
CHAPTER 1

Vector bundles and connections

1.1. Vector bundles

In this section we recall some basics on vector bundles.

1.1.1. The definition/terminology

Definition 1.1. A (real) vector bundle of rank r over a manifold M consists of:

• a manifold E;
• a surjective map ⇡ : E �!M ; for x 2M , the fiber ⇡�1(x) is denoted E

x

and
is called the fiber of the bundle above the point x;

• for each x 2 M , a structure of r-dimensional (real) vector space on the fiber
E

x

. (Intuitively, one should think about E as the collection

{E
x

}
x2M

of vector spaces (of rank r), “smoothly parametrized by x 2M”)

satisfying the following local triviality condition: for each x
0

2 M , there exists an
open neighborhood U of x

0

and a di↵eomorphism

h : E|
U

:= ⇡�1(U)
⇠�! U ⇥ Rr

with the property that it sends each fiber E
x

isomorphically to {x} ⇥ Rr, where
”isomorphically” means by a vector space isomorphism and where we identify {x}⇥
Rr with Rr. Complex vector bundles are defined similarly, replacing R by C.

Strictly speaking, a vector bundle is an entire triple (E,⇡,M) as above; accord-
ingly, one sometimes uses notations of type

(1.2) ⇠ = (E,⇡,M)

and one refers to the triple ⇠ as being a vector bundle; with this terminology, E is
usually denoted E(⇠) and is called the total space of the vector bundle ⇠. However,
we will adopt a simpler terminology (hopefully not too confusing): we will just
mention E (i.e. we just say that E is a vector bundle over M), by which it is self
understood that E comes with a map onto M , generically denoted ⇡

E

, and called
the projection of the vector bundle E.

Note that, as hinted by the notation E|
U

, a vector bundle E over M can be
restricted to an arbitrary open U ⇢M . More precisely,

E|
U

:= ⇡�1(U)

together with the restriction of ⇡ gives a vector bundle ⇡
U

: E|
U

�! U over U .
The local triviality condition says that, locally (i.e. after restricting to small enough
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opens), the vector bundle is ”isomorphic” to ”the trivial vector bundle”. The quoted
concepts are explained below.

1.1.2. Morphisms/isomorphisms

Given two vector bundles E and F over M , a morphism from E to F (of vector
bundles over M) is a smooth map u : E �! F with the property that, for each
x 2M , u sends E

x

to F
x

and

u
x

:= u|
E

x

: E
x

�! F
x

is linear. We say that u is an isomorphism (of vector bundles over M) if each u
x

is
an isomorphism (or, equivalently, if u is also a di↵eomorphism). Again, one should
think of a morphism u as a collection {u

x

}
x2M of linear maps between the fibers,

“smoothly parametrized by x”.

1.1.3. Trivial vector bundles; trivializations

The trivial vector bundle of rank r over M is the product M ⇥Rr together with the
first projection

pr
1

: M ⇥ Rr �!M

and the usual vector space structure on each fiber {x}⇥Rr. When using the notation
(1.2), the trivial vector bundle of rank r is usually denoted

(1.3) ✏r = (M ⇥ Rr, pr
1

,M)

(or, if one wants to be more precise about the base, then one uses the notation ✏r
M

).
We say that a vector bundle E (of rank r) over M is trivializable if E is isomor-

phic to M ⇥ Rr. A trivialization of E is the choice of such an isomorphism.
With these in mind, we see that the local triviality condition from the definition

of vector bundles says that E is locally trivializable, i.e. each point in M admits an
open neighborhood U such that the restriction E|

U

is trivializable.

1.1.4. Sections

One of the main objects associated to vector bundles are their (local) sections. Given
a vector bundle ⇡ : E �!M , a section of E is a smooth map s : M �! E satisfying
⇡ � s = Id, i.e. with the property that

s(x) 2 E
x

8 x 2M.

We denote by

�(M,E) = �(E)

the space of all smooth sections. For U ⇢ M open, the space of local sections of E
defined over U is

�(U,E) := �(E|
U

).

Sections can be added pointwise:

(s+ s0)(x) := s(x) + s0(x)

and, similarly, can be multiplied by scalars � 2 R:

(�s)(x) := �s(x).
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With these, �(E) becomes a vector space. Furthermore, any section s 2 �(E) can
be multiplied pointwise by any real-valued smooth function f 2 C1(M) giving rise
to another section fs 2 �(E):

(fs)(x) := f(x)s(x).

The resulting operation

C1(M)⇥ �(E) �! �(E), (f, s) 7! fs

makes �(E) into a module over the algebra C1(M). Actually the entire vector
bundle E is fully encoded in the space of sections �(E) together with this module
structure.
For the curious reader. The precise formulation of the last statement is given by Swan’s theorem which says
that the construction E 7! �(E) gives a 1-1 correspondence between vector bundles over M and finitely generated
projective modules over C1(M). Recall here that, for a ring R, an R-module E is said to be finitely generated
and projective if there exists another R-module F such that the direct sum R-module E � F is isomorphic to the
free R-module Rk for some k. This corresponds to a basic property of vector bundles: for any vector bundle E
over M , one can always find another vector bundle F over M such that the direct sum vector bundle E ⌦ F (see
below) is isomorphic to the a trivial vector bundle.

Note that this discussion is very much related, at least in spirit, with the Gelfand-Naimark theorem which
says that (compact) topological spaces X can be recovered from the algebra C(X) of continuous functions on X
(see Chapter 8, section 3, from our bachelor course ”Inleiding Topologie”, available at:
http://www.sta↵.science.uu.nl/⇠crain101/topologie2014/).

A simpler illustration of the previous principle is the following:

Lemma 1.4. Let E and F be two vector bundles over M . Then there is a bijection
between‘:

• morphisms u : E �! F of vector bundles over M .
• morphisms u⇤ : �(E) �! �(F ) of C1(M)-modules.

Explicitely, given u, the associated u⇤ is given by

u⇤(s)(x) = u
x

(s(x)).

Exercise 1. Show that, for any section s 2 �(E) of a vector bundle over M , van-
ishing at some point x 2M , there exist a finite number of sections {s

i

}
i2I of E and

smooth functions {f
i

}
i2I on M , such that s =

P
i2I fi · si.

Then prove the previous Lemma.

1.1.5. Frames

Let ⇡ : E �!M be a vector bundle over M . A frame of E is a collection

s = (s1, . . . , sr)

consisting of sections si of E with the property that, for each x 2M ,

(s1(x), . . . , sr(x))

is a frame of E
x

(i.e. a basis of the vector space E
x

). A local frame of E is a frame
s of E|

U

for some open U ⇢M ; we also say that s is a local frame over U .

Exercise 2. Show that choosing a frame s of E is equivalent to choosing a trivial-
ization u : M ⇥ Rr �! E of E. Therefore, the local triviality condition from the
definition of vector bundles can be rephrased as: around any point of M one can
find a local frame of E.

Local frames are useful in handling general sections. Fixing a local frame s =
(s1, . . . , sr) of E over U , any section u can be written over U as

u(x) = f
1

(x)s1(x) + . . .+ f
r

(x)sr(x) (x 2 U)
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with f
1

, . . . , f
r

2 C1(U) (the coe�cients of u w.r.t. the local frame s). Also, if u is
only a set-theoretical section (i.e. no assumption on its smoothness), the smoothness
of u is equivalent to the smoothness of its coe�cients.

1.1.6. Remark on the construction of vector bundles

Often the vector bundles that one encounters do not arise right away as in the
original definition of vector bundles. Instead, one has just a collection E = {E

x

}
x2M

of vector spaces indexed by x 2M and certain “smooth sections”. Let us formalize
this a bit. We will use the name “discrete vector bundle over M (of rank r)” for
any collection {E

x

}
x2M of (r-dimensional) vector spaces indexed by x 2 M . We

will identify such a collection with the resulting disjoint union and the associated
projection

E := {(x, v
x

) : x 2M, v
x

2 E
x

}, ⇡ : E �!M, (x, v
x

) 7! x

(so that each E
x

is identified with the fiber ⇡�1(x)).
For such a discrete vector bundle E we can talk about discrete sections, which

are simply functions s as above,

M 3 x 7! s(x) 2 E
x

(but without any smoothness condition). Denote by �
discr

(E) the set of such sec-
tions. Similarly we can talk about discrete local sections, frames and local frames.
As in the case of charts of manifolds, there is a natural notion of ”smooth compati-
bility” of local frames. To be more precise, we assume that

s = (s1, . . . , sr), s̃ = (s̃1, . . . , s̃r)

are two local frames defined over U and Ũ , respectively. Then, over U \ Ũ , one can
write

s̃i(x) =
rX

j=1

gi
j

(x)sj(x),

giving rise to functions

gi
j

: U \ Ũ �! R (1  i, j  r).

We say that s and s̃ are smoothly compatible if all the functions gi
j

are smooth. The
following is an instructive exercise.

Exercise 3. Let E = {E
x

}
x2M be a discrete vector bundle over M of rank r.

Assume that we are given an open cover U of M and, for each open U 2 U , a
discrete local frame s

U

of E over U . Assume that, for any U, V 2 U , s
U

and s
V

are smoothly compatible. Then E admits a unique smooth structure which makes
it into a vector bundle over M with the property that all the s

U

become (smooth)
local frames.

Moreover, the (smooth) sections of E can be recognized as those discrete sections
s with the property that they are smooth with respect to the given data {s

U

}
U2U

in the following sense: for any U 2 U , writing

u(x) = f
1

(x)s1
U

(x) + . . .+ f
r

(x)sr
U

(x) (x 2 U),

all the functions f
i

are smooth on E.
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Example 1.5. For a manifold M one consider all the tangent spaces TM =
{T

x

M}
x

2M and view it as a discrete vector bundle. Given a chart � : U
�

�! Rn

for M , then the associated tangent vectors

(
@

@�
1

(x), . . . ,
@

@�
n

(x))

can be seen as a discrete local frame of TM over U
�

. Starting with an atlas A of M ,
we obtain in this way precisely the data that we need in order to apply the previous
exercise; this makes TM into a vector bundle over M in the sense of the original
definition.

Example 1.6. Here is another interesting vector bundle- the so called tautological
line bundle over the projective space RPn. In the notation (1.2), this is usually
denoted by �

1

. We describe the total space E(�1). Recalling the a point l 2 RPn is
a line l ⇢ Rn+1 through the origin, the fiber of E(�1) above such a point is precisely
the line l, interpreted as a 1-dimensional vector space. Equivalently:

E(�1) = {(l, v) 2 RPn ⇥ Rn+1 : v 2 l},
or, denoting by [x

0

: . . . : x
n

] the line through (x
0

, . . . , x
n

) 2 Rn+1 \ {0},
E(�1) = {([x

0

: . . . : x
n

],� · x
0

, . . . ,� · x
n

)) : (x
0

, . . . , x
n

) 2 Rn+1 \ {0},� 2 R}.
With these, �

1

is a vector bundle of rank one (a line bundle) over RPn.
Such vector bundles exist for arbitrary ranks: one replaces RPn with the Grass-

mannian Gr
k

(Rn+k) (whose points are the k-dimensional vector subspaces of Rn+k)
and �

1

by �
k

whose fiber above some V 2 Gr
k

(Rn+k) is the vector space V itself.
Of course, these examples can be adapted to the complex setting, by working

with complex lines (and complex vector subspaces) to define CPn (and Gr
k

(Cn+k)),
and the tautological complex vector bundles on them.

1.1.7. Operations with vector bundles

The principle is very simple: natural operations with vector spaces, applied fiber-
wise, extend to vector bundles.

Direct sums: Let us start with the direct sum operation. Given two vector spaces
V and W we consider their direct sum vector space V � W . Assume now that
p
E

: E �! M and p
F

: F �! M are vector bundles over M . Then the direct sum
E � F is another vector bundle over M , with fibers

(1.7) (E � F )
x

:= E
x

� F
x

.

These equations force the definition of the total space E�F and of the projection into
M . To exhibit the smooth structure of E � F one can e.g. use Exercise 3. Indeed,
choosing opens U ⇢M over which we can find (smooth) local frames e = (e

1

, . . . , e
p

)
of E and f = (f

1

, . . . , f
q

) of F , one can form the direct sum local frame

e� f = (e
1

, . . . , e
p

, f
1

, . . . , f
q

)

and we consider the smooth structure on E �F which makes all the local frames of
type e� f smooth.

This procedure of extending operations between vector spaces to operations be-
tween vector bundles is rather general. In some cases however, one can further take
advantage of the actual operation one deals with and obtain “more concrete” de-
scriptions. This is the case also with the direct sum operation. Indeed, recall that
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for any two vector spaces V and W , their direct sum V �W can be described as
the set-theoretical product V ⇥W with the vector space operations

(v, w) + (v0, w0) = (v + v0, w + w0),� · (v, w) = (� · v,� · w)
(the passing to the notation V �W indicates that we identify the elements v 2 V
with (v, 0) 2 V ⇥W , w 2 W with (0, w) 2 V ⇥W , so that an arbitrary element
(v, w) can be written uniquely as v + w with v 2 V , w 2 W ). Hence one can just
define E � F as the submanifold of E ⇥ F

E ⇥
M

F := {(e, f) 2 E ⇥ F : p
E

(e) = p
F

(f)}.
The condition (1.7) is clearly satisfied (and specify the vector space structure on the
fibers) and is not di�cult to see that the resulting E�F is a vector bundle over M .
Note that the space of sections of E�F coincides with the direct sum �(E)��(F ).

Duals: Let us now look at the operation that associates to a vector space V its
dual V ⇤. Starting with a vector bundle E over M , its dual E⇤ is another vector
bundle over M with the property that

(E⇤)
x

= (E
x

)⇤

for all x 2M . Again, this determines E⇤ as a set and its projection into M . More-
over, using dual basis, we see that any smooth local frame e = (e

1

, . . . , e
r

) of E
induces a local frame e⇤ for E⇤ and we can invoke again Exercise 3 to obtain the
smooth structure of E⇤.

Hom-bundles: Next we look at the operation that associates to two vector spaces
V and W the vector space Hom(V,W ) consisting of all linear maps from V to W .
Given now two vector bundles E and F over M , we form the new vector bundle
Hom(E,F ) over M with fibers

Hom(E,F )
x

= Hom(E
x

, F
x

).

And, again, we see that local frames of E and F induce a local frame of Hom(E,F ),
and then we obtain a canonical smooth structure on the hom-vector bundle. Note
that a section of Hom(E,F ) is the same thing as a morphism u : E �! F of
vector bundles over M . Hence Lemma 1.4 identifies sections of Hom(E,F ) with
C1(M)-linear maps �(E) �! �(F ).

Of course, when F is the trivial vector vector bundle of rank 1 (F = M ⇥ R),
we recover the dual of E:

E⇤ = Hom(E,M ⇥ R).
Hence Lemma 1.4 identifies the sections of E⇤ with the dual of �(E) as an C1(M)-
module.

Quotients: Next we look at the operation that associates to a vector subspace W of
a vector space V the quotient vector space V/W . Note that the notion of subspace
(of a vector space) gives rise to a notion of vector sub-bundle: given a vector bun-
dle E over M , a (vector) sub-bundle of E is any vector bundle F over M with the
property that each F

x

is a vector subspace of E
x

and the inclusion F ,! E is smooth.

Exercise: Show that the last condition(smoothness) is equivalent to the con-
dition that for any smooth (local) section s of F , interpreting s as a section of E
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using the inclusion F ⇢ E, s is a smooth section of E.

Now, given a vector sub-bundle F ⇢ E it should be clear how to proceed to de-
fine E/F : it is a new vector bundle over M whose fiber above x 2M is the quotient
E

x

/F
x

and with the smooth structure uniquely characterised by the fact that the
quotient map from E to E/F is smooth (hence a morphism of vector bundles).

Tensor products: One proceeds similarly for the tensor product operation on vector
spaces. Since we work with finite dimensional vector spaces, this operation can be
expressed using duals and homs:

V ⌦W = Hom(V ⇤,W ).

(where for v 2 V , w 2 W , the tensor v ⌦ w is identified with (or stands for) the
linear map

V ⇤ �!W, ⇠ 7! ⇠(v)w.)

Other operations: Similar to taking the dual of a vector space one can consider
operations of type

V 7! Sk(V ⇤), (or: V 7! ⇤k(V ⇤))

which associate to a vector space V the space of all k-multilinear symmetric (or:
anti-symmetric) maps V ⇥ . . .⇥ V �! R. Again, one has to remember/notice that
any frame of V induces a frame of SkV ⇤ (or: ⇤kV ⇤). Slightly more generally, one
can consider operations of type

(V,W ) �! Sk(V ⇤)⌦W (or: (V,W ) 7! ⇤k(V ⇤)⌦W )

which associate to a pair (V,W ) of vector spaces the space of k-multilinear symmetric
(or: anti-symmetric) maps on V with values in W and then one obtains similar
operations on vector bundles. Note the following generalization of Exercise 3:

Exercise 4. Show that, for any two vector bundles E and F over M and k � 1
integer, there is a 1-1 correspondence between:

• sections u of SkE⇤ ⌦ F .
• symmetric maps

u⇤ : �(E)⇥ . . .⇥ �(E)| {z }
k�times

�! �(F )

which is C1(M)-linear in each argument.

Similarly for sections of ⇤kE⇤ ⌦ F and antisymmetric maps as above.

Pull-backs: Another important operation with vector bundles, but which does not
fit in the previous framework, is the operation of taking pull-backs. More precisely,
given a smooth map

f : M �! N,

starting with any vector bundle E over N , one can pull-it back via f to a vector
bundle f⇤E over M . Fiberwise,

(f⇤E)
x

) = E
f(x)

for all x 2M . One can use again Exercise 3 to make f⇤E into a vector bundle; the
key remark is that any section s of E induces a section f⇤s of F ⇤E by

(f⇤s)(x) := s(f(x))
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and similarly for local sections and local frames.
Note that, when f = i : M ,! N is an inclusion of a submanifold M of N , then

i⇤E is also denoted E|
N

and is called the restriction of E to M .

Real versus complex vector bundles: Of course, any complex vector bundle F can
be seen as a real vector bundle; when we want to emphasize that we look at F as
being a real vector bundle, we use the notation FR. Note that the rank (over R) of
FR is twice the rank (over FC) of F . A natural question is: when can a real vector
bundle can be made into a comple one.

Exercise 5. For a real vector bundle E over M , there is a 1-1 correspondence
between complex vector bundles F over M such that FR = E and vector bundle
morphisms J : E ! E such that J2 = �Id.

One can also proceed the other way: starting with a real vector bundle E one
can complexify it, i.e. consider the complex vector bundle

EC := E ⌦ C

whose fiber above an arbitrary point x 2M is

E
x

⌦ C = {v ⌦ 1 + w ⌦ i : u, v 2 E
x

}.
One can also use the direct sum of real vector bundles and define

EC = E � E,

in which the multiplication by complex numbers given by

(a+ bi) · (u, v) = (au� bv, av + bu) for a+ ib 2 C.

Or, using the previous exercise, we deal with the vector bundle E � E with the
complex structure induced by

J(u, v) = (�v, u).
Conjugation: For any complex vector bundle F one can define a new one, denoted

F and called the conjugate of F , whose underlying total space is the same as that of
F , with the only di↵erence that we change the multiplication by complex numbers
on the fiber to:

z · v := zv

where z is the complex conjugate of z. Note that, in terms of the previous exercise,
what we do is to change J by �J .

Note that, in general, F is not isomorphic to F (as complex vector bundles).
For instance, this happens for the tautological line bundle �1 from Example 1.6
(however, proving this is not so easy at this point!).

Exercise 6. Consider the tangent bundle TSn of the n-dimensional sphere. Show
that the direct sum of TSn with the trivial bundle of rank one is isomorphic to the
trivial vector bundle of rank n+1 (note: this does not imply that TSn is isomorphic
to a trivial bundle, and it is not!).

Exercise 7. Show that the tangent bundle of S3 is trivializable. (1st hint: quater-
nions; 2nd hint: first do it for S1; then write your proof using complex numbers;
then go to the previous hint).



1.1. Vector bundles 17

Exercise 8. Let E be a vector bundle over M , and assume that it sits inside a
trivial vector bundle M ⇥ Rk of some rank k; in other words E

x

is a vector sub-
space of Rk for each x and E is a sub-manifold of M ⇥ Rk. For each x 2 M , we
denote by E?

x

the orthogonal complement of E
x

in Rk. Show that these define a
new vector bundle E? over M and E � E? is isomorphic to M ⇥ Rk.

Exercise 9. Consider the tautological line bundle over RPn (see Example 1.6),
denoted here by �, and we also consider the vector bundle �? whose fiber over
l 2 RPn is the orthogonal complement of l in Rn+1 (see the previous Exercise).
Show that one has an isomorphism of vector bundles:

T (RPn) ⇠= Hom(�, �?),

where T (RPn) is the tangent bundle of RPn. Then do the same for the complex
projective space.

1.1.8. Di↵erential forms with coe�cients in vector bundles

Vector bundles also allow us to talk about more general di↵erential forms: with
coe�cients. The standard di↵erential forms are those with coe�cients in the trivial
vector bundle of rank 1. Recall here that the space of (standard) di↵erential forms
of degree p on a manifold M , ⌦p(M), is defined as the space of sections of the bundle
⇤pT ⇤M . Equivalently, a p-form on M is the same thing as a C1(M)-multilinear,
antisymmetric map

(1.8) ! : X (M)⇥ . . .⇥ X (M)| {z }
p times

�! C1(M),

where X (M) is the space of vector fields on M . Such p-forms can be written locally,
over the domain U of a coordinate chart (U,�

1

, . . . ,�
n

) as:

(1.9) ! =
X

i

1

,...,i

p

f i

1

,...,i

pd�
i

1

. . . d�
i

p

,

with f i

1

,...,i

p-smooth functions on U .
Assume now that E is a vector bundle over M . We define the space of E-valued

p-di↵erential forms on M

⌦p(M ;E) = �(⇤pT ⇤M ⌦ E).

As before, an element ! 2 ⌦p(M ;E) can be thought of as a C1(M)-multilinear
antisymmetric map

(1.10) ! : X (M)⇥ . . .⇥ X (M)| {z }
p times

�! �(E).

Also, locally, with respect to a coordinate chart (U,�
1

, . . . ,�
n

), one can write

(1.11) ! =
X

i

1

,...,i

p

d�
i

1

. . . d�
i

p

⌦ ei1,...,ip .

with ei1,...,ip local sections of E (defined on U). Using also a local frame e =
{e

1

, . . . , e
r

} for E, we obtain expressions of type
X

i

1

,...,i

p

,i

f
i

1

,...,i

p

i

dx
i

1

. . . dx
i

p

⌦ e
i

.
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Recall also that

⌦(M) =
M

p

⌦p(M)

is an algebra with respect to the wedge product: given ! 2 ⌦p(M), ⌘ 2 ⌦q(M),
their wedge product ! ^ ⌘ 2 ⌦p+q(M), also denoted !⌘, is given by
(1.12)

(! ^ ⌘)(X
1

, . . . , X
p+q

) =
X

�

sign(�)!(X
�(1)

, . . . , X
�(p)

) · ⌘(X
�(p+1)

, . . . , X
�(p+q)

),

where the sum is over all (p, q)-shu✏es �, i.e. all permutations � with �(1) < . . . <
�(p) and �(p + 1) < . . . < �(p + q). Although this formula no longer makes sense
when ! and ⌘ are both E-valued di↵erential forms, it does make sense when one of
them is E-valued and the other one is a usual form. The resulting operation makes

⌦(M,E) =
M

p

⌦p(M,E)

into a (left and right) module over ⌦(M). Keeping in mind the fact that the spaces
⌦ are graded (i.e are direct sums indexed by integers) and the fact that the wedge
products involved are compatible with the grading (i.e. ⌦p ^ ⌦q ⇢ ⌦p+q), we say
that ⌦(M) is a graded algebra and ⌦(M,E) is a graded bimodule over ⌦(M). As
for the usual wedge product of forms, the left and right actions are related by1

! ^ ⌘ = (�1)pq⌘ ^ ! 8 ! 2 ⌦p(M), ⌘ 2 ⌦q(M,E).

1.2. Connections on vector bundles

1.2.1. The definition

Throughout this section E is a vector bundle over a manifold M . Unlike the case of
smooth functions on manifolds (which are sections of the trivial line bundle!), there
is no canonical way of taking derivatives of sections of (an arbitrary) E along vector
fields. That is where connections come in.

Definition 1.13. A connection on E is a bilinear map r
X (M)⇥ �(E) �! �(E), (X, s) 7! r

X

(s),

satisfying

r
fX

(s) = fr
X

(s), r
X

(fs) = fr
X

(s) + L
X

(f)s,

for all f 2 C1(M), X 2 X (M), s 2 �(E).

Remark 1.14. In the case when E is the trivial vector bundle of rank r, M ⇥ Rr

or M ⇥ Cr, one has to so-called canonical (flat) connection on the trivial bundle,
denoted rcan, uniquely characterized by

r
X

(e
j

) = 0,

where

e = {e
1

, . . . , e
r

},

1

Important: this is the first manifestation of what is known as the “graded sign rule”: in an formula

that involves graded elements, if two elements a and b of degrees p and q are interchanged, then

the sign (�1)

pq

is introduced
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is its canonical frame (if E is not already trivialized, this says that any frame gives
rise to a canonical connection). Actually, giving a connection on E is the same thing
as giving an r by r matrix whose entries are 1-forms on M :

! := (!j

i

)
i,j

2M
r

(⌦1(M)).

This 1-1 correspondence is uniquely characterized by

r
X

(e
j

) =
rX

i=1

!i

j

(X)e
i

.

(work out the details!). The canonical connection corresponds to the zero matrix.
Please be aware of our conventions: for the matrix ! = {!i

j

}
i,j

, the upper indices
i count the rows, while the lower ones the columns:

! =

0

@
!1

1

. . . !1

r

. . . . . . . . .
!r

1

. . . !r

r

1

A

The other convention (switching the rows and the columns) would correspond to
considering the transpose matrix t(!); that convention is taken in some text-books
and accounts for the sign changes between our formulas involving ! and the ones in
those text-books.

Exercise 10. Let E be a vector bundle over M , and assume that it sits inside a
trivial vector bundle M ⇥ Rk of some rank k; hence E

x

is a vector sub-space of Rk

for each x. We denote by
pr

x

: Rk ! E
x

the orthogonal projection into E
x

and we use the canonical connection rcan on the
trivial bundle. Show that

r
X

(s)(x) := pr
x

(rcan

X

(s)(x))

defines a connection on E. The same for complex vector bundles. Use this to exhibit
a connection on the tautological line bundle �1 (see Example 1.6).

Exercise 11. Let E and E0 be two vector bundles over M endowed with connec-
tions r and r0, respectively. We look at E⇤, E � E0 and E ⌦ E0. Show that one
has:

1. an induced connection r⇤ on E⇤, defined by the Leibniz-type equation

L
X

(⇠(s)) = r⇤
X

(⇠)(s) + ⇠(r
X

(s))

for all s 2 �(E), ⇠ 2 �(E⇤) and X 2 X (M).
2. an induced connection r�r0 on E � E0 given by

(r�r0)
X

(s, s0) = (r
X

(s),r0
X

(s0)).

3. an induced connection r⌦r0 on E � E0 given by

(r⌦r0)
X

(s⌦ s0) = r
X

(s)⌦ s0 + s⌦r0
X

(s0).

Exercise 12. Prove that any convex linear combination of two connections is again
a connection, i.e., given r1 and r2 connections on E and ⇢

1

, ⇢
2

smooth functions
on M (the base manifold) such that ⇢

1

+ ⇢
2

= 1, then

r = ⇢
1

r1 + ⇢
2

r2

is also a connection.
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1.2.2. Locality; connection matrices

Connections are local in the sense that, for a connection r and x 2M ,

r
X

(s)(x) = 0

for any X 2 X (M), s 2 �(E) such that X = 0 or s = 0 in a neighborhood U of
x. This can be checked directly, or can be derived from the remark that r is a
di↵erential operator of order one in X and of order zero in f .

Locality implies that, for U ⇢M open, r induces a connection rU on the vector
bundle E|

U

over U , uniquely determined by the condition

r
X

(s)|
U

= rU

X|
U

(s
U

).

Choosing U the domain of a trivialization of E, with corresponding local frame
e = {e

1

, . . . , e
r

}, the previous remark shows that, over U , r is uniquely determined
by a matrix

! := (!i

j

)
i,j

2M
r

(⌦1(U)).

This matrix is called the connection matrix of r with respect to the local frame e
and; when we want to emphasize the dependence on r and e, aspect, we use the
notation

(1.15) ! = !(r, e) 2M
r

(⌦1(U)).

Proposition 1.16. Any vector bundle E admits a connection.

Proof. Start with a partition of unity ⌘
i

subordinated to an open cover {U
i

} such
that E|

U

i

is trivializable. On each E|
U

i

we consider a connection ri (e.g., in the
previous remark consider the zero matrix). Define r by

r
X

(s) :=
X

i

(r
X|

U

i

)(⌘
i

s).

1.2.3. More than locality: derivatives of paths

We have seen that r is local: if we want to know r
X

(s) at the point x 2 X, then
it su�ces to know X and s in a neighborhood of x. However, much more is true.

Lemma 1.17. Let r be a connection on E and look at

r
X

(s)(x
0

),

with X 2 X (M), s 2 �(E), x
0

2M . This expression vanishes in each of the cases:

1. s-arbitrary but X(x
0

) = 0.
2. X-arbitrary but there exists

� : (�✏, ✏)!M with �(0) = x
0

, �̇(0) = X
x

0

such that s(�(t)) = 0 for all t near 0.

Proof. We deal with a local problem and we can concentrate on an open U con-
taining x on which we have a given local frame e of E; r will then be specified by
its connection matrix. An arbitrary section s can now be written on U as

s =
rX

i=1

f ie
i
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with f i 2 C1(U); on such a section we find using the Leibniz identity and then,
using the connection matrix:

r
X

(s)(x) =
X

i

(df i)(X
x

)e
i

(x) +
X

i,j

f j(x)!i

j

(X
x

)e
i

(x).

It is clear that this is zero when X(x) = 0. In the second case we find

(1.18) r
X

(s)(x) =
X

i

df i � �
dt

(0)e
i

(x) +
X

i,j

f j(�(0))!i

j

(X
x

)e
i

(x)

which clearly vanishes under the condition that f i(�(t)) = 0 for t near 0.

The first type of condition in the lemma tells us that, given s 2 �(E), it makes
sense to talk about

r
X

x

(s) 2 E
x

for all X
x

2 T
x

M . In other words, r can be reinterpreted as an operator

dr : �(E) �! ⌦1(M,E), dr(s)(X) := r
X

(s).

The properties of r immediately imply that dr is linear (with respect to the mul-
tiplication by scalars) and satisfies the Leibniz identity, i.e.

dr(fs) = fdr(s) + df ⌦ s

for all f 2 C1(M) and s 2 �(E). Of course, r can be recovered from dr and this
gives rise to another way of looking at connections.

Exercise 13. Show that r  ! dr gives a 1-1 correspondence between connections
r on E and linear operators from �(E) to ⌦1(M,E) satisfying the Leibniz identity.

This will give rise to the re-interpretation of connections as DeRham-like oper-
ators, discussed a bit later. We now concentrate on the second type of condition in
the lemma, and we re-interpret it more conceptually. Given a path

� : I �!M

(i.e. a smooth map, defined on some interval I, typically [0, 1] or of type (�✏, ✏)),
by a path in E above � we mean any path u : I �! E with the property that

u(t) 2 E
�(t)

8 t 2 I.

One way to produce such paths above � is by using sections of E: any section
s 2 �(E) induces the path

s � � : I �! E

above �. The previous lemma implies that the expression

r
�̇

(s)(�(t))

makes sense, depends on the path s � � and defines is a path above �. It is denoted

r(s � �)
dt

.

Slightly more generally, for any path u : I �! E above � one can define the new
path above �

ru
dt

: I �! E.
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Locally with respect to a frame e, writing u(t) =
P

j

uj(t)e
j

(�(t)), the formula is
just the obvious version of (1.18) and we find the components

(1.19)

✓
ru
dt

◆
i

=
dui

dt
(t) +

X

j

uj(t)!i

j

(�̇(t)).

Exercise 14. On the tangent bundle of Rn consider the connection

r
X

Y =
X

i

X(Y i)
@

@x
i

.

Let � be a curve in Rn and let r
dt

be the derivative induced along � by the connection.

What is r �̇

dt

?

1.2.4. Parallel transport

One of the main use of connections comes from the fact that a connection r on E
can be used to move from one fiber of E to another, along paths in the base. This is
the so called parallel transport. To explain this, let us return to paths u : I �! E.
We say that u is parallel (with respect to r) if

ru
dt

= 0 8 t 2 I.

Lemma 1.20. Let r be a connection on the vector bundle E and � : I �! M a
curve in M , t

0

2 I. Then for any u
0

2 E
�(t

0

)

there exists and is unique a parallel
path above �, u : I �! E, with u(t

0

) = u
0

.

Proof. We can proceed locally (also because the uniqueness locally implies that the
local pieces can be glued), on the domain of a local frame e. By formula (1.19), we
have to find

u = (u1, . . . , ur) : I �! Rr

satisfying
dui

dt
(t) = �

X

j

uj(t)!i

j

(�̇(t)), u(0) = u
0

.

In a matricial form (with u viewed as a column matrix), writing A(t) for the matrix
�!(�̇(t)), we deal with the equation

u̇(t) = A(t)u(t), u(t
0

) = u
0

and the existence and uniqueness is a standard result about first order linear ODE’s.

Definition 1.21. Given a connection r on E and a curve � : I �! M , t
0

, t
1

2 I,
the parallel transport along � (with respect to r) from time t

0

to time t
1

is the map

T t

0

,t

1

�

: E
�(t

0

)

�! E
�(t

1

)

which associates to u
0

2 E
�(t

0

)

the vector u(t
1

) 2 E
�(t

1

)

, where u is the unique
parallel curve above � with u(t

0

) = u
0

.

Exercise 15. Show that

1. each T t

0

,t

1

�

is a linear isomorphism.
2. T t

1

,t

2

�

� T t

0

,t

1

�

= T t

0

,t

2

�

for all t
0

, t
1

, t
2

2 I.
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Then try to guess how r can be recovered from all these parallel transports (there
is a natural guess!). Then prove it.

Exercise 16. Show that any vector bundle on a contractible manifold is trivializ-
able.

1.2.5. Connections as DeRham-like operators

Next, we point out a slightly di↵erent way of looking at connections, in terms of
di↵erential forms on M . Recall that the standard DeRham di↵erential d acts on the
space ⌦(M) of di↵erential forms on M , increasing the degree by one

d : ⌦⇤(M) �! ⌦⇤+1(M),

and satisfying the Leibniz identity:

d(! ^ ⌘) = d(!) ^ ⌘ + (�1)|!|! ^ d(⌘),

where |!| is the degree of !2, and is a di↵erential (i.e. d � d = 0). Locally, writing
! as in (1.9) in 1.1.8, we have

d! =
X

i

X

i

1

,...,i

p

@f i

1

,...,i

p

@�
k

d�
i

d�
i

1

. . . d�
i

p

.

Globally, thinking of ! as a C1(M)-linear map as in (1.8), one has

d(!)(X
1

, . . . , X
p+1

) =
X

i<j

(�1)i+j!([X
i

, X
j

], X
1

, . . . , X̂
i

, . . . , X̂
j

, . . . X
p+1

))

+
p+1X

i=1

(�1)i+1L
X

i

(!(X
1

, . . . , X̂
i

, . . . , X
p+1

)).(1.22)

where L
X

denotes the Lie derivative along the vector field X.
Let us now pass to di↵erential forms with coe�cients in a vector bundle E (see

1.1.8). The key remark here is that, while there is no canonical (i.e. free of choices)
analogue of DeRham di↵erential on ⌦(M,E), connections are precisely the piece that
is needed in order to define such operators. Indeed, assuming that r is a connection
on E, and thinking of forms ! 2 ⌦p(M,E) as C1(M)-multilinear maps as in 1.10,
we see that the previous formula for the DeRham di↵erential does makes sense if we
replace the Lie derivatives L

X

i

by r
X

i

. Hence one has an induced operator

dr : ⌦•(M,E) �! ⌦•+1(M,E).

As in the case of DeRham operator, dr satisfies the Leibniz identity

dr(! ^ ⌘) = d(!) ^ ⌘ + (�1)|!|! ^ dr(⌘)

for all ! 2 ⌦(M), ⌘ 2 ⌦(M,E).
Note that, in degree zero, dr acts on ⌦0(M,E) = �(E) and it coincides with

the operator dr previously discussed. Moreover, dr defined on ⌦•(M,E) is unquely
determined by what it does on the degree zero part and the fact that dr satisfies
the Leibniz identity.

2

Note: the sign in the formula agrees with the graded sign rule: we interchange d which has degree

1 and !
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Exercise 17. As a continuation of Exercise 13 conclude that one has a 1-1 corre-
spondence between connections r on E and operators dr as above i.e. defined on
⌦•(M,E), increasing the degree by one and satisfying the Leibniz identity).

Note also that, as for the DeRham operator, dr can be described locally, using
the connection matrices. First of all, if U is the domain of a local frame e =
{e

1

, . . . , e
r

} with connection matrix !, then one can write

(1.23) dr(ej) =
rX

i=1

!i

j

e
j

,

Assume now that U is also the domain of a coordinate chart (U,�
1

, . . . ,�
n

). Rep-
resenting ! 2 ⌦p(M,E) locally as in (1.11), the Leibniz identity gives the formula

dr(!) =
X

i

1

,...,i

p

(�1)pdx
i

1

. . . dx
i

p

⌦ dr(e
i

1

,...,i

p).

hence it su�ces to describe dr on sections of E. The same Leibniz formula implies
that it su�ces to describe dr on the frame e- and that what (1.23) does.

Exercise 18. Consider the tautological line bundle �1 over CP 1 (see Example 1.6)
and consider the connection that arise from Exercise 10. Consider the chart of CP 1

given by
U = {[1 : z] : z 2 C} ⇢ CP 1

over which we consider the local frame of �1 (i.e. just a nowhere vanishing local
section of �1, since �1 is of rank one) given by

e([1 : z]) = e
1

+ ze
2

where {e
1

, e
2

} is the canonical basis of C2. Show that

dr(e) =
z · dz
1 + |z|2 e.

1.3. Curvature

1.3.1. The definition

Recall that, for the standard Lie derivatives of functions along vector fields,

L
[X,Y ]

= L
X

L
Y

(f)� L
Y

L
X

(f).

Of course, this can be seen just as the definition of the Lie bracket [X,Y ] of vector
fields but, even so, it still says something: the right hand side is a derivation on f
(i.e., indeed, it comes from a vector field). The similar formula for connections fails
dramatically (i.e. there are few vector bundles which admit a connection for which
the analogue of this formula holds). The failure is measured by the curvature of the
connection.

Proposition 1.24. For any connection r, the expression

(1.25) kr(X,Y )s = r
X

r
Y

(s)�r
Y

r
X

(s)�r
[X,Y ]

(s),

is C1(M)-linear in the entries X,Y 2 X (M), s 2 �(E). Hence it defines an
element

(1.26) kr 2 �(⇤2T ⇤M ⌦ End(E)) = ⌦2(M ;End(E)),

called the curvature of r.
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Proof. It follows from the properties of r. For instance, we have

r
X

r
Y

(fs) = r
X

(fr
Y

(s) + L
Y

(f)s)

= fr
X

r
Y

(s) + L
X

(f)r
Y

(s) + L
X

(f)r
Y

(s) + L
X

L
Y

(f)s,

and the similar formula for r
X

r
Y

(fs), while

r
[X,Y ]

(fs) = fr
[X,Y ]

(s) + L
[X,Y ]

(f)s.

Hence, using L
[X,Y ]

= L
X

L
Y

� L
Y

L
X

, we deduce that

kr(X,Y )(fs) = fkr(X,Y )(s),

and similarly the others.

Exercise 19. This is a continuation of Exercise 11, hence we assume the same
notations. For two finite dimensional vector spaces V and V 0 and A 2 End(V ) and
A0 2 End(V 0), we consider

A⇤ 2 End(V ⇤) given by A⇤(⇠)(v) = ⇠(A(v)),

A�A0 2 End(V � V 0) given by (A�A0)(v, v0) = (A(v), A0(v0)),

A⌦A0 2 End(V ⌦ V 0) given by (A⌦A0)(v ⌦ v0) = A(v)⌦A0(v0).

We keep the same notations for endomorphisms of vector bundles. Show that the
curvatures of r⇤, r�r0 and r⌦r0 are given by

kr⇤(X,Y ) = kr(X,Y )⇤,

kr�r0(X,Y ) = kr(X,Y )� kr0(X,Y ),

kr⌦r0(X,Y ) = Id
E

⌦ kr0(X,Y ) + kr(X,Y )⌦ Id
E

0 .

Remark 1.27. One can express the curvature locally, with respect to a local frame
e = {e

1

, . . . , e
r

} of E over an open U , as

kr(X,Y )e
j

=
rX

j=1

ki
j

(X,Y )e
i

,

where ki
j

(X,Y ) 2 C1(U) are smooth functions on U depending on X,Y 2 X (M).

The previous proposition implies that each kj
i

is a di↵erential form (of degree two).
Hence kr is locally determined by a matrix

k = k(r, e) := (ki
j

)
i,j

2M
r

(⌦2(U)),

called the curvature matrix of r over U , with respect to the local frame e. A simple
computation (exercise!) gives the explicit formula for k in terms of the connection
matrix !:

k = d! + ! ^ !,

where ! ^ ! is the matrix of 2-forms given by

(! ^ !)i
j

=
X

k

!i

k

^ !k

j

.
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1.3.2. The curvature as failure of ” d

2

dsdt

= d

2

dtds

”

The fact that the curvature measure the failure of the connections to satisfy ”usual
formulas”, which is clear already from the definition, can be illustrated in several
other ways. For instance, while for functions �(t, s) of two variables, taking values
in some Rn, the order of taking derivatives does not matter, i.e.

d2�

ds dt
=

d2�

dt ds
,

the curvature of a connection shows up as the failure of such an identity for the
operator r

dt

induced by r. To explain this, assume that r is a connection on a
vector bundle E over M ,

� = �(t, s) : I
1

⇥ I
2

!M

is a smooth map defined on the product of two intervals I
1

, I
2

⇢ R and

u = u(t, s) : I
1

⇥ I
2

! E

smooth covering �. Applying r
dt

and thenr
ds

obe obtains a new

r2u

ds dt
: I

1

⇥ I
2

! E

covering u.

Exercise 20. In the setting described above, show that

r2u

ds dt
� r

2u

dt ds
= kr(

d�

ds
,
d�

dt
).

Corollary 1.28. Assume that r is a flat connection on a vector E, i.e. with the
property that kr = 0. Then, for x, y 2M , looking at paths � in M from x to y, the
induced parallel transport

T 0,1

�

: E
x

! E
y

only depends on the path-homotopy class of gamma.

This means that, if �
0

, �
1

are two paths which can be joined by a smooth family
of paths {�

s

}
s2[0,1] starting at x and ending at y, then T 0,1

�

0

= T 0,1

�

1

. Of ocurse, the
smoothness of the family means that

�(t, s) := �
s

(t)

is a smooth map from [0, 1]⇥ [0, 1] to M .

Proof. Consider a smooth family {�
s

}
s2[0,1] as above, encoded in �(t, s) = �

s

(t).
The conditions on � are:

�(0, s) = x, �(1, s) = y, (�
s

starts at x and ends at y),

�(t, 0) = �
0

(t), �(t, 1) = �
1

(t).

We fix u
0

2 E
x

and we are going to prove that T 0,1

�

0

(u
0

) = T 0,1

�

1

(u
0

). For that,
consider u(t, s) = T 0,t

�

s

(u). By the definition of parallel transport, r
u

dt = 0. Using

the flatness of r and the previous exercise we see that v := ru

ds

must satisfy

rv
dt

= 0.

But, for t = 0 and any s one has u(0, s) = u
0

hence v(0, s) = 0. In other words, is
we fix s, v(·, s) is a path in E that is parallel w.r.t. r and starts at 0; by uniqueness
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of the parallel transport we deduce that v = 0, i.e. ru

ds

= 0 at all (t, s). We use this
at t = 1, where the situation is more special bacause all u(1, s) take value in one
single fiber- namely E

y

; moreover, from the definition of r
ds

, we see that ru

ds

(1, s) is
the usual derivative of the resulting path

[0, 1] 3 s 7! u(1, s) 2 E
y

.

We deduce that this last path is constant in s; in particular, u(1, 0) = u(1, 1), i.e.
T 0,1

�

0

(u
0

) = T 0,1

�

1

(u
0

).

Recall that, fixing a point x 2M , the path-homotopy classes of paths in M that
start and end at x (loops at x) form a group- the fundamental group of M with
base point x, denoted ⇡(M,x) (the group operation is given by the concatenation
of paths). The previous corollary implies that the parallel transport defines a map

⇢ : ⇡(M,x)! GL(E
x

), [�] 7! T 0,1

�

,

where GL(E
x

) is the group of all linear isomorphisms from E
x

to itself. Moreover,
it is not di�cult to see that this is actually a group homomorphism. In other words,
⇢ is a representation of the group ⇡(M,x) on the vector space E

x

. This is called the
monodromy representation of the flat connection (at the base point x).

Exercise 21. Show that a vector bundle is trivializable if and only if it admits a
flat connection r whose monodromy representation (at some base point) is trivial.

1.3.3. The curvature as failure of d2r = 0

There is another interpretation of the curvature, in terms of forms with values in
End(E). While r defines the operator dr which is a generalization of the DeRham
operator d, it is very rarely that it squares to zero (as d does). Again, kr measure
this failure. To explain this, we first look more closely to elements

K 2 ⌦p(M,End(E)).

The wedge product formula (1.12) has a version when ! = K and ⌘ 2 ⌦q(M,E):

(K ^ ⌘)(X
1

, . . . , X
p+q

) =
X

�

sign(�)K(X
�(1)

, . . . , X
�(p)

)(⌘(X
�(p+1)

, . . . , X
�(p+q)

)),

Any such K induces a linear map

K̂ : ⌦•(M,E) �! ⌦•+p(M,E), K̂(⌘) = K ^ ⌘.

For the later use not also that the same formula for the wedge product has an
obvious version also when applied to elements K 2 ⌦p(M,End(E)) and K 0 2
⌦q(M,End(E)), giving rise to operations

(1.29) ^ : ⌦p(M,End(E))⇥ ⌦q(M,End(E)) �! ⌦p+q(M,End(E))

which make ⌦(M,End(E)) into a (graded) algebra.

Exercise 22. Show that K̂ is an endomorphism of the graded (left) ⌦(M)-module
⌦(M,E) i.e., according to the graded sign rule (see the previous footnotes):

K̂(! ^ ⌘) = (�1)pq! ^K(⌘),

for all ! 2 ⌦q(M). Moreover, the correspondence K 7! K̂ defines a bijection

⌦p(M,End(E)) ⇠= Endp
⌦(M)

(⌦(M,E))
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between ⌦p(M,End(E)) and the space of all endomorphisms of the graded (left)
⌦(M)-module ⌦(M,E) which rise the degree by p.

Finally, via this bijection, the wedge operation (1.29) becomes the composition
of operators, i.e.

\K ^K 0 = K̂ � K̂ 0

for all K,K 0 2 ⌦(M,End(E)).

Due to the previous exercise, we will tacitly identify the element K with the
induced operator m

K

. For curvature of connections we have

Proposition 1.30. If r is a connection on E, then

d2r = dr � dr : ⌦•(M,E) �! ⌦•+2(M,E)

is given by
d2r(⌘) = kr ^ ⌘

for all ⌘ 2 ⌦⇤(M ;E), and this determines kr uniquely.

Proof. First of all, dr is ⌦(M)-linear: for ! 2 ⌦p(M) and ⌘ 2 ⌦p(M,E),

d2r(! ^ ⌘) = dr(d(!) ^ ⌘ + (�1)p! ^ dr(⌘)

= [d2(!) ^ ⌘ + (�1)p+1d(!) ^ dr(⌘)] + (�1)p[d(!) ^ dr(⌘) + (�1)p! ^ d2r(⌘)

= ! ^ dr(⌘).

Hence, by the previous exercise, it comes from multiplication by an element k 2
⌦2(M). Using the explicit Koszul-formula for dr to compute d2r on �(E), we see
that d2r(s) = kr ^ s for all s 2 �(E). We deduce that k = kr.

1.3.4. More on connection and curvature matrices; the first Chern class

Recall that, given a connection r on a vector bundle E, r is locally determined by
its conection matrices. More precisely, for any local frame

e = {e
1

, . . . , e
r

}
over some open U ⇢M , one can write

r
X

(e
j

) =
rX

i=1

!i

j

(X)e
i

and r is uniquely determined by the matrix

! = !(r, e) := (!j

i

)
i,j

2M
r

(⌦1(U)).

Similarly, one can talk about the connection matrix

k = k(r, e) := (ki
j

)
i,j

2M
r

(⌦2(U)),

which describes the curvature of r w.r.t. the local frame e by

k(X,Y )(e
j

) =
rX

i=1

ki
j

(X,Y )e
i

.

As we have already remarked, the curvature matrix can be obtained from the con-
nection matrix by the formula

k = d! + ! ^ !,
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where ! ^ ! is the matrix of 2-forms given by

(! ^ !)i
j

=
X

k

!i

k

^ !k

j

.

Here we would like to see how these matrices change when one changes the (local)
frames.

Lemma 1.31. Let r be a connection on E. Let e = {e
1

, . . . , e
r

} be a local frame of
E over an open U and let ! and k be the associated connection matrix and curvature
matrix, respectively. Let e0 = {e0

1

, . . . , e0
r

} be another local frame of E over some open
U 0 and let !0 and k0 be the associated connection and curvature matrix of r. Let

g = (gj
i

) 2M
n

(C1(U \ U 0))

be the matrix of coordinate changes from e to e0, i.e. defined by:

e
0
i

=
rX

j=1

gj
i

e
j

over U \ U 0. Then, on U \ U 0,

!0 = g�1 · (dg) + g�1 · ! · g.

k0 = g�1 · k · g.

Proof. Using formula (1.23 ) for dr we have:

dr(e
0
i

) = dr(
X

l

gl
i

e
l

)

=
X

l

d(gl
i

)e
l

+
X

l,m

gl
i

✓m
l

e
m

,

where for the last equality we have used the Leibniz rule and the formulas defining
✓. Using the inverse matrix g�1 = (gi

j

)
i,j

we change back from the frame e to e0 by

e
j

=
P

i

gi
j

!
i

and we obtain

dr(e
0
i

) =
X

l,j

d(gl
i

)gj
l

e0
j

+
X

l,m,j

gl
i

✓m
l

gj
m

e0
j

.

Hence
(✓0)j

i

=
X

l

d(gl
i

)gj
l

+
X

l,m

gl
i

✓m
l

gj
m

,

i.e. the first formula in the statement. To prove the second equation, we will use
the formula (refinvariance) which expresses k in terms of ✓. We have

(1.32) d✓0 = d(g�1dg + g�1✓g) = d(g�1)d(g) + d(g�1)✓g + g�1d(✓)g � g�1✓d(g).

For ✓0 ^ ✓0 we find

g�1dg ^ g�1d(g) + g�1dg ^ g�1✓g + g�1✓g ^ g�1dg + g�1✓g ^ g�1✓g.

Since
g�1dg = d(g�1g)� d(g�1)g = �d(g�1)g,

the expression above equals to

�d(g�1) ^ d(g)� d(g�1) ^ ✓g + g�1✓ ^ d(g) + g�1! ^ !g.
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Adding up with (1.32), the first three term cancel and we are left with:

k0 = d!0 + !0 ^ !0 = g�1(d! + ! ^ !)g = g�1kg.

Exercise 23. Show that the formula k0 = g�1kg is also a direct consequence of the
fact that kr is defined as a global section of ⇤2T ⇤M ⌦ End(E).

Since the curvature matrix does not depend on the local frame “up to conjuga-
tion”, it follows that any expression that is invariant under conjugation will produce
a globally defined form on M . The simplest such expression is obtained by applying
the trace:

Tr(k) =
X

i

ki
i

2 ⌦2(U);

indeed, it does have the fundamental property that

Tr(gkg�1) = Tr(k).

It follows immediately that, if k0 corresponds to another local frame e0 over U 0, then
Tr(k) = Tr(k0) on the overlap U \U 0. Hence all these pieces glue to a global 2-form
on M , denoted

(1.33) Tr(kr) 2 ⌦2(M).

This construction can be looked at a bit di↵erently: for any finite dimensional vector
space V one can talk about the trace map

Tr : End(V )! R (or C in the complex case)

defined on the space End(V ) of all linear maps from V to itself; applying this to the
fibers of E we find a trace map

Tr : ⌦2(M,End(E))! ⌦2(M),

so that (1.33) is indeed obtained from kr by applying Tr. Of course, ⌦•(M) denotes
the space of di↵erential forms with coe�cients in the field of scalars (R or C).

Theorem 1.34. For any vector bundle E over M ,

1. Tr(kr) 2 ⌦2(M) is a closed di↵erential form, whose cohomology class only
depends on the vector bundle E and not on the connection r .

2. In the real case, the cohomology class of Tr(kr) is actually zero.
3. in the complex case,

c
1

(E) :=


1

2⇡i
T r(kr)

�
2 H2(M,C)

is actually a real cohomology class. It is called the first Chern class of E.
4. For any two complex vector bundles E and E0 one has

c
1

(E) = �c
1

(E),

c
1

(E � E0) = c
1

(E) + c
1

(E0),

c
1

(E ⌦ E0) = rank(E) · c
1

(E0) + rank(E0) · c
1

(E).
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Proof. We will use the following fundamental property of the trace map:

Tr([A,B]) = 0

for any two matrices with scalar entires, A,B 2 r⇥r, where [A,B] = AB � BA.
The same formula continues to hold for matrices with entries di↵erential forms on
M ,

A 2M
r⇥r

(⌦p(M)), B 2M
r⇥r

(⌦q(M))

provided we use the graded commutators:

[A,B] = AB � (�1)pqBA

(check this!). The fact that Tr(kr) is closed can be checked locally, for which we
can use local frames and the associated connection and curvature matrices. Then,
using k = d! + ! ^ ! and d2 = 0 we find

dk = d(!) ^ ! � ! ^ d(!);

writing d! = k � ! ^ ! we find

dk = k ^ ! � ! ^ k = [k,!],

therefore, using the fundamental property of the trace,

dTr(k) = Tr(dk) = Tr([k,!]) = 0.

To check that the class does not depend on r, we assume that we have another
connection r0. With respect to a (any) local frame over some U we obtain two
connection matrices ! and !0 and similarly two curvature matrices. Consider

↵ := !0 � ! 2M
r⇥r

(⌦1(U)).

Note that the previous lemma implies that, if one changes the local frame by another
one then ↵ changes in a similar way as k: by conjugation by g. In particular, the
resulting 1-forms Tr(↵) 2 ⌦1(U) will glue to a globally defined 1-form

Tr(↵) 2 ⌦1(M).

(as for the curvature, this form can be interpreted more directly, but a bit more
abstractly: note that the expression r0

X

(s)�r
X

(s) 2 �(E) is C1(M)-linear in all
entries, hence it defines a tensor, usually denoted

r0 �r 2 �(T ⇤M ⌦ End(E)) = ⌦1(M,End(E)).

With this, the previous form is just Tr(r0 �r)).
We claim that Tr(k0r0)�Tr(kr) = d↵. Again, this can be checked locally, using

a local frame and the resulting matrices. Using !0 = ! + ↵ we compute k0 and we
find

k0 = k + d↵+ ↵ ^ ! + ! ^ ↵+ ↵ ^ ↵.

This can be re-written using the graded commutators as

k0 = k + d↵+ [↵,!] +
1

2
[↵,↵].

Applying the trace and its fundamental property we find that, indeed,

Tr(k0) = Tr(k) + d↵.

This closes the proof of 1. The proofs of 2 and 3 are postponed till after the discussion
of metrics (see Exercise 31). For the first equality in 4 note that a connection r on
E serves also as one on E, hence the only di↵erence in computing c

1

(E) comes from



32 M. CRAINIC, DG-2015

the way one computes the trace Tr
V

: End(V ) ! C for a finite dimensional vector
space, when one replaces V by its conjugate V ; what happens is that

Tr
V

(A) = Tr
V

(A).

Due also to the presence of the 2⇡i we find that

c
1

(E) = [
1

2⇡i
T r(kr)] = �[

1

2⇡i
T r(kr)] = �c1(E).

Since c
1

(E) is a real class, we deduce that c
1

(E) = �c
1

(E).
For the last two equalities in 4 we use the connections r�r0 and r⌦r0 from

Exercise 11 and 19. Choosing local frames e and e0 for E and E0 (over some U) and
computing the connection matrix corresponding to the resulting local frame e � e0

we find the direct sum of the connection matrices of r and r0:

(! � !0) =

✓
! 0
0 !0

◆
2M

r+r

0
,r+r

0(⌦1(U))

and similarly for the curvature matrices; applying the trace, we find that

Tr(kr�r0) = Tr(kr + Tr(kr0).

Of course, one could have also proceeded more globally, using the second equality
from Exercise 19 to which we apply the global trace Tr. The main point of this
argument was that, for two finite dimensional vector spaces V and V 0,

Tr : End(V � V 0)! C
has the property that Tr(A � A0) = Tr(A) + Tr(A0) for any A 2 End(V ), and
A0 2 End(V 0). The computation for the tensor product connection is completely
similar. The main point is that for any finite dimensional vector spaces V and V 0

one has Tr(Id
V

) = dim(V ) and

Tr : End(V ⌦ V 0)! C
satisfies

Tr(A⌦B) = Tr(A) · Tr(B).

Applying this to the last equality from Exercise 19, one obtains the desired equality.

Exercise 24. Consider the tautological line bundle �1 over CP 1. Continue the
computations from Exercise 18 with the computation of the curvature matrix (just
a 2-form in this case) and then show that

Z

CP 1

c
1

(�1) = �1.

Deduce that �1 is not trivializable, is not isomorphic to its conjugate and is not the
complexification of a real vector bundle.

For the curious reader. The first Chern class c1(E) is just one of the interesting invariants that one can associate
to vector bundles and which can be used to distinguish vector bundle. At the heart of its construction was the
trace map and its fundamental property that it is invariant under conjugation: Tr(g · k · g�1) = Tr(k) for any
invertible matrix g. Generalizations of this can be obtained replacing the trace map A 7! Tr(A) by A 7! Tr(Ak)
(for k � 0 any integer). The most general possibility is to work with arbitrary ”invariant polynomials”. Let us
work over the field F 2 {R,C}. We denote by Ir(F) the space of all functions

P : Mr(F) �! F
which are polynomial (in the sense that P (A) is a polynomial in the entries of A), and which are invariant under
the conjugation, i.e.

P (gAg
�1) = P (A)
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for all A 2 Mr(F), g 2 Glr(F). In complete analogy with the trace (which is an such an invariant polynomial, of
degree 1!), for any P 2 Ir(F), an invariant polynomial of degree d, and any vector bundle over F of rank r, one can
choose a connection r on E and one can apply P to its curvature to obtain a di↵erential form

P (kr) 2 ⌦2
d(M).

Moreover, this form is closed and its cohomology class does not depend on the choice of r; it is denoted by

P (E) 2 H
2d(M)

(the P -characteristic class of E).
Which are the possible/interesting choices for P? It is worth to first remark that Ir(F) is an algebra (the

product of two invariant polynomials is invariant). Moreover, for two invariant polynomials P and Q, it is clear
that

(P · Q)(E) = P (E) · Q(E)

for any vector bundle E of rank r; hence, in some sense, it su�ces to apply the previous construction to P s that
form a basis of the algebra Ir(F). There are several interesting bases that one can use.

Example 1.35. One has the polynomial functions

�p : Mr(F) �! F

defined by the equation

det(I + tA) =
rX

d=0

�d(A)td.

For instance, �1 = ⌃1 is just the trace while �r(A) = det(A). One can prove that

Ir(F) = F[�1, . . . ,�r].

Over F = C, one usually rescales these functions to

cd =

✓
1

2⇡i

◆d

�d 2 Ir(C)

(so that the resulting characteristic classes are real, or even integral) or, equivalently:

det(I +
t

2⇡i
A) =

rX

p=0

cd(A)td.

The resulting classes,

cd(E) 2 H
2d(M)

are called the Chern classes of the (complex) vector bundle E. Putting them together, one obtains the total Chern
class of E,

c(E) =
rX

d=0

cd(E) 2 H
even(M).

Applying the same construction to real vector bundles, it so happens that the first, the third, etc classes
vanish; hence the interesting classes are obtained using only the even-degree polynomials �2k,

pk :=

✓
1

2⇡

◆2k

�2k 2 Ir(R).

The resulting classes,

pk(E) 2 H
4k(M),

are called the Pontrjagin classes of the (real) vector bundle E.

Example 1.36. Another set of generators are obtained using the invariant polynomial functions

⌃d : Mr(F) �! F, ⌃d(A) = Tr(Ad)

(and one can actually show that these elements with 0  d  r generate the entire algebra Ir(F)). Again, it is
customary to work over C and rescale these functions to

Chd =
1

d!

✓
� 1

2⇡i

◆d

⌃d,

so that one can write, formally,

Tr(e�
t

2⇡i
A) =

X

d

Chd(A)td.

Applied to complex vector bundles E we obtain the so called Chern-character

Ch(E) =
X

d�0

Chd(E) 2 H
even(M).

Of course, this does not contain more (or less) information than the Chern class, but it has a better behavior with
respect to the standard operations of vector bundles: it satisfies

Ch(E � F ) = Ch(E) + Ch(F ), Ch(E ⌦ F ) = Ch(E)Ch(F ).
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Remark 1.37. And here is yet another way to think about the invariant polynomials: interpret them as symmetric
polynomials, over the base field F, in r variables x1, . . .xr which play the role of the eigenvalues of a generic matrix
A. More precisely, one has an isomorphism of algebras

Ir(F) ⇠= SymF[x1, . . . , xr]

which associates to a symmetric polynomial S the invariant function (still denoted by S) given by

S(A) = S(x1(A), . . . , xr(A)),

where xi(A) are the eigenvalues of A. Conversely, any P 2 Ir(F) can be viewed as a symmetric polynomial by
evaluating it on diagonal matrices:

P (x1, . . . , xr) := P (diag(x1, . . . , xr)).

For instance, via this bijection, the ⌃p’s correspond to the polynomials

⌃p(x1, . . . , xr) =
X

i

(xi)
p
,

while the �p’s correspond to

�p(x1, . . . , xr) =
X

i1<...<ip

xi1 . . . xip ,

With this it is now easier to express the ⌃’s in term of the �’s and the other way around (using “Newton’s formulas”:
⌃1 = �1, ⌃2 = (�1)

2 � 2�2, ⌃3 = (�1)
3 � 3�1�2 + 3�3, etc.).

For more on characteristic classes, including full proofs, other Characteristic classes, more applications,
you can have a look at lecture 10-11-12 of our more advanced course ”Analysis on Manifolds” (available at
http://www.sta↵.science.uu.nl/⇠crain101/AS-2013/).

1.4. Connections compatible with a metric

Very often the vector bundles one deals with comes with extra-structure and one is
interested in connections that preserve the extra-structure. A good illustration of
this principle is that of vector bundles endowed with metrics.

1.4.1. Metrics on vector bundles

Here, by a metric on a real vector space V we mean an inner product on V , i.e. a
bilinear map g : V ⇥ V ! R which is bi-linear, symmetric and satisfies g(u, u) � 0,
with equality only when u = 0. Similalrly, by a metric on a complex vector space
V we mean a hermitian inner-product g : V ⇥ V ! C- the di↵erence with the real
case being the conjugated symmetry requirement:

g(v, u) = g(u, v) 8 u, v 2 V,

and (therefore) the conjugated linearity in the second argument

g(u,� · v) = �g(u, v) for � 2 C.
Given a (real or complex) vector bundle ⇡ : E !M , a metric on E is a family

g = {g
x

}
x2M

of metrics g
x

on the vector spaces E
x

(one for each x 2 M), which vary smoothly
with respect to x in the sense that, for any two smooth local sections s and s0 of E,
the function g(s, s0) defined by

g(s, s0)(x) := g
x

(s(x), s0(x))

is smooth.

Exercise 25. For a metric g as above and a local frame e = {e
1

, . . . , e
r

} of E over
some U ⇢M , we define the coe�cients of g w.r.t. e as the functions g

i,j

:= g(e
i

, e
j

)
(defined on U). Show that the smoothness of g is equivalent to the condition that
all these coe�cients (for all local frames) are smooth.
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Exercise 26. A local frame e over U is called orthonormal w.r.t. g if

g(e
i

, e
j

) = �
i,j

8 i, j 2 {1, . . . , r}.
Show that for any x 2 M there exists an orthonormal local frame defined on an
open neighborhood of x.

Proposition 1.38. Any vector bundle E admits a metric g.

Proof. We consider a locally finite open cover of M , U = {U
i

}
i2I (where, this time,

I is just a set of indices) together with a partition of unity {⌘
i

} subordinated to it
such that, over each U

i

, one finds a local frame. Each such local frame gives rise to
a metric on E|

U

i

; denote it by gi, We then define

g =
X

i

⌘
i

gi,

or, more explicitly,

g
x

(v, w) =
X

i

⌘
i

(x)gi
x

(v, w).

From the definition of partitions of unity, it follows that g is smooth metric; for
instance, the fact that g

x

(v, v) = 0 happens only when v = 0 follows from the fact
that the same is true for each gi

x

, while the coe�cients ⌘
i

(x) sum up to 1 (hence at
least one of them is non-zero).

Exercise 27. Deduce that, for any real vector bundle E, its dual E⇤ is isomorphic
to E. Similarly, from any complex vector bundle F , it dual F ⇤ is isomorphic to its
conjugate F .

And here is another interesting use of metrics on a vector bundle E: for vector
sub-bundles F ⇢ E it allows us to produce a concrete model for the abstractly
defined quotient E/F (see subsection 1.1.7):

Exercise 28. Let g be a metric on a vector bundle E over M and let F be a vector
sub-bundle of E. For x 2 M we denote by (F

x

)? the orthogonal of F
x

in E
x

, with
respect to g

x

. Show that:

1. the orthogonals (F
x

)? together form a vector sub-bundle F? of E.
2. the quotient vector bundle E/F is isomorphic to F?.

Exercise 29. Deduce that, for any vector bundle E over M , the following are
equivalent:

1. E can be embedded in a trivial bundle (of some rank, usually very large).
2. one can find another vector bundle F such that E � F is isomorphic to the

trivial bundle.

Actually, one can show that these items always hold true (for any vector bundle E);
prove this when M is compact.

Exercise 30. Show that, if E is a real vector bundle of rank k over the compact
manifold M then there exists a large enough natural number N and a map

f : M ! Gr
k

(RN+k)

such that E is isomorphic to f⇤�
k

- the pull-back by f of the tautological rank k-
bundle (see Example 1.6). Similarly in the complex case.
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1.4.2. Connections compatible with a metric

Fixing now a vector bundle E together with a metric g, there are various ways to
make sense of the fact that a connection is compatible with the metric.

Proposition 1.39. Given a vector bundle E endowed with a metric g, for any
connection r on E the following are equivalent:

1. Global: for any path � : [0, 1] ! M between x and y, the induced parallel
transport T 0,1

�

is an isometry between (E
x

, g
x

) and (E
y

, g
y

).
2. Infinitesimal: the following Leibniz identity holds for any s, s0 2 �(E) and

X 2 X (M):

L
X

(g(s, s0)) = g(r
X

(s), s0) + g(s,r
X

(s0)).

3. Local: for any local orthonormal frame e, the connection matrix ! = !(r, e)
is anti self-adjoint:

!j

i

= �!i

j

,

where the over-line denotes complex conjugation (hence, in the real case, this
just means that the matrix is antisymmetric).

A connection is said to be compatible with g if it satisfies one of these equivalent
conditions.

Proof. Since condition 2. is local and since one can always choose local orthonormal
frames (see the exercise above), it is enough to require 2. on members of local
orthonormal frames- and then one arives at the equivalence of 2. with 3. For the
equivalence with 1, note first that the condition in 2. can be re-written in terms of
the derivatives r

dt

induced by r as follows: for any path � in M and for any two
paths u, u0 : I !M above �,

d

dt
g(u, u0) = g(

ru
dt

, u0) + g(u,
ru0
dt

).

Choosing u(t) = T 0,t

�

(v), u0(t) = T 0,t

�

(v0), with v, v0 2 E
x

(x = �(0)), we find that
g(u, u0) is constant hence, in particular, it takes the same values at 1 and 0:

g(T 0,1

�

(v), T 0,1

�

(v0)) = g(v, v0);

hence T 0,1

�

is an isometry. Moreover, one can check that the last argument can be
reversed to prove that 1. implies 2. (exercise!).

Proposition 1.40. Any vector bundle E admits a metric g; for any g there exists
a connection r on E compatible with g.

Proof. The existence of metrics was the subject of Proposition 1.38. Assume now
that we have an arbitrary metric g. Choose again a partition of unity but, this time,
with the property that, over each U

i

, one finds a local frame that is orthonormal
with respect to g. Each such local frame gives rise to a connection on U

i

, denoted
ri, which is clearly compatible with g. Define then the global connection r given
by

r
X

(s)(x) :=
X

i

⌘
i

(x)ri

X|
U

i

(s|
U

i

)(x).

It is not di�cult to see that this defines indeed a connection and a computation of
g(r

X

(s), s0) + g(s,r
X

(s0)) using the fact that each ri is compatible with g (over
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U
i

) and using that
P

⌘
i

= 1 leads to L
X

g(s, s0), i.e. the compatibility of r with
g.

Exercise 31. Return to Theorem 1.34. Using the fact that the cohomology class
of [Tr(kr)] is independent of r and the existence of metrics and compatible con-
nections, prove now parts 2 and 3 of the theorem.

Exercise 32. Let F be a complex vector bundle over M . Show that if F can be
written as the complexification of a real vector bundle over M , then c

1

(F ) = 0.

1.4.3. Riemannian manifolds I: The Levi-Civita connection

A Riemannian structure on a manifold M is a metric g on its tangent bundle TM .
One also says that (M, g) is a Riemannian manifold. From the previous subsection
we know that any manifold can be made into a Riemannian manifold and, given a
Riemannian manifold (M, g), one can choose connections on TM compatible with g.
However, working with TM instead of general vector bundles is a bit more special.
First of all, �(TM) = X (M), so that a connection on TM is an operator

r : X (M)⇥ X (M)! X (M).

Because of this, one can talk about the torsion of a connection on TM :

Proposition 1.41. For any connection r on TM , the expression

Tr(X,Y ) = r
X

(Y )�r
Y

(X)� [X,Y ]

is C1(M)-linear in the entries X,Y 2 X (M). Hence it defines an element

Tr 2 �(⇤2T ⇤M ⌦ TM) = ⌦2(M ;TM),

called the torsion of r.
This follows by a computation completely similar to (but simpler than) the one

from the proof of Proposition 1.24; we leave it as an exercise. A connection on TM
will be called torsion-free if Tr = 0.

Theorem 1.42. For any Riemannian manifold (M, g) there exists a unique con-
nection r on TM which is compatible with g and which is torsion free. It is called
the Levi-Civita connection of (M, g).

Proof. This proof here (which is the standard one) is not very enlightening (hope-
fully we will see a much more transparent/geometric argument a bit later in the
course). One just plays with the compatibility equations applied to (X,Y, Z) and
their cyclic permutations, combined in such a way that most of the appearances of
the r disappear by using the torsion free condition. One ends up with the following
identity (which, once written down, can also be checked directly):

2g(r
X

(Y ), Z) = L
X

(g(Y, Z)) + L
Y

(g(X,Z))� L
Z

(g(X,Y ))+

(1.43) +g([X,Y ], Z) + g([Z,X], Y ) + g([Z, Y ], X).

Hence, fixing X and Y , we see that for the expression we are looking for, r
X

(Y ),
the product with respect to any Z is predetermined. Since g is a metric, this forces
the definition of r

X

(Y ) pointwise. It remains to check the identities that ensure
that r is a torsion free metric connection; each such identity can be written as
E = 0 for some expression E; to prove such an identity one proves instead that
g(E, V ) = 0 for all vector fields V ; with this trick one can use the definition of r
and the computations become straightforward.
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Remark 1.44 (The Christo↵el symbols). While, locally, connections r on a vector
bundle E are determined by connection matrices,

r
X

(e
j

) =
X

i

!i

j

(X), (e = {e
1

, . . . , e
r

}� local frame of E)

when looking at connections on E = TM , it is natural to use local frames

@

@�1

, . . . ,
@

@�n

induced by coordinate charts

(U,� = (�1, . . . ,�n))

of M . Then the resulting 1-forms can be further expressed in terms of functions:

!i

j

=
X

p

�i

pj

d�p,

where �i

pj

are smooth functions on U . Equivalently:

r
@

@�

p

(
@

@�j

) =
X

i

�i

pj

@

@�i

.

Locally, the fact that r is torsion free is equivalent to

�i

pj

= ��i

jp

for all i, j and p. While a metric g on TM is locally determined by the functions

g
ij

:= g(
@

@�i

,
@

@�j

),

the equation (1.43) that expresses the compatibility of r with g becomes:

2
X

i

�i

pj

g
ik

=
@g

jk

@x
p

+
@g

pk

@x
j

� @g
pj

@x
k

.

Using the inverse (gi j) of the matrix (g
i j

) we find that

�i

pj

=
1

2

X

k

⇢
@g

jk

@x
p

+
@g

pk

@x
j

� @g
pj

@x
k

�
gki.

These are called the Christo↵el symbols of g with respect to the local chart (U,�).

1.4.4. Riemannian manifolds II: geodesics and the exponential map

We have seen that the case of connections on the tangent bundle TM of a manifold
M is more special: unlike the case of connections on general vector bundles, we
could talk about the torsion of a connection; the vanishing of the torsion, together
with the compatibility with a given metric g on TM (i.e. a Riemannian structure
on M) were conditions that implied that a Riemannian manifold (M, g) comes with
a canonical connection on TM .

Similarly, while a connection r on a vector bundle ⇡ over M allows us to talk
about the derivative

ru
dt

: I ! E

of a path u : I ! E, sitting above some path � : I !M , in the case when E = TM
there is a canonical path u

�

: I ! TM sitting above any �: its usual derivative.
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In particular, one can talk about the second order derivative of � : I ! M (with
respect to a connection r on TM) defined as

r(�̇)
dt

: I ! TM.

In particular, for a Riemannian manifold (M, g) and the associated Levi-Civita con-
nection, one uses the notation:

D2 �

dt2
: I !M

for the resulting second derivative of paths � : I !M .

Definition 1.45. Given a Riemannian manifold (M, g), a geodesic of (M, g) is any

path � : I !M with the property that D

2

�

dt

2

= 0.

The interesting existence question for geodesics is: given any x 2 M (read:
initial point) and v 2 T

x

M (read: initial speed), can one find a geodesic � : I !M
such that �(0) = x, �̇(0) = v (where I is an interval containing 0)? Is it unique? Is
there a maximal one? I.e. the same questions as for flows as vector fields; and the
answers will be very similar as well. Actually, to obtain the desired statements, we
just have to realize that the geodesic equations can be written as flow equations.

Proposition 1.46. For any Riemanninan manifold (M, g), there exists a unique
vector field X on TM such that the integral curves of X are precisely those of type

u
�

(t) = (�(t), �̇(t)),

with � a geodesic of (M, g); in other words,

�  ! u
�

defines a bijection between the geodesics of (M, g) and the integral curves of X .

Proof. We first look at the geodesic equations locally, in a coordinate chart (U,�);
using the description of r in terms of the Christo↵el symbols, we see that � =
(�1, . . . , �n) is a geodesic if and only if

d2�k

dt2
= �

X

i,j

�k

ij

(�(t))
d�i

dt

d�j

dt
.

The idea is to write this system as a first order system:

(1.47)

(
d�

k

dt

= yk(t),
dy

k

dt

= �
P

i,j

�k

ij

(�(t))yi(t)yj(t)

Let us formalize this. First, (U,�) induces the chart (TU, (�, y
�

)) for TM :

TU 3 (x, y1
@

@�1

+ . . .+ yn
@

@�n

) 7! (�, y
�

)(�(x), y1, . . . , yn) 2 R2n.

It is now clear that, in these coordinates,

X :=
X

k

yk
�

@

@�k

�
X

�k

ij

yi
�

yj
�

@

@yk
�

will have the desired properties. Since the geodesic equation is global and the local
integral curves of a vector field determines the vector field, it follows that di↵erent
charts (U 0,�0) give rise to vector fields X 0 on TU 0 which agree with X on TU \TU 0.
Therefore X is globally defined and has the desired properties.
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The vector field that arises from the previous proposition is called the geodesic
vector field of (M, g). Using the properties of flows of vector fields applied to X , we
find an open subset

D ⇢ R⇥ TM (containing {0}⇥ TM)

(the domain of the geodesic flow) and a smooth map (the geodesic flow)

� : D !M

so that, for any (x, v) 2 TM ,

�
x,v

(t) := �(t, x, v),

as a curve �
x,v

defined on

I
x,v

= {t 2 R : (t, x, v) 2 D}

(an open interval!), is the maximal geodesic with

�
x,v

(0) = x, �̇
x,v

(0) = v.

Exercise 33. With the notations above show that, for any c > 0, one has

I
x,cv

=
1

c
I
x,v

and �(
1

c
t, x, cv) = �(t, x, v) for all t 2 I

x,v

.

The previous exercise indicates that the (local) information encoded in the ge-
odesic flow is contained already in what it does at time t = 1. More precisely, one
defines the exponential map of (M, g)

exp(x, v) := �(1, x, v),

which makes sense when (x, v) belongs to the open

U := {(x, v) 2 TM : (1, x, v) 2 D},

so that exp becomes a smooth map

TM � U 7! expM.

With this, for all (t, x, v) 2 D, one has that (x, tv) 2 U and

�(t, x, v) = exp(x, tv).

When one looks around a given point x 2M it is common to consider

exp
x

: U
x

!M,

the restriction of the exponential map to U
x

= U \ TM . And here is one of the
fundamental properties of the exponential map:

Proposition 1.48. For any x 2M ,

T
x

M � U
x

7! exp
x

M

sends some open neighborhood of 0
x

2 T
x

M di↵eomorphically into an open neigh-
borhood of x in M . Even more: the di↵erential at 0 of exp

x

, combined with the
canonical identification of T

0

x

(U
x

) with T
x

M , is the identity map.
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Proof. By the inverse function theorem, it su�ces to prove the last statement. Let
v 2 T

x

M . Recall that the standard identification of T
x

M with T
0

x

(U
x

) interprets v
as the speed at t = 0 of the curve t 7! tv. Therefore, it is sent by (dexp

x

) to

d

dt |
t=0

exp
x

(tv) =
d

dt |
t=0

�(1, x, tv) =
d

dt |
t=0

�(t, x, v) = v.

1.4.5. Riemannian manifolds III: application to tubular neighborhoods

And here is an important application of Riemannian metrics and of the exponential
maps, application that is of interest outside Riemannian geometry: the existence of
tubular neighborhoods. The concept of tubular neighborhood makes sense whenever
we fix a submanifold N of a manifold M ; then one can talk about tubular neighbor-
hoods of N in M which, roughly speaking, are ”linear approximations of M around
N”.

Remark 1.49 (One explanation). To understand this, and the use of Riemannian
metrics in this context, let us first consider the case when N = {x} and return to the
intuitive meaning of the tangent space T

x

M at the point x 2M : it is the linear (i.e.
vector space) approximation of the manifold M around the point x. The fact that
M , around x, looks like T

x

M is obvious: a coordinate chart (U,�
1

, . . . ,�
n

) around
x provides:

• an identification of a neighborhood of x in M with Rr.
• a basis of T

x

M , hence also an identification of T
x

M with Rr.

However, this way of relating M near x with T
x

M is not so intrinsic: it depends on
the choice of a chart around x- and this is a real problem if we want to pass from
points x to general submanifolds N ⇢ M (e.g. because we cannot find coordinate
charts that contain an arbitrary N). The exponential map associated to a metric
allows us to remove this problem since it relates M near x with T

x

M (cf. Proposition
1.48) without a reference to coordinates- hence it has a better chance to work more
generally.

The general idea is that, while the linear approximation of M around a point is
a vector space, the linear approximation around a submanifold N will be a vector
bundle over N .

Definition 1.50. Given a submanifold N of a manifold M , a tubular neighborhood
of N inside M is an open U ⇢M containing N , together with a di↵eomorhpism

� : E ! U

defined on a vector bundle E over N , such that �(0
x

) = x for all x 2 N .

We now make some comments on the definition. In general, for a vector bundle
E over a manifold N , one sees N as a submanifold of E ”as the zero-section” by
identifying each x 2 N with 0

x

2 E (the zero vector of the fiber E
x

).

Exercise 34. Show that, indeed, the zero section O : N ! E, O(x) = 0
x

, is an
embedding of N in E (where we view E as a manifold).

With this identification in mind, the condition �(0
x

) = x in the definition of
tubular neighborhoods reads: � is the identity on N . The next interesting remark
is that the vector bundle E from the definition is actually determined by the way
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N sits inside M . To make this precise, we consider the tangent bundle TN of N ,
sitting inside the restriction T

N

M = (TM)|
N

of the tangent bundle of M to N , and
we consider the resulting quotient

⌫
M

(N) := T
N

M/TN

(a vector bundle over N !). This is called the normal bundle of N in M , For the gen-
eral construction of quotients of vector bundles, please see subsection 1.1.7. However,
as in Exercise 28, metrics are helpful to to realize such quotients in more concrete
terms:

Exercise 35. Go again through the argument, with the conclusion: if (M, g) is a
Riemannian manifold and N ⇢ M is a submanifold then, as vector bundles over
N , ⌫

M

(N) is isomorphic to the orthogonal of TN inside TM with respect to the
Riemannian metric.

However, in some situations, normal bundles can also be ”computed” without
the choice of a metric:

Exercise 36. If ⇡ : E ! N is a vector bundle show that the normal bundle of N
inside the manifold E (where we view N as a submanifold of E as explained above)
is isomorphic to the vector bundle ⇡ : E ! N .

In particular, this exercise tells us that any vector bundle over N can be realized
as the normal bundle of N inside a bigger manifold.

Remark 1.51 (from ”linear approximations” to the normal bundle). It is interest-
ing to go back to the original question: what are ”linear approximations” of a
manifold M around a submanifold N? Intuitively, one may think of opens in M
containing N which are ”as linear as possible around N”. Denoting by m and n
the dimensions of M , and N respectively, one may think that the most ”linear”
m-dimensional manifold containing N is

N ⇥ Rm�n,

which contains N ⇥ {0} as a copy of N . However, hoping that (in general) a neigh-
borhood of N inside M is di↵eomorphic to such a ”linear model” is too optimistic:
indeed, it would imply that the normal bundle of N inside M was be trivial(izable).
Which, by the previous exercise, cannot happen in general. However, the same ex-
ercise also indicates what to do: replace the too optimistic linear models N ⇥Rm�n

by vector bundles over N . The same exercise tells us even more- namely what the
vector bundle must be: the normal bundle of N in M .

Because of the last remark, it is customary that the definition of tubular neigh-
borhoods uses right from the beginning E = ⌫

M

(N). This closes our comments on
the definition of tubular neighborhoods. And here is the existence result:

Theorem 1.52. Any embedded submanifold N of a manifold M admits a tubular
neighborhood in M .

Proof. For simplicity, we restrict to the case when N is compact. Consider a Rie-
mannian metric g on M and let E be the vector bundle over N which is the orthog-
onal complement of TN inside TM with respect to g (a more concrete realization
of the normal bundle). We look at the exponential map restricted to E,

exp
E

: E !M.



1.4. Connections compatible with a metric 43

Strictly speaking, this is defined only on an open neighborhood of the zero section
but, since all the arguments below are just around such ”small enough” opens, we
may assume that exp is defined on the entire E (just to simplify notations). We
claim that, similar to Proposition 1.48, the di↵erential of exp

E

at any point of type
0
x

= (x, 0) 2 E is an isomorphism. To see this, note first that there is a canonical
identification (independent of the metric and valid for any vector bundle E over N):

(1.53) T
0

x

E ⇠= T
x

N � E
x

= T
x

M.

Actually, the first identification is valid for any vector bundle E over a manifold N ;
let us explain this. First of all, for each v 2 E

x

one has a short exact sequence

0! E
x

i

v! T
v

E
d⇡! T

x

N ! 0

(i.e. the first map is injective, the last one is surjective, and the image of the first
coincides with the kernel of the second) where ⇡ : E ! N is the projection of E and

i
v

(w) =
d

dt |
t=0

(v + t · w) 2 T
v

E.

The situation at v = 0
x

is more special- the previous sequence is canonically split
(see the next exercise): the di↵erential of the zero section O : N ! E, (dO)

x

:
T
x

N ! T
0

x

E, is a right inverse of d⇡; and such a splitting of a short exact sequence
induces an isomorphism between the middle space and the direct sum of the extreme
ones,

E
x

� T
x

N ⇠= T
0

x

E,

by the map which is i
0

on E
x

and is (dO)
x

on T
x

N .
We now return to our Riemannian manifold and compute the di↵erential

(d exp
E

)
0

x

: T
0

x

E ! T
x

M

using the identification (1.53). For a vector coming from w 2 E
x

we find, like in the
proof of Proposition 1.48,

d

dt |
t=0

exp
E

(x, tw) =
d

dt |
t=0

�(1, x, tw) = w.

And, for a vector coming from u 2 T
x

N , say u = ↵̇(0) for some curve ↵, we find

d

dt |
t=0

exp
E

(0
↵(t)

) =
d

dt |
t=0

↵(t) = u.

Therefore, with respect to (1.53), (d exp
E

)
0

x

is an isomorphism. Hence, for each
x 2 N , one finds an open neighborhood of 0

x

in E on which exp
E

becomes a
di↵eomorphism onto an open inside M . We claim that it continues to have the same
property when restricted to

B
✏

:= {v 2 E : ||v||  ✏},
for some ✏ > 0 small enough. The only problem is to ensure that, for some ✏, the
exponential becomes injective on B

✏

. We prove the claim by contradiction. If such
✏ does not exists, we find

v
n

, w
n

2 B 1

n

with v
n

6= w
n

, exp
E

(v
n

) = exp
E

(w
n

).

Since N is compact, so are the closed balls B
✏

so, after eventually passing to conver-
gent subsequences, we may assume that v

n

! v and w
n

! w with v, w 2 E. Since
||v

n

|| < 1

n

, we find that v = 0
x

for some x 2 N and, similarly, w = 0
y

. Passing to
limit in exp

E

(v
n

) = exp
E

(w
n

) we find that x = y. Therefore, both v
n

as well as
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w
n

converge to 0
x

. But this is a contradiction with the fact that exp
E

is a local
di↵eomorphism around 0

x

.
Therefore the restriction of the exponential to some B

✏

⇢ E is a di↵eomorphism
into an open inside M . To find a di↵eomorphism defined on the entire E, one
chooses any di↵eomorphism � : [0,1)! [0, ✏) which is the identity near t� 0, and
one composes the exponential with the di↵eomorhism

�̂ : E ! B
✏

, �̂(v) =
�(||v||)
||v|| · v.

Exercise 37. A short exact sequence of (finite dimensional) vector spaces is a se-
quence

(1.54) 0! U
i! V

⇡!W ! 0

consisting of vector spaces U , V and W , and linear maps i and ⇡ between them,
satisfying the conditions: i-injective, ⇡-surjective, Im(i) = Ker(⇡).

A right splitting of (1.54) is any linear map � : W ! V which is a right inverse
of ⇡ (i.e. ⇡ � � = Id

W

); similarly, a left splitting is a linear map p : V ! U which is
a left inverse of i (i.e. p � i = Id

U

). Show that:

• there is a 1-1 correspondence between left splittings p and right splittings �,
uniquely characterized by the condition that

� � ⇡ + i � p = Id
V

.

• the choice of a right splitting � (or, equivalently, of a left splitting p) induces
an isomorphism

U �W
⇠! V, (u,w) 7! (i(u),�(w)),

with inverse given by v 7! (p(v),⇡(v)).


