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Introduction

The notion of cohomology is one that arises in many subjects related to algebraic topology. One of its
elementary uses is to distinguish between spaces. Cohomology has the property that two homeomorphic
spaces will have isomorphic cohomology groups so if two spaces have different cohomology groups they
cannot be homeomorphic. Two of these notions of cohomology are the de Rham cohomology, which is
defined only for differentiable manifolds, and singular cohomology, which is defined for general topological
spaces.

One difference between these two notions of cohomology is that singular cohomology can be defined
using different coefficients while the de Rham cohomology cannot. This makes singular cohomology an
even finer tool to distinguish between spaces, for if two spaces have the same cohomology in one set of
coefficients their cohomology could be different in another. One example would be the cohomology of
the real projective plane and a point. The singular cohomology spaces H?(M,R) with coefficients in R
will for both cases be a copy of R for p = 0 and 0 otherwise. The singular cohomology spaces HP (M, Z)
will however be different, a copy of Z for p = 0 for both spaces, but the first cohomology space for the
projective plane will be equal to Z/2Z while it is zero for the point.

The notion of cohomology with coefficients can be generalized by introducing the notion of a sheaf.
Besides being a natural generalization of classical cohomology, sheaf cohomology also has many other
uses besides its use to differentiate between spaces. One can for instance use the first cohomology space
with coefficients in the sheaf of non-zero real functions H* (M, C>(M;R*)) to classify isomorphism classes
of real line bundles and by taking functions with coefficients in C* classify isomorphism classes of complex
line bundles.

The notions of cohomology as given above have many properties, and there are many different definitions
of cohomology, therefore the natural question to ask is whether these definitions are unique. This question
will give rise to the notion of axiomatic sheaf cohomology theory which will give us cohomology for any
given sheaf and will carry enough axioms to be unique.

The notion of axiomatic sheaf cohomology theory will turn out to be quite strong, in fact so strong that
many classical notions of cohomology will not give rise to it. Then the question remains whether these
notions of cohomology still relate to the notion of an axiomatic sheaf cohomology theory.

In this thesis we will first introduce sheaves as our main object of interest. Sheaves will turn out to
be easy to work with but hard to define and thus we will introduce the concept of a presheaf. These
presheaves will turn out to be easier to define and in turn will give rise to sheaves. To determine the
uniqueness of the notion of cohomology we will define the notion of a sheaf cohomology theory in an
axiomatic way, of which the axioms arise naturally from the known notions of cohomology. Using sheaf
theoretical arguments we will then show that this axiomatic definition defines cohomology uniquely. To
show existence of such a theory we will explicitly consider the notion of Cech cohomology and show

that it gives rise to a cohomology theory. To answer the question how the notions of cohomology which



will not give rise to a cohomology theory relate to this we will introduce and study the notion of sheaf
resolutions. These objects will define cohomology for a certain class of sheaves for which the cohomology

modules will be isomorphic to the corresponding sheaf cohomology modules.

Structure of this thesis

This thesis is organised as follows. We will mainly be following [3] but with some adaptations on the
order of chapters. We will first show uniqueness of cohomology theories and then show existence using
Cech cohomology. In Section 1 we will introduce the notion of a sheaf, which will be a topological space
providing the coefficients for our cohomology. In Section 2 we will recall and extend the notion and
properties of cochain complexes which are sequences from which cohomology arises naturally. In Section
3 we will give the definition of an axiomatic cohomology theory and show that it is unique. In Section
4 we will construct the Cech cohomology for arbitrary sheaves and show that it satisfies the properties
of an axiomatic sheaf cohomology theory, thus showing the existence of such an axiomatic theory. In
Section 5 we will define the notion of a sheaf resolution and show that the cohomology that it gives rise
to is isomorphic to the corresponding sheaf cohomology. In Sections 6 and 7 we will define a notion of
the de Rham and singular cohomology via these resolutions and also show that these definitions coincide
with the more classical definitions.

We assume that the reader has a thorough understanding of point-set topology. Although some knowledge
of differential geometry could be useful, this is only essential for Section 6 which can be omitted without

loss of continuation.
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1 SHEAVES

1 Sheaves

In this section we will define the notion of a sheaf and a presheaf of K-modules and show some of their

basic properties.

1.1 Preliminaries

Let V be a real vector space. By definition we can multiply elements of V' by real numbers, more formally,
we have an operation R x V' — V which satisfies the defining properties of vector spaces. Similarly if V' is
a complex vector space we have an operation C x V' — V. The notion of a K-module is a generalization

of this concept by replacing R or C by an arbitrary ring.

Definition 1.1. Let K be a ring with 1k as identity. A K-module is an abelian group with an operation

(G,+) and an operation K x G — G such that for all f,¢g € G and k,! € K the following holds:
L k(f+g)=Fkf+kg

2. (k+1)f =kf+1f

@

(KD)f = K(Lf)

e

1xkf=7f ¢

Example 1.2. Let K = Z, we have that the notion of a Z-module coincides with that of an abelian
group. For let G be any abelian group. We define an operation Z x G — G by (n, f) — n- f, where n - f
is defined by

f+...+f forn>1
—_—
n times
n-f=40 forn=20

.+t forn< -1
—_

n times

It is easy to show that this gives an operation K x G — G which satisfies all the properties of a K-
module. A

Definition 1.3. A map ¢ : G — H is a K-module homomorphism if
e(kf+g) =ke(f) + ¢(9)
forall f,g € G and k € K. A K-module isomorphism is a bijective K-module homomorphism. &

Equivalent to the notion of a quotient group or quotient vector space is the notion of a quotient module.
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Definition 1.4. Let H be a submodule of a module G over K (a submodule is a subset of G which
is itself a module over K). We define the quotient module G/H by the following equivalence relation:
a,b € G are equivalent if and only if b —a € H. It is easy to show that the quotient module is a module
over K. &

Another notion we will need in the definition of a sheaf is that of a local homeomorphism.

Definition 1.5. A map f : X — Y is a local homeomorphism if for any point x € X there exists an

open neighbourhood U of x such that f(U) is open and f|;; is a homomorphism. &

Note that all local homeomorphisms are necessarily open maps. Indeed let V' be any open in X. Let {U,;}
be an open cover of V' such that the restriction of f to each U; is invertible. Then f(V) = U; f|, (U:NV)

which is clearly open.

In this thesis we will assume that K is a ring and M a paracompact Hausdorff space. Recall that a

paracompact space is a space M for which every open cover M admits a locally finite refinement.

1.2 Sheaves and presheaves

We first define the notion of a sheaf.

Definition 1.6. A sheaf S of K-modules over M consists of a topological space S together with a

surjective map m: S — M satisfying:
1. 7 is a local homeomorphism of S onto M.
2. 77(m) is a K-module for each m € M.
3. subtraction and multiplication of scalars are continuous.
We call the map 7 the projection and the K-module S,,, = 7~ 1(m) the stalk over m. &

Denote the set of pairs (s1, $2) such that s; and sy are in the same stalk by S o S. With (3) we mean
that the map from S o .S to S given by (s1, s2) — s1 — s2 is continuous as well as the map s — ks where

ke K.

Example 1.7. A trivial, but not unimportant, example of a sheaf is the constant sheaf G = M x G,
where G is a K-module with the discrete topology and G has the product topology. The projection 7
is defined by w(m,g) = g. With this definition it is clear that the stalk S,, is just the K-module G for
every m, so 1.6.2 is satisfied. As G has the discrete topology it is clear that 1.6.1 and 1.6.3 are satisfied

as well and thus we have that G is indeed a sheaf. AN

For another example of a sheaf, we will need the notion of a germ of a function.
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Definition 1.8. Let m € M and let f and g be smooth functions defined on open sets containing m.
Then f and g are said to have the same germ at m if they agree on some neighbourhood of m. This
induces an equivalence relation where two functions are said to be equivalent if they have the same germ

at m. We denote the set of germs of smooth functions at m by Fi,, and the germ of a function f at m

by f,,. %

Example 1.9. Let
€M)= | Fn.

meM
Together with the map = : €°°(M) — M, which sends f,,, € F},, to m € M, this will become the sheaf

of germs of smooth functions on M. We put a topology on €°°(M) by associating with every smooth
function f, and every open U in M, the set

U fm

meU
These sets form a basis for a topology on ¥°°. We could show that this is a sheaf, but we will give a

more general proof later in this section. A

Definition 1.10. A local section of S over an open U is a continuous map f : U — S such that 7o f = id.
With the 0O-section we mean the map that assigns to every m € U the zero element of S,,,. We denote
with T'(U, S) the set of sections of S over U and with I'(S) the global sections of S, the sections which
are defined on all of M. &

If we define addition and multiplication on I'(U, S) by

(f +9)(m) := f(m) + g(m)
kf(m) = k(f(m)),k € K

we see that T'(U, S) becomes a K-module.

We will need the following properties of sections

Lemma 1.11. (a) If two (local) sections agree on a point p € M then they agree on a neighbourhood of
.

(b) Every element of S is the value of some local section of S.

Proof. Let f and g be two sections defined on V' C M of S which agree on p € M. Since 7 is a local
homeomorphism there is a neighbourhood U of f(p) = g(p) on which 7 has a local inverse. Since both f
and ¢ are this local inverse of m we see that f and g agree on 7w(U) NV which is open as 7 is an open
map.

Because 7 is a local homeomorphism at every point p € S, there exists a neighbourhood U of p, such
that 7 restricted to U is invertible. This inverse is in fact a section of 7, and 7 ~*(7(p)) = p, which proves

the lemma. O
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We will study maps between sheaves which respect the sheaf structure.

Definition 1.12. Let S and S’ be sheaves on M with projections m and 7’ respectively. A continuous
map ¢ : S — & such that n’ o ¢ = 7 is called a sheaf mapping. Note that a sheaf map maps stalks
onto stalks. A sheaf mapping which is a homomorphism of K-modules on each stalk is called a sheaf
homomorphism. A sheaf isomorphism is a sheaf homomorphism with an inverse which is also a sheaf

homomorphism. %

Lemma 1.13. Sheaf mappings are local homeomorphisms and thus open maps.

/—1

Proof. Locally ¢ = 7'~1 o (7’ 0 ¢) = 7/~ o 7, which is a local homeomorphism as it is the composition

of local homeomorphisms. O

We will describe how to define quotients of sheaves, to do this we first have to define the notion of a

subsheaf.

Definition 1.14. A subsheaf of a sheaf S is an open set R together with the restricted projection map
7| : R — S such that the stalk R, = 7T|7;1 (m) is equal to RNS,, and R, a submodule of S, for each
m e M. &

It is easy to show that a subsheaf with the subspace topology inherited from the sheaf S is again a sheaf.

Definition 1.15. Let R be a subsheaf of S. For each m € M, let F,, denote the quotient module
Sm/Rum, and

F=U Fm
meM

Let 7 : § — F be the quotient map, and give F the quotient topology. We set the projection 7 to be the
map that sends every element of F,, to m. Then F is the quotient sheaf of S modulo R. &

Lemma 1.16. The quotient sheaf F is a sheaf.

Proof. Tt is clear that 7 !(m) is a K-module. To show that 7 is a local homeomorphism let U be a
neighbourhood of a point p € M such that 7|, is invertible. Then we define an inverse of 7|, by
TO 7T|[;1. It is easy to show that this is indeed an inverse of 7|;;. Since 7 is continuous because F has the
quotient topology, we see that 7o 7r|l;1 is continuous as well. To show that subtraction is continuous let
$1,82 € Fm, and let 87, s5 € S;,, be representatives of s; and so respectively. Then s1 — so = 7(s] — s5)
is continuous because it is the composition of 7 and the subtraction map on S,,. Similarly we have that

multiplication with k£ € K is continuous. Hence we conclude that F is a sheaf. O

Example 1.17. Let ¢ : & — F be a sheaf homomorphism. We will construct a subsheaf called the
kernel of ¢. The stalk (ker ), consists of all p € Sy, such that ¢[g (p) =0 € F,,. This set is open
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because it is the inverse image of the zero-sheaf M x {0} under ¢, and M x {0} =2 M = 7(S) which is
open because 7 is an open map.

Because ¢|,, is a K{-module homomorphism, the stalk (ker ¢),, = ker(¢|,,) is a submodule of F,,. It is
now clear that (ker ¢),, = ker ¢ N F,,,, and we see that ker ¢ is a subsheaf of F.

Similarly we have that the image ¢(S) of ¢, is a subsheaf of F. It is open by Lemma 1.13, and from the
definition of sheaf homomorphisms it follows directly that (im ¢),, =im(¢|,,) =ime N Fp,. A

The following theorem is a generalization of the first isomorphism theorem for modules.

Theorem 1.18 (First Isomorphism). Let ¢ : S — F be a sheaf homomorphism. For s € S,,, the map
P : S/ ker o — im ¢ given by (s + (ker ¢|Sy,)) — @(s) is a sheaf isomorphism.

Proof. As ¢ is a sheaf map, 1 is a sheaf map as well. From the definition of ¥ we see that 1| S, "
(S/ker ), — (iIm )y, is a K-module homomorphism. By the definition of the quotient sheaf and the
previous example we have that (S/ker p)n = S/ ker(¢|g ) and (im ), = im(¢|g ). Using the first
isomorphism theorem for modules we see that | s,, s a K-module isomorphism. Hence we conclude

that v is a sheaf isomorphism. O
A collection of sheaves and sheaf homomorphisms that is of great importance are the exact sequences.

Definition 1.19. A sequence of sheaves {S;} and homomorphisms
"'—>Si—>8i+1 —)SH_Q—)"'

is called ezact if at each stage the image of a given homomorphism is the kernel of the next. Exact
sequences of K-modules are defined in the same way. By definition of a sheaf homomorphism, a sequence

in sheaves is exact if and only if the corresponding sequence in stalks
= (S)m = (Sit1)m = (Sig2)m — -+
is exact. &

Definition 1.20. An exact sequence of sheaves of the form
0SB F4T 50

is called a short exact sequence. &

In this case, since the map ¢ is injective, we can identify S with its image ¢(S) in F. Because the kernel
of 1 is ¢(S), we conclude that 7 is isomorphic to F/S.

The notion of a sheaf is a global one. A natural way in which sheaves arise is via presheaves, which are
much more local objects. This makes presheaves much easier to work with. At the end of this section we

will show that presheaves give rise to sheaves.
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Definition 1.21. A presheaf P = {Su : py,v} is a collection of K-modules on M consisting of a K-
module Sy for every U open in M, and a homomorphism pyv : Sy — Sy for each inclusion U C V' of

opens in M such that py y = id, and such that pyw = py,v o pv,w whenever U CV C W. O

Example 1.22. Assign to every open U C M the K-module C*°(U), and let py v be the map restricting
functions f : V' — R to functions f|, : U — R. This defines a presheaf {C>°(U); py,v }. Instead of smooth
functions on U one could also take continuous functions or local sections of a sheaf over U, these too will

give rise to a presheaf. A

Definition 1.23. Let P = {Sy;py,v} and P’ = {Sy; py;y } be presheaves on M. A presheaf homomor-

phism of P to P’ is a collection of homomorphisms ¢y : Sy — S, such that

P/U.,V oYy = YU ° puyv

whenever U C V, that is the following diagram commutes:

PV ’
Sy —~ 5,

pUV UV

Yu ’
Sy —2 =5y,

A presheaf isomorphism is a presheaf homomoprhism where all the g are isomorphisms of K-modules.

o

1.3 The relation between sheaves and presheaves

In this section we will construct presheaves from sheaves and vice versa and show that for some classes

of sheaves and presheaves these constructions are inverses of each other.

Definition 1.24. Each sheaf S gives rise to a presheaf {I'(U, S); pu,v }, where I'(U, S) are the sections of
S over U, and py,y is the restriction of a section. Because the maps py,y are restrictions of functions it
is clear that they satisfy the properties of a presheaf. We shall denote the map of sheaves to presheaves

by a. We call a(S) the presheaf of sections of S. &

We will construct a sheaf from a presheaf by considering a construction somewhat similar to germs of

functions. The following definition will give rise to the stalks of this sheaf.

Definition 1.25. Let P = {Sy; pu,v} be a presheaf of K-modules on M. Let m € M. Let
Sm= || Su/~
Usm
be the disjoint union modulo an equivalence relation. Where f € Sy and g € Sy are equivalent if and
only if there is a neighbourhood W of m with W C U NV such that pw.u f = pw,vg, i.e. f is equivalent
to g if they have the same germ at m. &
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The set S,,, will become the stalk of the sheaf associated to the presheaf P, hence we give it the structure

of a K-module.

Lemma 1.26. Let m € U, and denote by py, v : Sy — Sy, the projection which assigns to each element
of Su its equivalence class. Let f € Sy and g € Sy be representatives of classes s1 and so in S,

respectively. Let W be a neighbourhood of m such that W C U N'V. Defining addition on S,, by

s1+ 82 = pmw(pwuf + pwyvg)

and multiplication by k € K by

ks; = pm,U(kf)~
These operations give S, the structure of a K-module.

Proof. We will check that these maps are well-defined. Assume that f € Sy and f € Sp represent the
same class s1 in S, i.e. there exists a Z C U N U such that pzuf = py, 5]?. Let sy = pp,vg where
g € Sy and let W be a neighbourhood of m such that W C UNV and W C Z, then

Pmw (Py.if + pwvg) = pmw (pw,z © py 5 f + pwvg) = pmw (pwu f + pw,v ),

which shows that addition is well-defined, similarly one can show that multiplication is well-defined. It
is easy to show that these operations give S, the structure of a K-module for which the p,, iy are all

homomorphisms. O

Definition 1.27. The associated sheaf to a presheaf P is the sheaf
B8Py = | BP)nm,
meM

where S(P)m = S, is the K-module defined in Definition 1.25. Let 7 : 8(P) — M be the projection
such that m(8(P),,) = m. We set a topology on S by taking as a basis for a topology sets of the form

O ={ppuf:peU}
for all f € Sy and U open in M. &

In Example 1.9 we claimed that the given set €°° (M) was a sheaf. Now the construction there corresponds
precisely to the set S(P) where P is the presheaf of smooth functions as described in Example 1.22.
Because the stalk S, corresponds to the germs of smooth functions at m, and the topology and projection
map agree in both cases. So if we show that S(P) is indeed a sheaf for any presheaf P, then €°°(M) is

a sheaf as claimed.

Proposition 1.28. The associated sheaf B(P), as defined in Definition 1.27, is a sheaf.
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Proof. We first check that the sets Oy indeed form a basis for a topology on S. It is clear that these sets
cover S. Now take s € Oy N Oy, say s = pp v f = pp,vg. Then there exists a neighbourhood W Cc U NV
of p, such that s = p, w o pw,uf = pp,v © pw,vg, hence s € O,,, .y C O NO,. We conclude that the
opens Oy indeed form a basis for a topology on S.

We will now show that 7 is a local homeomorphism. The map 7 restricted to a set Oy, takes the form
7(pp,uf) = p, which has a well-defined inverse p — p, f. Both 7~1 and 7 are continuous. Indeed let
f € Sy, then 7(Of) = U and if V. C M open then 7= 1(V) = Ugesy Og-

From the definition it is clear that m—!(m) is a K-module for all m € M so we are left to show that
substraction and multiplication by scalars are continuous on S. Let f € Sy, we will show that the inverse
image of Oy = {pp.v : p € U} under taking differences is open. Let s1, so be elements of S, such that
pp.uf =51 — s2. Let g € Sy and h € Sy be representatives of s; and sy respectively. Then there exists
a neighbourhood @ C U NV NW such that

peuf =rQvy—powh.
Hence pp o f = pp,0g — pp,@h for all p € @, which shows that the open set
Opovg X OpgwnNSoS

gets mapped into Oy. If we let {(s}, 532)} denote the set of all pairs whose difference is f and let g;, h; be

there representatives we conclude that the open

U(OPQ,V!M X Opgwh;) NS08

i
is the inverse image of O. Thus we conclude that S oS — S : (s1, s2) — 1 — s2 is continuous.
Now let f € Sy. We will show that the inverse image of O under multiplication by & € U is open.
Let s € sy, such that ks = p, v f, and let h € Sy such that p,vh = s. There exists a neighbourhood
W C UNV of p such that pw,vks = pwu f. It is clear that O, |, s gets mapped into O by multiplication
by k. From the above we also see that this O, . s is the complete pre-image of Oy, which completes the

proof that multiplication by k is continuous, and hence we conclude that 8(S) is a sheaf. O

Each sheaf homomorphism ¢ : § — F gives rise to a presheaf homomorphism between a(S) and «(F)
by composing elements of I'(S, U) with ¢. A presheaf homomorphism induces a sheaf homomorphism by

the following lemma.

Lemma 1.29. Let {oy} : P — P’ be a presheaf homomorphism. Then the induced map ¢ : B(P) — B(P’)
defined by:

x> (P o pu)(f), (1.1)

where f € Sy is a representative of x € B(P)p, is a sheaf homomorphism.

10



1.3 The relation between sheaves and presheaves 1 SHEAVES

The map ¢ is depicted in the following diagram:

ﬁ(P)p T B(P/)p

Pp,U P;,U

YU
Sy — > g

Proof. This map is well-defined. Indeed let g € Sy be another representative of x and let W C UNV be
the neighbourhood on which f and g agree. Then

() = ppv(ev(9) = ppw (ew (pw,v(9))) = Ppw (ew (ow.u (f))) = pp.u(eu(f))-

We will now show that this map is a sheaf homomorphism. Using the fact that both P;,U and ¢y are
K-module homomorphisms we see that the map x — (p;’U ooy )(f) also is a K-module homomorphism.
Hence ¢|B(P)p is a K-module homomorphism for all p. Let m, 7" be the projection maps on S(P), 5(P’)
respectively. From the definition of 7’ we have that 7’ o o}, ;; = p. Hence (7’0 ¢)(z) = p for all z € B(P),

and because w(x) = p we conclude that 7’ o = m. Thus we conclude that ¢ is a sheaf homomorphism. O
We will now consider if the maps  and « are inverses of each other. We have the following proposition:
Proposition 1.30. The sheaves S and S(a(S)) are canonically isomorphic.

Proof. Let £ € B(a(S)) be the germ at p of some section f over U, i.e. £ = p, v f. We will show that

¢: & f(p)

is a sheaf isomorphism. This map is clearly well-defined, because another representative of £ will have
the same value at p as f.

It is a sheaf mapping because if we denote by 7 the projection on S and by 7’ the projection on S(«(S)),
mo (&) =m(f(p)) = p and furthermore 7'(§) = 7'(pp,u f) = p by definition of 7’.

To show that ¢ is a sheaf homomorphism let £ = p, v f and 7 = p, vg be elements of B((S)), and let
k be an element of K. Then

e&+mn) =(f+9)(p) = fp)+39D) =&+ e
(k&) = (kf)(p) = k(f(p)) = kp(€)

and thus it follows that ¢ is a homomorphism on each stalk and thus a sheaf homomorphism.
By Lemma 1.11 we have that every element of § is the value of some section of S, i.e. for all @ in S there

exists a local section f and a point p in M such that f(p) = a. We will show that the map

Ya—= ppuf

11
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is an inverse of . This map is well-defined because if f and f agree on p they must agree on some
neighbourhood of p, hence f and f have the same germ at p. This map is also a sheaf map because
7 o p(f(p)) = (ppuf) = p and 7 (f(p)) = p.

We now show that 1) is a sheaf homomorphism. Let a,b € S, let f be a section such that f(p) =a+b
and let f, and f, be sections such that f,(p) = a and fp(p) = b. Then

Y(a+b)=ppuf
P(a) +¥(b) = pp,u.fa + Ppunfo = Ppv.nv, (fa + fo)-
Because f and f, + f, agree on p there must thus exists a neighbourhood of p on which they agree, hence
they represent the same equivalence class in S(a(S)), and we conclude that ¥ (a + b) = ¥(a) + ¥(b).
Similarly, let fbe a section such that ka = f(p) and let f be a section such that f(p) = a. Then kf
and f agree on p, and thus on a neighbourhood of p. This shows that kf and f represent the same
equivalence class from which we conclude that v is a sheaf homomorphism. This finishes the proof that

 is a sheaf isomorphism as claimed. O

However it is in general not true that «(8(P)) is isomorphic to P. Take for instance the presheaf
P = {Su;puyv}, where Sy = K for any U, and the restrictions py,y are zero if U # V. Because the
restrictions are zero we have that in 8(P),, every element of Sy is equivalent to 0 € Sy. So every stalk
B(P)y, will just be the zero-module. Then if we take the presheaf of sections we will get the zero module

for every U C M. For a presheaf P to be isomorphic to a(8(P)) we need it to be complete.

Definition 1.31. A presheaf {Sy;py v} on M is said to be complete if whenever an open set U is
expressed as a (not necessarily countable) union |J; U; of open sets in M, the following two conditions

are satisfied:
1. (Locality) Whenever f and g in Sy are such that py, v f = pu, vg for all ¢, then f = g.

2. (Glueability) Whenever there is an element f; € Sy, for each i such that py,nv,.v, fi = pv.nu,u, [

for all < and j, then there exists f € Sy such that f; = py, v f for each i. o

Proposition 1.32. If P is a complete presheaf, then a(B(P)) is canonically isomorphic to P.

Proof. Let P = {Sy;puv} be a complete presheaf. We define a presheaf homomorphism from P to
a(B(P)) ={T(B(P),U), pu,v} as follows. For each open U in M we define a map

ou Sy = T(B(P),U): fr= (= ppulf) (1.2)

Note carefully that the restriction maps py,y are the same in both P and a(8(P)). The collection {¢y}

forms a presheaf homomorphism. Indeed if f € Sy then

(puv o ov)(f) =puv® = ppvf) =@ ppulf)

(pv o puv)(f) =p~ ppupuvf,

12



1.3 The relation between sheaves and presheaves 1 SHEAVES

which clearly agree and if f, g € Sy then oy (kf +9) = kou(f) +vu(g). To show that {¢y} is a presheaf
isomorphism we will first prove the injectivity of the homomorphisms @y. Assume that f in Sy gets
mapped to the zero section in Sy. Then for every point p € U there exists a neighbourhood U, C U
such that p,y, f = 0. Note that the set {U,} covers U. By the locality axiom of a complete presheaf
pp.u, f = pp,u,0 for all p. Hence f =0 € Sy and we conclude that ¢y is injective. To show that ¢y is
surjective let ¢ : U — B(P) be a section. Then for any point p € U we have that there exists an f, € Sy,
such that this is a representative of the equivalence class of ¢(q), i.e.: for all ¢ € U, we can find an element

fp € Sy, such that

pq,Upfp = C(‘])' (1'3)

Then for any pinU, we get an f, € Sy, which form a collection {f,}, and a cover {U,} of U. Now take
p,q € U, we will show that

PU,NU, U, fp = PU,nU,.U, fo-
By equation (1.3) we have for all r € U, N Uy that
Pr,Uu,nU, © pUpﬂUq,Upfp = c(r)
Pr,U,NU, © pUpﬁUq,Uqfq = c(r).

By definition of p, y,nv, this implies that there exists a neighbourhood W,. C U, NU, of r such that

PW,..U,nU, © PU,AU, Uy fp = P, U,nU, © PU,AU, U, fo-

If we construct W, for all r € U, N U, we get a collection {W, } which covers U, NU,. Using the locally

axiom of a complete presheaf we conclude that

PU UL U, [p = PU AU, U, fq

for all p and ¢ in U. Hence by the the gluability axiom of a complete presheaf there exists an f € Sy
such that

fp=ru,uf (1.4)

for all p € U. Now we will show that oy (f) = c. Call the section where f gets mapped to s, then py, s
will be the section ¢ — pg,v, pu,,vf which by equation (1.3) and (1.4) is equal to c(q) for all g € U,. This
concludes the proof that f gets mapped to ¢ and thus the proof of the proposition. O

Remark 1.33. For complete presheaves we indeed have that the maps « and (8 are inverses of each
other. Very often instead of the definition of a sheaf as given in Definition 1.6, one defines a sheaf to be
a complete presheaf. It often turns out to be easier to show that something is a complete presheaf, as we

do not have to consider the topology on the sheaf. &
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1.3 The relation between sheaves and presheaves 1 SHEAVES

We will finish this section with some examples which combine most of the theory discussed up to now.

Example 1.34 (Presheaf of discontinuous functions). The collection
CM) ={f:U—=R;spuv},

where the maps py v are the restriction of functions is a complete presheaf. It is clear that this is a sheaf.
To show it is a complete presheaf let U C M be open and U = J, U;.

(Locality): Assume f,g € Sy and that py, v f = pu, vg for all 4, then for all ¢ and for all z € U; we have
that f(z) = g(x), so it is clear that f = g.

(Glueability): Assume that f,g € Sy, and that py,nu, v, fi = pv.nv, v, fi- We define f € Sy by
f(x) = fi(z) for all x € U;. We have that f is well-defined because x € U; N U; and we have by
assumption that f;j(x) = f;(z). Furthermore f is still continuous. Indeed if V' is any open in Y then

f7Y(V) =, f7 (V) is open by the fact that all the f; are continuous. A

Example 1.35. An example of a presheaf that is not complete is the presheaf of bounded functions on
R. Let U,V be opens such that U C V' C R and let Sy be the set of bounded functions on U. Together
with the restriction maps py,y of functions on V to functions on U this forms a presheaf {Sy; puv}.
This sheaf is however not complete as it fails the glueability axiom. Let U; = (—i,1), let R = |J, U; and
let f; € Sy, be the identity on U;. Then py,nv; v, fi = pu.nu,u, fi for all @ and j, but there exists no
bounded function on the whole of R that restricts to the identity on every open U,;. Hence we conclude

that the presheaf of bounded functions does not satisfy the glueability axiom. A
Another class of sheaves that will be of great importance are the so-called fine sheaves.

Definition 1.36. A sheaf S over M is said to be fine if for each locally finite open cover {U;} of M
there exist homomorphisms {/;} from S to itself such that supp(l;) C U; and Y 1; = 1. With supp(l;) we

mean the closure of the set {m € M : l;|g # 0}. We call the set {l;} a partition of unity subordinate to
the cover {U;} of M. O

Example 1.37. The sheaf of germs of smooth functions, as defined in Example 1.9, is a fine sheaf. Let
{U;} be alocally finite open cover of M, then there exists a partition of unity subordinated to {U;}, see for
instance [1, p. 91], which we denote by {¢;}. We obtain homomorphisms on the presheaf {C*° (M), pu,v }
to itself by defining for f € C*°(U)

Lu(f) = eily- [

The associated sheaf homomorphism I; from €°°(M) to itself will form a partition of unity subordinated

to the cover {U;} of M. Let x € € (M) and let = p, s, then

> li(z) = pr,Uli,U(S) = pp,U le(s) = ppUs =1T.

14



1.3 The relation between sheaves and presheaves 1 SHEAVES

Now let p & supp(y;), and let U be an neighbourhood of p which has empty intersection with supp(ip;).
The existence of such a neighbourhood is the result of an elementary topological proposition that states
that a paracompact Hausdorff space is normal, see for instance [1, p. 91]. Then p, vl v (f) = 0 for all
f, which implies that p & supp (I;), from which we conclude that supp (I;) C supp (¢;) C U; and hence
conclude that the sheaf €>° (M) is indeed fine. A

The notion of smoothness is not a requirement in the previous example. Instead of smooth functions we
could have taken continuous functions, or even discontinuous functions and we would still obtain a fine

sheaf.

Example 1.38. Let C*°(U, M)(xo) be the space of smooth functions defined on U C M vanishing at
To € M and let

{C=(U, M) (0); pu,v}
be a presheaf with associated sheaf €°(M)(xo). It is clear that we have an injection €°°(M)(xq) —

& >°(M) as this is an inclusion on the presheaf level. We then get a short exact sequence
0= EC°(M)(xog) > EC(M) = EC°(M)/€>(M)(xo) — 0.

We will now study this quotient sheaf. Let f € C°°(U, M) be such that z¢p ¢ U, it then is clear that
(€°(M)/€>(M)(z0)),, =0 for m € U. As we have assumed that our space is paracompact Hausdorff
and thus normal, we have that every point m € M, m # x¢, has a neighbourhood which does not contain
xg, hence (€°°(M)/€>(M)(z0)),, = 0 for all m # xy. We will show that the stalk at ¢ is equal to R.
Let f € C*°(U, M) be a function such that f(zg) # 0. Consider the difference of f and the function g with
constant value f(xg) on U, then clearly g — f is a function which vanishes at x. Hence f is equivalent
to f+(g—f)=gin (¢>(M)/€>(M)(x0)),,- We thus conclude that f € (€°°(M)/€>(M)(z0)),, is
completely determined by its value at z¢ and see that (€°°(M)/€>°(M)(xy)), = R. A

Zo

The above example is the idea that gives rise to the following definition.

Definition 1.39. Let G be a K-module. The skyscraper sheaf Skysc(xg) is defined for 29 € M to be

0 ifm#ax
Skysc(zo)m = * o
G if m = xg &

The following example gives the means to turn a vector bundle into a sheaf.

Example 1.40. Let E be a vector bundle over M, and let I'(U, E) be the space of sections of F over U.
Let py,v be the restrictions of sections. Then the collection {I'(U, E); py,v } is a presheaf, from which we

construct a corresponding sheaf. A

We have by the above that every vector bundle gives rise to a sheaf, it is however not true that every
sheaf gives rise to a vector bundle There is a certain class of sheaves that do so which are called the

locally free sheaves, but we will not cover these here.
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2 COCHAIN COMPLEXES

2 Cochain complexes

Cohomology arises naturally from cochain complexes. In this section we will discuss cochain complexes
of K-modules and discuss the K-modules which arise from them. We will call these modules cohomology
modules associated to the cochain complex. These modules will often coincide with the cohomology

modules of a cohomology theory as we will define in the next section.

Definition 2.1. A cochain complex U* is a sequence of K-modules and homomorphisms
s U Syt Uttt

defined for all integers g such that at each stage the image of a given homomorphism is contained in the
kernel of the next. We will refer to the homomorphisms U? — U9%! as d9, or d if this does not cause
any confusion. The fact that the image of a homomorphism is contained in the kernel of the next can
be written as d?t! o d? = 0, or more concisely d? = 0. We call d9 the g-th coboundary operator. We will
denote the kernel of d? by Z4(U*) and call its elements the ¢g-th degree cocycles of the cochain complex
U*. We will denote the image of d?~! by BY(U*) and call its elements the g-th degree coboundaries. <

Using the fact that d?> = 0, B4(U*) is a subset of Z4(U*) for all q.

Definition 2.2. The ¢-th cohomology module H4(U*) associated to the cochain complex U* is defined

as the quotient module

HIU*) =
¢

Example 2.3. Let 29(M) be the vector space of forms on a differentiable manifold M, and let d denote

the exterior derivative operator. It is well known that d? = 0, hence the sequence
c = QUMY = QUM — QTP (M) — - -

is a cochain complex. The cohomology modules associated to this cochain complex, H9(2*(M)), are

called the de Rham cohomology modules which we will study in more detail in Section 6. A

We would like that a map between cochain complexes induces maps in the corresponding cohomology

modules. The following class of maps will have this property.

Definition 2.4. A cochain map U* — V* is a collection of homomorphisms ¢, : U? — V9 such that for

each ¢ the following diagram commutes:

yatl L7 et (2.1)
dUT dvT
a Pa Va <>
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2 COCHAIN COMPLEXES

Proposition 2.5. A cochain map naturally induces homomorphisms in the corresponding cohomology

modules.

Proof. Let {p,} denote such a collection of homomorphisms. Let f be a g-coboundary of U*. By the
commutativity of diagram (2.1), dv (pqf) = @q+1(du f) = 0, hence ¢, f is g-coboundary of V*. Similarly
let f be a (g + 1)-cocycle of U*, that is f = dyg for some g € U?. Then @qi1f = pq+1(dvg) = dv(¢q9),
hence pg41f is a (¢ + 1)-cocycle of V*. As all ¢, map cocycles into cocycles and coboundaries into
coboundaries we have that the map HY(U*) — H%(V*) defined by [f] — [p4(f)] is a well-defined
homomorphism. We will denote this map by ¢*. O

Definition 2.6. A cochain map for which all the homomorphisms U? — V¢ are isomorphisms is called

an isomorphism of cochain complezes. &
We will use the following fact quite often so we state it as a lemma.

Lemma 2.7. Let two cochain maps, U* — V* and V* — W*, be given. Then the composition of the
induced maps H1I(U*) — HY(V*) — HY(W™*) agrees with the induced map of the composition HL{(U*) —
HI(W™).

Proof. Denote the cochain maps by ¢ : U* — V* and ¢ : V* — W*. Then for [w] € HI(U*) we have
that ¥*(p*[w]) = [(¢ o ¢)(w)] and (3 o p)*[w] = [(¥ o p)(w)] which proves the lemma. O

Definition 2.8. A sequence of cochain maps

0=-U" =V =W*"=0 (2.2)
is called an exact sequence if for every g the sequence

0-UI—= VI WT—=0
is a short exact sequence of K-modules. &

Definition 2.9. A homomorphism between short eract sequences 0 — U* — V* — W* — 0 and
05U —V — W — 0 of cochain complexes consists of cochain maps U* — U ,V* — V' and

W* — W' such that the following diagram commutes:

0—=U"—=V"—W*"—=0

Ll (2:3)
0—>U =V =W —0
This is equivalent to saying that the following diagram commutes for all g:

0—-=UI—=VI—-=W1I—=0

1

00" =V =W >0 &
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2 COCHAIN COMPLEXES

One concept that is often seen in algebraic topology is the fact that a short exact sequence in some spaces
induces a long exact one in some collection of K-modules. We will show that a short exact sequence of

cochain complexes induces a long exact sequence in the corresponding cohomology modules.

Proposition 2.10. Given a short exact sequence of cochain maps
0—-U"-V*—=W"—=0,
consisting of short exact sequences
I g?
0 —U? —VI—WI—0,
there are homomorphisms
HIW*) =5 HIP (U)

for each q such that the following sequence is exact.

s YWY S qowy L movry L guwr) L HPYUY) < (2.5)
0— o+t L pent et g
0 L T L 0 (2.6)

Proof. We will define 6 : HI(W*) — HtY(U*) by chasing over the above diagram. Let w € WY be a
cocycle. Since g is surjective, let v € V4 be such that g(v) = w. Then 0 = dyw = dwg(v) = g(dyv), that
is, dyv € ker(g) = im(f). Hence there is a u € U9*! such that f(u) = dyv. Because f(u) = dyv we see
that dy o f(u) = di-v = 0. Using the fact that f is a cochain map we conclude that f(dyu) = 0. Because
f is injective dyu = 0, hence u represents an equivalence class in HIt1(U*) and we define d[w] = [u].

We will show that ¢ is well-defined. Take w,w’ € W7 such that [w] = [w']. Now with the same reasoning
as before choose v,v’ € V¢ such that g(v) = w and g(v') = w’. Now consider dyv,dyv’ € VL. We
have g(dyv) = dwg(v) = 0 and the same for v’, thus both are in the kernel of g and thus in the image
of f. Hence we can find u,u’ € U*! such that f(u) = dyv and f(u') = dyv’. We conclude that

18
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dw — w'] = [u— u']. To show that ¢ is well-defined we are left to show that u — v’ is a coboundary.
Now consider w—w’ = g(v) —g(v'). By assumption this in the image of dy and thus there is a w € W9~1
such that dyw = g(v) — g(v'). By surjectivity of g there is a v € V4=1 such that g(v) = w. Now we

consider v — v’ — dyv, then

g(v —v' — dyw) = g(v) — g(v') — g(v) + g(v') = 0.

Therefore v — v/ — dy v is in the kernel of g hence also in the image of f. Therefore there exists a u € U*

such that f(u) =v — v — dyv. Now
dy f(@) = dv (f(v) = (v) = dv f(v)) = f(u—).

Therefore f(dyu) = f(u —u’), and since f is injective we have that dyu = u — «’. Hence u — v’ € imdy
consequently [u — u'] = 0. We therefore conclude that ¢ is well-defined.

We will now show that with this definition of § the sequence (2.5) is indeed exact. We denote by f* and
g* maps in cohomology classes induced form f and g.

Proof of ker(g*) = im(f*): Let [h] € Im(f*) hence there is a [h] such that f*[h] = h. Now g*[h] =
g* o f*[h] = [(g o f)h] = [0], hence we have that [h] € ker(g*).

Let [h] € ker(g*), thus [g(h)] = [0]. This implies that g(h) € im(dw ), which implies that there exists a
w € W97 such that dyw = g(h). Because g is surjective there exists a v € V¥~! such that g(v) = w.
Then dyv is again an element in V7 which is in im(dy ) hence we have that [h — dyv] = [h]. By applying
g on h —dyv we get that

g(h —dyv) = g(h) — g(dvv)
=g(h) —dwg(v) = g(h) — dww = g(h) — g(h) = 0.

We thus conclude that h — dy v is in the kernel of g, from which we in turn conclude that h — dywv is in
the image of f. Hence there exists a u € U? such that f(u) = h —dyv. Then f*[u] = [f(u)] = [h — dyv].
But as dy v is in the image of dy it follows that f*[u] = [h]. We thus conclude that [h] € im(f).

Proof of im(8) = ker(f*): Let [h] € ker(f*) since f is injective it has trivial kernel and it follows that
f(h) € im(dy). Therefore there is a v € V4=1 such that dyv = f(h). Now we consider g(v) € W41
Following the definition of § we have that g(dyv) = dwg(v) = g(f(h)) = 0, and thus that dyv € ker(g)
and hence we conclude that dyv € im(f). By construction f(h) = dyv, hence [h] = d[g(v)] and thus we
conclude that [h] € im(0).

Let [h] € im(d). Then there exists a w € W9~1 such that 6[w] = [h]. Again we will follow the definition
of §. Because g is surjective there exists a v € V47! such that g(v) = w. Now dywv is in the kernel of g,
which implies that g(dyv) = dwg(v) = dww = 0. Hence there is an h in U? such that f(h) = dyv. It
follows directly that f(h) is in the image of dy which than implies that [h] is in the kernel of f*.

Proof of im(g*) = ker(d):
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Let [w] € im(g*), hence there is a [v] € H4(V') such that g*[v] = [w]. Because v is a cocycle we have that
dyv = 0. Then as before we find u such that f(u) = dyv. But as dyv = 0 and f is injective it follows
that v = 0 and thus that §[g(v)] = [0]. Which implies that [w] € ker(d).

Let [w] € ker(d), hence 6[w] = [u] = [0], and thus there exists a & € U* such that dyu = u. As before
fw) = dyv, with g(v) = w.

For x = v — f(u),

dyz =dyv —dy f(u) = f(u) — f(u) = 0.

Therefore z is a cocycle and thus represents an equivalence class in H7(V'). Now ¢g*[z] = [g(v)—g(f(7))] =

[w]. Hence [w] € Im ¢*, which concludes the proof that sequence (2.5) is exact. O

This definition of ¢ also gives rise to another commutative diagram which will be key to showing the

existence of a cohomology theory.

Proposition 2.11. The homomorphisms (2.3) of short exact sequences of cochain complexes together

with the map § give rise to a commutative diagram:

HY(W*) —> HTH (U*)

l ) l (2.7)

* ) =%

HI(W' ) —— HYU")

Proof. Denote by ?q the cochain map U? — V2 and by g? the cochain map V? — W2, To show that
diagram (2.7) commutes we first construct a commutative lattice, that is, a three-dimensional commuta-

tive diagram for which all the sides commute:

Uatt Vatl watl
ﬁq+ 1 Vqul Wq+ 1
U Ve we
Uq o Vq a Wq

The horizontal segments of this diagram commute by the fact that we have a homomorphism between
short exact sequences, and the vertical segments by the fact that the maps U* — U*,V* — V' and
W* — W' are cochain maps.

We first describe the composition HI(W*) — HItY(U*) — H9TL(U") which sends w € W7 to some % in

T Let w e We. By surjectivity of g9 there exists v € V7 such that g(v) = w, we then lift v to dyv.
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As we have shown in the definition of §, there exists a u € U9t such that g(u) = dyv, hence §(w) = u,
and finally we map u to u € UQH.

We will now describe the composition H4(W*) — HY(W ") — H?(U") which sends w € W9 to some
7 in U™, Let @ be the image of w under W9 — W?. Then by surjectivity of g¢ there exists a v € V4
such that g(v') = w’. We then lift ¥’ to dy0’, and as we have shown in the definition of § there exists
@ € Ut such that g(u') = dy0’, and we had that §(w) =@’

To show that diagram (2.7) commutes we are left to show that @ — u is a coboundary. If we map v
tow € V? then by commutativity of the diagram we see that ¥ and ¥’ both get mapped into w’, i.e.
g(v —7') = 0. Thus there exists a & € U’ such that f(7) =7 —7'. We will show that dyu =@ —@. To
do this we need that dyo = f(u) which follows directly form the definition of 6. We then have that

?(dﬁﬁ) = dV?(i) = dvi — dv@/ = 7(@) — ?(ﬂ’) = ?(ﬂ - ﬂ/)7

and thus by injectivity of f we conclude that dyu = @ —@'. This completes the proof that diagram (2.7)

commutes. O
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3 COHOMOLOGY THEORIES

3 Cohomology theories

In this section we will give the definition of a cohomology theory and show its uniqueness.

Definition 3.1. A sheaf cohomology theory H for M with coefficients in sheaves of K-modules over M

consists of

e a K-module H?(M,S) for each sheaf S and for each integer ¢ and
e a homomorphism H4(M,S) — H%(M,S’) for each homomorphism S — S’

such that the following six properties hold:

(a) For ¢ < 0, HY(M,S) = 0 and there is an isomorphism H°(M,S) = I'(S) such that for each

homomorphism S — &’ the following diagram commutes:

HO(M,S) —=T(S)

l l

HY(M,S") —=T(S")
(b) If S is a fine sheaf then H?(M,S) = 0 for all ¢ > 0.

() If0 - S - S — & — 0is exact, then there exists a homomorphism § : HY(M,S") —
HITY(M,S'), called the connecting homomorphism, such that the following sequence is long ex-

act:
oo HY(M,S') — HY(M,S) — HY(M,S") > HTPY (M, S') — - -
(d) The identity homomorphism id : & — & induces the identity homomorphism id : HY(M,S) —
HI(M, S)
(e) If the diagram

S——=&

e

S/I

commutes, then for each ¢ the following diagram commutes:

HI(M,S) —= H(M,S')

|

H(M,S")
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3 COHOMOLOGY THEORIES

(f) For each homomorphism of short exact sequences of sheaves (defined in the same way as a homo-

morphism of short exact sequences of cochain complexes)

0—8 —=8§—=8"—=0

L

0—-F —=F—=F" —=0

the following diagram commutes:

HY(M,8") —= H(M,S')

i i

HIY(M,F") —= HIY (M, F") &

As we eventually want to show that all cohomology theories are equivalent, we will introduce the notion of
a homomorphism between cohomology theories. Besides defining these to be homomorphisms between the
cohomology modules we also ask some commuting properties which will allow us to show the uniqueness

of such a homomorphism in the main theorem of this section.

Definition 3.2. Let % and H be cohomology theories on M with coeflicients in sheaves of K-modules
over M. A homomorphism of the cohomology theory H to the theory H consists of a homomorphism

HY(M,S) — H9(M,S) for each ¢, such that the following conditions hold:

(Hy) For ¢ = 0, the following diagram commutes:

HOY(M,S) =—=T(S)

b

H(M,S) =—=T(S)

R

(H2) For each homomorphism & — F and each integer ¢ the following diagram commutes:

HY(M,S) —> H(M, F)

l l

HIY(M,S) —= HI(M,S)
(H3) For each short exact sequence of sheaves
0R—=>S=+F—=0
and for each integer ¢ the following diagram commutes:

HY(M, F) —’>~ H®" (M, R)

l l

HY(M, F) —°> HI*(M, F)
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An isomorphism of the cohomology theory H to the theory His a homomorphism where all the homo-
morphisms H9(M,S) — H?(M,S) are isomorphisms. &

The following construction will be the main ingredient for proving the uniqueness of axiomatic cohomology

theories.

Definition 3.3. Let S be a a sheaf over M. By a discontinuous section of S we mean any (possibly
discontinuous) map f : U — S such that 7 o f = id. By associating the module of discontinuous sections
of § to every open U C M we get a presheaf PSy whose associated sheaf, Sy, is called the sheaf of germs

of discontinuous sections of S. &

From the sheaf of discontinuous sections we will construct a short exact sheaf sequence which will give

us long exact sequences in cohomology modules.

Lemma 3.4. Denote by S the quotient sheaf So/S then there exists maps i, 7 such that the following

sequence 18 exact:
05858580 (3.1)

Proof. Tt is clear that there is an injection from «(S) into PSy as this is just the inclusion of continuous
sections into discontinuous ones. This injection induces an injection, B(a(S)) — PS8y, on the correspond-
ing sheaves, and since S(«(S)) is canonically isomorphic to S we get an injection 7 : S — Sg. Hence we
conclude that (3.1) is exact at S. The map 7 sends z to its equivalence class z + (S). Therefore it is
clear that the image, i(S) which is isomorphic to S, is the kernel of 7. Hence we conclude that (3.1) is
exact at Sp. Finally it is clear that 7 is surjective and hence that (3.1) is exact at S. We conclude that

(3.1) is a short exact sequence. O

We will prove that the sheaf Sg is fine. This is important because then the cohomology modules H4(M, Sy)
all become trivial. From the long exact sequence induced by (3.1) we will get important information. To

show that Sy is fine we need the following topology lemma, for a proof see [1, p. 91].

Lemma 3.5. Let {U;} be a locally finite cover of M. Then there exists a refinement {V;} of {U;} such
that V; C U; for each i.

Lemma 3.6. The sheaf Sq is fine for any sheaf S.

Proof. Let {U;} be a locally finite cover of M and let {V;} be a refinement as in the above lemma. We
define a collection of (discontinuous) functions {y;} as follows. Let x € M, then clearly x € V; for some
(not necessarily unique) . Then define ¢;(z) = 1 for j = ¢ and 0 otherwise. In this way it becomes
clear that ). ¢; = 1 and also that supp(y;) C U;. Hence the set {¢;} forms a partition of unity of M
subordinated to {U;} of functions which only take the values 1 and 0. We define homomorphisms {/; ¢ }

from the presheaf of discontinuous sections of S to itself by

liv(s)(m) = @i(m)s(m)
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for each discontinuous section s of S over U C M and m € U. These maps are well-defined because the
wi(m) are either 1 or zero so l; y(s)(m) is a discontinuous section. As in Example 1.37 we get that the

associated sheaf homomorphisms {I;} form a partition of unity for Sy. O

We will show that these sheaves of germs of discontinuous sections behave naturally under sheaf homo-

morphisms:

Lemma 3.7. Let § — F be a sheaf homomorphism. Then there exists maps between the corresponding
sheaves of discontinuous sections Sy — Fo and the quotients sheaves S — F such that the following

diagram commutes:

0—S—=Sy—S—0

1]

0—>F—=>Fy—F—=0

Proof. We will construct the homomorphism ¢ : Sg — Fg on the presheaf level. The homomorphism ¢
induces a homomorphism on presheaves {py} : a(S) — a(F) by sending a section s to ¢ o s. Clearly
as this map is defined point-wise we also have a map from discontinuous sections of S to discontinuous
sections of F. These maps form a presheaf homomorphism {¢y} : PSy — PFy. Then ¢ : Sg — Fo is
the associated sheaf homomorphism.

From this construction it is clear that if we identify S with its image in Sy that ¢|g agrees with the
given sheaf homomorphisms & — F. Hence we can conclude that the first square in diagram (3.2)
commutes. Now we define a map So/S — Fo/F by [z] — [¢(x)]. This map is well-defined for if y is
another representative of [z], then z —y € S hence p(x —y) € F. Hence we conclude that diagram (3.2)

comimutes. 0

We will now show that there is a canonical homomorphism between two cohomology theories. The fact
that it is canonical will allow us to show that a homomorphism between two cohomology theories is in

fact an isomorphism.

Theorem 3.8. Let H and H be cohomology theories on M with coefficients in sheaves of K-modules

over M. Then there exists a canonical homomorphism from H to H.

Remark 3.9. With canonical we mean that the homomorphism depends only on inherit properties of the
cohomology theories. In fact we will show that it depends only on connecting homomorphisms and the
isomorphisms H?(M,S) = T'(S). This will be enough to show that a homomorphism between cohomology

theories is in fact an isomorphism. &

Proof. We will first prove that a cohomology theory homomorphism is necessarily canonical and then we
will show its existence. Let {¢,} be a homomorphism from H to H, and let S be any sheaf. We will
proceed by considering the cases ¢ < 0, ¢ = 1 and ¢ > 2. For ¢ < 0 the statement is trivial. For ¢ =0
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we have that both H°(M,S) and HO(M,S) are isomorphic to I'(S) from which we clearly see that ¢ is
determined only by inherit properties of the cohomology theories. For ¢ = 1 we construct the following

diagram from the sequence in (3.1):

HO(M, 80) —= HO(M,S) 2= H'(M,S) —= H'(M, So)

o | @ e |

H(M,So) —= H(M,S) —>> H'(M,S) —= H"(M, Sy)

The squares 1 and 3 commute by Definition 3.2. Hy applied to sequence (3.1), and square 2 commutes by
Definition 3.2.Hj applied to sequence (3.1). If we also use the fact that H°(M,S) = I'(S) and the fact

that Sy is fine we get the commutative diagram:

I'(Sy) —=T(S) —% HY(M,S) —=0

i i i% (3.3)

T(So) — I'(S) —& HY(M,S) —=0

We have by Definition 3.1.(c) that the rows of Diagram (3.3) are exact. If a € H'(M,S) then by the fact
that d is surjective there exists a b € I'(S) such that §(b) = a. Because the diagram commutes we have
that ¢1(a) = 1(6(b)) = 6(b). This is independent of the choice of b because if we take another b such
that §(b) = a, then by the fact that the diagram commutes we have that ¢1(8(b)) = ¢1(8(b)). Therefore
we conclude that ¢, is determined only by inherit properties of the cohomology theories. For ¢ > 2 we
construct a diagram likewise but now with the difference that H=1(M,Sg) = 0 as Sy is a fine sheaf. We

thus get that the following diagram commutes:

0 —> H"Y(M, ) > HI(M,S) —> 0
oo e (3.4)

0 — F9-1(M, ) > H9(M,S) —> 0

Now we proceed inductively. Assume that ¢, = bn 0 on_1 06,1 for 1 <n < q—1. By the exactness
of the rows the maps 4, gq are isomorphisms. Hence by the commutativity of the diagram we have that
Pq = gq 0 Pg—10 5(;1 from which we conclude that ¢, is determined only by the coboundary operators of
both cohomology theories.

We will now show the existence of the homomorphisms. We define the homomorphism for ¢ = 1 as the
unique map H'(M,S) — H'(M,S) for which diagram (3.3) commutes and for ¢ > 2 we inductively
define it as the map H(M,S) — H9(M,S) such that diagram (3.4) commutes.

We have that 3.2. H3 follows from the fact that we have constructed the homomorphism such that diagram
(3.3) commutes.

To show 3.2.Hs we consider the cases ¢ < 0, ¢ =1 and ¢ > 1. For ¢ < 0 3.2.H> follows trivially from
the fact that H%(M,S) = 0 for ¢ < 0 and I'(S) for ¢ = 0. To show 3.2.Hs for ¢ = 1 we will consider the
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following lattice constructed from two copies of diagram (3.3) and using 3.1.6:

(S) H'(M,S) 0
(7 HY(M, F) 0
] ol
F(S) .............. )HI(M,S) > ()
| . ) L /
I'(F) HY(M,F) 0

The horizontal sides of this lattice are precisely the diagrams (3.3) for S and F. By Lemma 3.7 we have a
map S — F thus we have that the left side commutes as well. We now apply property 6 of a cohomology

theory to diagram (3.2) to get the following commutative diagram:

HO(M,8) —= H'(M,S)

i !

HO(Maﬁ) ‘>H1(M,f)

This diagram will be the top side of the lattice. Similarly we get a diagram for the H theory, which is
the bottom diagram.

We now have that all the sides of the lattice except one side, which is denoted in the diagram by a 1
in the middle, commute. Square 1 is precisely the diagram of 3.2. Hy for ¢ = 1. The idea is to use the
commutativity of the other parts of the lattice to write the maps in square 1 as compositions of maps
in the other squares of the diagram. Because these squares commutes we then have that square 1 will
commutes as well.

We begin by considering the union of the top and front side projected onto the plane:

0(S) —2 ~ HY(M,S8) ——0

fo f1
N(F) —Z~ H'Y(M, F) 0
id %
P(F) — 2~ F'(M, F) 0

As this is the union of two commutative diagrams it is commutative as well. Let z € H'(M,S). By the

fact that 65 : I'(S) — H'(M,S) is surjective we can pick y € I'(S) such that §s(y) = x. Hence, by the
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commutativity of the diagram,

(ko f1005)(y) = (67 oidofo)(y)

from which we conclude that

(ko f1)(@) = (3 © fo) ().

Now consider the back and bottom diagram projected onto the plane:

I(S) —2 ~ H'(M,S8) ——0

fo

r(F) —

HYM,F) ——0

With the same = and y as before we have by the commutativity of this diagram that

(f1 0 @5 0 8s)(y) = (0 o fo o id)(y)

from which we conclude that

(f1 0 @5)(@) = (67 © fo) (v).

If we combine the above with (3.5) we get

(f1005) (@

from which we conclude that square 1 commutes

For ¢ > 1 we construct an analogous lattice:

0

/ _—

HI™H (M, F)

HY(M,S)

) = (¢F o fi)(@)

A

HIY(M,S)

HY(M, F)
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By induction and a similar argument as for the case ¢ = 1 one can show that 3.2.H> holds for ¢ > 2.

To show 3.2.H3, suppose that we have a short exact sequence
0+R—->S—=>F—=0.
We want to show that the diagram

HQ(M’].‘) HI_I(H_l(]\47,R’)

l l

HY(M,F) — H9Y (M, R)

commutes. To do this we will write the maps H?(M, F) — H9" (M, R) and H(M, F) — HT™ (M, R)
as the composition of some other maps. We will first construct a diagram on the level of sheaves and
then consider the induced diagram in cohomology. These diagrams will commute and thus allow us to
write the maps H?(M,F) — H9 (M, R) and HY(M,F) — H9(M,R) as the composition of some

other maps.
Lemma 3.10. From a short exact sheaf sequence

0+R=>S—+F—=0

we can construct maps such that the following diagram commutes:

0 R S F 0
o)
0 R So So/R—=0 (3.6)

| @t @ |

0 R Ro —

R 0

Proof. The map R — Sy is defined to be the composition R —+ & — Sp. Because this is the composition
of injective maps it is injective as well. This map is a sheaf homomorphisms because it is the composition
of sheaf homomorphisms. From this definition it is clear that square 1 commutes. By Lemma 3.7 we
have a sheaf homomorphism ¢ : Ry — Sp. Identify R with its image in Ry. Using the proof or Lemma
3.7 the map |, agrees with the map R — S. Hence we conclude that square 2 commutes.

Now we will define the maps R — Sp/R and F — So/R. We will use the fact that the the maps
g:Ro— R and 8 — F are surjective. Define the map f : R — So/R as follows. Let 2 € R. By the fact
that g is surjective, there exists an a € Rg such that g(a) = . By mapping a to Sp/R via Sy we get the
required map f. If we can show that this map is well-defined we can conclude that square 3 commutes.
Let y € R such that z —y € R. The map h : Ry — Sy is constructed in such a way that h|z agrees with
the map R — S. Thus h(z —y) € R for z —y € R C Ry. Hence the image of h(z — y) in So/R is zero
and we conclude that f : R — So/R is well-defined. If we define the map F — Sp/R in a similar same

way we conclude that diagram (3.6) commutes. O
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Now we will consider the diagram in H-cochomology induced by diagram (3.6) (the construction for the
theory H is completely analogous). Using the fact that a short exact sequence induces a long exact

sequence in cohomology we get a long exact sequence for every row in diagram (3.6). Hence we obtain a

diagram:
I(S) ['(F)——HYM,R) —=---
| © | ® |
I'(So) I'(So/R) —= HY(M,R) ——=0 (3.7)
l @ | ® |
I'(Ro) I'R) —— HY(M,R) ——=0

The squares 1 and 2 commute because the maps are the induced maps in sections of the squares 1 and
2 in diagram (3.6). The squares 3 and 4 commute by applying 3.1.(f) to the sequences in diagram (3.6).
Finally because Sy is fine H'(M,Sy) and H*(M,Rg) are trivial. One can construct a similar diagram

for ¢ > 1:
= HI(M,S) —— HI(M,F) —— H*' (M,R) — -
0 —— HI(M,Sq/R) —= HI" (M,R) ——=0 (3.8)
-0

T !

0 HY(M,R) — H™'(M,R)

The argument that this diagram commutes is analogous.

We will use these diagrams to write the maps HY(M,F) — H9™ (M, R) as compositions. We will first
do this for ¢ = 0 and then for ¢ > 1.

Because H(M, F) = T'(F) the map H°(M, F) — H*(M,R) is in the upper row of (3.7). We will however
chase the diagram in such a way that our composition ends at H!(M,R) in the lower row. We will also
consider the maps to quotients spaces instead of the normal spaces, this is done such that the resulting
compositing will consist of some isomorphisms.

First we map from I'(F) to I'(So/R)/imI'(Sy). Now we will construct a map from I'(Sg/R) into
I'(R), to do this we note the following. By the exactness of the middle row of diagram (3.7) the map
I['(So/R)/imT(Sg) — H'(M,R) is an isomorphism. Similarly, it follows from the exactness of the
lower row of diagram (3.7) that the map I'(R)/imT'(Ro) — H'(M,R) is an isomorphism. Using these
isomorphisms we we define an isomorphism I'(So/R)/imT'(Sy) — I'(R)/im'(Rg) by the composition:

['(So/R)/imI(Sp) = H'(M,R) = H'(M,R) & I'(R)/im[(Ry).

If we combine the above and the fact that diagram (3.7) commutes we can write the homomorphism

H°(M,F) — H'(M,R) as the composition

HOY(M,F) S5 T(F) = T(So/R)/ImI(So) & I'(R) /imI'(Roy) = H' (M, R). (3.9)
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For ¢ > 1 we proceed analogous. However from (3.7) if follows that HY(M,So/R) — HI (M, R)
and HY(M,R) — HI*1(M,R) are isomorphisms and thus by the fact that the diagram commutes we
have that the composition, H4(M,R) — H(M,S¢/R), is an isomorphism as well. It follows, by the
commutativity of diagram (3.8), that the homomorphism H?(M, F) — HIt1(M,R) is the composition

HY(M,F) — HY(M,S,/R) & HY(M,R) S HI" (M, R). (3.10)

We will now use these compositions to construct commutative diagrams. Again we first consider the case

g = 0. From sequence (3.9) and the corresponding sequence for the H theory we obtain the diagram:

HY(M,F) == T(F) —=I'(Sp/R) /im['(Sy) <— I'(R) /imI'(Ry) —= H'(M,R)

| l i l | (3.11)

HO(M,F) —=T(F) —=T(So/R) /imI(S) <— I'(R) /im['(Ry) —= H(M,R)

In this diagram the first square commutes by construction of the homomorphism H(M, F) — HO(M, F).
The middle squares commute trivially and the last square commutes by definition of the homomorphism
HY(M,R) — };Tl(M7 R), this follows from diagram (3.3) with S replaced by R. Hence we conclude that
diagram (3.11) commutes. By construction, the composition of the maps in a row agrees with the map

H°(M,F) — H'(M,R). Hence we conclude that the diagram

HO(M,F) —= H'(M,R)

l l

HO(M,F) —= H'(M,R)

commutes. This shows 3.2.H3 in the case that ¢ = 0.
The proof for the case that ¢ > 1 is analogous, so we will be brief. From sequence (3.10) and the

corresponding sequence in the H theory we obtain the diagram:

HY(M,F) —= HI(M,Sy/R) <— HY(M,R) —> H"'(M,R)

T =

HY(M,F) — HI(M,Sy/R) <— HI(M,R) —= H*(M,R)

In which the last square commutes by definition of the homomorphism HT (M, R) — H? (M, R), and

the first two squares commute by 3.2.Hs. As in the case where ¢ = 0 we conclude that the diagram

HY(M,F) —= H™ (M, R)

l l

HY(M, F) — H9(M,R)

commutes. This shows that 3.2.H3 holds for ¢ > 1 and finishes the proof of the existence of a homomor-

phism between H and H. O
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Corollary 3.11. A homomorphism of cohomology theories is automatically an isomorphism. Conse-
quently, any two cohomology theories on M with coefficients in sheaves of K-modules over M are uniquely

isomorphic.

Proof. Assume that we are given a homomorphism {p,} : H — #H. Then by the previous theorem we have
that there is also a homomorphism {@,} : H — H. We will show that these maps are inverses of each other
and hence isomorphisms. Denote by § : H1(S) — H77(S) and 6 : HY(S) — H9(S) the connecting
homomorphisms of H and H respectively induced by the short exact sequence 0 — S — Sy — S — 0.
For ¢ < 0 both ¢, and @, are the trivial map. For ¢ = 0 both isomorphism ¢, and @, are induced by
the isomorphisms H°(M,S) = I'(S) and thus it is clear that they are inverses. For ¢ = 1 we have that

both ¢y and ¢ are the the unique map that make the following diagram commutes:

I(So) —=T'(S) —% HY(M,S) —=0

i ol

[(Sy) —=I'(S) —% HY(M,S) —=0

-

Hence ¢ o ¢ =id. For ¢ > 2 we proceed inductively. Assume that ¢,_1 0 ¢,—1 = id. By the proof of

the previous theorem we have that ¢, = 5o ©q—1 06! and similarly @, = o @,_1 0 5~1. Then

g0 Pg = Jo Pq—1 odtodo Pg—1 0d =60 Pg—1© Pg—1 0o 1

=506t =1id,

from which we conclude that all ¢, are isomorphisms and thus that {4} is a cohomology theory isomor-

phism. O
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4 Cech cohomology

In the previous section we have shown the uniqueness of cohomology theories. In this section we will

show that such a cohomology theory exits by constructing the Cech cohomology.

4.1 Definition of Cech cohomology

A first attempt to define cohomology modules will be dependent of the choice of a cover of the topological
space M. This definition will use the spaces of Cech cochains which will form a cochain complex, which

in turn will give rise to cohomology modules.

Definition 4.1. Let U = {U;} be an open cover of M. A ¢-simplex o of U is a collection (Uy,...,U,)
such that Uy N...NU,; # 0. The set |o] = Uy N ...N U, is called the support of o. The (¢ — 1)-simplex
(Uoy .., Ui—1,Ui41,...,Uy) is called the i-th face of o and is denoted by ¢’. The K-module C?(U,S)
consisting of functions which assign to each g-simplex o an element of I'(S, |o|) is called the space of Cech

q-cochains. &

Addition and multiplication with elements of K is defined by

for all f,g € C1U,S), o a ¢g-simplex, and m € M. It is clear that this definition gives C?(U,S)
the structure of a K-module. We will now define a homomorphism which, together with the spaces of
g-cochains will form a cochain complex.
Definition 4.2. The coboundary operator is the homomorphism d? : C4(M,S) — Cit1(M,S),

q+1 . 4

df(0) = (=1)'pjo),jor f(07)

i=0
for all f € C(U,S) and o a (g + 1)-simplex. The map p|,||,+| is the restriction of a section defined on
|o?| to |o]. &
We will show that the spaces of Cech cochains together with the coboundary operator indeed form a

cochain complex which we will denote by C*(U, S).

Lemma 4.3. The sequence
0 d° 1 dt 2
o= 0-=C (JW,S)HC (M,S)—)C (1\4,5)*)

is a cochain complez.
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To show that this is a cochain complex it suffices to show that d9t! o d? = 0. We first need to make the

following observation. Let (0%)? = o/ denote the j-th face of the i-th face of o. Then

i (Uoy - Uiyo o Ui, .. U,) if >
o’ =

(Um...,Uj,...,()‘i,...,Uq) if j <

where the hat denotes that the element is omitted. One can easily check that if j > i 0%/ = ¢/+1:% and

if j <i, o™ = gdi=1,
Lemma 4.4. The Cech coboundary operator satisfies dit! o d9 = 0.

Proof. Let o be a (¢ + 2)-simplex and f a g-cochain, in the following we will omit some of the restriction

homomorphisms for clarity reasons.

= KA ..
(dq+1(dq(f))( ) Z p\a| lo?] Z p|07‘,|7|07‘,,_7‘|f(o'l’-7) (1)

=0
q+2 g+1 o N

=2 (D)™ pig o f(o™) (2)
=0 j=0
q+2j 042

=D D@ ) + 30 (<) (o) 3)
1=0 j=>i i=0 j<i
g+2 g2

:ZZ H—jf o.]-‘rlz _,_ZZ l+jf ) (4)
=0 j>1i i=0 j<i
q+2 042

:ZZ(_ i+j— lf U]’ +ZZ L+Jf ) (5)
1=0 j>1i i=0 j<1i
q+2 042

=D (D) + 30 Y (=) (o) (6)
j=0i>j i=0 j<i

=0

In the fifth line we replaced j by j —1 and in the sixth line we interchanged ¢ and j in the first sum. This
finishes the proof that C*(U,S) is a cochain complex. O

We will now drop the ¢ from the notation d? as long as it does not result in any confusion.

Definition 4.5. The ¢-th Cech cohomology module of M with respect to the cover I with coefficients in
S is the module H(C*(U,S)), which we will denote by H(U,S). &

This definition is clearly dependent of the choice of the cover U of M. To define the cohomology in a
cover independent way we will first consider the result of refining the cover U. The refining of a cover will
give rise to a refining map, which in turn will give rise to a cochain map. This cochain map will induce

homomorphisms in cohomology modules.
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Definition 4.6. Let B be a refinement of the cover U. As every V € B is a subset of some U € U, there
exists a map p : B — U such that V' C (V) (we will call such a map a refining map). If o = (Vo,..., V)
is a g-simplex of B, then we denote by u(o) the ¢-simplex (u(Vp), ..., u(Vy)) of U. O

Define a map p* : C*(U,S) — C*(B,S) by

1q(£)(@) = Plol, (o) f (11(0))
for f € C1(U,S), and o a g-simplex of 5.
Lemma 4.7. The map p* : C*(U,S) — C*(B,S), as defined above, is a cochain map.

Proof. Let f € C1(U,S) and let o be a g-simplex of the cover B. Then for all ¢:

q+1

(dopg)(£)(@) =D (1) pal,joi] © Plov | juter) f (1(0"))
=0
q+1

= (=1 Piopuiony f(u(eh)
=0

and also;
q+1
Ha1(df)(0) = prof ju@) Y (1) Pluco)) fuer F(1(e"))
q+1 =
= (D' Plal ()] © Plute)uco)1 f (1))
i=0
which thus shows that p* is a cochain map. O

By the fact that u* is a cochain map we get induced homomorphisms in cohomology modules:
Hy HYU,S) — HY(B,S)

We will show that if ¢ and 7 are two refining maps from B to U that the induced maps in cohomology

are equal. To do this we will find homomorphisms h, : C*(U,S) — C?1(B,S) such that
hq+1 o dq + dq71 o) hq = Tq — ,uq. (41)

Remark 4.8. This is a situation which we will encounter often. Suppose we have two cochain maps f

and g from (U*,dy) to (V*,dy). If we can find maps h, : U? — V77! such that
hgt1ody +dy ohg = fg — g4
then f and g induce the same maps in cohomology modules. Indeed, let o be a g-cocycle of U*. Then
fa(0) = 94(0) = hg41(du(0)) + dv (hy(0)) = dv (he(0))

hence f,(o) and g,(o) differ only by a coboundary and thus induce the same maps in cohomology modules.

We will call the maps hy homotopy operators between f and g. &
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Let 0 = (Vb,...,V4—1) be a (¢ — 1)-simplex of ¢. Define g-simplices of B by

op = ((Vo)s- o, (Vi) 7(Vie), - .. 7(Vg—1).
We define homomorphisms h, : C4(U,S) — C17*(B,S) b
ha(£)(@) =D _(=1) piojow (k)
§=0

We will now show that the homomorphisms h, satisfy equation (4.1). To do this we first need to make

the following observation. Let o be a (¢ — 1)-simplex of the cover B, then:

oy — | OV eViegt) 7 Viga), o 7(Vom)) 5>
(U(Vo)s -+ (Vi) 7 (Vi) oo 7 (Vi)s o 7(Vy)) ik < j
also;
oy = 4 00DtV O, i), 7(Voe)) i
Ok = /A\

(Vo) -, m(V)y oo Vi), T(Vi), - o, T(Vym1)) ik >
For k > j, (o))7 = (07)k—1 and for k < j, (o%)? ™! = (67)g. Also (09)° = 7(0) and (04-1)7 = p(0).

Lemma 4.9. The homomorphisms hy : C1U,S) — C17Y(B,S), as defined in (4.1), are homotopy

operators between u* and 7.

Proof. In what follows we will omit the restriction homomorphisms for clarity reasons. Let f € C1(U,S)

an let o be a (¢ — 1)-simplex of B. Then:

A" (hg(f)(0) = D (=1) hy(f)(07) (1)

j=0

=D > U F(()) (2)
7=0 k=0

=22 W) + 30D D (o) 3)
J=0k<j J=0k>j

:Z — )R (00 +ZZ 1)1 (09)4q) (4)
j:0k<] 7=0 k>j

=2 2 WA+ 3 3 (1T (on)). )
7=0k<j j=0k>j

In the forth line we replaced j by j+ 1 and in the fifth line changed the order of the operations on . On
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the other hand we have,

hq+1(d?(f))(0) (=1)*d(f)(on)

=

q

(=17 f((on))

=~ S ~
= < = <
= = =}
<.
Il
<}

q

(FD* (o)) + Y Y (=D f((on))

J<k k=0j>k
= (DR ((on)) + DD (=DFIH (o))
k=0 j<k k=0 >k

By adding these up all terms cancel except for those where k = j. That is:

q

hg1(d?(f))(0) +d*( ) =Y (=1 f(0)") = D (=D (o))"
k=0

= k=0

= f((00)") = f((04-1)7) = f(7(0)) = f(1(0)) = 74(f)(0) = 1g(f)(0).
We thus conclude that 77 = ug. O

From the above we get that if B is a refinement of U, then a refining map from 5 to U canonically induces
homomorphisms H?(U,S) — H9(B,S). We will use these homomorphisms to define cohomology modules

which are independent of the choice of cover.

Definition 4.10. The g-th Cech cohomology module for M with coeffients in the sheaf of K -modules of
S is the module

HY(M,S) =| |H'WU;,S)/ ~

If U; is a refinement of /; we denote the corresponding refining map by pj;. We declare that z; €
HI(U;,S) and z; € H1(U;,S) are equivalent if and only if there exists a common refinement, Uy, of U;
and U; such that the homomorphisms induced by the refining maps pjy., 15, satisfy pih (i) = ,u?k (). <

We will show that the relation given above is indeed an equivalence relation. To do this we first need the
following observations about the refining maps. In what follows g will stay fixed and thus omitted from

the notation in pg;.

Lemma 4.11. Let U; be a cover of M and let U; be a refinement of U; which has U), as a refinement.
The induced refining maps satisfy:

(2): Wi = M © 1
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Proof. (1): The identity map is a refining map from U; to itself just as p;;. By our discussion after Lemma
4.9 we have that two refining maps between the same covers induce the same maps in cohomology. Hence
pi; = id.

(2): The composition of the refining maps, p;x © p;j, is also a refinement map from U; to Uy. Hence by

the same reasoning we have that p;, and pjx o p;; both induce the same maps in cohomology. O
Lemma 4.12. Two covers always admit a common refinement.

Proof. We will show that this common refinement is given by & N B = {U; N B;}. This is clearly a
subcover of both U and B, also U;U; N B; = U; hence the union U; ;U; ; is equal to M. O

Lemma 4.13. The relation as described in Definition 4.10 is an equivalence relation.

Proof. Let x; € HY(U;,S). By Lemma 4.11 uf; = id, hence yu;(x;) = x; from which we conclude that
the equivalence relation is reflexive. Let z; € H(U;,S) such that x; ~ x;. Thus p (z;) = Wiy (x;) from
which we directly conclude that the relation is symmetric.

We are left to show that the relation is transitive. Since in what follows only the cover changes in
the cohomology modules, we will denote Hq(M, U;) simply by U;. Let z;,z;,z, be elements of the
cohomology associated with U;,U ;, U}, respectively, such that z; ~ x; and x; ~ x,. Hence there exists a
cover U such that i (z;) = pji(z;), and a cover U, such that pjn(x;) = prn(xr).

By Lemma 4.12 there exists a common refinement of U; and U,, which we will denote by U,,. Together

with the induced refining maps we get the following diagram:

U; U; u
A g
U Hgm U

l n
u

m

k

By Lemma 4.12 f;, (2;) = pm (i (;)). Because x; ~ xj, fiim (i (i) = pum (1451(z5)). Again by Lemma
412 pym (151(z5)) = pjm(z;) hence we conclude that pim, (x;) = pjm(z;).

Completely analogous we have that as xp ~ x; that prm(zx) = pjm(z;). Hence we conclude that
tim (i) = prm(zr) which shows that x; ~ x,. Hence the relation described in Definition 4.10 is an

equivalence relation. O

Remark 4.14. The procedure carried out above is called the direct limit of a directed system. A directed
set is a collection I = {i} together with a preorder such that every element ¢ has an upper bound. In
this case I is the collection of all covers of M and the preorder is the refinement. Every element has as
upper bound since every cover is a refinement of the cover consisting only of M.

A directed system is a collection {A;,7 € I} together with homomorphisms f;; : A; — A; for which the
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properties of Lemma 4.11 hold. In this case the sets A; are the cohomology modules H9 (U;,S) and the
maps f;; are the maps fu;;.

The direct limit is defined as | |, A;/ ~. Where z; € A; is related to z; € A; if and only if there exists
Ay, such that fix(z;) = fir(x;). The direct limit is often denoted by ILnAz

Another example of a direct limit was the construction of the stalks in the discussion on the sheaf
associated to a presheaf. Here the direct set was the collection of opens U such that m € U, the direct

system consisted of the sets Sy and the restriction homomorphism py v . &

4.2 Proof of existence of axiomatic sheaf cohomology

We will now show that the definition of Cech cohomology as given in Definition 4.10 gives rise to an
axiomatic sheaf cohomology theory. To do this we will first construct homomorphisms in cohomology

modules induced by sheaf homomorphisms.
Lemma 4.15. A sheaf homomorphism ¢ : S — &' induces a homomorphism HY(M,S) — HY(M,S").

Proof. Tt is easy to show that the map C*(U,S) — C*(U,S’) defined by composing ¢ with elements of
C9(U,S) is a cochain map. Hence there are induced homomorphisms H?(U,S) — H9(U,S’) which we

will denote by ¢ as well. Because ¢ commutes with the restriction homomorphisms and thus by

ta(P(f))(@) = plof,u@)P(f(a))
(g (f))(0) = 0 0 po, (o) (f(0))
= Plol,lu(e) e (f(0))

we have that it commutes with the refinement homomorphisms. Let x; € C?(U;,S) be a representative

of an equivalence class in H?(M,S). We define the homomorphisms
©*: HY(M,S) — HI(M,S') (4.2)

by ¢*([zi]) = [¢(z;)]. We check that this map is well-defined. Let x; € C9(U;,S) represent the same
equivalence class as x;. Thus there exists a common refinement U}, of U; and U; such that ,ugk(xi) =

g (x5). Hence
0" ([z5]) = lp(a))] = [ (p(23))] = [p(ufp (23))] = [, ()] = i (p(xi))] = [o(z)] = " ([2:])
and we conclude that the homomorphisms are well-defined. O

Theorem 4.16. The Cech cohomology theory, as defined in Definition 4.10, is an axiomatic sheaf coho-
mology theory.

Proof. By the above lemma we have all the objects we need for a cohomology theory as given in Definition

3.1, we are left to show that this theory satisfies all the given axioms.
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We will first show axiom (a), that is for ¢ < 0, H9(M,S) = 0 and H°(M,S) is isomorphic to I'(S) and
this isomorphism commutes with sheaf homomorphisms. Since H9(M,S) is defined to be zero for ¢ < 0
we will show that HO(M,S) = T'(S). We first show H°(U,S) = T'(S) for any cover U of M, then it
is clear that HY(M,S) = I'(S). Let f be a 0-cochain, which assigns to each 0-simplex (i.e. any open
U; € U), a section of S over Y. If f is a O-cocycle we have for every 1-simplex o = (U;, U;) that

df (o) = pv.nv, v, f(Us) — pu.nu, v, f(Uj) =0,

hence f(U;)

isomorphism by ¢ : f — (m — f(U;)(m)). Then it is clear that the following diagram commutes:

vinu, = f(Uj)|UmUj' Let m € M and choose U; such that m € U,. We define the

H'U,S) ——=T(S)

l l (4.3)

HU,S) —=T(S)

Now let [z;] € HI(M,S), we define ¢([z;]) = [p(z;)]. It is clear that if this map is well-defined we have
show axiom (a). So let 2; € H9(U;,S) be another representative of [z;]. By definition of H?(M,S) we

have iy (w;) = ;. (x;) and thus

o) =m = z;(U;)(m) =m = py, s, w0, @i(u(Us))(m),

which clearly agrees with ¢(x;). Hence we conclude that the following diagram commutes, and thus that

we have shown axiom (a):

H°(M,S) —=T(S)

l l (4.4)

HO(M,S') —=T(S)

We will now prove axiom (b), that is H9(M,S) = 0 for ¢ > 0 and S a fine sheaf. We will show that
HY(U,S) = 0 for ¢ > 0 for all locally finite covers U. By the fact that M is paracompact every cover
admits a locally finite refinement, so every element of H9(M,S) has a representative in H9(U,S) where
U is a locally finite cover of M. Therefore it is sufficient to show that H9(i,S) = 0 for all locally finite
Uu.
Since the sheaf S is fine, we have a partition of unity {l,} subordinated to the locally finite cover U of M.
Let f € C1(U,S) be a g-cochain. We will construct homotopy operators h, : CP(M,S) — CP~1(M,S)
between d and the identity:

dohg+hgi10d=id for all ¢ > 1. (4.5)

Let 0 = (Uy,...,Uy—1) be a (¢ — 1)-simplex, we define a g-simplex by oo = (Uq, Uy, ...,Uy—1). Then

lo o f(oq) is a section over |o,|. Because the support of I, is contained in U, and |o,| C U, we can
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extend I, o f(0q) to the whole of |o| by declaring it to be zero on |o| /|04 |. Henceforth we see I, o f(04)

as a section over |o|. We now define h, by

U) = Zla Of(ga)'

Before we show (4.5) we first make the following observation. Let o be a (¢ — 1)-simplex, then

(00)' = Ua,...,Ui_1,...,U,)
(0 = Uas-- Ui, ..., Uy)

form which we see that (ai)a = (UQ)H'1 and (Ua)o =o0.

Let o be a (¢ — 1) simplex and f a g-cochain, then:

d(hef)0) =,

MQ

(=1)' o), 10t | ha f (07)

)'Plo], le o f((e

(=1 plof,joitla o f((0")a)

@
I
o

[
Mm

s
I
=)

I
.MQ

&
Il
o

(—1)"la © Ploa),0i)al F((0")a)

&
I
o

[
M=
] 1] -7

(=1)"la © Plo |, (oa)i+1 f ((0a) )

I
Q..
T HMQ
- O

(=1)" Mo 0 plou ()il F((0a)7)

s
Il
—

I
“[]

Where we have used the fact that

Plofjoitla © F((0%)a) = la © Plou)joi)a) f((07)a)-

On the other hand we have that:

q+1

hg+1(df)(o Zl © > (1) Plan i1 £ (7))

1=0
q+1

=2 (=1a © Pl fowyitf(0a))

a 1=0
q+1

=D > (1)la © plopfoari 1 f(7a)).

=0 «

Where in the last line we used that the cover U is locally finite and thus the sum over a contains only

finitely many terms, hence we could change the order of summation. If we combine the above we get
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that:
d(hg f)(0) + B (d)(@) =D 1o © plaali(ear1 F(0)°) = D la © ploy o1 f(0) = f(0).
Hence we conclude that equation (4.5) holds.
Now let a cocycle f € CU(U,S) be given. Then d(hy(f)) + hg+1df = f. Hence we see that d(hy(f)) = f
and thus conclude that H9(U,S) = 0 for ¢ > 0. Hence we conclude that H9(M,S) = 0 for ¢ > 0.
We will now prove axiom (c), that is, a short exact sheaf sequence induces a long exact sequence in

cohomology. Let
08 —=-8—-8" -0 (4.6)

be a short exact sheaf sequence. This sequence induces a sequence
0—CIU,S)—C'U,S) = C'U,S") (4.7)

by composing cochains by the homomorphisms in the original sequence. It is easy to show that this
sequence is also exact, but we do not have a priori that the map C?(U,S) — CI(U,S") is surjective.
Thus we will consider a slightly different sequence. Let 5Q(U,S') denote the image of C1(U,S) in
Ci(U,S"). Then the sequence

0—CUU,S) = CUU,S) = C'U,S8") =0 (4.8)

is exact for all g. Because the homomorphisms are cochain maps for the corresponding cochain complexes

we get a short exact sequence of cochain complexes
0—C*U,S) = C*U,8) = C U,8") = 0. (4.9)

This implies, using Proposition 2.11 and 2.10, that the following diagram commutes and the rows are
exact:

—q—1

—H"WU,S8"—HU,S)— HUS)—H U,S")— HIU,S)— -
uﬁ,ll u’;i uzi /AZJ/ ﬂ;+1l (4.10)

— "' (B,8") — HY(B,S') — HU(B,S) — H"(B,8") — HI(B,5) — -
Because this diagram commutes we have that the homomorphisms in the rows induce homomorphisms
in the direct limit of the cohomology modules. This construction is completely analogous to that of the

constructing of homomorphisms in cohomolgy from sheaf homomorphisms as given in (4.15). With these

induced homomorphisms we get a long exact sequence:
TN M, 8"~ HUM,S') — HI(M,S) — H'(M,S") — H'(M,S') — - (4.11)
We will show that the inclusion map C" (U, S”) — C*(U, S") induces isomorphisms
H(M,8") - HI(M,S"). (4.12)
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These isomorphisms, combined with the sequence (4.11), then give rise to a long exact sequence
o> HTY(M,S") — HY(M,S') — H(M,S) — HY(M,S") — H"*'(M,S) — - -- (4.13)

which proves axiom (c). To show that the inclusion induces isomorphisms in cohomology we define

quotient modules
cUu,8"y =c1u,8"/C u,s".

These, together with the coboundary operator induced by C4(U,S"), form a cochain complex C* u,s".
We will show that the direct limit of the modules H?(C*(U,S")) is zero for all q. Because the sequence
of cochain complexes

0—C U8 = C*U,S")— C*(U,8") =0
is exact we then get, as be an induced long exact sequence in cohomology modules:
o= HTN O U, S") = HY(C (U, 8")) — HY(C* (U, 8")) = HU(C*(U,S")) = -
and as before a corresponding sequence in the direct limit modules:
o HI7Y (M, S") - HY (M, S") — HY(M,8") — HY(M,S") — -

where H9(M,S") denotes the direct limit of the modules H?(C* (U, S")). If we show that H(M,S") =0
for all ¢ we get isomorphisms:
"' (M,S") = HI(M,S")

for all ¢ and we conclude that (4.13) is exact.
Let f € C9(U,S") be arbitrary, we construct a refinement p : B — U such that pu,(f) € C'(B,8").
Then it is clear that f is equivalent to zero in H 9(M,S8"). This refinement will be given by the following

lemma.

Lemma 4.17. Let {U;} be a locally finite cover of M, and let {V;} be a refinement such that V; C U,
(this exists by [1, p.91]). Then for each p € M there exists a neighbourhood W), such that the following
properties hold:

(a) W, CV; for some i,
(b)) If W NV; # 0, then W, C 'V,
(c) W, lies in the intersection of the U; containing p,

(d) If o is a q-simplex of the coverU, and p € |o| (which by (a) implies that W, C |o|), then pw, |0\ f(0)

is the image of a section of S over Wp,.
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Proof. By the locally finiteness of the cover {U,} there exists a neighbourhood X, of p such that it
intersects only finitely many U;’s. Now take a V; such that p € V; and define Y, = X, N'V;. We see that
Y,, satisfies property (a).

Now let Z, =Y}, (y,5, Ui- This set is open by the choice of YV, and it clearly satisfies property (c).

Let I be the collection of indices for which Z, N'V; # 0 and p € V;. Because V; C U; and Z, intersects
only finitely many U;’s we have that I is finite. Therefore A, = Z,, (\((,c; V;)© is an open neighbourhood
of p. Hence we conclude that A, satisfies property (b).

Let o be a g-simplex of U such that p € |o|. By property (b) A, C |o|. Now consider f(o)(p) and
denote g : S — S”. By the exactness of (4.6) we have that g is surjective and thus there exists an a € S
such that g(a) = f(o)(p). Now let s be a local section of & which takes the value a at p € M. Then
(g o s)(p) = f(o)(p) and hence there exists a neighbourhood W,, of p, which we take to be a subset of
Ap, such that gosl|y, = f(o)[y, . We conclude that W), satisfies property (d). O

Now let B be the cover {W,}. By property (a) we can choose V,, C U, such that W, C V. This implies
that there exists a refinement map p : B — U. Let 0 = (Wy,,--- ,W,,) be a g-simplex of B and let
(o) = (Upy, - - -, Up,) be the corresponding U-simplex. Using the fact that o is a simplex W, NV}, # 0
for all 0 <4 < g and by property (b) W,, C V,, for all 0 < ¢ < ¢, which implies that W, C |u(c)|. Hence
for all f € C4(B,S"):

tq(F)(@) = plo,juo) f (o))

= Plo|Wpy © PW,y (o) (1())

which by property (d) implies that u,(f) € C*(B,S”). Therefore we have shown that the direct limit
of the modules H?(C*(U,S")) is zero. Hence we have the isomorphisms in (4.12) which give rive to the
long exact sequence in (4.13). We conclude that axiom (c) holds.

Axiom (d) (the identity map in sheaves induces the identity map in cohomology) is apparent form the
definition of the induced homomorphisms as in Lemma 4.9.

Axiom (e) (the composition of two sheaf maps induces the same map in cohomology as the compostion of
the induced maps) follows from the fact that the composition of two cochain maps induces the same map
on cohomology as the composition of the induced maps. If S — S” is the composition S — &’ — S”,
the induced cochain maps C*(U,S) — C*(U,S") and C*(U,S) — C*(U,S’) — C*(U,S") clearly agree.
Hence the maps HY(U,S) — HIU,S") and HY(U,S) — HIU,S") — HI(U,S") agree. And as all these
maps commute with the refinement homomorphisms, the induced maps on Cech cohomology modules

also agree.
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Axiom (f) follows in the same manner as axiom (c). Let a homomorphism of short exact sheaf sequences

0—8 —=8§—=8"—=0

L

0—=>F =F—=F'—=0

be given. We then get a homomorphism between the short exact sequence (4.9) and a corresponding one

for the sheaf F. This gives, using Proposition 2.10, a commutative diagram

"' (M,S") — H (M, S")

i i

HY (M, F") — HI (M, F')

which together with the isomorphisms (4.12) shows axiom (f). Therefore we can conclude that Cech
cohomology as defined in Definition 4.10 gives rise to an axiomatic sheaf cohomology theory. Hence we

conclude the existence of such a theory. O
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5 Sheaf Resolutions

In this section we will introduce a way to define more notions of cohomology besides the notion of
an axiomatic theory. To do this we will make use of sheaf-resolutions. These resolutions give rise to
cohomology modules which will be isomorphic to the sheaf cohomology modules. We will give two concrete
examples of such resolutions, which will result in the de Rham, and singular cohomology modules. This
will however not result in a full cohomology theory as both de Rham and singular only yield resolutions
for a certain class of sheaves. There is however a canonical resolution which is defined for all sheaves and

gives rise to a sheaf cohomology theory, see for instance [5, p.56].

Definition 5.1. An exact sequence of sheaves of K-modules

0 S Co C1 e (5.1)
is called a resolution of the sheaf S. The resolution is called fine if each of the sheaves C; is fine. &
This resolution gives rise to the following cochain complex:

o= 0—=>T(Co) = T(Cy) = -+ (5.2)

which we will denote by I'(C*). The homomorphisms in sequence (5.2) are the composition of the
homomorphisms in (5.1) with global sections. It is easy to show that (5.2) is indeed a cochain complex.
Take note that the sheaf S is not a part of sequence (5.2). This will ensure that H°(T'(C*)) will be
isomorphic to I'(S) as will be shown in the next theorem.

The following lemma will be required for the proof that the cohomology modules induced by the cochain

complex (5.2) are isomorphic to the sheaf cohomology modules.

Lemma 5.2. Let
058 —=+8—-8"—-0
be a short exact sequence of sheaves, then the following sequence is short exact
0—T(8) = I(S) - I(S"). (5.3)

If the sheaf S’ is fine the full sequence is exact

0—=TI(S) —=TI(S)—TI(S") —o. (5.4)
Proof. By axioms (a) and (c) of a cohomology theory we have that the following sequence is exact

0—T(S)—=T(S) -T(S") = H'(M,S) — -

which directly shows that sequence (5.3) is exact. If the sheaf S’ is fine then H*(M,S") = 0, and we
conclude that (5.4) is exact. O
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Theorem 5.3. Let H be a cohomology theory for M with coefficients in sheaves of K-modules over M.
Let

0-8S—Co—Cy— - (5.5)

be a fine resolution of the sheaf S. Then there exists isomorphisms

HY(M,S) = HIT(C)) for all q.

Proof. By Lemma 5.2 the sequence 0 — I'(S) — T'(Co) — T'(Cy) is exact. Hence H°(T(C*))
ker(I'(Co) — I'(C1)) = I'(S), and because H is a cohomology theory we conclude that H°(M,S)
I'(S) = HY(I'(C*)). Now for ¢ > 1 let K, be the kernel of the map C, — Cy441. Using the fact that (5.5)

1%

is exact, the sequence
0=-S—=Co—Ki—=0 (5.6)
is exact as well. Similarly, for ¢ > 1 we have an exact sequence:
0Ky —=Cq—Kgg1 —0 (5.7)
For ¢ = 1 we consider the long exact sequence induced by sequence (5.6):

o= T(Co) = IT(Ky) — HY(M,S) - H'(M,Co) — - (5.8)
N———

=0 as Cq is fine

Using the fact that I'(IC;) = ker(I'(C4) — I'(C4+1)) and the exactness of sequence (5.8) we get isomor-

phisms
HY(M,S) 2T (K1)/Im T'(Cy).

By definition, I'(K1)/Im I'(Co) = HY(I'(C*)) and thus we conclude that H'(M,S) =2 H*(T'(C)).

For ¢ > 1 we consider the long exact sequence induced by sequence (5.8):
o= HI7Y M, Co) — HTH(M,Ky) — HY(M,S) — HI(M,Cq) — ---

Because Cy is a fine sheaf, H?~1(M,Cq) and HY(M,Cy) are zero and thus we get from the above sequence

isomorphisms:

HY(M,K,) = HY(M,S). (5.9)

We consider the long exact sequence in cohomology induced by theory H of sequence (5.6):
s HITYMLCy) — HTY (MK — HI N (M Kiyq) — HT (M Ciq) — -+
Because H9~(M,C;) = 0 as C; is fine we get isomorphisms
HI7H (M, K;) = HI7HH (M, Kiya)
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for all 1 <7 < ¢g—1. We can combine these isomorphisms and conclude that
HY(M,S) = H" Y (M, Ky) = HT (M, o) = -+ = HY (M, Ky_1). (5.10)
From the long exact sequence induced by sequence (5.7) we get the following exact sequence:
0—T(Kyo1) = T(Cyr) = T(K,) = H (M,Ky_1) — H*(M,Cy1).

Hence

H' (M, Kq—1) = T(Kq)/Im T(Cq—1) = H(I(C"))

which combined with the isomorphisms (5.10) completes the proof. O
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6 De Rham Cohomology

In this section we will take the ring K to be the real numbers and we let M be a differentiable manifold.
We will use differential forms to define presheaves and corresponding sheaves from which we will construct
a fine sheaf resolution. The cohomology modules defined in this way will be the sheaf theoretical versions
of the de Rham cohomology modules. At the end of this section we will show that this definition coincides
with a more classical definition of the de Rham cohomology modules.

Let U C M be an open subset of a differential manifold, which is itself a differential manifold as well.
The set of differential g-forms on U is a real vector space, which we denote by Q9(U). Let pyv be the

restrictions of forms.
Lemma 6.1. The set {Q9(U); pu,v} is a complete presheaf.

Proof. 1t is clear that this is indeed a presheaf. The fact that it satisfies the locality axiom of a complete
presheaf is apparent. So we are left to show the glueability axiom. Let U = J, U; and let f; € Q4(U;)
such that py,uu, v, fi = pu,uu; v, fi- We have to show that there exists an f € 04(U) which restricts to
fi on U;. We define f to be f;(z) for x € U;. It is clear that this is well-defined, so we are only left to
show that f € Q9(U). Recall that Q2(U) was defined to be the collection I'(AYT*M). If we let m denote
the projection of AYT*M, we have that w o f; = id for all 4. Hence it directly follows that 7 o f = id,
and thus that f € Q4(U). From its definition it is clear that f restricts to f; on U; so we have shown the
glueability axiom and conclude that {Q9(U); py,v } is a complete presheaf. O

Let d denote the exterior derivative operator Q4(U) — Q3+1(U). The exterior derivative operator com-

mutes with the restriction homomorphisms and thus it induces a presheaf homomorphism:
d: {Q1U); puv} = {QHU); puv}

Let £9(M) denote the associated sheaf of germs and let d’ denote the sheaf homomorphism induced by
d.

Theorem 6.2. Let R = M x R denote the constant sheaf. For E1(M) and d’' as defined above, the
sequence

0= R —EM) L et L ... (6.1)

s a fine resolution of the constant sheaf.

This theorem will, in view of Theorem 5.3, give rise to cohomology modules HY(I'(£*(M))). These
modules will be isomorphic to the sheaf cohomology modules H?(M,R).
The sheaves £9(M) are all fine by an argument similar to that for the sheaf of germs of smooth functions

as in Example 1.37. So we are left to show that the sequence is exact. We first consider the exactness at
R and E°(M).
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Lemma 6.3. The sequence (6.1) is ezact at R and E°(M).

Proof. 1t is well known that Q°(U) = C*°(U), the smooth functions on U. Hence the sheaf £°(M) is the
sheaf of germs of smooth functions as constructed in Example 1.37. Then the homorphism R — £°(M)
can be defined by sending an element a € R,, to the germ of a function with constant value a. This map
is clearly injective, hence sequence (6.1) is exact at R.

It is a well known fact that if f € Q°(U) = C>°(U) that df = 0 if and only if f is locally constant. Then
d' pm.v f = 0 if and only if f is locally constant. It is clear that the image of R in £Y(M) can be identified
with the germs of locally constant functions. Thus we the image of R is equal to the kernel of d. Hence

we conclude that the sequence (6.1) is exact at £°(M). O

To show the exactness of (6.1) at all other sheaves we first note that d’?> = 0. This is because the exterior
derivative operator satisfies d> = 0. Hence the image of each homomorphism in (6.1) is contained in the
kernel of the next. To show the reverse we will use the following corollary of the Poincaré lemma. For a

proof see [3, p. 155].

Lemma 6.4. Let U be the open unit ball in R™. For each q > 1 there exists a linear transformation
hq : QIU) — QI=Y(U) such that
hgt1o0d+dohy =id.

We now finish the proof of Theorem 6.2 by showing that the sequence (6.1) is exact at £7 for ¢ > 1.

Proof. Let f € E9(M),, be an element of the kernel of d’. By definition of £7(M),, there exists an
f' € QUU) such that p,, v f" = f. Where p,, v denotes the projection of an element in Q9(U) to its
equivalence class in £9(M),,. We choose a coordinate chart (U, @,,) with m € U. Then U is diffeomorphic
to an open unit ball V in R™. Let ¢,, denote this diffeomorphism and (¢,,)* its pullback. Then (p,,!)* f’
is an element of Q9(V) and we apply Lemma 6.4:

hat1(d(03!) ) + dlhg(07) ) = (03) " f'.
Because f is in the kernel of d’, we have that f’ is in the kernel of d. Thus it follows from the above that:
d(hq(p )" ') = (o) f"

Now we apply ¢}, on both sides which implies, by the fact that the exterior derivative and pullback

commute, that:
d(erhgr1(0!) f) = 1"
By applying pp,,v we get that:

f=pmud(@hhgr107) ) = d (pm,ulhhgri (o) ).
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Where in the last step we used the definition of d’. We thus conclude that f is in the image of d’ and
thus that sequence (6.1) is exact. This concludes the proof that the sequence (6.1) is a fine resolution of

the constant sheaf R. O
We now define the de Rham Cohomology groups for M:

Definition 6.5. The de Rham cohomology groups of a differentiable manifold M are the modules.

H{e gpam(M) = H(T(E7(M))). (6.2)

&

The de Rham cohomology groups are in view of Theorem 5.3 isomorphic to the corresponding sheaf

cohomology modules.

6.1 Classical de Rham cohomology

We will now show that the definition of the de Rham cohomology as given in Example 2.3 is equivalent
to the definition as given in Example 2.3. In Example 2.3 we defined the de Rham cohomology modules
Hg

lassical (M) as the cohomology modules associated to the cochain complex:

c = QY M) = QUM — QITY (M) — -

Theorem 6.6. There exists isomorphisms H{ (M) = HI, pham(M).

Classical

Proof. We will construct these isomorphisms on the cochain level. That is, we will show that there
exist isomorphisms between the cochain complex Q*(M) and the cochain complex T'(£*(M)). These
isomorphism will then induce isomorphisms in cohomology modules.

The isomorphisms on the cochain level will arise from the fact that the presheaf {Q9(U); py,v } is complete.
In Lemma 1.32 we had shown that for a complete presheaf P = {Sy; pu v}, the presheaf a(5(P)) was
isomorphic to P. We did this by constructing a presheaf isomorphism {¢y} (recall that a presheaf

isomorphism is a collection of K-module isomorphisms for any open U C M) given by:

eu Sy = L(B(P),U): f = (pmu f)-
In the case of the presheaf {Q”(U); py,v } we have that these become isomorphisms
ol QIU) = T(ELU) - f = (pmu )
The map ¢%, then is an isomorphism from Q4(M) to I'(£9) so to show it is an isomorphism between

cochain complexes we only have to show that {¢%,} is a cochain map.
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Let f € Q9(M) then

O df) = p > pon,rdf

d(ef)=d®~ pmmf) =p > pmmdf

where we used that d’ is the sheaf homomorphism induced by d. Hence {¢%,} is a cochain map Q*(M) —

T'(E*(M)) which is an isomorphism of cochain complexes. This shows the existence of isomorphisms
HI(Q (M) — HI(T(E7(M)))

which completes the proof that HJ (M) and HY, gjam (M, R) are isomorphic. O

lassical
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7 Singular cohomology

In this section we let K be an arbitrary ring and M a paracompact, locally euclidean Hausdorff space.
We also assume that there is a metric d given on M. This is no further restriction due to the Urysohn
metrizability theorem: [1, p.106]. We will need this metric for some technicalities in the last part of this
section. None of these will be dependent on the metric.

We will define the notion of singular cohomology in a sheaf theoretical sense by constructing sheaf reso-
lutions of the constant sheaf M x G where G is a K-module. These sheaf resolutions will consist of the
sheaves of germs of singular cochains which we will define by first constructing presheaves. We will also
give a more classical definition of these cohomology modules and show that they are isomorphic to the
sheaf theoretical versions.

There is also the notion of differentiable singular cohomology which we will not cover here. Most of this
section will carry over word for word to differentiable singular cohomology. See [3] for details. The use
of differentiable singular cohomology is mostly theoretical. One of its uses is to proof the de Rham theo-
rem, which gives an explicit isomorphism between differentiable singular and de Rham cohomology. For

a good introduction on both differentiable singular cohomology as a proof of the de Rham theorem see [2].

The singular cochains will be defined as maps from the spaces of chains of singular p-simplices to a
K-module G. The singular p-simplices will be generalizations of the two dimensional triangle in R?, or

the tetrahedron in R3.

Definition 7.1. For p > 1 the set

P
AP = {(a1,...,ap) GRPIZCLZ' <1 and each a; > 0}
i=0

is called the standard p-simplex in RP. For ¢ = 0, AY is the space containing only the origin, {0}. &

Definition 7.2. A continuous map o : AP — U, where U is open in M, is called a singular p-simplex in
U. O

Definition 7.3. We define S,(U) to be the free abelian group generated by singular p-simplices in U,
thus elements of S,(U) are finite formal linear combinations ), n;o; with n; € Z. We will call elements

of S,(U) singular p-chains (with integer coefficients). &
The following definition will give the spaces required to define the singular presheaves.

Definition 7.4. Let SP(U, G) be the K-module consisting of homomorphisms defined on generators o of
Sp(U), which assign an element of G to 0. We call SP(U, G) the set of singular p-cochains on U. Scalar
multiplication and addition on S?(U, @) defined by

(f +9)(0) = f(o) + 9(0)
(kf)(o) = k(f(2))
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for f,g € SP(U,Q), k € K and 0 € S,(U), and give SP(U, G) the structure of a K-module. &

Remark 7.5. By linear extension each cochain in SP(U, G) defines a homomorphism from S,(U) to G.

That is, each cochain is an element of the dual space S,(U)* of S,(U). &

Let V' C U be open. We define homomorphisms
pvw : SP(U,G) — SP(V,G)
to be the restriction of homomorphisms of S,(U) to G to homomorphisms of S, (V) to G.

Definition 7.6. The presheaf of singular p-cochains is the collection

{SP(U, G), pva}.
o

The fact that is indeed a presheaf is clear, but this presheaf is in general not complete as it fails to satisfy
the locality axiom. Let f be a cochain that restricts to the zero map on simplices contained in U and V.
Then this will give us no information on the behaviour of f on U U V. Thus we can not ensure that it
vanishes on U UV. We do however have that this presheaf satisfies the glueability axiom which will be

of use in the discussion of classical singular cohomology.
Lemma 7.7. The presheaf of singular p-cochain satisfies the glueability axiom of a complete presheaf.

Proof. Let U = J, U;, and let f; € SP(U;,G) be such that

puinu;, Ui fi = puinu;,u; -

Now define f € SP(U,G) by f(o) = fi(o) if 0 € SP(U;, G), and to be 0 if ¢ is not in any of the S?(U;, G).
This clearly gives a well-defined element of SP(U, G) and we thus conclude that the presheaf of singular

p-cochain satisfies the glueability axiom. O

The sheaf associated to the presheaf of singular p-cochains will be denoted by .#?(M, G).

We want to use these sheaves to define singular cohomology in a sheaf theoretical way. To do this we
will construct a sheaf resolution of the constant sheaf G = M x G. This resolution will consist of the
(M, G) which

will be isomorphic to the sheaf cohomology modules H?(M, G). To create this resolution we will define

sheaves .#7(M,G). This sheaf resolution will then give rise to cohomology modules HY .

homomorphisms between the sheaves of sinqular cochains. To do this we will first define a coboundary

operator SP(U, G) — SPT1(U, G) as the dual map of a boundary operator between S,1(U) and S,(U).

We will define the boundary of a simplex in such a way that it coincides with the intuitive notion of a
boundary. Denote by v; = o(e;) (where e; is the standard basis in R™ and eg = 0), we then denote by

[vo, ..., 0;s,...,vp] the space which remains after removing one vertex in the image of o. Then intuitively
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Figure 1: A visualization of the face of a simplex.

[vo, ..., ®;,...,vp] is a simplex of one dimension less then o, which we will denote by |, ;. . and

., Up)
call the i-th face of sigma, o*.
We will make this idea more precise. We will define o? to be a map from AP~! into M, therefore define

kP AP — APHL

1-37° a;a1,...,a ifi=0
kP (ag,. .., ap) == =2 m ») (7.1)

(al,...7ai,1,0,al—,...,ap) 1f1§2§p+1

for p > 1 and k§(0) = 1,£9(0) = 0.
We then define the face by ¢ = o o kY ~1. The boundary of o will be the signed sum of all its faces. The

signs are chosen in such a way that the boundary of the simplex is oriented counter-clockwise.

Definition 7.8. The boundary of a singular p-simplex o is the singular (p — 1) chain

where o, the i—th face, is the (p — 1) simplex
ol =ocokPh
The maps k! are as in (7.1). o

We extend 0 linearly to S, (U) to get a homomorphism S, (U) — Sp—1(U). That is, for a chain o = ", n;o;
in S,(U) we define (o) = >, n;0(0;).

Remark 7.9. The construction of singular cohomology is dual to the notion of singular homology. The
sequence

Op11 Op—1

Op+2 Op
2R S,(U) 2R S, (U) S S, 1 (U) 2=

is called a chain complex if the image of Jp_; is contained in the kernel of 9,,. The homology modules are
defined as the quotient modules

H,(M,G) =kerd,/im0d,_;.
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7 SINGULAR COHOMOLOGY

A classical construction of singular cohomology, which will be given at the end of this section, would
then be defined by dualizing the chain complex over G. We will not go into detail on homology, for an

excellent introduction see [4]. o

We will often first construct an object on then chain level. Then by dualizing that object over G we will
get a corresponding object at the cochain level. Therefore it is useful to introduce the dual notions of

cochain maps and homotopy operators.

Definition 7.10. A chain map U, — V. is a collection of homomorphisms ¢, : U, — V], such that for
each p the following diagram commutes:

Pp—1
Up—1 —= V1

v y (7.2)
’ Ul ©p ’ j‘l <>

The following two lemmas show that the notion of chain and cochain complexes are really dual to each

other. Both proves are a result of elementary properties of the dual map and thus omitted.

Lemma 7.11. Let ¢, : U, =V, be a collection of homomorphisms which form a chain map. Then the

the collection ¢y : Hom(V,, G) — Hom(U,, G) of dual maps forms a cochain map.

Lemma 7.12. Let f,g be two chain maps from U, to V, which are chain homotopic, that is, there exists
maps hy, : V, = Upy1 such that
6th+1+hp08:f*ga

then the dual cochain maps [*,g* are cochain homotopic through the dual maps hy : Hom(Up+1,G) —
Hom(V,, G), that is
hpiyod+doh,=f"—g".

Definition 7.13. The coboundary operator d : SP(U,G) — SPTH(U, G) is given by
df (o) = f(9o) (7.3)
for all o € Sp41(U). ¢

The coboundary homomorphism clearly commutes with the restrictions pyy and hence induces a presheaf
homomorphism

d: {S*(U,G), puv} —= {S"H(U,G), puv}.

This presheaf homomorphism in turn induces an associated homomorphism between the associated

sheaves:
d:s?(M,G) — y”“(M, G).

Now these definitions of the sheaves .#?(M,G) and the operators d’ will allow us to construct a sheaf

resolution of the constant sheaf G.
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Claim 7.14. The sequence
06— 2°Me) % 7 Ua6) % .. (7.4)
is a fine resolution of the constant sheaf G. &

Lemma 7.15. The sheaves SP(M,G) are fine for all p.

Proof. Let a locally finite cover {U;} of M be given. Take, as in Lemma 3.6, a (discontinuous) partition
of unity, {¢;}, subordinated to {U;} consisting of functions which only take the values 1 and 0. We define
a homomorphism of {SP(U, G); pu,v} to itself by

Liu(f)(o) = ¢i(a(0))f ()

for all f € SP(U,G) and o € SP(U). Here 0 denotes the origin in AP. It is clear that every [, ¢
is a homomorphism. Note that the fact that the ; are discontinuous is no problem as cochains are
not necessarily continuous maps. If V-.C U then pyy o lu = l;v o pyvu, hence {l; v} is a presheaf
homomorphism of {SP(U, G); pu,v} to itself.

We will now show that sheaf homomorphisms /;, associated to the presheaf homomorphisms /; ;y form a
partition of unity. For all f € SP(U,G) and o € SP(U) we have that

Zl O Pm, vf(o me vli, v(f)(o) = ZPm,U‘Pi(G(O)) (o) = = Pm, vf(o Z‘Pt Pm,Uf(O')~

Hence ), l; = 1. Now let m € M such that m ¢ U;. We will show that [, Fo(M,G),, = 0 which will finish
the proof that {l;} forms a partition of unity. As in Example 1.37 we choose a neighbourhood U of m
such that U Nsupp(yp;) = 0. Because 0(0) € U we have that o(0) & supp(p;). Therefore

(li 0 pm,u) f(0) = pm,uwi(c(0)) f(o) = 0.

We thus conclude that {l;} is a partition of unity for .#?(M, G) hence the sheaves .#?(M, G) are fine for
all p. O

To show that this sequence is exact at G we need to show that G can be injected into yO(M, G), for that

we will first show the following:

Lemma 7.16. The sheaf of germs of discontinuous functions on M with values in G is isomorphic to

(M, G).

Proof. Every element of So(U) is a point in U, as it is a map from A® = {0} to U. Therefore So(U) = U,
hence an element of S°(U, G) is a homomorphism from U to G. Hence the sheaf corresponding to the

presheaf {S°(U, G); pu.v} is the sheaf of germs of discontinuous functions on M with values in G. O
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Now we inject G into .°(M, G) by sending an element a € G,, to the germ of the constant function with
value a in m. It then becomes clear that the sequence (7.4) is exact at G.
We will now show that the sequence (7.4) is exact. Before we have already shown that the sequence is

exact at G. We now show exactness at .7°(M, G).
Lemma 7.17. The sequence (7.4) is ezxact at .7°(M,G).

Proof. We first show that the image of G is contained in the kernel of d’. Recall that sheaf homomorphisms
are defined stalkwise and we thus only need to check this on the level of stalks. Let f € .#°(M,G),, be
an element of the image of G and let f’ € S°(U, G) be such that p,, 7 f' = f. We have for every singular
1-simplex ¢ in U that:

df'(0) = f'(90) = f'(¢" — ') = f'(¢") = f'(c). (7.5)

As in Lemma 7.16 we can identify the image of G in .#°(M, G) as the germs of constant functions. Hence
f is the germ of a constant function and thus f’ is a constant function. As ¢® and o' are 0-simplices we
can identify them with points in U and thus conclude that df’(c) = 0. Hence d' f(o) = 0 and we conclude
that f is in the kernel of d’.

Similarly, let f € (#°(M,G)).m be in the kernel of d’ and let f’ € S°(U,G) be such that p, v f = f.
Then df’ = 0 and by (7.5) f'(¢%) = f/(¢?) for all 1-simplices 0. As before we can identify ¢° and o! with
points in U, and conclude that f’ is a locally constant function. This shows that f’ is in the image of G

and hence we conclude that the sequence (7.4) is exact at /°(M, G). O

To show that sequence (7.4) is exact at the sheaves .#9(M, Q) for all ¢ > 1 we first show that d’? = 0.
To do this we will show that 9% = 0 from which it follows that d?> = 0 and thus also that d'? = 0.

To show that 92 = 0, we first note that the j-th face of the i—th face satisfies (0%)7 = (0771)? for j > i,
and (0%) = (07)"=! for j < i. This is precisely the same as what we noticed in the proof that the Cech
cobounary operator squared to zero. The proof that 92 = 0 caries over word for word from Lemma 4.4.
Because d? = 0, and thus also d’? = 0, we conclude that at every stage in sequence (7.4) the image of
d'? is contained in the kernel of d’?™t. To show that sequence (7.4) is exact we are left to show that the

kernel of d'P is contained in the image of d’P*!.
Lemma 7.18. The kernel of d’P is contained in the image of d’P*+1.

Proof. Let f € (P(M,Q))., with p > 1 such that &' f = 0 and let ' € SP(U, G) be such that p,, v f' = f.
Hence df’ = 0 as well. If we can find ¢’ € SP~1(U, G) such that dg’ = f, we conclude that d(pm,vg’) = f.
It will turn out that we need to take U sufficiently small such that it is homeomorphic to an open unit
ball in RY™ M which is possible due to the locally euclidean structure of M. To find such a ¢’ we will
construct cochain homotopy operators between the identity and the trivial map, i.e. we will construct

homomorphisms

hy, : SP(U,G) — SP~HU, G)
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such that
dohy+hpyiod=id. (7.6)

Assume for the moment that we have such cochain homotopy operators, then
fr=d(hpf') + hpia(df') = d(hy f')

from which we conclude that f’ is in the image of d and thus that f is in the image of d'.
To find the homotopy operators hy, we first define chain homotopy operators Ep between the identity

and the trivial map, i.e. homomorphisms such that
idzaoﬁpﬂ +7i,,oa.

Lemma 7.19. The maps

hy : Sp—1(U) = Sp(U) (7.7)
defined by
P
~ az a
hp(a)(al,...,ap): Zai -0’( D R p;D )
i=1 =1 Qi i=1 a;
for any p-simplex o and (a1,...,ap) # 0, and O for (a1,...,ap,) = 0, are chain homotopies between the

tdentity and the trivial map, that is
id =080 hyp1 + hyod. (7.8)

%4

U

Figure 2: A visualization of the homotopy operators Ep. The 1-simplex in U denotes the simplex ﬁp(a).

Remark 7.20. We need to make some remarks on the definition of 7lp. Geometrically iNLp(cr) will be the
cone on o as depicted in Figure 2. In the definition of Ep we multiply ¢ with a real number. To do this
we have made an implicit identification between U and an open unit ball in R™. We have assumed that
U was chosen such that it was homeomorphic to an open unit ball in R™, which we will call V. In the
definition of ﬁp we therefore first identify U with V. Then ¢ will have values V and we thus see that

multiplication with real numbers is well-defined.
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Another note that must be made is that Ep(cr) still has to have values inside U. Again we first identify
U with V, and then by the the convexity of the V we have that the cone on ¢ will still lie in V. If we
then identify V back to U we can conclude that Ep(a) will have values in U. &

Lemma 7.21. The map 7Lp 1s well-defined.

Proof. We have for all points where (a1,...,a,) # 0 that as/Y " a; + ...+ ap,/>"_;a; < 1. Hence
o(as) Py ai,. .. ap) P, a;) is well-defined. We thus are left to check is that hy,(o) is continuous
at 0. This is due to the fact that o(az/> 5, ai,...,ap/ > 51 ;) is bounded and we thus have that
lim,—,0 = Ep(o)(a) = 0. We clearly see that as Ep is linear, it can be extended to a homomorphism

Sp—1(U) = Sp(U). O
Now we have checked that the maps Ep are in fact well-defined we can prove the lemma.

Proof of Lemma 7.19. Let ¢ = >"%_; a;. We have that,

(hy 0 d(0))(ay,. .. a,) = c-do(az/c, ... a,/c)

c- Z(—l)i(a o kP Y(ag/e, ..., ap/c)
i=0

p

=co ok N (ag/c,. .. ap/c) +c- Z(—l)ia(ag/c, s aife,0 a1 /¢, .. ap/c)
i=1
p+1 ‘
=cookf Naz/c, ... ap/c) +c- 2(71)1710’(&2/0, coyai—1/¢,0,a5/c, ... ap/c)
i=2
on the other hand,
~ p+1 S~
(@0 hps1(0)(ar,- - ap) = Y (=1 hyra(a) (k) (ar, . ap)
i=0
_ p+1 -
=hpt1(o)(a—c,a1,...,ap) + Z(—l)lhpﬂ(o)(al, e @i—1,0,a4, ..., ap)
i=1
= i~zp+1(a)(a —C,a1,...,0p) —l~Lp+1(U)(O,a1, ce,Ap)
p+1

+c- Z(—l)ia(ag/c, s @i—1/6,0,a:/c, ... ap/c).
i=2

If we add these up the sums cancel out and we are left with three terms which we work out separately.

p )
co o kb N ag/e,. .. ap/c) = co <1 — 2212 al,ag/c,...,ap/c) =co(a/c,...,ap/c)
@

i=1 i
- Cﬁp+1(0')(0,a17 cooap) =—colar/c, ... ap/c)
hpi1(0)(a—c,ar,... ap) — hpi1(0)(0,a1,...,a,) = (a—c+c) (o) ay,. .. ap) = olar,...,ap).
The sum of these terms equals o(as,...,ap), thus we conclude 0 o }VLerl + /TLp o0 =id. O
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We will now use these chain homotopy operators to define cochain homotopy operators h,.

Lemma 7.22. The maps h, : SP(U,G) — SP~1(U,G) defined by

for any p-simplex o satisfy

dohp+hpyiod=id.
Proof. This is a direct application of Lemma 7.12 with f = id and g the trivial map. O

Let f € (SP(M,G)),, with p > 1 be such that d'f = 0. Let f' € SP(U, G) be a representative of f for
some open neighbourhood U which is homeomorphic to an open unit ball in V. Then df’ = 0 and by the
above lemma f' = d(hpf') + hpy1(df’) = d(hpf’). Hence f = pmuf' = pmud(hpf') = d (pm,uhpf') and
we conclude that f is in the image of d’. O
This finishes the proof that the sequence (7.4) is a fine resolution of the constant sheaf G. Hence we
can define singular cohomology modules in a sheaf theoretical way which in view of Theorem 5.3 will be

isomorphic to the corresponding sheaf cohomology modules.

Definition 7.23. The singular cohomology modules are the cohomology modules associated to the

cochain complex I'(.*(M, G)):

HP

Sing(M7 g) = HP(F(y* (M7 G)))
7.1 Classical singular cohomology

In this section we will show that the classical way to define singular cohomology is equivalent to the

definition as given in Definition 7.23.

Definition 7.24. The classical singular cohomology modules of M with coefficients in a K-module G

are defined by:
HY(M; G) = HY(S* (M, G))
Where S*(M, G) is the cochain complex:

o= STYM,G) — SYM,G) = STTHM,G) — -
¢

We will show that there exist isomorphisms between Hging

(M,G) and H?(M;G).In the discussion on
classical de Rham cohomology these isomorphisms were constructed on the cochain level. For classical

singular cohomology we will do the same, but there is a problem. In the discussion on classical de Rham,
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the isomorphisms of Q9(M) to I'(£?) arose form the fact that the presheaf {Q9(U); py,v } was complete.
We now however have that the presheaf {S9(U, G); py,v} fails to be complete. Thus we will not get
isomorphisms from S%(U,G) to I'(##%(M,G)) in the same way. To continue we first introduce a space
which will measure how much a presheaf fails to be complete. Let {Su; pu,v } be a presheaf on M, define
a submodule

(Sm)o={s € Su: pm.(s)=0forall me M}

of Syr. The following proposition will be the beginning of defining the isomorphisms SP(U,G) —
D(P(M,Q)):

Proposition 7.25. Let {Sy;puv} be a presheaf on M satisfying the glueability axiom of a complete
presheaf, and let S be the associated sheaf. Then the sequence

0= (Sa)o = Sy B T(S) =0 (7.10)
is exact. Where 7y is the homomorphism which sends s € Sy to the global section m — pp, m(s) of S.

Remark 7.26. We will show that the submodule (Sys)o measures how much a presheaf fails to satisfy
the locality axiom of a complete presheaf. Assume that we have a complete presheaf and let s € Sy, be
such that py, a(s) = 0 for all m € M. From the definition of p,, s we have for every m € M that there
exists a neighbourhood U,, of m such that py,, ws = 0. By the locally axiom we have s = 0 and we
conclude that (Sas)o = 0. So when the presheaf in the proposition is complete we have that the sequence
(7.10) induces an isomorphism « : Sy — I'(S). This is precisely the role v played in Lemma 1.32 (P is

isomorphic to S(a(P)))) and thus we can see this proposition as a generalization of that lemma. &

Proof. Because the map from (Spr)g to Sy is an injection it is clear that sequence (7.10) is exact at
(Sa)o. We identify the image of (Spr)o in Sy with itself. Then it is clear that an element in the image
of i gets mapped to the zero-section by . Hence the sequence (7.10) is exact at Sp;. So it remains
to show that the sequence is exact at I'(S), that is,  is surjective. Let t € I'(S). Because S is the
sheaf associated to the presheaf {Sy;py,v} we have for any a € S that there exists an s, € Sy,, such
that pm.v,, $m = a. Now choose, for any m € M, s, € Sy, such that v(sm) = pm.u,, Sm = t(m).
Then the sections p — pp v, Sm and t have the same value at m. Hence by Lemma 1.11, there exists a
neighbourhood Y,,, of m such that t[y. = 7(sm)|y, . Clearly the set {Y,} covers M. Choose a locally
finite refinement {U;} of both {Y;,} and {V;}. Because each U; is a subset of some V,, we can choose a
Vim for any U; and define s; = py, v,,Sm. By the fact that py, v,,7(sm) = Y(pv,,v,. $m) = V(i) we can
conclude that:
ty, = Y(sm)ly, = v(s1)-

We now want to define an s € Sy such that v(s) = ¢t. To do this we will use the fact that the
presheaf satisfies the glueability axiom of a complete presheaf. We will construct a cover {W,,} of M

such that W,, C U; for all m. Then we construct corresponding s,, € Sw,, such that pw, ~w,.w,, 5m =
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PW,. AW, , W, Sn- Finally we use the glueability of the presheaf to show there exist a globally defined s € Sy,
such that vy(s) = t. We will first construct the cover {W,,}.

Lemma 7.27. Let {U;} be a locally finite cover of M, and let {V;} be a refinement such that V; C U,
(this exists by [1, p.91]). Let I, be the set of indices i for which m € V;. The set I, is finite by the
locally finiteness of {U;}. For any m € M there exists a neighbourhood Wy, of m such that the following
properties hold:

LWV, =0 if jél,,
2. W C ﬂielm U;,
3. For s; and s; as above pw,, v,(s:) = pw,,,u;(8;) if 4,5 € Im.

Proof. By the locally finiteness of {U;}, there exists a neighbourhood W), of m that intersects only
finitely many elements of U;. Hence the set of indices J,,, = {j : j & Ln, W), NV; # 0} is finite. Then
the intersection (| e SV =N e ijc is open as it is the complement of a finite union of closed sets.
We shrink the neighbourhood W/ to a neighbourhood W, C ) je]Vjc. We conclude that W, is a
neighbourhood which satisfies property (1).

The set () U, is open because I,, is finite. Hence we can shrink Wm to a neighbourhood /V[an C ﬂ,i el U;

i€l
and we conclude that this neighbourhood satisfies property (2).
Let s; € Sy, and s; € Sy, such that m € V; NV and (s;) = t[,, and v(s;) = tly,- Then i,j € I,. We

have 'Y(Si)|UmUj = ’}/(Sj)|UimUj which implies that

Pm,UiﬂUj (S’L) = pminmUj (Sj)7

which by definition of pp, y;nvu; implies that there exists a neighbourhood W, C U; N U; of m which we
shrink to a subset of ’Wr'n such that

PW Ui St = PWi,U; S5+
We conclude that W, is a neighbourhood of m which satisfies the properties of the lemma. O
Let m € M. By property (2) of the above lemma, Wy, C (,c; Uk. We choose an i € I, (note that
I, # 0 for all m) and define s,, = pw,, v, (s;). We first show that this is independent of the choice of i.
Let 5, = pw,,,u,(5;). Then by the third property of the above lemma, pw,, v, (s:) = pw,,,v,(s;). Hence

Sm = Sm and we conclude that the definition of s,, is independent of the choice of 7. We will show that

with this definition of s,, we have that for all m and n in M:

memWTL7W'IYL (Sm) = pWrnﬁWn7Wn (Sn) (7'11)
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Let pe W,, " W,,. Let i € I, that is, p € V. Then because p € W,,, V; N W,, # 0. Hence by property
(1), ¢ € Ip,. Similarly, ¢ € I,, and by property (2) we have that W,,, " W,, C U;. Then:

PW s AW Wi St = PW o 0W Wi (PW,U (80)) = pw, 0w, 0 (81),
anLanywn,Sn = anLanvwn (an7U1 (SZ)) = memanUi (51)7

which shows that pw,,nw, w.,, (Sm) = pw,.aw,.w, (sn). Because the presheaf satisfies the glueability

axiom there exists an s € S); such that
anuM(S) = Sm-
Then for any m € M we have:

V() lw,, =m = pmw,, (8m) =M = pmw,, © pw,, U; (i)

=m = pmu,(si) = ¥(si)lw,, = tlw,, -
Hence we conclude that v(s) = ¢, which completes the proof that sequence (7.10) is exact. O

We apply this proposition to get an exact sequence of cochain complexes.

Lemma 7.28. The sequence of cochain complexes
0— (S*(M, Q) — S*(M,G) B T(L*(M,G)) — 0, (7.12)
where the maps are induced from sequence (7.10), is exact.

Proof. By Proposition 7.25 we have that each of the sequences
0 — SHM,G) — S1(M,G) 5 T(*(M,G)) =0

is exact. So to show that these sequences form a sequence of cochain complexes we are left to show
that all homomorphisms are cochain maps. Note that the coboundary operator is d in both S?(M, G)
and SJ(M,G) and that it is d’ in ['(&*(M,G)). The map S{(M,G) — SU(M,G) clearly induces a
cochain map as it is an inclusion. To show that S?(M,G) - T'(.#%(M,G)) induces a cochain map let
s € S9M,Q). Then

v(ds) = m > pp,a(ds)

d'y(s) =d'(m = pm.vs) =m > pm ards,

since d’ is a sheaf homomorphism induced by d. This completes the prove that S9(M, G) i (1M, G))
induces a cochain map and thus that the sequence (7.12) is a short exact sequence of cochain complexes.

O
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The following claim will be key to defining the isomorphisms S*(M,G) — I'(¥*(M, GQ)), we will prove

it later in this section.
Claim 7.29. The cohomology of S (M, G) is trivial, that is, HZ(S5(M,G)) = 0 for all q. o

Now with this claim we can show the existence of the isomorphism between the classical definition of

singular cohomology and the sheaf theoretical definition:
Theorem 7.30. For all g, H1(S*(M,G)) =2 HI(T'(*(M, G)).
Proof. The short exact sequence (7.12) induces a long exact sequence in cohomology:
LN HY(S;(M,G)) — HI(S*(M,G)) — HIYT(S*(M,Q)) N HT(S5 (M, G)) — ...
By the above claim H?(S§(M,G)) =0 for all g, hence H1(S*(M,G)) = HY(I'(S* (M, G)). O
We now return to the proof of the claim.
Lemma 7.31. The modules H1(S§(M,G)) are trivial for all ¢ < 0.

Proof. Because the modules S{(M, G) are all zero for ¢ < 0 we clearly see that this holds for ¢ < 0. For
¢ = 0 we have by the proof of Lemma 7.16 that the presheaf {S°(U, G); py,v } is isomorphic to the sheaf
of discontinuous functions. By Example 1.34 this presheaf is complete and by Remark 7.26 we have that
S§(M,G) = 0. Hence H°(Sg(M,G)) = 0. O

To show the claim for ¢ > 1, let f be a g-cocyle of Sj(M,G). By definition there exists an open cover
U = {U;} of M such that for every point m there is a U; such that py, arf = 0. If all simplices would
be contained in some element of U, we would have that f = 0. This is the motivation for the following

definition.

Definition 7.32. The cochain complex of U -small singular cochains, Sy, consists of the modules S}, (M, G),
which have as elements singular cochains that are defined only on U-small simplices, that is, simplices

with values contained in elements of the cover U. &

It is clear that if let ¢/ in this definition be the cover of M such that for every point m, there is a U; such
that py, mf = 0, that the restriction of f € S{(M,G) to S;,(M,G) is zero. Thus we would like to be

able to work only with ¢-small singular cochains. This is the idea behind the following claim.

Claim 7.33. The restriction homomorphisms j; : S?(M,G) — S;,(M,G) which restrict a cochain

defined on all simplices to U-small simplices induces a cochain map
Ju : SH(M,G) — 54 (M, G)

which induces isomorphisms in cohomology modules. &
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It is clear that j;; is indeed a cochain map, so we are left to show that it induces isomorphisms in
cohomology. We will come back to the proof of this claim in a moment, but will first use it to proof

Claim 7.29.

Proof of Claim 7.29. Denote by K}, the kernels of the maps 5. If we restrict the coboundary operator
of S*(M,G) onto Kj; we get a cochain complex K7;. Then we get the following short exact sequence of
cochain complexes:

0— Kj; — S*(M,G) 24 85,(M,G) — 0.

Now consider the long exact sequence in cohomology induced by this sequence:
S HIU(KG) — HI(S* (M, G)) 2% HI(S5(M,G)) — HUFV(KG) — -
If we can show that j;; induces isomorphisms in cohomology modules we get from this sequence that:
HYK{) =0 forallg. (7.13)

Now we can proof Claim 7.29. Let f € S{(M,G) such that df = 0. Fix the cover & = {U;} to be such
that for every point m € M there is a U; such that py, asf = 0. This cover exists by the definition of
S3(M,G). Hence the restriction j/,f = 0 and f € K;,. By the fact that jy; is a cochain map we have
that dj} f = jf,“df = 0. Then by (7.13) there exists a g € Kg,_l such that dg = f. Because it is clear
that K" < S¢(M,G) this concludes the prove of Claim 7.29. O

We will now return to the prove that j;; induces surjections in cohomology. Since our cover U is fixed
we will omit it from the notation when possible. To prove that j induces surjections in cohomology, we
construct a cochain map

k: S;(M,G) — S*(M,G)

such that
jok=id.

Then it is clear that j must induce surjections in comhomlogy modules.
To prove that j induces injections on cohomology modules we will find homotopy operators h,, : SP(M,G) —
SP=1(M,G) for all p such that

hpt1od+doh, =1d—koj. (7.14)

Hence k o j induces the identity map on cohomology modules. Thus we conclude that j induces injection
in cohomology and we conclude that j induces isomorphisms in cohomology.

Let f € S};(M,G). Note that f is only defined on ¢-small simplices. We want to define k(f) so that it
is defined on all singular p-simplices. To do this we will break large p-simplices into smaller ones by a
process called barycentric subdivision which will be covered in the next section. We then define k(f) on

the large p-simplices to be f on the subdivided ones.
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7.1.1 Barycentric Subdivision

The process of barycentric subdivision is very technical, but intuitive. The barycentre of a simplex is
an abstract version of the barycentre of a triangle. We will will create a chain of small simplices from a
larger simplex by using the barycentre as extra vertice. This process is depicted Figure 3.

This process is done in such a way that the boundary of the chain is the same as the boundary of the
simplex before subdivision. This makes it intuitive that barycentric subdivision will induce the identity
in cohomology. The main part of this section will be to show that this is indeed the case. Then we will

use this process to construct the maps from the previous section.

We will begin with the process of barycentric subdivision by first dividing the so called linear p-simplices,

and then general singular p-chains.

Definition 7.34. A linear p-simplex in A%, i.e a map o : AP — A? is a singular p-simplex of the form

P
(a1,...,aq) (I—Zai)vo—&-alvl—i-...apvp

i=1
determined by the ordered sequence (v, ...,v,) of points in A9, for ¢ = 0 this is the map 0 — vy. &
Note that the sum of the coefficients of the v; in this definition is equal to 1. This ensures that the image
of a linear p-simplex lies in A?. This is due to an equivalent definition of the standard simplex, namely

that it is the smallest set which contains all linear combinations of the form 27 a;e; with Zz a; = 1.

Example 7.35. The identity map on A? is a linear g-simplex (vg = 0 and v; is the standard basis of

R?) which we will denote by A?. This linear simplex will be of main interest to us. A

We first define our subdivision operator on linear simplices. Since the identity simplex is a linear simplex,
we define the operator on general simplices by composing a singular g-simplex with the subdivided identity

simplex.

Definition 7.36. The barycenter of a linear p-simplex o = (vp, ..., v,) in A? is the point

1
by = vg+ - —— .
p+17° p+17

Figure 3: A visualisation of the process of barycentric subdivision. The large simplex is divided into a

chain of six smaller ones.
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&

Let L,(A?) denote the free abelian group generated by linear p—chains (thus its elements are formal

linear combinations of linear p-chains with integer coefficients).

Definition 7.37. Given a linear p-simplex ¢ = (vy,...,vp) and a point v in AP we define the join, vo,
of v and o to be the (p+ 1)-simplex (v,vo, ..., vp). We extend the join operation to be a linear map form
Ly(AT) to Ly (A9). o

The following lemma will be of great use later on.
Lemma 7.38. For any v € AP and o a linear p-simplex,
d(vo) = o —v(00). (7.15)

Proof. In this proof we will use the notation used in the intuitive introduction of the boundary operator.

p+1 P

0(00) = 0l oy + DD Ol o =0 = DD
1=1 =0
p .
o (z<—w n]) — o ofon) .
=0

Definition 7.39. The subdevision operator, Sd,, is the identity for p = 0 and
Sdy(0) = by Sdp—1(00)

for p > 1, where o is a linear p-simplex. This operator is linearly extended to an operator Sd,, : L,(A%) —

L,(A9). ¢
Lemma 7.40. The barycentric subdivision operator satisfies:
0 0 8dp4+1 = Sd,, 00. (7.16)

That is, Sd is a chain map of the chain complex L, (A?).

Proof. We proceed by induction. For p = 0, by (7.15):
(0 08dy)(0) = (b, 00) = Do — by0%0 = Ho = (Sdg 00)(0)
which shows (7.16) for p = 0. Now assume (7.16) holds for p = n — 1. Using equation (7.15) we have that

3(Sdy41(0)) = d(by Sdn(90)) = Sd,, Do — by A(Sd, (90r))
= Sdy, 90 — by (Sdy_1(900)) = Sd,, o

which shows equation (7.16) for the case that p = n. O
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To show that the barycentric subdivision operator induces the identity in cohomology we will find cochain

homotopy operators by first constructing chain homotopy operators.

Lemma 7.41. Let R, be a homomorphism defined by Ry =0 and forp > 1 by
Ry(0) = by (0 — S, (0) — Ry-1(00))

for all linear p-simplices in AY. The linear extention of this map to a homomorphism L,(A?) — L,11(A9)
satisfies
do Rp+1 + Rp o0 =1id— Sdp+1 . (717)

That is, Ry is a chain homotopy operator between the subdivision operator and the identity.

Proof. We proceed by induction. Let o be a 1-simplex in AY. Then:

(90 R1)(0) + (Ro 0 0)(0) = O(byo — by Sdy () + 0
= 0 — b, (90) — Sdy (o) + by (D 0 Sdy )
= 0 — 8d1(0) — by (95) + by (Sdy 000)
= o — Sdy(0)

which proves (7.17) for the case that p = 0.

Let o be a linear n-simplex and assume that equation (7.17) holds for p = n — 1 we have

OR,+1(0) = 0(byo) — O(by Sdpy1(0)) — O(by R, (00))
=0 —by(00) —Sdp11(0) + by (0Sdy41(0)) — Ry(00) + by (OR,,—1(00)

where we applied equation (7.15). Hence
OR,+1(0) + R, (00) = 0 — Sdy41(0) + by (—00 + 0Sdp41(0) + OR,(D0)).

We will now show, using the fact that equation (7.17) holds for p = n — 1, that —9¢ + 9Sd,+1(0) +
OR,(00) =0,

—00 + 0Sdpy1(0) + OR,(00) = =00 + 0Sdy41(0) + 0o — Sd,,_1(00) — R,_1(0%0) = 0.
Thus we conclude that equation (7.17) holds for p =n + 1. O

From now on we will drop the subscripts in our notation for Sd and R as it will not result in any confusion.
We define the subdivision operator on general singular p-chains. As we have noted before we have that

AP is a linear p-simplex.
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Definition 7.42. The subdivision operator Sd : S,(U) — S,(U), and the homotopy operators R :
Sp(U) = Sp41(U) are the compositions

Sd(o) = 0 o SA(AP)

R(o) =0 o R(AP)
defined on any singular p-simplex and then linearly extended to S,(U). O
One can easily show with this definition of Sd and R that:

Sdod =0900Sd
OoR+ Rod=id—Sd,

that is, Sd is a chain map for the chain complex S, (U), and R is again a chain homotopy operator between
Sd and the identity.

The diameter of a simplex is defined to be the largest distance between any two of its points. We have, by
the following lemma, that the diameter of the subdivision of a simplex will be smaller then the diameter

of the original simplex. For a proof see [4, p.120]
Lemma 7.43. The diameter of each simplex of Sd(o) will be at most p/(p+ 1) times the diameter of o
We will now define a notion which will make the notion of a ¢-small simplex more precise:

Definition 7.44. The Lesbeque number of an open cover U of a compact metric space is the number

0 € R>q for which all sets of diameter less then ¢ lie in some element of the open cover. &
Lemma 7.45. The Lesbeque number exists.

Proof. Since we assumed the metric space to be compact, we can extract a finite subcover B of U. Let

z; = ming yep, (| — y|). Because B; is an open in a metric space z; > 0 for all . Hence § = min; z; which

exists by the finiteness of the open over B. O

Let o be a p-simplex in M and let U be a cover of M. We consider the inverse image cover o~ (U) =
{o71(U;)}. We have that o=1(U) is a cover of the standard p-simplex AP. Hence we have that this cover
has a Lesbeque number §. We now apply the s-fold composition of the subdivision operator, Sd*, on
AP. We have by Lemma 7.43 that the diameter of every simplex in Sd*(AP) tends to zero as s tends to
infinity. Hence we can choose s in such a way that the diameter of every simplex in Sd*(AP) is smaller
then §. Now if we take the composition of ¢ and Sd*(AP) we get that every simplex in o(SA®*(AP)) is
contained in an element of Y. Hence we can conclude that o o Sd® is an element of the U-small singular
simplexes. Now let s(0) denote the minimal number of subdivisions required to ensure that each simplex
in Sd*“) (o) is contained in an element of 2. With this definition it becomes clear that Sd**) maps

general simplexes to U-small simplexes, hence we can conclude:

70



7.1 Classical singular cohomology 7 SINGULAR COHOMOLOGY

Figure 4: A visualization of the barycentric subdivision of a simplex o. The striped lines present elements
of a cover. We pull the cover back to the standard simplex and by using barycentric subdivision we see
that every simplex in the subdivision becomes contained in an element of the cover. Then we apply o to

this chain and get that every element of the subdivision of ¢ is contained in some element of the cover.

Lemma 7.46. For any singular p-simplex in M we have
SA°): 5,(U) = (Su(U)y
where (Sy(U)), is the space of singular p-chains with values in elements of the cover U.

We will now show that this map is also chain homotopic to the identity. We have already shown this for

the case that s(-) = 1.

Lemma 7.47. The maps Ty, : Sp(U) — Sp41(U) defined by

i

m—

T =Y R(Sd)’

1=

satisfy
OoTy +Tpod=1id—Sd™.

That is, we have that SA™ is chain homotopic to the identity.
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Proof.

3
L

DoTm+Tmod= OR(Sd)" + R(Sd)"0

i

3
L

=) OR(Sd)’ + RI(Sd)’

@
Il
=3

3
L

=Y (OR+ RO)(Sd)"

S
Il
<

=) (id —S8d)(Sd)’

3

N
(e}

=id —Sd™. O
Now we have constructed the subdivision operator we come back to the proof that the restriction map
Ju : S*(M,G) — S;(M,G) induces isomorphisms in cohomology modules.
We first proof that j;; induces surjections in cohomology, do do this we define a cochain map k :

S (M,G) — S*(M,G) such that j o k = id. We define the homomorphisms k, as the dual maps of

a composition of barycentric subdivisions.

Definition 7.48. The homomorphisms k), : S;,(M,G) — SP(M,G) are the maps for which k, = id for
p <0, and forp>1

k(£)(0) = £ (84°(0)). (7.18)
%

Lemma 7.49. The map k is a cochain map and j o k =id. Hence j induces surjections in cohomology.

Proof. As k is the dual map of a chain map, we have that it is a cochain map. Let f € S};(M,G) and
o € (Su)p. As the subdivision operator is defined to be the identity on U-small simplices we have that
Sd*()(0) = 0. Hence k,(f)(0) = f(o) and we conclude that jok, = id. Thus we conclude that j induces

surjections in cohomology. O

Now we will show that j induces injections in cohomology.

Lemma 7.50. Let f € SP(M,G) and ¢ € S,_1(M,G). The homomorphisms h, : SP(M,G) —
SP=1(M, Q) defined by h, =0 for p <0 and

hy(He)=f|R| D (Sd)(0)

0<i<s(o)—1

for p > 1 are chain homotopy operators between k and j. That is,
hpt1od+doh,=id—k, 0.
Hence j induces injections in cohomology
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Proof. By Lemma 7.47 Sd*") is chain homotopic to the identity. Hence by Lemma 7.12 k, o j is cochain
homotopic to the identity though the maps h,. Thus we conclude that k, o j induces the identity on

cohomology and we conclude that j induces injections in cohomology. O

By the above lemmas, ji : S*(M,G) — S;;(M,G) induces isomorphisms in cohomology which proves
Claim 7.33. We had shown that this claim proved Claim 7.29 which in turn proved that there exist

isomorphisms
HY(S"(M,G)) = HI(D(L" (M, G))

between the classical and sheaf theoretical definitions of singular cohomology.
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Conclusion

In this thesis we have shown the existence and uniqueness of an axiomatic sheaf cohomology theory.
We have shown existence by constructing the Cech cohomology, which gave rise to an axiomatic sheaf
cohomology theory. We also introduced the notion of a sheaf resolution and the cohomology associated
with it. We then showed that under mild conditions this cohomology was isomorphic to the corresponding
sheaf cohomology. We have shown that both singular and de Rham cohomology gave rise to sheaf
resolutions of which the associated cohomology was isomorphic to the classical cohomology. We can thus

conclude that for any K-module G:

HY(M,G) = HE, . (M;G)

sing

and if we take G = R:
f{q(M7g) = ng Rham(M) = qumg(M5R)

74



REFERENCES REFERENCES

References

[1] Marius Crainic, Lecture Notes Inleiding Topologie, Utrecht University, 2014.

[2] John M. Lee, Introduction to Smooth Manifolds, second edition, Springer-Verslag, 2013.

[3] Frank W. Warner, Foundations of Differentiable Manifolds and Lie Groups, Springer-Verslag, 1983.
[4] Allen Hatcher, Algebraic Topology, Cornell University, 2001.

[5] Raymond O. Wells, Differential Analysis on Complex Manifolds, Springer, 1972.

75



	Introduction
	Sheaves
	Preliminaries
	Sheaves and presheaves
	The relation between sheaves and presheaves

	Cochain complexes
	Cohomology theories
	Cech cohomology
	Definition of Cech cohomology
	Proof of existence of axiomatic sheaf cohomology

	Sheaf Resolutions
	De Rham Cohomology
	Classical de Rham cohomology

	Singular cohomology
	Classical singular cohomology
	Barycentric Subdivision


	Conclusion

