Hermitian metric h on E. Denote for simplicity h = h(f) and 6 = 0(f). It follows that

dhye = d{eq,e,) = (Deg, e,) + (€5, Dep)

= <Z‘9‘ra’ : 6T76p> + <60’29MP ’ e#>
. %
- ZQTU “hpr "’Zgup “hyo
T 2]

= (1) + (0N po.

Therefore

(2.28) dh = ho + 'Oh.

On the other hand, suppose that is satisfied for all frames. By we find locally
(2:29) d(&,m) = d('TihE) = "(dn)he + "T(dh)E + Thdg.

Now we substitute (2.28)) into (2.29)), which gives
d(€,n) = (dn)hE + T(ho + "Oh)E + 'mhde
= Ydf+ 0 An)hé + Th(dE+ O N E)
= (£, Dn) + (D&, n).

Thus the connection D is compatible with the metric h. O

Now we are ready to prove the following theorem.

THEOREM 2.26. Let E — X be a Hermitian vector bundle. Then there exists a connection
D on E compatible with the Hermitian metric on E.

PRrROOF. We will give such a connection D explicitly. Firstly, we look for a suitable connection
matrix 6. Given a frame f we can always make it into an orthonormal frame f by the Gram-
Schmidt orthogonalization method. Then such an f is called a unitary frame and has the
property that h(f) = I. Thus we can find a locally finite cover {U,} and unitary frames f,
defined in U,. By Lemma the question of being compatible for A(f) = I reduces to

0=dl=6+'0

for a unitary frame. Therefore 6 has to be a skew-Hermitian matrix. We can just choose the
trivial skew-Hermitian matrix for each « by setting 6, = 0, i.e., 8(f,) = 0. Using the first part
of Lemma [2.21] we see that making a change of frame g should yield

0(fag) =g 'dg+0.
Thus we simply define for a change of frame g
(2.30) 0(fag) =g~ 'dg.

Now notice that
h(fag) = "gh(f)g =gy
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We obtain
dh(fag) = d('g-9) =d'g-g+"g-dg
=d'g- (9" -'g-9+"G-9-97" - dg
ti

= e(fag)h(fag) + h(fag)g(fag)a
where we obtained the plus sign by using the fact that g is a 0-form. Thus we defined 6(f) in
such a way that it is compatible with the metric for the trivial unitary frame f and the above
equation verifies that equation (2.28)), thus this compatibility, is still satisfied after any change
of frame. Thus we have proved the theorem locally. However, is there also a global connection

D which is compatible with A? Let {¢,} be a partition of unity subordinate to the cover {U,}.
Define the connection D, in E|y, by

Da&(fa) = dg(foc)y
where d is the normal exterior derivative. Define a change of frame for D, by ([2.30). Now define
a global connection D by
D := Z PaDa,

which is a well-defined first-order partial-differential operator
D: &c(X,E) — EL(X, E).
Now we check definition (2.27)) of D being compatible with the metric A on E. Namely,

(D€,m) + (¢, Dn) = Zsoa Do, n) + (£, Do) Zwaﬁn

= d(«S,n)-
O

We have seen a lot of notation involving theta’s. To prevent confusion we finish this section
with an overview of new notations and a few important relations we have proved:

e D is a connection and locally we can write D = d + (D, f), or D = d+ 60(D, f)A in
the case of covariant differentiation.

e 0(D, f) is a connection matrix.

e Op(D) is a curvature tensor.

e O(D, f) is a curvature matrix with © :=df + 6 A 0 and © = D?.

3. Example of Canonical Connection and Curvature

In this section we will look at holomorphic vector bundles and their canonical connection
and curvature. By the word ‘canonical’ the most natural or the most common option is meant.

Suppose that F — X is a holomorphic vector bundle over a complex manifold X. If F,
as a differentiable bundle, is equipped with a differentiable Hermitian metric h, we will call E a
Hermitian holomorphic vector bundle.

Recall that for the complex manifold X we have

EL(X, E) @e ):é P e(x,E)

r=0 p,q
ptg=r
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and by Proposition [2.18
ECU(X,E) = e(X) ®e(x) E(X, B).
Now suppose that we have a connection on F
D: &c(X,E) — EL(X, E)
and recall that
EL(X,E) =&Y (X, E)® " (X, E).
Then D splits naturally into two components: D = D’ + D", where we define
(2.31) D' &c(X,E) — &YX, E)
D": &c(X,E) — %X, E).

THEOREM 2.27. If h is a Hermitian metric on a holomorphic vector bundle E — X, then
h induces canonically a connection D(h) on E which satisfies, for W an open subset of X :

(1) For&me &(W,E)
d(&,m) = (D&, m) + (&, Dn),

i.e., D is compatible with the metric h.
(2) If £ € O(W, E), i.e., £ is a holomorphic section of E, then D"¢ = 0.

ProOF. First we show that the second part of the theorem is equivalent to the connection
matrix 0(f) being entirely of type (1,0). Namely, let f be a holomorphic frame and let £ €
O(W, E). Then

DE(f) = (d+0(f)) £(f)
= @+ 000() () + @ +0V(f) &(1).
Here 6 = (10 4 (0.1 ig the natural decomposition. It follows that
D'E(f) = (0+010() £(f)

and

D"&(f) = @+ 0OV (1) &(1).
As ¢ is holomorphic we have 0¢(f) = 0 and therefore

D"¢(f) = 00D (f) &(f).

So D"¢ = 0 if and only if 4 is of type (1,0) (or if # = 0 but this cannot remain true under each
change of frame).

Now suppose that we are given a connection D which satisfies both conditions. Let f =
(e1,...,er) be a holomorphic frame over U an open subset of X and let § = 6(f) be the
associated connection matrix. By Lemma it follows from the first condition that

dh = ho + "Oh.

The second condition implies that @ is of type (1,0) and therefore the complex conjugate § must
be of type (0,1). Recalling that d = 9 + 9 and comparing the terms acting on each type, we
obtain

Oh = ho
ah = "On.
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It follows that
(2.32) 0 =nh"'on

and we take (2.32)) as the definition of the connection matrix # we are looking for. It is clear
that such a @ satisfies both required conditions. We only need to check what happens under a
change of frame. Let g be a change of frame. Then

h(fg) ="gh(f)g

hH(fg) =g h(f) g
and it follows that
90(f9) = glh™" (f9)oh(f9)]
h(f)"H'g) ' ol'gh(f)g]
h(F) g0 g - h(f)g +"GOR(f))g + "Gh(f) - Dg).

Since g is a holomorphic change of frame, we know that d‘g = 0 so

9"
9"

8’5?:57’5920 and dg = dg.
Now we can write

99(fg) = 0+ h(f)~'(OR(f))g + dg
= 0(f)g +dg.

By the first part of Lemma [2.21] we see that this was already a necessary condition on 6 to be
able to define a global connection. O

In the proof of the previous theorem we obtained some useful formulas. Namely, the canon-
ical connection 6 in terms of the metric h for a holomorphic frame f is given by

(2.33) 0(f) = h(f)~'On(f)
and the canonical curvature D = D’ + D" can be written as
D' =0+6(f)
D// — 5

with D" and D" as in (2.31)).

We finish this section with some additional information about the canonical connection and
curvature, in the form of the following proposition.

PROPOSITION 2.28. Let D be the canonical connection of a Hermitian holomorphic vector
bundle E — X with Hermitian metric h, i.e., having connection matriz (2.33)). Let 0(f) and
©(f) be the connection and curvature matrices defined by D with respect to a holomorphic frame
f- Then

(1) 0(f) is of type (1,0) and 96(f) = —0(f) N O(f).
(2) ©(f) = 06(f) and O(f) is of type (1,1).
(3) 96(f) = 0.

PROOF. Denote h = h(f) and 6 = 6(f) and © = O(f).
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(1) By and the fact that h is a 1-form, it follows that 6 is of type (1,0). Then note
that
ot =0o( - h-nt
=oh ' hh ' —h7' - Oh Rt —h T R OnT!
= —h ' 0Oh-hl
Since 6 is of type (1,0) it follows that d> = &> = 0. Then we find by that
90 = o(h™ A Oh)
= (=h™'-Oh-h"YYAOR — T A DA
= — (h7'0h) A (h™10h)
= —0N0.
(2) We compute
O=di+0N0=00+0N0+ 00
=00,

by the first part. Since 6 is of part (1,0) we see that 96 is of type (1,1).
(3) Note that
90 =00=0
by the two parts before.



CHAPTER 3

Operators on Complex Manifolds

In this chapter we study a lot of operators on complex manifolds.

In Section [If we give the definition of a differential operator and of its ‘symbol’, which
classifies the differential operators. So far, we have already encountered the differential operators
d, 0, 0, the complex structure .J, complex conjugation () and the connection D. Moreover, in
this chapter we introduce the operators A, [, 0, L, w, * and # and we take a look at the adjoint
operators d* and a".

Namely, in Sectionwe introduce the Laplacian or elliptic operators A, [J and [J and see how
they determine the space H of harmonic forms. In addition, we state the Hodge decomposition
theorem for self-adjoint elliptic operators, which we will use in Chapter [4] to obtain the Hodge
decomposition theorem on compact Kéhler manifolds as a major result.

Then we will consider in Section [3] the orientation of complex manifolds. Namely, we define
volume elements to fix the orientation and we introduce the Hodge operator * which depends
on the metric and the volume element on the manifold. We introduce a fundamental 2-form 2
which determines a volume element.

In Section 4| we compute the adjoints d* and 9" with the help of this Hodge operator
and we will use them in the proofs of Chapter Further, we prove the well-known Poincaré
and Serre duality theorems. Then we introduce in Section [5| the # operator together with a
useful relation to *. We also state the Lefschetz decomposition theorem for a Hermitian exterior
algebra, which we will extend in Chapter [4] to a decomposition of harmonic forms on a Kéahler
manifold. Summarising, we will see a lot of operators and relations between them and we will
explore that they are of great use in computations and proofs.

1. Differential Operators and their Symbol

In this section and the following section we discuss some basic definitions and results from
another branch of mathematics: (pseudo-)differential operator theory. We give the definition of
a differential operator and we introduce its ‘symbol’. In Section [2| we will move on with some
results from the (pseudo-)differential operator theory, considering a specific type of differential
operators, namely, elliptic operators.

Recall the notation [E(U)]™ from Section 2| of Chapter [2l Now we give the definition of a
differential operator.

DEFINITION 3.1. Let X be a differentiable manifold and let £ — X and F' — X be differ-
entiable complex vector bundles of rank p and ¢, respectively. Let U be any local trivialization.
Then a linear map

L: W) — @)

41
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is a linear partial differential operator L if, for all f="(f1,---, fp) € [E(U)]?, there exist complex
constants a4 such that we can write

P
(3.1) L(f)i= ) ad D*f;
7=1
o<k
for i € {1,...,q} and k some natural number or zero. Moreover, a complex-linear map

L: &(X,E) — &(X,F)

is a differential operator L if there exists a linear partial differential operator L such that the
diagram

ey ——  [EO)F

- -

EWU, U xCP) —— E(U,U x C9)
@) @)
eX,E)|, —— &X,F)|,
commutes. The differential operator L is of order k if no derivatives of order > k 4+ 1 appear

in a local representation. The vector space of all differential operators of order k is denoted by
Diffy(E, F).

Note that from the above definition follows that
Diffy(E,F): &(X,E) — &(X, F)

and that Diff(F, F) C Diffy,1(E, F).
Now we recall the definition of an adjoint operator.

DEFINITION 3.2. Let
L:&X,E) — E(X,F)
be a complex-linear map. Then a complex-linear map
L*: &(X,F) — &(X,E)
is an adjoint of L with respect to the inner product (-,-) if
(Lf,g) = (f,L%9)

for all f € E&(X,FE) and g € (X, F) and we denote the adjoint of L by L*. The operator L is
called self-adjoint if L* = L.

So if L € Diffy(E, F), then L* € Diff(F, F) and it turns out that L* always exists with
respect to a Hermitian inner product

@m:A@mmM

where p is a strictly positive smooth measure on X.
Next, we would like to define ‘the symbol’ of a differential operator, which gives a classifi-
cation on the set of all differential operators. First we define it locally.
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DEFINITION 3.3. Let U be an open subset of the differentiable n-manifold X. Let
L € Diffy(E, F) be a differential operator of order k and let L be the partial differential opera-
tor on U associated with L. So we can write L as in . Then the symbol of order k or the
k-symbol of L is the function ak(f/): U x R" — C, given by

or(L)(x,€) == Y aa(w)(i)".
|a|=k

Moreover, we call the function o(L): U x R" — C, given by

o(L)(2,€) == > aalx)(i€)",

la|<k
the full symbol or the symbol of L.

Let us introduce the notation 7"(X), which will become the space of admittable symbols.
Namely, let X be a real manifold and consider 7*(X), its real cotangent bundle. Then define
T'(X) to be T*(X) with the zero section deleted, i.e., T'(X) is the bundle of nonzero cotangent
vectors. We state the following proposition. The proof can be found in [3].

PROPOSITION 3.4. Let L € Diffy(E,F) be a differential operator of degree k. Let
(x,€) € U x R™ with U an open subset of the differentiable manifold X and let x € X. Choose
smooth functions ¢ € E(U) such that

(dp)e =Y &(d))a,
j=1
i.e., Digp(z) =& for all j. Then there exists a well-defined smooth function
or(L): T'(X) — C
such that for any coordinate chart (U,1) and local coordinates (x1,...,Tn),

ox(L) ~
T'(X)e 3 &1(dz1)e + - + En(dn)e —— op(L) (Yo x1, ..., oxp, &1,... &) €C

Now we are ready to define the symbol of a partial differential operator.
DEFINITION 3.5. Let L € Diffy(E, F') be a differential operator. The function
or(L): T'(X) — C,

which exists by Proposition [3.4] is called the k-symbol of L. We denote the set of the k-symbols
of differential operators in Diffy(F, F') by Smblg(E, F).

2. Elliptic Operators

In this section we move on to Laplacian or elliptic operators on a compact Riemannian
manifold, i.e., equipped with a Riemannian metric (note that the condition on a metric being
Hermitian is a stronger version of being Riemannian). These operators determine the space of
harmonic forms H. Then we state the Hodge decomposition theorem for self-adjoint elliptic
operators, which we will use in Chapter [
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Let us turn our attention to specific differential operators on a compact Riemannian mani-
fold. Suppose for the rest of this section that X is a compact Riemannian manifold. Then the
usual Laplacian on Euclidian space, given by

0? 0?
A = R T
0x12 Tt 0x,?’
where (z1,...,x,) is a choice of coordinates, can be generalized on X to the differential operator
(3.2) A :=dd* + d*d,

with respect to the Riemannian metric on X and this is how we define the Laplacian A. However,
this is not the only possible choice which generalizes the Laplacian on Euclidean space. Namely,
we define in a similar way

0:= 00"+ 00
0:=00 +90.
Note that O is indeed the complex conjugate of [J, as the notation suggests. We call A,J and

O Laplacian operators since they are a generalization of the Euclidian Laplacian, and in the
following definitions we will define a class of such operators, which we call elliptic operators.

DEFINITION 3.6. Let X be a differentiable manifold and let E and F' be vector bundles
over X of the same rank. Let s € Smbli(E, F). Then s is elliptic if and only if the linear map
s(x,§): By — Fy

is an isomorphism for all (z,¢) € T"(X).
DEFINITION 3.7. Let L € Diff ,(E, F'). Then L is an elliptic operator of order k if and only
if o1 (L) is an elliptic symbol.

It turns out that the symbols of the Laplacian operators A, and O are elliptic so they are
elliptic operators. Moreover, we state the following result, which is proved in Wells [5].

PROPOSITION 3.8. Let L € Diffy(E, F). Then L is elliptic if and only if L* is elliptic.

Note that A, and O are self-adjoint and therefore they form trivial examples of Proposition
B8

Now we would like to consider the solutions to the equation Ly = 0 with L a self-adjoint
elliptic operator. First, let L € Diffy(E, F') and denote the kernel of L by

Hp:={(€&X,E) | L =0}.
If L is a (self-adjoint) elliptic operator, then we call these solutions in Hy, the harmonic p-forms.

The following theorem states, among others, that in that case Hp, is finite dimensional. For the
proof of the theorem, we refer to Wells [5].

THEOREM 3.9 (Hodge decomposition theorem for self-adjoint elliptic operators). Let L €
Diffy(E, F) be a self-adjoint and elliptic operator. Then there exist linear mappings Hy, and Gp,

Hp: &X,E) — E(X,E)
Gr: &(X,E) — &(X,E)
such that

(1) HL(E(X,E)) = HL(E) and dimH(F) < oo.
(2) GLo L(E(X,E)) = LoGL(E(X, E)).
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(3) E(X,E)=HL(X,E)® Gro L(E(X, E)) and this decomposition is orthogonal.
(4) There is a canonical isomorphism between the harmonic forms and the de Rham group

H(E;) = H'(E).

Here the linear mapping G, is called the Greens operator associated to L. We are interested
in the special case where E' = APT(X) and L is equal to A or O and Hodge was the first to
prove this situation.

We end this section with a connection between harmonic forms and de Rham groups. Let
us start with the de Rham group (cohomology of the d operator) of a differentiable manifold
X, which we denote by H"(X,C). Moreover, if X is a compact manifold equipped with a
Riemannian metric, then an inner product on APT{(X) is induced for each p. Now let

H'(X) == Ha(A"Te(X))
be the vector space of A-harmonic r-forms on X. Then the last part of Theorem tells us
that
H"(X,C) = H"(X),
i.e., each cohomology class ¢ € H"(X,C) has a representative ¢ in the harmonic forms H"(X).
Moreover, we obtain that

(3.3) b, == dim H"(X,C) = dim H"(X) < oo,

where the complex dimension is meant, and we call these dimensions the Betti numbers b, of the
compact differentiable manifold X. They are topological invariants of X, i.e., they are invariant
under homeomorphisms and they depend only on the topological structure of X.

Now we consider the case of a complex manifold X. Similarly, if X is a compact complex
Riemannian manifold, then we define

HPUX) = Hy(APITe (X))
to be the C-harmonic (p, q)-forms and we obtain from Theorem that
HI(X, Q) = HP9(X),

i.e., the harmonic forms H?4(X) are isomorphic to the degree ¢ de Rham group with coefficients
in the holomorphic p-forms. Namely, we used the notation (2 for the holomorphic differential
forms of type (p,0) or holomorphic forms of degree p. Then there is an inclusion

J
o — = erd,

These holomorphic forms must not be confused with the fundamental 2-form €.
Now we define the Hodge numbers h?? of the compact complex manifold X by

(3.4) WP = dim H(X, QP) = dim HP4(X) < oo,

where we mean the complex dimension. They are again topological invariants of X.

3. The Hodge Operator on Exterior Algebras

In this section we consider the exterior algebra on a Hermitian vector space and we introduce
two new definitions: the fundamental 2-form €2 and the Hodge *-operator associated with the
Hermitian metric.

Let V be a Fuclidean vector space of finite dimension d, i.e., a real vector space equipped
with a positive definite inner product (-,-). Denote the exterior algebra of V by AV.
Then V induces an inner product on the vector space APV for each p. Let {e1,...,eq}
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be an orthonormal basis for V. Recall that an orthonormal basis for APV is given by
{eiy Ao Negy |1 <y <idp <--- <ip < d}. A choice of ordering of a basis is called an orientation
on V and two orientations that differ by an even permutation are equivalent. Thus there are
two orientations possible, called positive and negative. An orientation corresponds to a choice
of sign for a particular d-form. Now choose an orientation for our orthonormal basis of V' by
specifying the d-form

vol :=ef A--- Aeg,
which we will call the volume element on V. We define the Hodge x-operator as the mapping
x: APV — AdPY for0<p<d
defined by
k(ejy Avee A eip) = tej, N Aej,

where {j1,...,ji—p} is the complement of {iy,...,4,} in {1,...,d} and the + sign is determined
by demanding that

(3.5) ey N Neg, Nx(ei A= Ney,) =er A--- Aeg = vol,

i.e., a plus sign is assigned if {i1,...,%p, j1,...,Jd—p} is an even permutation of {1,...,d} and a
minus sign if it is an odd permutation. We extend this definition of * by linearity to all of APV
i.e., the Hodge operator * on elements that are a sum of wedge products is defined as the sum
of x on each term.

ExAMPLE 3.10 (Computing *(ej Aeg) in four dimensions). Let V' be a Euclidian vector space
of dimension 4 and choose {e1, e2, €4, €3} as ordered orthonormal basis for V. This corresponds
to the choice of

vol=e1 Aea Aeg Nes = —ep Aeg Aes A ey.
As an example we compute *(ej A es). Thus we take d = 4 and p = 2. By definition we see that
x(e1 Neg) = teg Aey.
But should this be a plus or a minus sign? We must choose the option such that the expression
e1 Nes Ax(ep Aeg) =e1 Aes A (Lea Aey)
= e NegANeasANey
= FerNexNes/Ney
= tegANeaAeg Nes
= % vol
becomes equal to +vol. Thus we must take the plus sign and we conclude that
*(61 VAN 63) =ea Ney.

Observe that this procedure is determined completely by the fact that 1324 is an even permu-
tation of 1243, the order in our volume element. A

We will show that for «, 8 € APV we have

(3.6) aAxf = {(a, ) vol
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Namely, we can write

/
o= E arey

|I|=p

f= Z/ brer,

|J|=p

where Y~ denotes summation over strictly increasing indices and we used multi-index notation,
i.e., if we write I = {i1,...,14,} for any subset of {1,...,d} with p elements, then

/
o = E aile¢1+~-+aipeip
[7|=p

and the summation has (g) terms. Now

/
aAxf= Z arby-er N\ xej.

Note that the wedge product vanishes when it contains two copies of the same basis vector.
Thus effectively the product is only taken over I and J such that I = J (where the sequences
i1...1p and ji ...jp, must be equal but may be in a different order). It follows from (3.5]) that

aAxf = Z/ajbl-vol

[7|=p
= (a, B) - vol
The last step is not only valid for the standard inner product but for any inner product. Namely,
since the chosen basis {e1,...,e4} is orthonormal, we have for each I

p p
arby = E a; by, = E @iy bjy * Oig g,
k=1

k=1
p p
= Zaikbjk (i, €jp) = Z<aikeik7 bj€ji)
k=1 k=1
= (a, B).
Now extend the Hodge operator * to complex-valued p-forms. Let o, 5 € APV ® C. Then
complex conjugation is well defined by (2.2)) and we can write

/
o = E ajer

|I|=p

8= Bes,

|J|=p
with aj, 8r € C. We define a Hermitian inner product on APV ® C by

(a,B) = ZI arf.

|I|=p
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This inner product agrees with the original inner product when restricted to the real numbers
and therefore we can continue to write (-, -) for this complex extension. Now extend the Hodge
operator * to A*V ® C by complex linearity. From the definitions follows

(3.7) a B = {a,B) - vol

as an extension of ((3.6)).
Recall that the algebra

d
AV =P ATV,
r=0

where d is the dimension of V' and define II, to be the projection onto homogeneous vectors of
degree r, where homogeneous means not a sum of multiple terms. So
II.: ANV — A'V.
Define the linear mapping
w: ANV — AV
by

d
(3.8) w = Z(—l)dr"'rﬂr.
r=0

Note that ** = w. Further, if d is even, the definition reduces to
d
(3.9) w=>Y (~1)TI,.
r=0

Let E be a complex vector space of complex dimension n and let Ey be its underlying real
vector space. Write E’ for the real dual space to Ey, i.e., an element of E’ is a linear map from
Ey to R. Now define the complexification
(3.10) F:=E ®rC=E¢

Thus F is the complex vector space of complex-valued real-linear mappings from E to C since it
is not ‘underlying’ anymore by the complexification. We can define the complex-linear exterior
algebra of F' by

2n
AF = @ APF.
p=0

Let w € APF. We call w a p-form or p-covector on E (since it is a linear mapping from E to C)
and we equip AF with complex conjugation by

(1, ... ,0p) i=w(vr, ..., Up)
for v; € E. Now w is called real if 0 = w.

Define AMF and A®'F to be the subspaces of F of complex-linear 1-forms on E with
eigenvalues +¢ and —i, respectively, as in Section [1| of Chapter [2| Then we have

AF = NPFa O R
and this induces a bigrading

2
AF = é @ APAE.

r=0 P4
ptq=r
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Note that complex conjugation of w € AP2F implies switching between the subspaces AP?F and
NIPF.
Now suppose that E (thus F') is equipped with a Hermitian inner product (-,-). Let

{21,...,2,} and {Z1,...,Z,} be bases for AV'YF and A®'F| respectively. Then we can write
for u,v € E

(u,v) = h(u,v)
where

h=> Tz 8%
sV
and (hyy) is a positive definite matrix which is Hermitian symmetric. We define

(3.11) Q= %Zhuyzﬂ/\zy
v

to be the fundamental 2-form associated with the Hermitian metric h. In the following it will
become clear why this is a nice definition. First observe that Q is a 2-form of type (1,1).
Moreover, 2 is real. Namely, we can always choose a basis {2,} of AMOF such that the two bases
{z,} and {Z,} correspond, even in the ordering of indices, i.e., chosen such that h has the form

h=Y 207
w

Then write 2, = z, + 4y, in real and imaginary parts. Hence

n

. n -

7 _ (2 . .
Q=3 > zuAZu=§§ (@ +iyu) A (T — iyp)

p=1 p=1

i — 2 . .
:§Zwu/\fcu—z Y NYp — T ANYpy — L+ 1Y N Ty
p=1

. n
1 .

:55 0+0—2i -2, ANy,
p=1

n
Q= qu A Yy
p=1

In addition, let us compute Q™ where n is still half of the dimension of AF. We start with
Q"= (x1 ANy1+ -+ zp Ayp)™

Writing out this product gives many terms but observe that each term is a wedge product of 2n
covectors, namely n times an x,, and n times a y,,. If two or more of these covectors are the same,
then the term vanishes. Therefore the only remaining terms are equal to x1 Ay1 A -+ Ay Ayn
and we have n! of them. Thus

Q"=nl-z1 Ay1 A ATy Ayn
and Q" is a nonzero volume element on E’, determining an orientation. We define

1
vol := —Q"
n!

as the volume element on E’, which does not depend on the chosen (orthonormal) basis.
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To move on, we are interested in various linear operators which map AF' — AF. Recall
that we already defined w = xx by (3.9)) for even-dimensional vector spaces such as E’ and
the Hodge operator *. Both mappings have domain AE’ but we can extend their domain by
complex-linearity to whole AF. Then they become mappings AF' — AF. Observe that w and
x are both real operators. Now let

Iy ,: NF— APIF
be the natural projections and define
J: NF— NF
by

(3.12) Ji=> i,

The factor ?~7 takes care of the fact that J defined in this way becomes a natural multilinear
extension of the complex structure operator .J: extended to the exterior algebra of F'. Let us
verify this. Recall that the real operator J, which represents the complex structure of F', has
the property that if v € AMOF, then Jv = iv and if w € A%'F, then Jw = —iw. Now take
as the definition of J and suppose that v € ALOF, i.e., we consider the case that p = 1
and g = 0. As v is homogeneous, we can write

J(v) = P, g(v) = i 0 Ty o(v) = iv.
P
For v € AY'F we consider the case that p=0,¢ =1 so
J(w) = i1 Ty q(w) =07 Mo (w) = —iw.
X
Further we note that

(3.13) J? = w.
This follows from the direct calculation
J? = (Z ip_quz) (Z ip_qu,q) = Z iQp_Qqu,q = Z(—l)p_qnpvq
= D (FL)PTIIL =) (1P, = Y (1) T
Now we define a linear mapping
L: NF— AF

in terms of €, the fundamental 2-form associated with the Hermitian structure of E. Define

(3.14) Lv) :=QAv for v € AF.
Note that
(3.15) L: N"F — NTP2F

so L is a homogeneous operator of degree 2. More specifically, we see that in terms of the
bigrading
(3.16) L: NPOF — aPThatlp

thus L is a bihomogeneous operator of bidegree (1,1). Since €2 is a real 2-form, it follows that
L is a real operator.
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Recall that APF has a natural Hermitian inner product which is given by (3.7, where we
fixed vol := (1/n!)Q". Now L has a Hermitian adjoint L* with respect to this inner product

L*: NP F — \PT2F for 2 < p < 2n,
given by
(3.17) L* = wxLx
Let us verify . Let o € APF and let B € APY2F. We compute
(La, B) -vol = (QA Q) A (%8) = a AQA (%8) = a A Lxf3

= a A xwxLxf = a A * wxLxf
= (o, wxLxf) - vol

where we used the facts that  is a 2-form, that *w% = %% is the identity (since J* = 1)
and that %, L and w are real operators. From (3.17)) it follows that L* is a real operator and
homogeneous of degree —2.

4. Computing Adjoint Operators and Duality Theorems

In this section we give more applications of the theory of harmonic differential forms on
compact manifolds, which we encountered in Section [2] of this chapter. We are interested in the
adjoints d* and 8" with respect to the particular inner product induced by the Hodge operator
x. We finish with two famous duality theorems: Poincaré duality and Serre duality.

Recall from Section [2] that the Laplacian on a Riemannian manifold is defined by A =
dd* 4+ d*d, where d* is the adjoint of d with respect to some inner product, and recall that the
domain of the Laplacian is €5 (X)), the complex-valued differential forms on X.

Suppose that X is a compact Riemannian manifold of real dimension d with an orientation.
Then the orientation and (complex) structure of X define the operator

[~23

x: NPTH(X) — ATPTEH(X)

at each point x € X. Locally we can choose a smooth (oriented) orthonormal frame and therefore
* defines a smooth bundle map. Assume that we extend * to APTE(X) := APT*(X) ® C by
linearity. This induces an isomorphism of sections

1 EL(X) — ELTP(X).

Suppose that ¢ € E4(X). We would like to define the integral over X of p. Let {xo} be a
partition of unity subordinate to a finite cover {U,} of X. Let the coordinate mappings be

fa: Uy, € RT — X.

open

Then we define

(3.18) /Xso = Z/Ua falxap) = Z/Rd go(x) dzy A~ A dag,

where the smooth functions g, have compact support in U,. It is easily checked that this
definition is independent of the choices of cover {U,} and partitions of unity {x.}.
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Let X be an oriented Riemannian manifold of dimension d. Then X carries a volume
element dV. Namely, this is a d-form ¢ € 8%(X ) such that in any oriented system of local
coordinates on U C X we have

o(x) = flx)dxy A - Ndxg
where f(x) > 0 for all x € U if the orientation is positive. For p = 0 we see that
x: EL(X) — EL(X)

and we set
p=x(1)
to define a volume element on X, where 1 € C C £2(X).

Let us now define the Hodge inner product on £;(X), i.e., the natural inner product induced
by the Hodge operator *. Set

(0,1) ::/Xw*w if o, € EL(X)
(p,0) =0 if p € (X)), € EL(X) with p#g¢

If ¢ and ¢ are p-forms, then we note that ¢ A %t is a form of degree p + (d — p) = d thus
the integral is well defined by . We extend this definition to noncompact manifolds by
considering only forms with compact support.

Recall that a mapping f: £ x E — C is called sesqui-linear if f is real, bilinear and
fOu,v) = Af(u,v) and f(u, \w) = Af(u,v) for all A € C. Then we have the following proposi-
tion.

PROPOSITION 3.11. The form (-,-) defined by (3.19)) defines a positive definite, Hermitian
symmetric, sesqui-linear form on the complex vector space

(3.19)

d
LX) = P erx).
p=0

REMARK 3.12. We make the following remarks.

(1) The mapping (-,-) defined by is indeed a form itself since it sends p-tuples to
numbers.

(2) Note that we use rounded parentheses (-, -) for a specific inner product such as the one
defined by and we use angle brackets (-,-) for the general inner product or for
an inner product induced by the metric of a manifold.

A

ProoF. On APT (X)) we have for each 2 € X a Hermitian inner product (-,-) induced by
the Riemannian metric on X. Let ¢, be p-forms on X. Recall that the induced inner product

is given by (3.7)):
@ N * = (p,9) - vol.
It is not hard to see that

(%@b):/xw/\ﬂb:/)((gp,?/))-vol

defines a positive semidefinite, sesqui-linear, Hermitian symmetric form on &Z(X). We will
branch out the observation that the inner product is positive (semi)definite. Namely, suppose
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that ¢ € EL(X) is nonzero at zp € X. In a neighbourhood of zy we can find a local oriented

orthonormal frame for 7¢(X) and we denote it by {e1,...,eq}. Then we can write
/
Y= Z prer
[l=p
SO

— /
pAxh =Y lpi]* - vol
[Il=p
and the right hand side of this equation is strictly larger than zero when we are close enough by
xg. Thus there will be a nonzero contribution to the integral

(%@)2/ P Axp
X
so (p,p) > 0. O

All complex manifolds are orientable and therefore we can define the Hodge inner product
for each oriented Hermitian complex manifold X with respect to the Riemannian metric and
the chosen orientation. We have the following proposition.

PrOPOSITION 3.13. The direct sum decomposition

Ee(X) = @ eri(x)

bl
ptq=r

s an orthogonal direct sum decomposition with respect to the Hodge inner product.

PROOF. Let ¢ € EP4(X) and let ¢ € E"*(X). If p+q # r+ s, then the Hodge inner product
(¢, 1) is zero by definition. So we can assume that p + ¢ = r + s. Now we have to prove that
¢ and 1 are orthogonal whenever they are not equal, i.e., that (¢,1) becomes zero if and only
if p # r (so ¢ # s). Observe that v is of type (s,7) and ¢ is of type (n —r,n — s) so p A %1
is of type (n —r +p,n — s+ q). Since (n — 7+ p) + (n — s + q) = 2n, we see that p A *1) is a
2n-form (letting d = 2n) if and only if r = p and s = ¢. Namely, any other combination gives
zero. Consider for instance r = p+ 1 and s = ¢ — 1. Then the (n + 1)-part is higher than the
total bidimension and therefore equal to zero thus this (n — 1,n + 1)-form is zero. O

Now we are interested in computing the adjoints of the operators d and 0 with respect to
the Hodge inner product. Before we do so, we will take a look at the operator * which will be
of use in such computations. Again, let X be an oriented Riemannian manifold. We define

*: E0(X) — EC(X)

by setting

*(p) = *p for ¢ € E-(X).
Note that in this way % becomes an isomorphism of vector bundles

AP TE(X) — APTPTE(X),
with 2n the real dimension of X. Moreover, we define the extension with coefficients in F as
the mapping

Fp: NPTE(X)®E — A" PTE(X) ® F,
given by
*p(p®e) :=%(p) ®@T7(e)
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for p € NPTE(X), e € E and where 7: E — E* is the bundle isomorphism of E onto its dual
bundle induced by the Hermitian metric of £ and defined fibrewise. After having defined *, we
can now write the Hodge inner product on ¢ (X) as

(0, %) —/zso/\*w

with ¢, ¢ € E(X). Note that we already used this expression in the proof of Proposition
However, now the bar of complex conjugation is not placed on 1 but on *. We extend this
Hodge inner product to (X, E) by setting

(p,9) = /X o N¥p(Y)

with ¢, ¢ € EL(X, E).

In the following two propositions we will, among others, compute the adjoints of d and
O with respect to this Hodge inner product. Moreover, from now on all adjoints will be with
respect to the Hodge inner product unless stated otherwise.

PROPOSITION 3.14. Let X be an oriented compact Riemannian manifold of real dimension
m and let A = dd* + d*d, where the adjoint d* is defined with respect to the Hodge inner product
on EG(X). Then

(1) d* = (_1)m+mp+1;d; _ (_1)m+mp+1*d* on Eé(X)
(2) *A = Ax and ¥A = Ax.

PROOF. We prove the two statements one by one.
(1) Recall that x = w. Let ¢ € %' (X) and let ¢ € EX(X). Then

(o) = [ donw
- /Xd(cp/\*q/;)—(—l)pl/xso/\d?%

where we used the fact that ¢ is a (p — 1)-form. By Stokes’ theorem

/a:/ do,
X 0X

where 0X denotes the border of X, we see that the first term becomes zero since d? is
always zero. It follows that

(dp, ) = (—1)7 / o NF(ELdR)y

X
= (—1)P/X<pA*(*wd*)¢
= (=)™ (o, Fdwy),

where we used that * is real so ** = %x = w and in the last step we replaced w by the
appropriate factor of —1. Namely, recall the definition of w, (3.8]), and note that for
Y € EL(X) we have ¥ € EP(X) so dxp € Eg_pH(X). Then

w(ﬁ¢) _ (_1)m(mfp+1)+(mfp+1) (d?@b)



(3.20)

(3.21)

(3.22)
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and since m? + m = m(m + 1) is even, it follows that
<_1)p i (_1)m(mfp+1)+(mfp+1) _ (_1)p . (_1)m27mp+m+mfp+1

(_1)mfmp+1

(_1)m+mp+1'

We conclude that
d* = (71)m+mp+1;d;

and since d is real, this is equivalent to
d* = (=1)" TPy,

Let ¢ € ER(X) so dp € Eféﬂ(X). According to the first part, d* acting on dy is then
given by

d" = (1) e = (1)L (1)
Using this we see that
*A@ = (—=1)™TPL L (xd(xdx) 4+ (—1)x(xdx)d) .
On the other hand, ¢ € €277 (X) so
Asx = (=1)™Hmm=PIFL (i) s + (—1)™ (xdx)dx ) p.

Note that the first term of (3.20) looks very similar to the second term of (3.21]).
Moreover, they are exactly the same since the factor (—1)™T™P*! is equal to the factor

(_1)m+m(m—p)+1+m _ (_1)m—mp+1+(m2+m) _ (_1)m+mp+1'

Now we show that the second term of (3.20]) is equal to the first term of (3.21]). First
observe that the factors are the same since m? + m is even and (—1)""? = (—1)+™P,
Then we need to verify that d+«d commutes with w = *x, i.e., that

wdxdp = dxdwe.
By definition, the right hand side of (3.22) is
dxd(—1)PTPep,

Note that dp € E271(X) implies that *dp € EX P71 (X) and dxdp € €L P(X). Thus
the left hand side of (3.22)) becomes

wdsdp = (—1)MPFP) Gy dp = (= 1P dxdyp

and this finishes the proof together with the observation that * is real.

In the Hermitian case, the following proposition gives the adjoint of 0.

PROPOSITION 3.15. Let X be a Hermitian complex manifold and let E — X be a Hermitian
holomorphic vector bundle. Then

(1)

0: EPY(X, E) — EPITY(X | E) has an adjoint 8" with respect to the Hodge inner prod-
uct on EG(X, E) given by

~k

0 = —§E*5¥E.
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(2) IfO0= 90" +0 9 is the complex Laplacian acting on EL(X,E), then

PrOOF. In this extended case we also have that xg*g+ = w since *g*xp+*gxg+ = id. In
addition, w reduces to Y (—1)" II, since the real dimension of X is even.

(1) Let ¢ € EPTL(X E) and let ¢ € EP4(X, E). Then p A¥g1 is a form of type (n,n—1).

By definition is 9 on top-degree forms equal to zero thus d(¢p Axgy)) = d(@ Axg1). We
obtain

Ao NFp) = dp AFp + (~1)PF 1o N 5.

Now we rewrite
(O, 1) = (—1)”*"/}(9@/\8*151/1,

where the boundary term is vanished by Stokes’ theorem and the fact that 0 is zero
here. Then

(B, 1) = (~1)pHe /X o N Fp(wFp-0¥50)

= —/XQD/\*E(*E*a*E"(/})
= (Qpa _iE*E;EdJ%

where we used that ¥g+9%gt € EP4~1(X) so w gives a factor (—1)PT9-1.
(2) The proof is completely analogous to the proof of the second part of Proposition
Namely, substitute 0 for d and [J for A and * for .

g

Now we will prove two famous duality theorems. Recall that o is called a complex-linear
mapping (this is the usual linear mapping) if

o(Aa+ pb) = Ao(a) + no(b).
and o is called a conjugate-linear mapping if
o(Aa + pb) = Ao (a) + fio(b).

Let F be a finite dimensional complex vector space. Then it is known that F is conjugate-
linearly isomorphic to a complex vector space F' if and only if F' is complex-linearly isomorphic
to E*, the dual space of E.

THEOREM 3.16 (Poincaré duality). Let X be a compact m-dimensional orientable differen-
tiable manifold. Then there is a conjugate-linear isomorphism

o: H(X,C) — H™ " (X,C)
and hence H™"(X,C) is isomorphic to the dual space of H"(X,C).

PROOF. Introduce a Riemannian metric on X and choose an orientation. Let x be the
associated Hodge operator. Then we see that the following diagram commutes:



5. THE # OPERATOR AND LEFSCHETZ DECOMPOSITION 57

Ee(X) —— eT(X)

A lHA

lH
H(X) —— H""(X)

|= =

H"(X,C) —2— H™"(X,C).

Here HAa is the projection onto the harmonic forms given by Theorem and the mapping *
maps harmonic forms to harmonic forms, which well defined since we know from Proposition
that * commutes with the Laplacian A. Further, the de Rham groups H" (X, C) are isomorphic
to the harmonic forms H"(X) by Theorem and we let o be the conjugate-linear isomorphism
which is induced by the other maps in the diagram. O

THEOREM 3.17 (Serre duality). Let X be a compact complex manifold of complex dimension
n and let E — X be a holomorphic vector bundle over X. Then there is a conjugate-linear
1somorphism
o: H(X,QP(E)) — H" "(X,Q"P(E"))

and hence these spaces are dual to one another.

PRrROOF. Introduce a Hermitian metric on X and choose an orientation. Then we can define
the associated operator ¥ and the diagram

eri(X,E) —Es gnrne(X E¥)

Hy Hy

HPU(X,E) —E Hrornoa(X, EF)

1%

(=23

T

HPU(X,E) —T— H"Pr—q(X E*)

1%

[~23

HI(X,OP(E)) —2— H" (X, Q" P(E*))

commutes, which proves the theorem. Here Hg is the projection onto the harmonic forms given
by Theorem In addition, we used the fact that ¥ maps harmonic forms to harmonic forms
and this mapping is well defined since we know from Proposition that * commutes with
0. We denoted the Dolbeault groups (cohomology groups of the space P*(X, E) under the
operator d) by HP4(X,E) and it is a known fact that they are isomorphic to the de Rham
groups of degree ¢ with coefficients in the holomorphic p-forms, H?(X,QP(E)). Then o is the
isomorphism induced by the other maps in the diagram. ]

5. The # Operator and Lefschetz Decomposition

The goal of this section is to provide some tools that are necessary to prove the theorems in
the following sections. Therefore, we do not intend to explain all concepts in detail and we shall
state some results omitting the proofs. We will give a brief explanation of the representation
theory of the Lie algebra s[(2, C) of 2 x 2 complex matrices. Then we can introduce the operator
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# which is related to the Hodge operator x. Further, we state the Lefschetz decomposition
theorem for a Hermitian exterior algebra, which we will use in Chapter [4]
Recall that a Lie algebra is a vector space equipped with a Lie bracket or Lie product |-, ]
which is anticommutative, i.e.,
(X, Y] =-[Y, X]
for all X and Y, and which satisfies the Jacobi identity
(X, [V, Z]| + [V, [2, X]] + [Z,[X, Y]] = 0.

We are interested in the Lie algebra s[(2,C) of 2 x 2 complex matrices with trace zero equipped
with the commutator (bracket)

(X,Y]:=XY -YX.
It turns out that this Lie algebra corresponds to the Lie group SL(2,C) of 2 x 2 complex matrices
with determinant one, since the exponential mapping sends the Lie algebra to the corresponding
Lie group:
exp: 5[(2,C) — SL(2,C).

Note that Lie algebras are written in curly lowercase letters and Lie groups in normal capital
letters.

Another example of a Lie group is SU(2), the real unitary 2 x 2 matrices with determinant
one. This is a subgroup of SL(2,C) by the inclusion j of matrix coefficients to the complex
numbers. The corresponding Lie algebra consists of skew-Hermitian 2 x 2 matrices of trace zero
equipped with the commutator bracket and is denoted by su(2). Thus we obtain the diagram

su(2) —2 sl(2,0)

l exp l exp

SU(2) —L— SL(2,0),
where j is the natural inclusion.
Let us take a closer look at s[(2,C). Since a matrix A in s[(2,C) has trace zero we know
that a1 = —ag2 and therefore there are three degrees of freedom left. A possible basis of s((2, C)
is given by the three matrices

0 1 00 1 0
x=(oo ) v=(V0) #=(o %)

where we named the last one H since it is a Hermitian matrix, i.e., 'H = H.

Let V be a complex vector space and let End(V') denote the space of endomorphisms of V',
which is a Lie algebra if we equip it with the commutator bracket. Now a representation of a
Lie algebra 1 on V' is a homomorphism 7 between algebras

m: 4 — End(V).
Recall from Section [3] the operators L and L* and the exterior algebra AF, where F' is given

by (3.10) with E a fixed Hermitian vector space of complex dimension n. Then a possible
representation « of s[(2,C) on AF,

a: 5((2,C) — End(AF),

is given by
a(X):=L", aY):=1L, a(H) := B,
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where we define the operator B as

2n
B := Z(n — p)II,,.
p=0
Now we define the operator # on the exterior algebra AF as follows.

(3.23) 4= exp @m Ca(X + Y)> — exp @m (L + L)> .

This operator is interesting since it turns out to be related to the Hodge * operator, as we state
in the following lemma. Recall that J is the multilinear extension of the complex structure and
is given by (3.12)). Then this relation is given by the following lemma.

LEMMA 3.18. Let ¢ € APF. Then
xp = 7" T T,
We define (p — n)™ as
(p—n)t:=p—n ifp—n>0
(p—n)t:=0 itp—n<0
and we state the following important theorem, which we will use in Chapter [4]

THEOREM 3.19 (Lefschetz decomposition for a Hermitian exterior algebra). Let E be a
Hermatian vector space of complex dimension n and let ¢ € APF be a p-form. Then we have the
following.

(1) The p-form ¢ can be written uniquely as
o= > Len
r>(p—n)t

where, for eachr > (p—n)T, ¢, is a (p—2r)-form. Moreover, each @, can be expressed
in the form

Or = Zam CLE(LF) with ars € Q.
S
(2) If L™y = 0, then the primitive (p— 2r)-forms @, appearing in the decomposition vanish
if > (p—n+m)t so we can write

(p—n+m)*

)
p= >, L.

r=(p—n)*
(3) If p<mn and L" Py =0, then ¢ = 0.
For the proofs of Lemma and Theorem we refer to Wells [5].






CHAPTER 4

Kahler Manifolds

This chapter contains the major results, making use of the previous chapters.

First we introduce in Section [l| a specific kind of complex manifolds: K&hler manifolds.
Kahler manifolds are complex manifolds equipped with a metric under the condition that the
fundamental 2-form Q (which defines the volume element and so the orientation) must be closed
under d, i.e., d) = 0. It turns out that this condition simplifies a lot of relations between
operators. For instance, we prove the surprising fact that A = 200 = 200 on a Kéahler manifold.
We compute a lot of commutators between operators from Chapter [3|and we see that on Kahler
manifolds a great deal of them becomes zero. In addition, we can prove in just a few lines the
Lefschetz decomposition theorem for harmonic forms on a Kahler manifold, using the version of
Chapter |3, and (again) the Poincaré duality on a K&hler manifold.

In Section [2] we arrive at the Hodge decomposition theorem on compact Kéhler manifolds,
again using the version of Chapter [3] This theorem claims that the degree r de Rham group
of a Kahler manifold X with coefficients in C can be written as an orthogonal direct sum of
the degree (p,q) Dolbeault groups of X, where the sum is taken over all (p,q) with p 4+ q = r.
This Hodge decomposition implies some relations on the dimensions of these groups, placing
topological restrictions on a Kéhler manifold. In this way, it is a lot easier to determine whether
a given complex manifold is Kéhler or not.

1. Differential Operators on Kahler Manifolds

In this section we consider a very interesting type of manifolds: Kéahler manifolds. We
start with a few definitions and examples and then we deduce some important relations valid
on Kéhler manifolds.

Let X be a Hermitian complex manifold with Hermitian metric h. There is a fundamental
form  induced by X and A which we can write as . Then  is of type (1,1) at each point
e X.

DEFINITION 4.1. A Hermitian metric A on X is called a Kdhler metric if the fundamental
form () associated with A is closed, i.e., d2 = 0.

DEFINITION 4.2. A complex manifold X is said to be of Kdhler type if it admits at least one
Kahler metric. A complex manifold equipped with a K&hler metric is called a Kdhler manifold.

A natural question arises: does every complex manifold admit a Ké&hler metric? In the
following we will see that the answer is no. Let us first give an example of a Kahler manifold.
Recall that a Hermitian metric h can be written in local coordinates as

h=> hu(z)dz, ® dz,
v

where h(z) = (hu(2)) is a positive definite, Hermitian symmetric matrix depending on z.

61
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EXAMPLE 4.3 (Trivial Kéhler manifold). Let X = C" and define a metric h on X which
can be written in any local frame as

n
he=Ydz, @ dz,.
pn=1
By definition (3.11)), the fundamental form is then given by

. n n
0= %Zdzu Ndz, = dwy, Ady,,
p=1 p=1
where we have written z, = x,+iy,, in real and imaginary parts. Since {2 has constant coefficients
(namely, the local basis vectors), we see that d{2 = 0. Another way of seeing this is noting that
df) can be written as a sum of terms where each term is a wedge product with a factor d? in it.
It follows that C™ is of Kéahler type and C™ together with the above metric h becomes a Kéahler
manifold. A

Given a Kahler manifold, the following proposition gives many other examples of Kahler
manifolds.

PROPOSITION 4.4. Let X be a Kdhler manifold with Kahler metric h and let M be a complex
submanifold of X. Then h induces a Kahler metric on M and therefore M together with this
metric becomes a Kahler manifold.

PROOF. Let j be the natural injection from the complex submanifold M to the Kéahler
manifold X. Then the metric on X induces a metric on M, namely hp; := j*h = ho j. The
associated fundamental form to hys on M is then Qp; 1= j*Q = Qo j. Now dQQyy = dj*Q2 =
Jj*(d2) = 0 since d commutes with pullback mappings. Thus Qj; is a Kéhler fundamental
form. O

We continue our study on Kéahler manifolds by an important relationship between Laplacian
operators. Recall that on a Hermitian manifold we have the differential operators d,0 and 0
and we defined the Laplacian operators

A =dd* +d'd
0= 080"+ 90
O0=09 +0°0.

In the following A and O will play an important role. But what is the relation between these
operators? In general, the answer is not clear. On Kahler manifolds, however, the following
theorem gives a very simple and close relationship. Recall that an operator P: E5(X) — E5(X)
is real if P(¢) = P(p), i.e., P = P.

THEOREM  4.5. Let X be a Kdahler manifold. If the differential operators
d,d*,8,0%,0,0,0,0 and A are defined with respect to the Kdahler metric on X, then A com-
mutes with x,d and L and

A =20=20.
In particular,

(1) O and O are real operators.
(2) A‘gp,q: EPT — EPA,
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REMARK 4.6. Both parts of the above theorem are not valid in general, i.e., with respect to
a general metric. Therefore having these properties implies topological restrictions to a Kahler
manifold, as we will see in Section A

Before we prove Theorem [4.5] we first consider one more theorem and two corollaries we
want to use. Namely, we want to develop some relations on the operators d,d and 0 and their
adjoints, whose expressions we computed in Chapter [3] Also the operators L and L* will play a
role and we will use the concept of a primitive differential form on a Hermitian complex manifold
X. Namely, ¢ € EL.(X) is called primitive if L*p = 0.

We define the two operators

d.:= JYdJ =wJdJ
di = J ¥ T = wJd*J,

where c is short for conjugated and J~! = Jw follows from multiplying by J on the left
and noting that J* = (J2)? = id. The operators d. and d? are a composition of real operators
and therefore they are real themselves. They are useful in applications considering integration
and Stokes’ theorem. Besides the definition, we can express them in another way. Namely, let
d. act on a function ¢ € EP4(X). Then

dep = wJdJ
= (=1)J (9 + 9p)
= (=1)(i0p — i0p)
= —i(0—0)ep.

Here we used that Op and Oy are eigenvectors of J with eigenvalues +4 and —i, respectively.
The minus sign is obtained in the following way. First observe that JdJyp € EPT4H1(X) so w
gives a factor (—1)P*9+1, Further, by definition Jy = i?~9¢, thus the most right J gives a factor
iP~4. Verify that adding the factor of the most left J to (—1)PT4*+1.iP=4 gives the desired (—1).
From

(4.1) de = —i(0 — 0)
it follows that
(4.2) dd, = 2i00,

which is a real operator of type (1,1) acting on 5 (X).
The commutators of L and L* with the operators introduced above are given by the following
important theorem.

THEOREM 4.7. Let X be a Kdhler manifold. Then

(1) [L,d] =0, [L*,d*]=0
2) [L,d] =d.,  [L*,d] = —d.
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Before we proceed with the proof we want to introduce a simplifying notation for applying

the commutator bracket multiple times. Namely, define k[-,

)] for £ > 0 and all X,Y by

)

Y

9

ikl il
S

[\

| =
=
J:=
Y=

etcetera.

[X}

[
[

(X, Y]

X,
X 1% XY,

Proor. We will prove the two statements one by one.

(1)

This part follows from the Kéhler assumption d2 = 0, with € the fundamental form
on the complex manifold X. Namely, recall from (3.14) that L = Q A . So

[L,d]v = Ldv — d(Lv) = Q A dv — d(Q Av).
Since €2 is a 2-form, this is equal to
[L,dlv=QANdv— (d2ANv+QAdv)

and by the Kéhler assumption we obtain [L,d]v = 0. The second commutator [L*, d*]
can be obtained by taking the adjoint form of the first.

Observe that the second commutator [L*, d] can be obtained by taking the adjoint form
of the first commutator [L, d*]. Thus the first commutator expression holds if and only
if the second commutator expression does. We prove the second one, i.e., we will show
that

(4.3) [L*,d] = —J 'd*J.
First we derive an alternative expression for the right hand side of (4.3]) in terms of the
# operator. Let m = 2n be the complex dimension of X. It follows from Proposition
that, acting on p-forms,

d* = —xdx,

since m is even. Further, we use that id = ##%% = s%w and so *~! = xxx. Then we can
write the adjoint of d, acting on p-forms, as

(4.4) d* = —xdx(x*xw) = —xdx "t = (—1)p+1*d*_1.

Now let ¢ be a p-form on X. From Lemma it follows that
#o =i P kg

#7190 _ Zprn*fljflgo.
We compute
H#d# =i~ —pH1)*n p2_"J*d>k_1J_1<p.
Note that
i~ @n—pt1)?+n L pPon _ s—(p?-2p+1) p? _ 2p—1 _ ;2p+3 ( 1)pz3 _ (_1)p+1
thus
Fdt ™ o = iJ[(=1)P eds T

iJd* T o,



(4.6)
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using (4.4). Now note that Jd*J~! = —J~1d*J so we obtain for the right hand side of
(4.3
— J a* T = —igd# L
On the other hand, we rewrite the left hand side of (4.3). We define
di = explit - a(X +Y)] odoexp[—it- a(X +Y)]
= explit - (L* + L)] od o exp[—it - (L* + L)].

We did so since dy /o = = #d#~! by the definition of #, glven by (3 , and this is very
similar to what we obtained for the right hand side in It follows that

= Mit(L* + L), d).
k=

Since [L,d] is zero by the first part of this theorem, we obtain

=> a(t)-"
k=0

where ay(t) are real-analytic functions of t. Now observe that d 12 = Hd#~ ! is an
operator of degree —1 and therefore must be equal to the only term in the above
summation which is an operator of degree —1, i.e.,

dejo = a1(n/2) - [L*d).
So we obtain for the left hand side of ( @
1
- . d7T
a(m/2) *7 ai(n/2) / 2)

if a1(7/2) is nonzero. Thus the only thing left to prove is that the constant ai(m/2)
is equal to i. To do so, observe that L* commutes with J (thus with J=! = J3) and
with d*, by the first part of this theorem. Now [L*,d] is proportional to #d# ! so to
J='d*J by (4.5). Thus we see that FIL*,d] = 0 for k > 2, using the linearity of the
commutator Lie bracket. Written in terms, this gives

di = ao(t) -d+aq(t) - [L*,d].

[L*,d] = SHdH,

Now differentiating equation (4.6)) with respect to ¢ gives a simple differential equation
which can be solved using (the derivative with respect to ¢ of) the definition of d;. For
the natural boundary condition d;—y = d the solution equals

dy = (cost) -d+i(sint) - [L*, d]
thus a;(7/2) =i and this finishes the proof.

COROLLARY 4.8. Let X be a Kdhler manifold. Then
[L,d.] =0, [L*,d] =0, [L,d}] = —d, [L*,d.] = d*.
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Proor. This corollary is obtained by applying a conjugation with J to the commutators of
Theorem [4.7] Since the operator J (thus J~! = J3) commutes with the real operators L and
L*, we see that L. = L and L} = L*. Moreover, we find

(de)e=J T dIT = —d
(d¥)e = J YT Yd* T = —d*,
which can be verified by letting the expression in the middle act on ¢ € EP4(X) and deducing

all factors coming from J and J~!, ~which are powers of —1 and ¢ (and one needs to split the
terms acting on ¢ by using d = 0 + 0). O

When we consider the bidegree structure on differential forms, we obtain another corollary
to Theorem

COROLLARY 4.9. Let X be a Kdhler manifold. Then we have the commutators

ray Nk

[L,0] = [L,0] = [L*,0"] =[L*,0]=0
(4.7) [L,07) =149, [L,8]=—id
[L*,0] = 0, [L*, 0] = —i0*
and we have the relations
d*d, = —d.d* =d"Ld" = —d.L*d,
dd;, = —did=d Ld, = —dL"d
80" = —0°9=—i0 L0 = —i0L*0
00* = — 0*0 = i9*Lo* =i0L*0.
PrOOF. Equations (4.7 follow immediately from Theorem and (4.1) by comparing bide-
grees. We will not prove every equation in (4.8) since they are all analogous. For instance, let
us prove the equation from the third line

~0'0 = —i0L*0.
We use a commutator from the equations (4.7). But which one should we choose? In the

equation we want to prove there is an operator L* standing next to the operator d. Therefore
[L*, 0] = i@ might be useful. We write

—0'0=1i(i0")0 =i(L*0 — OL*)d = iL*0* — idL*d = —idL*9.

(4.8)

Now we are ready to prove Theorem

PrROOF OF THEOREM [£.5] First we show that A commutes with *, d and L. From Propo-
sition [3.14] we know that A commutes with *. Now we note that

Ad = d*d® + dd*d = dd*d
and

dA = dd*d + d*d* = dd*d
so A commutes with d. In addition, we compute

AL — LA = dd*L+ d*dL — Ldd* — Ld*d.
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By Theorem [£.7, we can write
AL — LA =dd*L+d*Ld — dLd* — Ld*d
= —d[L,d*] - [L,d"]d
= —dd.—d.d
so we only need to prove that dd. = —d.d. Using , and Corollary we see that
ded = —i(0 — 0)(0 + 0) = i(00 — 90) = —2i00 = —dd,,
as required.

Now we prove the formula relating A, and 0. First we rewrite A. Namely, by Corollary
we can write

A =d[L* d] + [L*,dc]d
=dL*d. — dd.L* + L*d.d — d.L*d.
Multiplying on the left by J~! and on the right by J gives
A, :=J'AJ = —d.L*d + d.dL* — L*dd,. + dL*d.,
where we used the facts that J2 = —1, that J~! = Jw and that L commutes with J and w.
Since dd. = —d.d, we obtain A = A.. Now we compute
40 = 4(00* 4+ 070)

= (d+id.)(d" —id}) + (d* —id})(d + id,),
which gives
(4.9) 40 = (dd* + d*d) + (d.d} + d;d.) +i(d.d" + d*d.) — i(dd; + d.d),
where we used that 400" = (20) - (20)* and that 20 = d + id.. Namely, by it follows that

d+id. = (0+0) +i(—i(d — 9)) = 20.
By we see that reduces to the first two terms and since

A, = J YT Yad T+ T (JTYdT = ded; + did..,

we conclude that 400 = A + A, = 2A thus 200 = A. The proof of 200 = A goes analogously, by
considering complex conjugates.
Now the rest of the proof is simple:
(1) Since A is a real operator, [J and [ are real operators as well.
(2) Observe that [0 = 90" + 9" is by definition of bidegree (0,0), i.e., it sends €77 to
itself. Then A must also be of bidegree (0,0).

g

To summarize, we have the following corollary.

COROLLARY 4.10. On a Kdihler manifold the operator A commutes with J, L*,d,d*,0,0
and O*.

Because L* commutes with A on a Kéhler manifold, we have an analogue to the Lefschetz
decomposition theorem for a Hermitian exterior algebra, Theorem From Theorem we
know that the operators A, and [J are the same up to a constant.

Recall from Section 2] of Chapter [3] that for a A-harmonic differential form ¢ holds that
Ay = 0. Thus A-harmonic, (-harmonic and [J-harmonic differential forms on a Kihler manifold
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X are the same and we just call them harmonic forms on X, denoted by H"(X) and HP4(X).
We denote the primitive harmonic r-forms and (p, q)-forms by Hj(X) and H5?(X), respectively.
This means that J({(X) is the kernel of the mapping

L*: H'(X) — H3(X)
and HE9(X) is the kernel of the mapping
L*: HPYX) — HPH (X)),

Note that these mappings are well defined since L* commutes with A (thus also with [J and

0). In addition, L* is indeed an operator of total degree —2 and bidegree (—1,—1) since L has
degree +2 and bidegree (41, +1), which follows from (3.15) and (3.16]), respectively.

COROLLARY 4.11 (Lefschetz decomposition theorem for harmonic forms on a Kéhler mani-
fold). On a compact Kdhler manifold X there are direct sum decompositions

H'(X)= P LH;*X)
s<(r—n)*

HI(X)= @ LHETITX).
s<(p+g—n)t

PRrROOF. This result follows immediately from the Lefschetz decomposition theorem and
the fact that A, O and O commute with L and L*. d

We end this section with another corollary to the Lefschetz decomposition theorem [3.19
COROLLARY 4.12. Let X be a compact Kdihler manifold. Then
L"P: HP(X,C) — H*"?(X,C)

is an isomorphism between de Rham cohomology groups, where L™ P = Q" PA with € the
fundamental Kdhler form on X.

REMARK 4.13. Note that this implies the Poincaré duality of Theorem In algebraic
geometry this corollary is called the strong Lefschetz theorem. A

Proor. This follows directly from the third part of the Lefschetz decomposition theorem
where we represent the cohomology groups by harmonic forms as in Corollary O

2. The Hodge Decomposition Theorem on Compact Kahler Manifolds

In this section we prove the Hodge decomposition theorem for compact Kahler manifolds
using the Hodge decomposition theorem for self-adjoint elliptic operators as a starting point.
Then we will discuss some consequences of this theorem and which restrictions are put on Kéahler
manifolds. These restrictions are very useful in determining whether a given manifold is Kéhler
or not.

Recall that H"(X,C) are de Rham groups and HP4(X) are Dolbeault groups. Such a de
Rham group is represented by a d-closed differential r-form with complex coefficients and such
a Dolbeault group by a d-closed (p, q)-form. From our first Hodge decomposition theorem |3.9
we already know that these vector spaces are finite dimensional. Now we take a look at what
their dimensions are and how they are related.
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THEOREM 4.14 (Hodge decomposition theorem on compact Kéhler manifolds). Let X be a
compact complex manifold of Kahler type. Then there is a direct sum decomposition

(4.10) H'(X,C)= P HM(X)
P
ptg=r
and, moreover,
(4.11) H"(X) = H"(X).
Proor. We will prove that

H'(X)= P H(X)
p.a
pta=r
and then (4.10]) follows by Theorem Let ¢ € H"(X) so Ap = 0. Then we know from
3.9

Theorem that Oy = 0. Writing out the harmonic r-form ¢ in bihomogeneous terms, we
obtain

(412) SD — §0T70 + QOT_L]- + . + 80071”

SO

ESO — isor,O 4 igprfl,l Lot EQOO,T =0.
Theorem implies that O preserves the bidegree and therefore all terms of (4.12]) must be
zero. We define a mapping

7: H'(X) — @ HP(X)
P

p—i—t}:r
by
T(SO) = ((/0T707 (p’r71717 ttt ¢O7T)‘
Note that 7 is injective. Moreover, suppose that ¢ € HP4(X). Then Oy = 0 so ¢ € HPTI(X) =
H"(X) and 7 is a bijection, as required.
Now we prove . Note that the d-closed forms in the Dolbeault group HP9(X) lie in the
harmonic forms HP9(X). Recall that complex conjugation is an isomorphism from E79(X) to

E4P(X). Then suppose that ¢ € H4P(X) so p = 0. Then p € P4(X) and p € H2P(X). Now
Op=0p=0=0

as [J is a real operator. Thus p € HP4(X) and HeP(X) C HP4(X). The opposite inclusion
follows in a similar way. 0

Note that in general a 0-closed (p, q)-form on a manifold X need not be d-closed and, vice
versa, a d-closed r-form on X need not have d-closed bihomogeneous components. Theorem
implies, though, that on manifolds of Kéhler type this is the case.

Now recall the Betti numbers b, from and the Hodge numbers A?¢ from . The
above Hodge decomposition theorem implies the following topological restrictions on Kahler
manifolds. Namely, if one can show that one or more of the conditions in Corollary are
violated on a particular manifold, then it is immediately clear that the manifold cannot be
Kahler.

COROLLARY 4.15. Let X be a compact Kahler manifold. Then
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(1) be(X) = > WPIX).
P.q
pHg=r
hP4(X) = h?P(X).
b-(X) is even for r odd.
b (X) has the same parity as h™/>7/2(X) for r even.
5) h9(X) = 1b1(X) is a topological invariant.

PROOF. The proof is quite straightforward.

(1) This follows since is a direct sum.

(2) This follows by and the fact that complex conjugation does not affect the di-
mension.

(3) Suppose that r is odd. Then there is an even number of optional couples (p, ¢) satisfying
p + g = r with, of course, p and ¢ natural numbers or equal to zero. We can group
these couples in duos: (p,q) together with (¢, p). By the second part of this corollary
we see that h?9(X) = h%P(X) so h??(X) + h?P(X) is even for all (p,q). Thus their
sum b, (X) is even.

(4) Suppose that r is even. Then there is an odd number of optional couples (p, ¢) satisfying
p+ q = r. We can group these options in the duos (p,q) with (¢,p), and the sum of
the Hodge numbers in each duo is again even. The one remaining nongrouped option
is (r/2,7/2) thus b,(X) is equal to an even number plus h™/27/2(X).

(5) The first part implies that by (X) = h10(X) + h%1(X). From the second part we know
that h'9(X) = K% (X) thus b1 (X) = 2R (X).

O

Let us end with one more important example of Kahler manifolds.

THEOREM 4.16. Fvery complex manifold X of complex dimension 1 (a Riemann surface)
is of Kahler type.

PROOF. Suppose h is an arbitrary Hermitian metric on a Riemann surface X. We show that
g must be a Kéhler metric, which proves the theorem. Namely, consider the fundamental form
) associated to h. By definition 2 is a 2-form or, more specifically, a (1, 1)-form. However, the
real dimension of X is 2 so there exist no highetr forms than 2-forms, i.e., dQ2 = 0. O

EXAMPLE 4.17 (A compact Riemann surface). Suppose that X is a compact Riemann
surface. Thus it is of Kéhler type, and by Theorem we see that
HY(X,C) = H"(X) @ H*'(X)
and HM0(X) = H%'(X). Moreover, from Corollary follows that A0(X) = h%'(X) and

b1(X) = 2h19(X), which corresponds to the fact that b; (X ) must be even. Thus h'?(X) contains
a lot of topological information about X and is called the genus g of the Riemann surface. A
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