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Chapter 1
Vector bundles

1.1 First properties and first examples

Exercise 1.1. Prove that that the projection map 7 : E — M of any vector bundle is a submersion.

Exercise 1.2. Show that any section s € I'(E) of a vector bundle E over M, when seen as a map

s: M — FE,

is an embedding of M in F (an embedding of manifolds).

Exercise 1.3. Let E — M be a vector bundle. We write I'(E) for its space of smooth sections. Let
s,t € I'(E) and let f € C°°(M). Show that s+t and f - s are again smooth sections. (Note that
these operations are defined pointwise (s + t)(x) = s(z) + t(z) and (f - s)(z) = f(x)s(x).

Exercise 1.4. Prove that a line bundle L — M is trivializable if and only if it admits a nowhere
vanishing section.

Exercise 1.5. We first work over an arbitrary manifold M.

(a) Assuming that 7 : L — M is a line bundle over M, show that finding a trivialization of L
is equivalent to finding a section of L that is nowhere vanishing.

(b) When L = Ry, the trivial line bundle over M, describe a bijection between the sections of
L and R-valued smooth function on M.

Assume now that L is the tautological line bundle over the n-dimensional projective space M = RP"™.

(c) Describe now a bijection between sections of L and R-valued smooth functions on on the
n-sphere, f: S™ — R, with the property that f(—z) = —f(x) for all z € S™.
(d) Deduce that L is not trivialisable.
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Exercise 1.6. Let 7 : E — M be a rank k vector bundle. Let s be a set-theoretic section of F
i.e. s is a function s : M — FE such that m o s = idy;. Recall that with respect to a local frame
¢ = {eq,...,er}, we obtain a decomposition

s(z) = fH@)er(@) + - + fH(@)ex(@)

Show that s is smooth if and only if with respect to every local frame (U, {e;}¥_,), the coefficients
{f*: U — R} are smooth functions.

Vector bundles often arise in physics when trying to make sense of physical quantities globally. Such
physical quantities are usually defined locally, by explicit formulas written down in coordinates- and
those formulas describe one, or more, functions. How to make sense of the physical quantity globally,
independent of the coordinates? The problem is that functions can rarely be globalised to functions.
That is where vector bundles come in, since their sections are global objects which, locally, can be
represented by functions. In other words, one is now invited to interpret such physical quantities as
sections of appropriate vector bundles. Now, how does one build those vector bundles? The trick is that,
since in each case we are talking about concrete physical quantities, one can compute explicitly how
the functions change when one changes coordinates ... and those reveal the transition functions of the
vector bundle to consider ... and hopefully you will even be able to recognize the vector bundle itself,
described intrinsically (so as to avoid the valid but unsatisfying ”solution”: define the vector bundle via
its transitions). The next exercise is an illustration of the ”game” described above, more mathematical.

Exercise 1.7. Let M be a manifold. We consider real-valued smooth functions f € C*°(M) and the
main question is that of making sense globally of “the gradient of f”. Recall that any chart (U, x) of
M allows us to talk about the partial derivatives of f w.r.t. the chart (U, x),

of of
=L e o), 1.1.1
o D U) (1.1.1)
where a%(p) is defined as the i-th partial derivative of f o x~! : x(U) — R computed at the point
x(p): .
of Of ox” d -1
=4 X = — i e Xn
o, (p) oz, X)) = X (1), -- -, xilp) + Xn(P))

In local coordinates, “the gradient of f” should be encoded in the collection , arranged in a
matrix.

You are asked to describe a vector bundle £ — M and a section sy of I so that, locally w.r.t.
certain local frames of F, are precisely the corresponding coefficients of sy.
(Hint, recall that when moving to another chart (U’, x’), one can express the similar functions aa ){ 7 in
terms of the previous ones, as well as the (partial derivatives of the) change of coordinates ¢ = y’ox 1.
Try to remember that formula, or deduce it. That should indicate the transition functions of F.
Hopefully you will recognize E ... and then s;.)

Exercise 1.8 (the tautological line bundle over the real projective space). First of all, I
advise you to write down/look up the standard atlas (Up, x0), - -, (Un, Xn) that is used to describe
the smooth structure on RP™. Consider now the tautological line bundle

L:={(l,v) eRP" x R" ! : ¢y €1},
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with the projection 7 : L — M, w(l,v) = [, and with the vector space structure on its fibers given by
(l,v)+ (l,w) = (l,v+w), etc.

Assume that you already know that L is an embedded submanifold of RP® x R**! and 7 is a
submersion. In particular, L will be a manifold itself (with the smooth structure induced from RP™ x
R"*1). Using what is discussed in the first part of the chapter :

(a) Describe, for each ¢ € {1,...,n}, a nowhere vanishing local section s; of L defined over U;.
(b) Deduce that each s; gives rise to a trivialization of L|y,,

hi:L‘Ui _>Uz XR,

and write h; down explicitly.
(c) Using h; and the chart x; : U; — R™ (see above) construct an explicit manifold chart of L,

Xi : Ui — R"*! with domain U, =1L

U;-

(d) Now, assume that you didn’t know that L is an embedded submanifold of RP" x R"*1. Use
then the explicit x; you found above to built a smooth structure on L (making it into an
n + 1-dimensional manifold). Don’t forget to check that your atlas is smooth.

(e) Continuing (e) and still no longer being allowed to use that L is an embedded submanifold of
RP"™ x R™*1): show that 7 is a submersion and deduce that L is a vector bundle.

(f) Continuing (e) and (f): prove now that L is, indeed, an embedded submanifold of RP™ x R*+1,

The projective space and the tautological line bundle over it makes sense almost identically also when
working over C. First of all, the complex projective space CP" consists of complex lines (i.e. complex

1-dimensional subspaces) [ C C"™! and, denoting by [z0 : 21 : ... : 2,] the line through an arbitrary
nonzero vector (2q, 21, .., 2n) € C*1, we can write
CP" = {[ZO ot zn] (20,21, ey 2) € CPFY \{0}}
where
[zo:z1: iz =[2h:21:...02)] < 3J2€C st. 2z, =22, V ke {0,1,...,n}.

As for RP"™, also CP" comes with standard charts (Up, xo0), (U1, Xx1), - -5 (Un, Xn), With

Uy := {[zozzl Dt 2] E(CIP’":zO;EO} = {[1:21 feecizn] i (21,00, 20) G(C”}, (1.1.2)
and with xo : Uy — C™ being the inverse of (z1,...,2,) — (1:21: ... z):

Xk U = C" [zo:21:...0 2] +— (2,...,:)

(and similarly for (Uy, chiy) for all k). The difference from the real case (actually a novelty more than
a difference) is the fact that the coordinate changes are holomorphic, hence CP™ is not only a smooth
manifold, but actually a holomorphic (or complex) manifold. The tautological line bundle over CP™ is
now

L={(,2)eCP*xC"*":z€l},

which is a complex vector bundle of (complex) rank 1 over CP™ with projection (I,z) > I.



4 1 Vector bundles

Exercise 1.9. Prove that the tautological line bundle over CP™ (see above) is a complex line bundle
over CPP™ and, at the same time, a real vector bundle of rank two.

Still as in the real case, when working with [zp : 21 : ... : z,] € CP™ one can always renormalise and use
only (20,21, ...,2,) € S?"TL C C"*! i.e. think of CP" as

(CPn — S2n+1/Sl
the quotient of $2"*1 modulo the action of S! induced by complex multiplication:

A (20,21, -5 2n) = (A20, A21, ..o, Azn).

Exercise 1.10. Here L is still the tautological line bundle over CP". Prove that for any section
s € I'(L) there exists and is unique a smooth function f : $?"*! — C such that s is given by

CP" > [zp:21:...:2n) > (f(2)z0, f(2)z1,..., [(2)zn)
for z = (20, 21,...,2n) € 2L Furthermore, prove that f satisfies the S!-invariance condition:
1
f02) = 55(z) VAES!, 28, (1.1.3)

Finally, prove that this gives rise to a linear isomorphism between I'(L) and the space of smooth,
C-valued functions on $2"*+! which are S'-invariant:

F(L) ) 000(527L+1)Sl—inv.

For instance, fo(z) = Zo is such an invariant function, and that gives rise to the section
80([20 /% N Zn]) = (|Zo|2,§021, e ,fozn) ;

in turn, sp can be seen as a local frame of L over Uy from (1.1.2]). One can also try now to prove
directly that L is not trivializable, neither as a complex nor as a real vector bundle. Characteristic classes
developed later on are extremely useful in proving such statements.

The invariance condition is the reason that the tautological line bundle is sometimes denoted
L=0(-1) (1.1.4)
Is there also an “O(1)”, where the invariance condition would be
g\z) = Xg(z) VY AeSH ze 82 (1.1.5)
To achieve that we use the conjugation on C and its obvious extension to C"*!:

Z:=(20,21,---,2n), forz=1(20,21,-.-,2n)
Exercise 1.11. Over CP"™ we consider
L':={(l,2) eCP" xC""' : z €1},

Prove that L’ is a complex vector bundle over CP™ and its sections are in bijection with smooth
function g : S?"*+1 — C satisfying the invariance condition (1.1.5).

How different is L’ of the last exercise from the tautological L? Well, as real vector bundles they are
isomorphic! (Why?) However, the fact that their space of sections exhibit rather different behaviour w.r.t.
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complex multiplication indicates that the two are not isomorphic as complex vector bundles. Again, once
we learn about Chern classes, this expectation can be turned into a theorem.

Next an exercise that indicates the usefulness of working over C even when interested in real vector
bundles (much more on this to come later!).

Exercise 1.12 (the complex structure on 7'S? and the hairy ball theorem). Prove that:

(a) The tangent bundle T'S? of S? can be made into a complex vector bundle where, next to
the addition and multiplication by real scalars that we already have at our disposal, we also
introduce the multiplication by 4: on T},5? for p = (,y, 2), it is given by

‘ 0 0 0 0 0
i- <a337 +ba—y Jrc@z) = (cy—bz)% + (az—cm)a—y + (bx — ay).

(a) In general, if a rank two real vector bundle E — M can be made into a complex vector bundle,
then the existence of a nowhere vanishing section of £ implies that E must be trivializable.
(c) Conclude that the hairy ball theorem is equivalent to the fact that T'S? is not trivializable.

1.2 Morphisms

Exercise 1.13. Show that for any smooth map between manifolds, f : M — N, its differential df
makes sense as a morphism from TM to f*T'N.

Exercise 1.14. Let v : F — F be a morphism of vector bundles. Suppose that fibrewise u is a
linear isomorphism i.e. u, := u|g, : E; — F, is a linear isomorphism for all € M. Show that w is
an isomorphism of vector bundles i.e. u has an inverse that is also a morphism of vector bundle. In
particular, show that ! is smooth.

Exercise 1.15. Let v : F' — F be a morphism between two vector bundles over M, consider the
restrictions to the fibers
Uy = u|p, : Fy = By,

and we fix an point x € M. Please do the following:

(a) Prove that if u, is surjective then there is an entire open neighborhood U of  s.t. u, is surjective
for all y € U.
(c) Then generalise this to a statement about the ranks of the linear maps w,:

rank, (u) := dim (Im(u,)),

namely: for any morphism « and any x € M, there exists an open neighborhood U of z such
that
rank, (u) > rank,(u) forally e U.

(b) State and prove a similar property for the dimensions of the kernels of the maps u,.
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Exercise 1.16. Assume that we have an exact sequence of vector bundles over M,
EO_“ S pl_Y, E2

i.e. E9, E' and E? are vector bundles over M, u and v are morphisms of vector bundles, and they
satisfy the exactness condition
Im(u) = Ker(v), (1.2.1)

i.e. Im(u,) = Ker(v,) for all z € M. Prove that (1.2.1)) is a (smooth) vector sub-bundle of E*.

Exercise 1.17. Show that if F! and F? are vector sub-bundles of a vector bundle E and, at some
reM,
E,=F} +F?

(meaning that any vector in E, is a sum of one from F} and one from F?2), then this equality continue
to hold at all points in an entire open neighbourhood of x.
(compare with Exercise [1.15)

Exercise 1.18. Show that any inner product g on E induces an isomorphism of vector bundles
I,: E = E*,

uniquely characterised by the condition that (I4(s1),s2) = g(s1,s2) for any s1,s2 € I'(E).
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1.3 Inside trivial bundles

The discussions here apply to both to real as well as to complex vector bundle. Therefore let us look at
K-vector bundles where
K e {R,C}.

Exercise 1.19. The main message of this exercise is that, inside the trivial K-bundles
E=MxK!,

one can find very interesting/nontrival ones. Actually, any vector bundle over M can be realised as
sitting inside some trivial bundle M x K* for [ large enough. Here are some basic examples that you
are supposed to explain in full detail:

(a) the tautological line bundle L over CP"; hence M = CP", K = C, but what is [ and what is
the inclusion of L into the trivial bundle of rank [7

(b) the tangent bundle T'S™ of the n-sphere naturally sits inside a trivial bundle; hence here
M = S, K = R, but what is [ and what is the inclusion of T'S™ into the trivial bundle of
rank [?

Exercise 1.20. Show that whenever we have an embedded submanifold N of a manifold M, T'N is
a vector sub-bundle of TM|y:
TN C TM|N

On the other hand, recall that any manifold N can be embedded into some R¥, for k large enough.
Deduce that, for any manifold N, TN can be embedded in a trivial vector bundle.

Exercise 1.21. Consider the trivial vector bundle of rank 4 over S2,
E =52 x R*,
with the canonical frame denoted ej,es,e3,e4 (seen as sections of E) We consider the four new

sections o1, 09, o}, ob of E that send p = (a,b,c) € S? to:

o1(p) = (L +a)e; + ces +bey [ o1(p) =cer —bes + (1 — a)es
o2(p) = (1 +a)ey — bes + ceq | 0h(p) = bey + cea + (1 — a)ey

or, explicitly as elements of S x R%:

Jl(p) = (p,l—i—a,o,c,b) Ull(p) = (p, c,—b,1 _aao)
02(17) = (p70,1+a, _bvc) Ul2(p) = (p> b,c,0,1 _a)

Using these we define _
E := Spang (01, 09,071,03) C E;

hence, at each p = (a,b,¢) € S?, E, is the linear space of o1(p),o2(p), o1 (p), o4(p). Please do the
following:

(a) Show that E is a vector bundle of rank 2 (if it doesn’t work in 15 min, look at the next item).
(b) Show that {1, 02} is a local frame of E over S?\ {(—1,0,0)}, and {57}, 0%} over S?\ {(1,0,0)}.
(¢) Compute the matrix of coordinate changes from the first frame to the second one.
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(d) Identifying R* with C? (more precisely, (x,¥, z,t) with (z + iy, z +it)), show that E becomes
a C-line bundle (i.e. of complex rank 1) over S2, {71} becomes a C-frame of E over S? minus
ps, and {0} becomes a C-frame of E over S? minus py.

Exercise 1.22. Let us focus now on complex line sub-bundles of the trivial line bundle of rank
l=k+1:
LCE=MxCk!

Given such an L:

(a) for x € M, what can you say about the fiber L, (just say the obvious, nothing fancy)?

(b) using the previous point, build now a map fr : M — CP*.

(c) what is the relationship between L, the map f7, and the tautological line bundle over CP*?
(d) explain why all the maps that enter this discussion (e.g. f,) are smooth.

Next, assume that M = S? and k = 1, hence E = S? x C2. Using the canonical frame {e,es} of E,
we define the sections o, 0’ of E given by

{ a(p) = (14+u)ey + (w —iv)es
o' (p) = (w+iv)er + (1 —u)ey

for p = (u,v,w) € S?. We also consider the complex span of these sections,
L := Spang{o,0'} C E (pointwise).

(e) show that, although at each point p = (u,v,w) € S? we used two vectors to span L,, namely
o(p) and o’(p), L is actually a complex line bundle.
(f) What is the relationship with the vector bundle(s) from Exercise
(g) Use item (c) to build a map
w:5? — CP.

(h) Show that this last map is actually a diffeomorphism between the manifolds S? and CP!.

Exercise 1.23. Using the previous exercise prove that
&:CP' = 5% o([z0: 21]) = (|z0|2 - \z1|2,2i20z1) for (z9,2,) € S®

is a diffeomorphism. More precisely, write down explicitly the diffeomorphism ¥ : §? — CP! from
the previous exercise, and then prove that @ is its inverse.
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1.4 Transition functions

General transition data: Recall that a “transition data on (a manifold) M with values in GL,” (the
group of invertible matrices of size r) consists of:

(TD1) an open cover {U%},ea of M, indexed by some set A.
(TD2) for each o, € A, a smooth function with values in the group GL, of r x r invertible matrices

with real entries,
8. U*NUP - GL,

such that the following “cocycle condition” is satisfied: for all a, 5,y € A, one has
7B B = 797 over UYNUPNUY,

ie, forallz € U NUPNUY, 798 (z) - 777 (x) = 7%7(z) (equality of matrices).

Exercise 1.24. Show that for any such transition data one has:

(a) 7@ =1d, for all & € A, where Id, € GL, is the identity matrix.
(b) for all a, B € A, 7@ = (7%F)~! (inversion of matrices).

The relationship of transition data with vector bundles of rank r was two fold:

From vector bundles to transition data: To any rank r vector bundle £ — M one can associate
a transition data with values in GL, as follows. The data will not be unique and will depend on the
following choices:

(c1) an open cover {U%},ea of M s.t., over each U%, E admits a local frame.
(c2) accordingly, for each a we fix a local frame ¢ of E over U®.

Once these choices are be made, the transition data is give by

798 = [ef 1 ¢?]
or, more explicitly,
(TO‘"B)I o (T‘lﬁ)l
1 r B J
TP = . with defining equations: ¢ = Z (T‘X’B)i e
(To"ﬂ); o (T”‘ﬁ); J

Exercise 1.25. Show that for any choices of U® and ¢ as above, the 7%# define a transition data
on M with values in GL,..

Different starting choices will produce very different transition data- even the indexing set A may change!
The precise relationship between such different transition data, although can be described precisely, is
difficult to work with.

From transition data to vector bundles: Conversely, starting with a transition data {U%,7%#} on
a manifold M one can construct a vector bundle E. The idea is to start by putting together all the trivial
bundles U* x R", i.e. consider the disjoint union of these spaces, described as

{(ayz,v) ;€ A,z e U%,v € R},

and define E as the quotient of this last space modulo the equivalence relation
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(a,2,0) ~ (By,w) = y=z, w=7").

Exercise 1.26. Show that, indeed, this is an equivalence relation.

Denoting by [«, 2, v] the resulting equivalence classes, we can write
E={lo,z,v]: € A,z e U veR"}

and there is an obvious map 7 (“projection”) from E to M: send [«,z,v] to x. Furthermore, for each
«a € A, there is also an obvious “local frame ¢* over U*”, with components

e U= E, xw— |a,z, e,
where e{®", ..., e is the usual basis of R". Here we use quotes because the terms make sense only when
we already know that E is a vector bundle (which is what we are trying to explain/prove here!l). These
“local frames” are relevant for two reasons. First of all, with the mind at the fact that local frames encode
local trivializations, we are led to consider the bijections

R N UY) = U* x R”, [(a, 2,0)] = (2,01, .., 0).

Exercise 1.27. Use these maps h® to build a smooth structure on E so that £ becomes a smooth
vector bundle for which all ¢f* are smooth sections.

If you already did the exercise of proving Lemma 1.16 from the notes, then you can use that lemma
here; if not, then use this exercise to prove that lemma as well.

Secondly, once we know that E is a vector bundle, since it comes with the local frames ¢®, by the general
theory discussed above, one obtains a transition data on M.

Exercise 1.28. Prove that the resulting transition data is precisely the transition data {U®, 798}
we started with.

Exercise 1.29. Describe now a transition data that for the tautological line bundle over RP™ (notice
that, since » = 1, the transition functions now take values in R*!).

Small transition data: Next, let us call a transition data to be small if A consists of only two elements.
Given the first exercise, a small transition data on M with values in GL, will be the same thing as an
open cover {U!,U?} of M together with a smooth map

r=7r":U'nU? - GL,

(then 72! = (712)=1 7Ll = 722 = ]d). Small data can give rise to very interesting/non-trivial vector
bundles, already for r = 1, when GL; = R*. Indeed:

Later on in the course we will be proving that any vector bundle over a contractible manifold is trivial-
izable. Assuming you already know that, do now the following:
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Exercise 1.30. Over M = S we consider the small transition data with values in GL; = R* defined
by the open cover

U' = {(z,y) 651:y>—%}, U? ={(z,y) €51y < %}

and 7 given by 7(z,y) = sign(z) = ﬁ What is the corresponding vector bundle?

Exercise 1.31. Show that any vector bundle over a sphere S™ (is isomorphic to one that) is induced
by a small transition data.

Yes, the last question is not very precise; we are interested here in seeing your insight into this discussion,
based on intuition rather than precise formulas. So, please use picture to explain your answer!

Exercise 1.32. Let M = §? = {(x,y,2) € R?: 22 +y?+ 2% = 1}, over which we consider the vector
bundle E := T'S%. We also consider the following

) o 0
e =z — —

oy Var 5: Cor ¢ " Var Ty W

Since S2 C R3, we can view E as a sub-bundle of the trivial bundle E = S2 x R3.

(a) Describe the largest U C S? over which {¢®,¢¥} is a local frame of T'S2.
(b) Consider the similar local frame {¢?,¢*} over the corresponding V C S? and compute the
transition functions from {e”, e¥} to {e%,¢*} .

Exercise 1.33. We consider the tautological complex line bundle L over CP". From its very defini-
tion, L is a vector sub-bundle of the trivial vector bundle £ = CP" x C**!. On E we consider the
canonical frame

¢o = (1,0,...,0), ¢ =(0,1,...,0), e, =1(0,0,...,1).

We also consider the orthogonal complement of L in F,
Lt = {(l,v) e CP" x C""' : v L1},
where the orthogonality L is with respect to the standard hermitian product on C**1:

h:Clx ™ 5 C, h(z,2)) = 202f + 212, + ...+ 202l

(a) working in coordinates (z1, ..., z,) corresponding to the standard chart (Up, xo)
Ups[1:z1:...:20] 2% (21,...,2,) € C",
show that f; := —Z;eo + ¢; with j € {1,...,n} form a local frame of L over Up.

(b) describe the similar frame ' of L+ in the similar chart (U, Y1) and compute the transition
functions from f to .
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1.5 More algebraically: the module of sections

Vector bundles can be approached also more algebraically, via the C°°(M)-module of sections that they
give rise to. To explain this we start by showing that if two vector bundles E and F' over M give rise to
isomorphic C°°(M)-modules, then the vector bundles must be isomorphic. Actually, we show something
more: any morphism of C*°(M)-modules I'(E) — I'(F') arises from a morphism of vector bundles.

Exercise 1.34. Assume that E and F' are two vector bundles over M.
(a) Show that for any morphism of vector bundles u : F — F' | the map
ue : I'(E) = [(F), u4(s):=uos
is well defined and is a morphism of C°°(M)-modules.
(b) For x € M show that, for any v € E,,

(b1) there exists a section s € I'(E) such that s(x) = v.

(b2) if s, s’ are two sections as in (bl), then one can write s’ — s = f'-s; +...+ f¥ . s for
some sooth functions f!,..., f¥ € C°°(M) and some sections si,...,s; € ['(E) with
the property that f!(z) =...= f¥(z) =0.

(c) Show that, given a morphism of C*°(M)-modules
U:I'(E) — I'(F),

there exists a morphism of vector bundles v : £ — F such that U = wu,.
(d) Prove now that F and F are isomorphic vector bundles if and only if I'(F) and I'(F) are
isomorphic C°°(M)-modules.

In a more categorical language, taking sections defines a functor
I : Vect(M) — Mod(C*(M))

from the category of vector bundles over M to the one of C*°(M), and this functor is fully faithful. Of
course, the natural question is to identify which C°°(M)-modules arise from vector bundles. To that end,
we recall (or take as definition) that, given a ring R, an R-module & is a finitely generated projective
R-module if and only if there exists another R-module £’ such that £ ® £’ is isomorphic to a free module
RF, for some k € Z (you can take this as definition).

Exercise 1.35. Show that, for any vector bundle FE over M, I'(E) is a finitely generated projective
C*°(M)-module.

Finally, you can now try to prove the following, which can be seen as a harder exercise:

Exercise 1.36. For any finitely generated projective C°° (M )-module £ there exists a vector bundle

E — M such that £ is isomorphic to I'(E).

All together, one obtains an equivalence between the category of vector bundles over M and that of
initely generated projective C*° (M )-modules (know as the Serre-Swan Theorem). Therefore, for the
more algebraically oriented reader, it will always be tempting to rewrite whatever part of the theory in
purely algebraic terms (instructive exercise indeed!). One should be aware however that care is required.
For instance
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Exercise 1.37. Prove that if a morphism u : E — F' is injective then so is u, : I'(E) — I'(F), but
the converse is not true.

Exercise 1.38. However, it is true that, given a vector bundle morphism v : £ — F'
u is surjective <= w, : I'(E) — I'(F) is surjective.

Here you are asked to prove the reverse implication (the direct will come a bit later).
(Hint: look at Exercise |1.34]).
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1.6 Constructions/operations

1.6.1 Duals

We start with duals. To continue the discussion above, let us look at the corresponding modules. The
pairing between E* and F defined by evaluation, upgraded to sections, is often denoted:

(,): T(E*)x ['(E) - C®(M);
hence, for s* € I'(E*) and s € I'(E), (s*, s) is the smooth function on M given by x +— s%(s;).
Exercise 1.39. Given a vector bundle E over M, prove that I'(E*) is isomorphic to the dual of the

C*(M) module I'(E):
L(E*) 2T (E)*.

Here, if you do not remember/know what dual £* of an R-module & is (for an arbitrary commutative
ring R), then define the concept yourself in such a way that the claim in the exercise holds.

Exercise 1.40. Given a vector bundle E over M and a vector sub-bundle F' C E, prove that:

(a) the annihilator of F' in E,
Anng(F) = {g € B ¢|F = 0},

is a vector sub-bundle of E*;
(b) the annihilator can be identified with the dual of the quotient of E' modulo F:

Anng(F) = (E/F)";

(c) If ¢ is an inner product on E, what is the relationship between the annihilator and the g-
orthogonal of F'in E? (Hint: have a look also at Exercise [1.18]).

Next, we see how ”taking duals” can be applied also to morphisms (turning it into a functor).

Exercise 1.41. Given a morphism of vector bundles over M, u : E — F, recall that u, : £, — F,
denotes the restriction of u to the fibers above x € M. Each such restriction can be “dualised” to a
map

U5F5—>E; Ex > Ex 0 Uy

and, together these define a map denoted u” : F'* — E* and called the transpose of u. Prove that:

(a) uT is indeed a morphism of vector bundles.
(b) Describe the kernel and the image of u”" in terms of the ones of u.

Exercise 1.42. Let u : E — F be a morphism of vector bundles over M, and assume that the two
vector bundles are endowed with inner products gg and gg, respectively. Prove that there exists and
is unique a morphism of vector bundles Assume now that we have a second vector bundle g : FF — M
with fiberwise inner product gr, and that v : £ — F' is a vector bundle morphism.

(a) Prove that there exists and is unique a morphism of vector bundles

uw:F— FE
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(called the adjoint of u with respect to the fiberwise inner products gg and gr) such that

gr(u’(e), f) = gu(e,u(f)) Vee'(E),fel(F)

(b) Describe the kernel and the image of u* in terms of the ones of w.
(c) Through a commutative diagram, describe the relationship between u* and the transpose u
from Exercise Don’t forget to prove that the diagram is commutative.

T

Exercise 1.43. Given a vector sub-bundle F' of E, for any inner product g on E, the restriction
of the quotient map E — E/F to the g-orthogonal F* induces an isomorphism of vector bundles
Ft - E/F.

1.6.2 Sums

Sums were already appearing (at least implicitly) in some of the previous exercises.

Exercise 1.44. Show that the direct sum of the tangent bundle T'S™ with the trivial line bundle
S™ x R is isomorphic to the trivial vector bundle of rank n + 1, S™ x R*+!:

TS" ®Rgn 2 REH

Exercise 1.45. This is to check that “the abstract direct sum” is compatible with the concrete direct
sums. To that end, assume that E' and E? are two vector sub-bundles of a vector bundle E and
define the map

h:E'®E* - E, (e'e?) e +e2.

Show that:

(a) h is a vector bundle morphism.
(b) h is an isomorphism if and only if, for each # € M, E, is the direct sum of E. and E? i.e.,

E,=E.+FE? E!NE?=/{0}.

The following draws the attention of Example 1.21 in the notes, and its first corollary.

Exercise 1.46. F' be a vector sub-bundle of a vector bundle E. Choose an inner product g on E
and consider the orthogonal of I with respect to g, denoted F*; hence

Fr={veE,:glv,w)=0Ywe F,}.

Prove that F+ is a vector sun-bundle of E and F & F+ >~ E.
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Exercise 1.47. Show that if £ admits transition functions Tg’ﬂ : U* = GL,(R), and similarly

TP U = GL4(R) for F, where U = {U®}4ca is an open cover of M, then E @ F admits as
transition functions

&b = 5" 0 U NUP = GLyyo(R)
E®F " 0 T?’B : r+s .

1.6.3 Pull-backs

Exercise 1.48. Given a smooth map f : M — N and a vector bundle E over N, show that any
section s of f*FE can be written as

s=f1-f*(s1)+...+ fF f*(sp) with fi € C®°(M), s; € I'(E)

In other words, as a C°°(M)-module, I'(f*E) is generated by the sections that are pull-backs of
sections of E.

(Hints: One idea is to embed your E into a trivial one, check the claims for the trivial one and then
show that, if the claims hold for a vector bundle F, then it holds for any vector sub-bundle E).

Again, if you are more algebraically minded, you may want to go on and reinterpret the previous result
in terms of tensor products of modules. More precisely, next to the C°°(N)-module I'(F), we can turn
also C*°(M) into a module, with the module action e given by a e b :=a - (bo f), for a € C*°(M) and
b € C*°(N); the two can be combined using the tensor product and, finally, one has a map

C*(M) @c(w) I(E) = T(f*E), Y f'@sim Y [ f(si). (1.6.1)

The exercise shows says that the map is injective, although more it is true: it is actually an isomorphism
of C°°(M)-modules. Hence, for the algebraically minded student: what is f*E? Is the vector bundle over
M whose space of sections is (isomorphic to) the left hand side of (1.6.1)), as C°°(M)-modules.

Exercise 1.49 (for the more algebraically minded students). Prove that the map (1.6.1) is
indeed an isomorphism. Then, keeping in mind that any smooth map f : M — N induces a ring
homomorphism

F7C®(N) = C®(M), f*(b)=bof (1.6.2)

go on and generalise this construction even further: any ring homomorphism ¢ : S — R gives rise to
an operation (called induction along ¢)

Ind¢ : Modgs — Modg, Ind¢(5) =R®s €,
this preserves the property of modules being finitely generated projective and, when applied to (1.6.2)),

Indf* : ./\/lodcoo(N) — MOdCoo(N)

sends I'(E) to I'(f*FE). Fill in the details.
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1.6.4 Quotients; normal bundles
Exercise 1.50. Given a vector sub-bundle F' of F, for any inner product g on E, the restriction of
the quotient map E — E/F to the g-orthogonal F* induces an isomorphism of vector bundles

F+ = E/F.

Exercise 1.51. Given an embedded submanifold IV of a manifold M, the normal bundle of N in M,
N(N,M) — N,

is the vector bundle over N defined as the quotient of TM |y modulo TN. Therefore, N'(N, M) is
the vector bundle over N whose fiber above x € N is

N, (N, M) =T, M/T,N = {v_@ mod T,N : v, € TxM}

where two classes v, mod T, N and w, mod T, N are equal if and only if v, —w, € T,N. If g is a
Riemannian metric on M we also define the g-normal bundle of N in M:

NI(N,M) := {vz eT,M:x € N,g(vg,wy) =0V w, €T1N}.

(a) Make sure that N9(N, M) and N (N, M) are (smooth) vector bundles over N.
(b) Prove that N9(N, M) = N (N, M) for any Riemannian metric g on M.

Given an embedded submanifold N of a manifold M, the normal bundle AV(N, M) mentioned in the
previous exercise comes with the intuition/slogan that “it is the linear-like approximation of M around
N”. The simplest case is when when N = {z} is a point, when N (z, M) = T,,M and the slogan reads:
“T, M 1is the linear approximation of M around x”. For general N, while NV is kept fixed, what can be
“linearised” are the directions ‘normal to N”. The outcome is a vector bundle over N, inside N sits
as an embedded submanifold (via the zero section). Later on we will discuss the tubular neighborhood
theorem which says that, indeed, one can always find a neighborhood of N in M that is diffeomorphic to
N(N, M).

On the other hand, if M is already a vector bundle over N then according to the slogan, N (N, M)
should be the vector bundle itself. The following exercise makes this precise:

Exercise 1.52. Assume that 7 : E — N is a vector bundle and we view N as a submanifold of
M = E via the zero-section N — FE . Prove that A/(INV, E) is isomorphic to E.

When submanifolds arise by applying globally the regular value theorem, normal bundles are triv-
ial(izable):

Exercise 1.53. If N = f~!(yo) where f : M — M’ is a smooth map for which yq is a regular value,
prove that N (N, M) is trivializable.

(Hint: try to describe a canonical isomorphism with N x Ty, M. )
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1.6.5 Hom’s

Exercise 1.54. So: what is the relationship between the vector bundle Hom(E, F') and vector bundle
homomorphisms from E to F'?

| Exercise 1.55. Prove that for any line bundle L — M, the vector bundle Hom(L, L) is trivializable.

For the next exercise, we will use the following notations. First of all, working in the context of (finite
dimensional) vector spaces V and W and fixing

keN,
the Hom-space can be generalised by moving from linear maps from V to W to k-multilinear maps

u:Vx...xV-oW (1.6.3)
~———
k—times
Often it is natural to impose extra-conditions on u. When we impose symmetry, we denote by

Sym*(V, W)

the resulting space of k-multilinear symmetric maps from V to W. When W = R (assuming that we work
with real vector spaces) we use the simpler notation Sym* (V).

Exercise 1.56. Given two vector bundles E and F' over M , show that

(a) Applying Sym* fiberwise one obtains a vector bundle Sym*(E, F) (over M).

(b) Any inner product on E can be interpreted as a section of Sym?(E).

(c) In general, there is a 1-1 correspondence between sections of Sym*(E,F) and C°°(M)-
multilinear, symmetric maps

w. : I(E) % ... x ['(E) — I'(F).

k—times

Another generalization of the Hom-spaces is obtained by imposing skew-symmetry in ; we then
talk about alternating maps from V to W and we denote the resulting collection by Altk(V, W).

Another generalization of the Hom-spaces is obtained by imposing skew-symmetry in ; we then
talk about alternating maps from V to W and we denote by Altk(V, W) the resulting space; hence

AltF(V, W) = {u :Vx ... xV — W :uis multilinear and skew—symmetric}.

k—times
Again, when W = R, we simplify the notation to Alt* (V). While
At (V,W) = Sym®(V,W) =W, Alt*(V,W) = Sym*(V, W) = Hom(V, W),
for k > 2 the spaces Altk(V, W) and Sym*(V, W) are very different from each other.

Exercise 1.57. Applying Alt* fiberwise show that for any two vector bundles T" and F over M one
obtains a vector bundle .Altk(T ,F') over M. Then prove that there is a 1-1 correspondence between
sections of Alt"(T, F) and C* (M )-multilinear, anti-symmetric maps
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Exercise 1.58 (a bachelor-recap exercise). Recall that

(a) Check/make sure that vector fields on M are the same thing as sections of the tangent bundle,
1-forms are the same thing as sections of the cotangent bundle T*M and, more generally,
differential forms of degree k are the same thing as sections of A*T*M:

X(M)=D(TM), Q2'(M)=TI(T*M) QM) =T(AT*M).
(b) Given a 1-form « € 2(M) prove that
w: X(M) x X(M) — C*(M), w(X,Y)=Lx(w()) - Ly(w(X)) - w([X,Y])

is C°°(M)-bilinear and skew-symmetric, hence it defines a 2-form w € 22(M).
(c) Similarly, given a 2-form w € 2?(M) prove that

N X(M) xX(M) x X(M) — C*(M),
N(X.Y,Z) = —w([X,Y],Z) + w([X, Z].Y) — w([Y, Z], X)
FLx (@Y, 2)) ~ Ly (o(X. 2)) + Lz (w(X.Y))
defines a 3-form n € 23(M).

(d) When carrying out (c) for a 2-form w obtained from (b), check that n = 0.
(e) What do all these have to do with DeRham differential?

With the previous discussion in mind, the space of differential forms on M with values in a vector
bundle F (over E) is
QF(M, F) == [(Alt*(TM, F)).
Exercise 1.59. Prove that for any vector bundle morphism A : TM — T M,
Na: (M) x X(M) — X(M), Na(X,Y) = A([AX, Y]+ [X, AY]) — A2([X,Y]) - [AX, AY]

comes from a section of Alt*>(TM,TM), i.e. can be seen as a 2-form on M with values in TM:

Na € 22(M, TM).

Exercise 1.60. Prove that for any vector sub-bundle F of T'M, considering v := T'M/F, the map
Curvge: I'(F)x I'(F) = I'(v), (V,W)~ [V,W] mod F,

comes from a section of Alt*(F, v).

1.6.6 Tensor products

Now there are a couple of exercises for those that are familiar with tensor products.
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Exercise 1.61 (in case you are familiar with tensor products of modules). Prove that for
any vector bundles E and F over M, one has an isomorphism of C'°°(M)-modules:

I'(Ey ® Ep) = I'(E1) @ceo(ary I'(E2).

(Hint: define the map going from right to left. Then make use of the fact that any vector bundle can
be embedded in a trivial one. )

Exercise 1.62. Prove that for any vector bundles E and F over M, there are isomorphisms
Hom(E,F) = E*®F, Sym*(E,F)=Sym*(E)®F, Alt*(E,F)= Alt"(E)® F

and the last vector bundles are also isomorphic to A*E* ® F.

Exercise 1.63. Given a manifold M, we define Pic(M) the collection of all isomorphism classes of
complex line bundles over M. We endow Pic(M) with the operation induced by the tensor product
of complex line bundles:

[L1] - [L2] := [L1 ® La].

Prove that Pic(M) becomes a group.

1.6.7 Short exact sequences

A short exact sequence of vector bundle, written as

0 F—sE-T">F 0, (1.6.4)

consists of three vector bundles F, E and E’ and vector bundle morphisms ¢ and m between them such
that exactness (cf. Exercise [1.16]) holds at all three positions, i.e.:

keri = {0}, Im(i) = Ker(w), Im(n) = E.

The first condition means that i-injective, hence we may interpret F' as a vector sub-bundle of E. The last
condition means that m-surjective and implies that £’ may be interpreted as the quotient of £ modulo
F'. The following exercise show that one can focus either on 4, or on 7, or on the extremities.

Exercise 1.64. Prove that:

(a) Any surjective vector bundle morphism 7 : E — E’ gives rise to a short exact sequence

0 Ker(r) 29 BT F 0,

where “incl” is the inclusion map.
(b) Any vector bundle inclusion i : F' — F gives rise to a short exact sequence
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quot

0 F—>E E/F —0,

where “quot” is the quotient map.
(¢) Any two vector bundles F' and E’ over a manifold M gives rise to a short exact sequence

0—=F s Far g,

where i1 and pro are the obvious inclusion and projection, respectively.
(d) In general, any short exact sequence (1.6.4) is isomorphic to all the previous sequence from
(a), (b) and (c) (in a sense that you have to make precise).

Warning: the isomorphism with the sequence from (c) is not so immediate as the other, and the reason is
very simple: there is no canonical isomorphism F = F @ E’ making the following diagram commutative:

0 F— ' sp_ ™ S F 0
0—>F-"sFrarp -5 _ 59

More insight into what is going on (and a proof for the very last part of the exercise) is provided by the
concept of splittings, which we discuss next.

e by a right splitting of (1.6.4) we mean a morphism h: E' — FE with roh =Idg
e by a left splitting of (1.6.4)) we mean a morphism 6 : E — F with 6 o i = Idp;

Pictorially:

Exercise 1.65. Given a short exact sequence ((1.6.4)), prove that:
(a) For any right splitting h : E/ — F there exists an unique left splitting 6 : E — F satisfying
hom+iof=Idg.

(b) This gives rise to a bijection between right splittings h and left splittings 6 of (1.6.4)).
(¢) Any such pair (h, 6) of such splittings induces a isomorphism (6, 7) and i @ h, inverse to each
other, as indicated in the following commutative diagram:

0 —>F__—*“ BT B

hT J/(O,ﬂ')

0— >F- s Fap o5 o0

(d) Prove that left/right splittings always exist.
(Hint: see below)

And here is yet another type of interpretations of splittings, which provides more insight into the bijection
from the previous exercise (and the last item).

Exercise 1.66. Given a short exact sequence ([1.6.4)), prove that:



22 1 Vector bundles
(a) the choice of a right splitting h : E' — E is equivalent to the choice of a vector sub-bundle
C C FE such that 7|¢ : C — E is an isomorphism. Explicitly:
C=Ttm(h), h=(rle)".

(b) the choice of a left splitting § : E — F is equivalent to the choice of a vector sub-bundle
C' C FE that is complementary to F', i.e. such that £ = F & C. Explicitly,

C=Im(0), 0=prp,

where the last map is the projection associated with the decomposition £ = F & C.
(¢) for vector sub-bundles C' C E the conditions from the previous two items are equivalent:

7m|lc : C — E'is an isomorphism <= FE=F&C.

(d) prove (again?) that left/right splittings always exist.

Putting the last three exercises together one obtains bijections

left splittings _ | right splittings | _ sub-bundles C'C & SL}b—bund.les Cc ,E
0B e LB E PEEEN c_omplementary toF,\ =) st.7w|l¢c:C—FE
’ ’ ie,st. E=F&C is an isomorphism

Exercise 1.67. Let m: E — M be a vector bundle. Prove that:

(a) There is a short exact sequence of vector bundles over E:

dm

0 ™E—"~TE o TM —0,

where, for e € E,
fe : Eﬂ.(e) —T.F

sends v € E () to the initial speed of ¢+ e +tv (a curve in E starting at e!).
(b) Recall that M can be seen as an embedded submanifold of F via the zero section o : M — F;
accordingly, the restriction of vector bundles from E to M is the pull-back operation

0" : Vect(E) — Vect(M).
Deduce that one obtains a short exact sequence of vector bundles over M:

0—>E—i>0*TE dm

T™ 0,

and prove that the differential of the zero section o induces a right splitting of this sequence.
(c) Do again Exercise [1.52]

1.6.8 More operations involving complex vector bundles

Exercise 1.68. Show that a complex vector bundle F' is isomorphic to the complexification of a
real vector bundle if and only if there exists a complex vector bundle morphism

7T F > F
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with the property that 72 = Id.

Exercise 1.69. Prove that the vector bundle over CP™ from Exercise

L':={(l,2) eCP" x C""' :z €1},

is isomorphic to L, the conjugate of the tautological line bundle.

Exercise 1.70. This is an exercise about complex vector bundles.

(a) Show that if u : F; — F, is a morphism of complex vector bundles then so is u : F; — Fy
(the same u, but seen as a map between the F's with the complex structure reversed).
(b) Show that for any complex vector bundle F, its complex dual is isomorphic to its conjugate,
as complex vector bundles:
F*—F.
(c) Can one conclude now that any morphism w : F; — Fb induces a morphism ' : Fy — F5?
Try to describe «’ directly ... what is going on?

Exercise 1.71. Show that for any complex line bundle L over a manifold M, L ® L is isomorphic
to the trivial line bundle M x C.

1.6.9 The tangent bundle of the projective space

In the exercise below we try to understand/unravel the tangent bundle TRP"; to that end we will be
working with several vector bundles over RP"™:

- T and E: the trivial vector bundle of rank 1 and n + 1, respectively:
T:=RP" xR, FE :=RP"xR"".
- L: the tautological line bundle over RP™- whose fiber above [ € RP" is a copy of the line I ¢ R™+!,

- L*: defined similarly, but so that its fiber above I € RP™ is the Euclidean orthogonal I+ of [ in
Rn+1.

Exercise 1.72. Prove that there exists an isomorphism of vector bundles
TRP" = Hom(L, L),

then deduce that
TRP"oT=L"®...oL".
N———r

n+1 times

Hints:

e for the first part: investigate the tangent spaces T;RP”, at an arbitrary [ € RP™. Keep in mind
that, according to the general slogan on tangent spaces, TjRP™ plays the role of “the linear
approximation of RP™ around [”. Now think a bit of how RP"™ looks around I. Isn’t a nearby line
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a graph of a linear map from [ to I+? Doesn’t the tangent space start looking like Hom(Z,1+)?
Turn this idea into an explicit formula. What does that mean in terms of vector bundles?

o for the second part: keep in mind that L* can itself be described as a Hom-bundle; and Exercise
[[.55] may be useful here as well.

A completely similar discussion can be carried out for the complex projective space CP. This time TCP"™
will be treated as a complex vector bundle, and then L will be the tautological (complex) line bundle
over CP", while the orthogonal L (appearing already in Exercise is defined using the standard
hermitian product on C™*!. Of course, T will now denote the trivial complex line bundle, while L* is the
complex dual of L.

Exercise 1.73. Prove that there exists an isomorphism of complex vector bundles
TCP" = Hom(L, L"),

then deduce that B B
TCP" T =L®...0 L, (1.6.5)
—_——

n+1




Chapter 2
Some geometric structures

2.1 Parallelizations

Exercise 2.1. Show that S? x S! is parallelizable.

Recall from the lecture that S and S are parallelizable; that could be proven using complex numbers
and quaternions, respectively. Furthermore, we mentioned that that the parallelizability of S* and S3
can be seen as particular cases of a more general result: any Lie group is parallelizable.

Exercise 2.2. Prove that the 7-sphere S7 is parallelizable. Can you make S” (with its standard
smooth structure) into a Lie group?

The second part of the exercise is intended as food for thought, inviting you to think whether it is
possible or not by imitating S' and S2, if not than what goes wrong, then what is the actual answer to
the question, etc etc. In other words you are not expected to both provide the correct answer as well as
to prove it. The first part however is a precise task and requires a proper proof.

2.2 Complex structures

Exercise 2.3 (the complex structure on S?). We now focus on M = S? and, for p = (z,y,z2) €
S?%, define J, by:

0 0 0 7 0 0 0
as- +ba—y +c% — (cy — bz)% + (azfcx)a—y + (bx fay)a.

€T,5S? €T,R3

(a) Prove that J is an almost complex structure on S2.
(b) To prove that Nj = 0 and, therefore, deduce that J is integrable:

(b1) Remember that T'S? is spanned by the following vector fields
0 , 0 0

25
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and compute Je¢* and the similar ones in terms of ¢”, e¥, ¢?.

(b2) Remember that [e%,e¥] = ¢?, [e¥, e*] = ¢7, [¢, ¢”] = ¢¥ and prove
[Je®,e¥] =0, [Je®, JeY] = —e?, [e¥, Je¥] = —[Je", eY] = Je*

(b3) Compute A;(¢) and deduce that N; = 0.

(¢) Show that V := ye* — (2 — 1)e¥ commutes with JV and, using this, provide another proof that
J is integrable without using the Newlander-Nirenberg theorem.
(d) Show that the stereographic projection with respect to the north pole

. Q2 2 _ €T Yy
xS \ {pn} = R, x(x,y,Z)—<1_z71_z>,

2 2 2 21
<With inverse ( a Y v ) i (u,v))

w2 +2+ 17w+ 024+ 17 w2+ +1

is a complex chart for (S2,J). And in this way we obtain yet another proof that J is integrable
without using the Newlander-Nirenberg theorem.

In item (b2) you will hopefully get

0 0 0] 0
Ty = — J— N J— — Yy _ 2
() 8x+x<m6x+y8y+zaz) e

Exercise 2.4. Assume that J : TM — TM is an almost complex structure on a 2-dimensional
manifold M. Without using the Newlander-Nirenberg theorem, but assuming that around each point
in M one find a nowhere vanishing vector field X such that [X, JX] = 0, prove that J is integrable.

Exercise 2.5. Recall that an almost complex structure J : TM — TM on a manifold M makes
each tangent space T, M into a complex vector space. Recall also that the Nijenhuis tensor of J is
defined by

N X(M) x X(M) — X(M), N(X,Y)=[X,Y]+J([JX,Y]+[X,JY]) - [JX,JY].

Assume now that J is an arbitrary almost complex structure on M. Prove that

(a) J gives rise to a 2-form with coefficients in TM, N € £22(M,TM).

(b) at each p € M the resulting N, : T, M x T,,M — T,M is C-bilinear.

(c) if V € X(M) is nowhere vanishing then V' and JV are linearly independent.
(d) J is automatically integrable when dimM = 2.

Exercise 2.6. Short version: if S” admits an almost complex structure then S™*+! is parallelizable.
And here is the longer version. Assume that S C R"™! admits an almost complex structure .J.
Interpret it as a family of linear endomorphisms

Jy:P,— P, foryeS"

of the hyperplane P, = {v € R"™! : (v,y) = 0} C R""! orthogonal to y.
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Pass now to R"*2; denote by ey, ..., e,y its standard basis and interpret R**! (and all its sub-
spaces, e.g. the Pys) as the subspace of R™*2 via the standard inclusion

(y07"'7yn)'_> (y07~"7yn70)'

For x = (x9,...,Tpy1) € S"TL C R"*2 different from +e, 1, we denote by p(z) its orthogonal
projection on R"**+1,
p(z) = (20,...,2,) € R*!

and the induced element on the sphere

s(x) =

p(z) € S™.

1
|lp(@)l]
Consider the orthogonal projection onto P(,),

prsl(w) (R — Py(a), prﬁ@)()\) =)A= (A s(z))s(x)

and define:
Fi(z) == ny1ei — Tieny1 + |[P(@)]|J(2) (Pragay (€:))

for all x € S"*! where the very last term is set to be zero when it does not make sense (i.e. for
T = de,41). Show that {FO, ... F"} is a frame of S"*1. Deduce that S"*?! is parallelizable.

2.3 Foliations

Exercise 2.7 (foliations by fibers of submersions (simple foliations)). Given a submersion
m: M — N prove that the distribution

Fri=Kerdr ={X €eTM :dn(X)=0} CTM

has the following properties:

(a) it is an integrable distribution on M;
(b) it is an involutive distribution on M.

Avoid using the Frobenius theorem.

Exercise 2.8 (recap on projectability). Given a smooth map 7 : M — N, a vector field X €
X(M) is said to be m-projectable to a vector field V' € X(N) if

(dm)e(Xe) = Vo) YaxeM.

Show that:

(a) X is m-projectable to V' if and only if Lx (7*(f)) = n*(Lvy (f)) for all f € C*°(N), where 7*
is the pull-back operation on functions, and Lx is the Lie derivative operation on functions:
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T (f) = fom Lx(f) = X(f) = df(X).

(b) If X* are m-projectable to V%, i € {1, 2}, then [X!, X?] is 7-projectable to [V, V2].
(c) provide now another proof of the second item of the pervious exercise.

Exercise 2.9. Given a manifold M:

(a) Given a submanifold L C M, show that if V1, V2 € X(M) are two vector fields on M which,
along L, are tangent to L, then so is their Lie bracket [V1, V2].
(b) Deduce that if a distribution F C M is integrable then it must be involutive.

Exercise 2.10. Given a foliated manifold (M, F) prove that the restriction of F to any leaf L C M
is precisely the tangent bundle of the leaf:

Flp =TL.

Exercise 2.11. Let A € R. Described the leaves of the foliation on the torus S' x S' induced by
0 42\ 0
{ a0, + Aa0, }

Exercise 2.12. Let F C TM be a p-dimensional distribution on a manifold M. By the Frobenius
theorem, that the integrability of F is equivalent to the condition

[V,W]=0 mod I'(F), VV,WeTI(F).

Show that this condition is equivalent to the vanishing of a section (that you have to describe) of a
vector bundle (that you have to describe as well).

Hint: X mod I'(F) with X € X(M) encode sections of the normal bundle v := TM/F. After at least
another 10-15 min of trying (and only then!): you may also want to look at some older exercises.

Exercise 2.13 (Exam 2024). Let (M, g) be a Riemannian manifold and assume that F C TM is
a distribution on M. We denote by F+ C T'M the orthogonal of F with respect to g and by

pry :TM — Ft
the orthogonal projection with respect to g. Finally, define
cr:D(F)x D(F) = L(FY), cx(V,W) =pry ([V,W]).

(a) Show that cx defines a section of Alt2(.7:, FL:

(b) Show that F defines a foliation on M if and only if ¢z = 0.

(d) Prove that F= is isomorphic to the normal bundle 7'M /F and, modulo this isomorphism, ¢
is nothing but the curvature of F from Exercise |1.60
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Exercise 2.14 (retake 2026). Let M be a manifold and J : TM — TM be a vector bundle
morphism. Show that:

(a) the operation that associates to two vector fields X, Y € X(M) the new vector field
N3(X,Y) = J([3X, Y] + [X,0Y]) = P*([X, Y]) - [JX,JY]

defines a 2-form on M with coefficients in TM, Ny € 2*(M, TM);
(b) if Ny = 0 and the image Fy := J(TM) C TM is of constant rank, then Fj defines a foliation.
(c) if, furthermore, J3 = —J then, for each leaf L C M of the foliation Fj, the restriction J|ry, :
TL — TL defines a complex structure on L.

Exercise 2.15. Assume that F is a vector sub-bundle of TM and we look at ”k-differential forms
along F7 (for any k) by which we mean sections of the vector bundle I'(A* F*). These are related to
the usual k-forms on M by the obvious restriction map

Q8 (M) — D(A*F*), n=lr

which, pointwise, restricts a k-multilinear skew-symmetric form on 7, M to one on F,. We would
like talk about ”DeRham differential along F”,

dr : T(A*F*) — D(AFLF?)
(defined for all k) such that it is compatible with the usual DeRham differential d in the sense that
dr(nlF) = d)lF Ve Q28M).

Note that, since the restriction map is surjective, dx will be unique if it exists. Show that dr exists
if and only if F is involutive. (Hint: look first in low degrees. And do not forget about the Koszul
formula).

2.4 Symplectic structures

Exercise 2.16. Below M is a smooth manifold, and let us recap:

(a) Given an almost complex structure J : TM — TM,

Ny X(M) x X(M) —s X(M),
{NJ(X, Y)=[X,Y]+ J(JX,Y] + [X,JY]) — [JX, JY]

is a skew-symmetric, C°° (M )-multilinear in each argument whose vanishing is equivalent the
integrability of J (Newlander-Nirenberg theorem).
(b) Given a distribution F C TM and considering v := TM/F,




30 2 Some geometric structures

Curvg: I'(F) x I'(F) — I'(v),
{CUI‘V]:(X,Y) = [X,Y] mod F

is a skew-symmetric C*° (M )-multilinear map whose vanishing is equivalent to the integrability
of F (Frobenius theorem).
(c) Given an almost symplectic form w € £22(M), describe a map

X(M) x X(M) x X(M) — C>*(M)

that is skew-symmetric C'*° (M )-multilinear, whose vanishing is equivalent to the fact that w
is integrable. Can you give an explicit formula for this map, involving Lie brackets and Lie
derivatives, similar to the ones from the previous items?

Exercise 2.17. The Liouville form associated to a symplectic manifold (M,w) is the top differ-
ential form )
ok
My = k!w k!w/\...w,

k times

where k is half the dimension of M. Show that:

(a) py, is a volume form.

(b) Deduce that any symplectic manifold carries an induced orientation. In particular, non-
orientable manifolds cannot carry symplectic structures.

(c) If M is compact then a = [w] € H?(M) is non-zero. In particular, compact manifolds with
H?(M) = 0 (like the spheres of dimension > 2) cannot carry symplectic structures.

(d) When M is compact, can a? be zero? What is the best you can say?

Exercise 2.18. Define the so called Liouville 1-form on T*M, X\ € QY (T*M), defined as follows.
For a general tangent vector to T*M at some point & € T M (for some x € M),

Vg € Tg (T*M)
we map it to T'M via the differential of the projection map 7 : T*M — M,
dr (Ve) € M (z = m(€))

and we evaluate £ € T; M on it:
A(Ve) 7= &(dm (Ve)).-

Check that, in the local coordinates mentioned above, A = > y v;dx; and, therefore, weq, could be
defined directly as d\.

Exercise 2.19. Prove that any manifold that admits a complex structure also admits an almost
complex structure.

Probably the best approach to the previous exercise goes via hermitian structures. Let us start with a
straightforward exercise in that direction:
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Exercise 2.20. Assume that we have a complex vector bundle or, equivalently, a real vector bundle
F endowed with a complex structure J : E — E. Show that there is a 1-1 correspondence between
hermitian structures h on (E,J) and inner products g with the property that

g(Ju,v) = —g(u,Jv) Y u,ve€E.

Explicitly, g is the real part of h, while h can be reconstructed as h(u,v) = g(u,v) — ig(Ju,v).

The next exercise provides more insight into (as well as an actual solution to) Exercise m

Exercise 2.21.

(a) First, let’s see that the existence of a complex structure J on vector bundle E implies the
existence of a symplectic structure on E. To that end we assume that we a complex structure
J: E — E is given, we choose a (any) metric g on E and your are asked to prove that

w(u,v) == g(u, Jv) — g(Ju,v)

defines a symplectic structure on F.
(b) Show that actually w is part of a hermitian structure on E; more precisely, show that

h:=g +iw,

where ¢’ is defined by ¢'(u,v) = g(u,v) + g(Ju, Jv), together with the original J, define a
hermitian structure on FE.

(c) If you had more trouble with the first item than with the second one, can you explain why?
After all, the second does imply the first one, no?

Exercise 2.22. Consider T'S? with its standard complex structure, see Exercise Prove now
that 7S? admits one and only one hermitian structure whose real part is the inner product induced
from the standard inner product on R3 via T5% C S? x R3.

(Hint: see Exercise [2.20)).







Chapter 3
Connections

3.1 Some generalities and simple examples:

Exercise 3.1. Show that for any two connections V! and V? on a vector bundle E there exists a
1-form
0 € 2'(M,End(E)) (recall End(E) = Hom(E, E))

such that

Vi (s) = Vi(s) +0(X)(s) V X € X(M),s € I'(E).
Then explain the statement: the space of connections on E form an affine space with underlying
vector space §21(M,End(E)) (hint: 6 is basically the vector VIVT).

Exercise 3.2. Prove that any convex linear combination of two connections is again a connection,
i.e., given V! and V? connections on E and p1, p2 smooth functions on M (the base manifold) such
that p; + p2 =1, then

V = p1 V4 po V2
is also a connection. What if you have larger families? Use now a partition of unity argument to show

that any vector bundle admits a connection.

Exercise 3.3. Let V be a connection on a vector bundle E over M. Show that one has:

(a) an induced connection V* on E*, defined by the Leibniz-type equation

Lx(&(s) = Vx(E)(s) +&(Vx(s))

for all s e I'(E), £ € I'(E*) and X € X(M).
(b) an induced connection V™ on Hom(E, E), defined by the Leibniz-type equation

Vx(T(s) = VX™(T)(s) + T(Vx(s))
forall s e I'(E), T € I'(Hom(E, E)) and X € X(M).

Assuming now that we have a second bundle E’ endowed with a connection V', show that one has:

(c) an induced connection V@& V' on E @ E’ given by

(Vo V)x(s,8) = (Vx(s), Vx(s')).
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(d) an induced connection V® V' on E @ E’ given by

(VaV)x(s®s)=Vx(s)®s + s Vy(s).

Exercise 3.4. Given a connection V on a vector bundle F over M, show that

VY (u)(s1,82) == u(Vx(s1),82) +u(s1, Vx(s2)) — Lx (u(s1,52))

deﬁnes connections ) R
Sym Alt
vevme o v

on the vector bundles Sym?(E) and Alt?(E) (from Exercise and [1.57). Then generalise this to
arbitrary degrees, and also in the presence of coefficients.

Exercise 3.5. This is a continuation of Exercise [3.3] hence we assume the same notations. For two
finite dimensional vector spaces V and V' and K € End(V) and K’ € End(V’), we consider

K* € End(V")  given by K*(§)(v) = (K (v)),

Adg =[K,—] € End(V) given by Adg(T) = [K,T]=KoT —To K,
KoK €End(Vae V') given by (K® K')(v,v') = (K(v),K'(v")),
K@K €End(VeV') givenby (K@ K')(vev)=K{) e K'(v).
We keep the same notations for endomorphisms of vector bundles. Show that the curvatures of V*,
vHom 7 ¥V and V ® V' from Exercise are given by
kv« (X,Y) = —kv(X,Y)",

kguom(X,Y) = [kv(x,v): =),
kvev (X,Y) = ky(X,Y) @ kv (X,Y),
kveov (X,Y) =1dg @ by (X,Y) + ky(X,Y) @ Idgr.

Exercise 3.6. On M = S? C R? we consider the trivial vector bundle of rank 2, E = S§? x R?, and
we denote by {e1, ea} its canonical frame. Consider the connection V on E whose connection matrix
w.r.t. {e], e} is

_ (zxdy ydz
Y=\ zde 22dx + y2dy + 2%dz )’

where x,vy, z are the coordinates in R?, and when writing zdy etc we mean their restriction to S2.
Please do the following;:
(a) Compute V, 2 .0 (x%eq + ryzes) (more precisely, compute the coefficients of this expression
z y
w.r.t. the basis {e1, ea}).
(b) Compute the connection matrix of V with respect to {e1, ea}. Shouldn’t this matrix be zero,
since the vector bundle is trivial? What is going on?
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Exercise 3.7. We consider the trivial vector bundle of rank two over S2,
E =52 x R?,

and, as usual, we interpret the sections of E as pairs (f, g) of functions f,g: S? — R. For ¢ € R we
set ¢ := xdy + eydz € £21(S?) and we consider the connection V¢ on E given by

Vi (f,9) = (Lx(f) +96°(X), f0°(X) + Lx(9))-

(a) what is the connection matrix of V¢ w.r.t. the canonical basis of E?
(b) what is the curvature matrix of V¢ w.r.t. the canonical basis?

Exercise 3.8. Let E = M x R be the trivial line bundle over a manifold M, let § € £21(M) be a
1-form. Keeping in mind that I'(E) = C*° (M), prove that

VP X(M) x C%(M) = C%(M),  V&(f) = Lx(f) + f0(X).

is a connection on E and compute the curvature of VY in terms of 6.

35
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3.2 Connections induced on sub-bundles of trivial bundles

We have seen that many vector bundles sit naturally inside a trivial bundle (and, furthermore, although
“less natural” in full generality, every vector bundle can be embedded in a trivial one). The good news is
that any such vector bundle comes endowed with a natural connection:

Exercise 3.9. Show that, whenever E sits inside the trivial vector bundle E =M x R* the following
is a connection on E:

V:XM)xT'(E) = I'(E), (X,s)— Vx(s):=pra® | Viat(s) (3.2.1)
er(E)

where V2t is the standard flat connection of the trivial bundle, and prE* is induced by the canonical

orthogonal projection from R* to the subspaces E,.

Let us spell this out in a bit more detail, also noticing that the setting is a bit more general: whenever
FE sits inside a vector bundle £ — M that comes equipped with

e a connection V on F,

e an inner product g on F

it follows that F will itself inherit connection. To that end we start by restricting V to E:

X(M) x I'(E) —» I'(E), (X,s)+ Vx(s).

Then, since for each x € M we have E, C Ex we can get back to E by using the orthogonal projection
w.r.t. g, pr%x : B, — FE,, which induces a map on sections

prl, : I'(E) = I'(E).

Combining the two one now defines

V:X(M)x I'(E) = I'(E), (X,s)~ Vx(s):=pr% | Vx(s) (3.2.2)

er(E)
Exercise 3.10. Prove that, indeed, V is a connection on F.

Remark 3.11 (linear algebra: orthogonal projections). For more explicit formulas, you should first think a
bit about orthogonal projections _
pr{, :V —V

onto vector subspaces V' C V w.r.t. the a given inner product g on V. By definition, for v € ‘7, v :=pr{, ()
is the unique vector of V' with the property that v — v is orthogonal to V.

Assume now that you are lucky and you do have an orthogonal basis {o1,...,0,} of V. While v =
pr{, (v € V will be determined by its coefficients w.r.t. this basis, one can now go on and actually compute
those coefficients from the condition that v — v is orthogonal to V.

Exercise 3.12. Carry out the computation described in the previous remark and conclude that

~ ;I\J',O' :1770-7”
9 (v :M.Ul_,_m_,_u.

g(o1,01) 9o o) " (3.2.3)
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Warning: do not prove that this formula works, but prove that the reasoning above produces this
formula. In other words: you do not have to know this formula by heart, you can always deduce it!

Exercise 3.13 (the canonical connection on 7'S?). We now work over M = S% over which
we consider the vector bundle E := T'S?. Using the fact that S? C R? to embed T'S? in the trivial
bundle S? x R3, we endow E with the resulting connection

V:X(S?)x I'(E) - I'(E), (X,s)~ Vx(s):=prg | Vid'(s) |,

er(E)

or, if you prefer the dual point of view, dy : I'(E) — 21(S?, E), dv(s) = prg(dyna(s)).
We also consider the following vector fields on the sphere (as in Exercise :

(a) Show that
r 9\ ez—zey—g—m mg—k 2—|—z2
Prel\ gy ) =Y - Oz ox yay 0z

dy(e®)=—z-(dr @ +dy®e? +dz®¢?).

(c) Check (again?) that {e®,e¢¥} is a local frame of T'S? over U = {z # 0} and compute the
connection matrix w of V w.r.t. {¢%,e¥}.

(b) Show that

Exercise 3.14. Consider the rank two real vector bundle from Exercise [1.21
E :=Span(oy,02,0},04) C E = 5% x R%.

and recall that {01, 02} is a local frame of E over S? minus pg = (—1,0,0), while {o}, 05} is a local
frame of E over S? minus py = (1,0,0). We now consider the induced connection on E,

V:X(S?)x I'(E) - I'(E), (X,s)~ Vx(s):=prean | viat(s)

eI (E)

(a) Compute the connection matrix of V w.r.t. the frame {o1,02}.
(b) Then compute the curvature matrix w.r.t. the same frame.
(c) Compute now the connection and the curvature matrix of V w.r.t. {of,0%}.

Exercise 3.15. Let M be a manifold endowed with a foliation F (interpreted as an involutive
sub-bundle F C TM). By an F-connection on a vector bundle N over M we mean a bilinear map

Vi I(F) x T(N) = T'(N)
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satisfying the usual identities

Viv(s) = fVv(s), Vv(fs)=[fVv(s)+ Lv(f)s
for all f € C*(M), s € I'(N) and (only) V € I'(F). Given an F-connection V on A prove that

(a) There exists a connection V on A" which extends V in the sense that Vy (s) = Vy (s) for all
V el'(F)and s e I'(WN).

(b) For any leaf L. C M of F, there exists an induced connection V¥ on Ny,
VP R(L) x T(N|L) = T(N]L),

which is canonical (in the sense that it does not depend on the choices one might make to
describe it) and has the property that Vy (s)|L = V{;|L(S|L) forall V € I'(F) and s € I'(NV)
(note: for V € I'(F) one has V| € X(L) because, at any x € L, one has V, € F, = T, L).

As an example of a vector bundle with an F-connection we take the normal bundle v = TM/F and
we endow with with the so-called “Bott connection”:

VB D(F) x I'(v) = I(v), V"X mod F) := [V, X] mod F.

Prove that:

(c) VB is indeed an F-connection on v.
(d) VBt is F-flat, i.e.
VEol) = [VES", VBt YV, W e I(F).

(e) For any leaf L of the foliation, its normal bundle N (L, M), a vector bundle over L, admits a
flat (usual) connection.
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3.3 Connections on complex vector bundles

What was discussed in detail for real vector bundles also has a version over C that works pretty much the
same. However, it is instructive to go through the details. First, the notion of “connection on a complex
vector bundle E” is the same just that

X(M)xI'(E) — I'(E), (X,s)— Vx(s)

is now required to be C-linear in the second argument (and still R-linear in the first). In other words,
this is nothing but a connection on E viewed as a real vector bundle, which is also required to satisfy
Vx(i-s)=1i-Vx(s) for all X and s. Notice that this implies that the equation

Vx(fs)=fVx(s)+ Lx(f)s

holds for all complex valued smooth functions f € C°(M,C). This is important when writing local
formulas, when we use local frames ¢ = {ej,...,e,} of the complex vector bundle E (hence, at each z,
they give a basis of the complex vector space E,). Indeed, in that case arbitrary local sections of E (over
the open U where the local frame is defined) can be decomposed uniquely as fle; + ...+ f™e,, with
ft € C°°(U,C) (smooth C-valued functions). Therefore, one can go on and define the local connection
matrix of such a connection V w.r.t. to e,

w = (Wi j)1<i,j<rs

by the same formulas as in the real case,

Vxl(e;) = Zw;(X) -e; <or dv(e;) = Zw; ®ei> ,

the only difference being that each wj- (X) is now a C-valued smooth function, i.e., each w} is now a
C-valued differential form: 4
wh € 21(U,C)

(while usual (real) differential forms on a manifold M are forms with coefficients in the trivial real line
bundle M x R, the C-valued forms are forms with coefficients in the trivial complex line bundle M x C).
To sum up and relate to the real case:

Exercise 3.16. Assume that F' is a complex vector bundle over M. Recall that F' has an under-
lying real vector bundle E = Fgr and, conversely, the complex vector bundle can be seen as a real
vector bundle E together with an endomorphism J : E — E satisfying J?> = —Idg (encoding the
multiplication by 7). Show that:

(a) A (complex) connection on F' is the same thing as a (real) connection V on E = Fy satisfying
Vx(J(s)=J(Vx(s) VXeX(M),sel(E).
(b) Any (complex) local frame e = {eq,...,¢,} of F' gives rise to a (real) local frame of E = Fg:

CR 1 — {21,...,QT7J(21)7...,J(%)}
(c) Given a (complex) local frame ¢ = {eq,...,e,} of F' over some open U, we now consider:

e the connection matrix of V w.r.t. e (an r x r matrix with entries complex 1-forms)

w = (wg)lgnqér €M, (Ql(UaC)) )

Furthermore, express w in terms of its real and imaginary parts:
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w=n+1i-¢(, withn, (e M, (Ql(U));
e the connection matrix of V w.r.t. the local frame ¢g of E:
8 = @) 1<jh<ar € Moy (2(U)) 5

Your are asked to describe the (2r) x (2r) matrix & explicitly in terms of 7 and (.

Exercise 3.17. Consider the tangent bundle T'S? endowed with the connection V from Exercise
[3:13] and with the complex structure J from Exercise 2.3

(a) Prove that V is a connection on the complex vector bundle (7'S2, J) and ¢% = za% - ya% can

be seen as a complex frame of (T'S?%,.J) over U, = {y? + 22 # 0}
(b) Compute the resulting C-valued functions f; and fs on U, such that

= fr-e", = fy-e".

(c) Show that the connection matrix of V w.r.t. ¢ is

ydy + zdz ydz — zdy . 1
w= s x s i€ 2°(U,,C).

(d) Prove that the curvature matrix is i time the volume form of S?, u = xdy dz+ydz dx + zdx dy.

(Hint: in (b) you should get f1 = ;ﬁfgf, fi= ;ﬁi}y For the computation in (d) you may want to
notice first that dm—zdy = % = % = p, whenever the expressions are defined).

Exercise 3.18. Consider the tangent bundle T'S? endowed with the connection V from Exercise

[3:13] and with the complex structure J from Exercise 2.3
Prove that V is a connection on the complex vector bundle (T'S?,.J).

(a) Prove that V is a connection on the complex vector bundle (752, J).
(b) Prove that ¢® = z-2 —y-2 can be seen as a complex frame of (T'S?, J) over U, = {y>+2% # 0}

and compute the resulting C-valued functions on U, such that
o/ =f1-¢", & =fa-e"
(¢) Show that the connection matrix of V w.r.t. % is

ydy + zdz ydz — zdy . 1
w= " x- e i€ 2 (U, C).

(d) Also compute the curvature matrix and show that it is precisely the volume form of S2,
w = xdydz 4+ ydz dx + zdx dy.

(Hint: in (b) you should get f; = ;’Si‘;z, 1= _yﬁj__zéy For the computation in (d) you may want to
t dzdy _ dydz _ dzdz __ M)
T - SRR 22T .

notice first tha
y y
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Exercise 3.19. Show that the connection from Exercise is a (complex) connection on E, where
F is seen as a complex vector bundle as discussed in Exercise See also Exercise below.

Next, the construction of connections on sub-bundles of the trivial bundle from (3.2.2)) works without
any problem in the complex setting, with the only observation that we now use hermitian products h
and, in particular, on C* we use the standard hermitian product

he (2, 2") = szz?, for z = (z1,...,21), 2 = (2},...,2,) € C~.
J

Notice also that the formula for pr’ () from Exercise continue to hold in the complex context- hence

whenever V. C V is a complex vector subspace, h is a hermitian product on V and {o1,...,0.} is an
h-orthogonal (complex) basis of V:

5 h(v,01) n h(v,0:)

pry (v) = i o1 h(omon) O (3.3.1)

01,01)

Exercise 3.20. Let V be a complex vector subspace of a hermitian vector space (‘7, h); recall that:

e Vi and Vi stand for ‘7, respectively V/, seen as real vector spaces,
e the real part of h, g := Re(g), is an inner product on Vg,
e a frame ¢ = {e1,...,¢,.} of V gives rise to the frame eg = {e1,...,¢r,4-¢1,...,7-¢.} of V.

Prove that:

(a) priy = pri,;
(b) If ¢ is h-orthogonal then eg is g-orthogonal ...
(c) ... and the resulting formula (3.3.1]) using e coincides with the formula (3.2.3)) using eg.

Exercise 3.21 (redo Exercise with simpler formulas). Consider again the vector bundle
from Exercise but we treat it as a complex line bundle

ECE=58xC?
and we endow it with the resulting complex connection V obtained by the general recipe.

(a) Recalling that o1 can be seen as a (complex) local frame of E over S\ (—1,0,0), compute
the connection and curvature matrix of V w.r.t. oy.

(b) What is the relationship with the connection from Exercise

(c) Recover the (real) connection and curvature matrices from Exercise

Let’s now see some more serious implementations of the construction of connections (3.2.2)) in the complex
case. We give all details in the case of the tautological line bundle

L={(,z)eCP*"xC"":z€l};

then the resulting connection

V:X(CP") x I'(L) = I'(L), (X,s)— Vx(s):=pr; | Vit(s) (3.3.2)

€r(e)
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or, if you prefer the dual point of view,
dy : (L) = 2Y(CP", L), dv(s) = pr(dyna(s)),

makes use of the following basic pieces:

e the canonical flat connection V32t on the trivial bundle E = CP"™ x C**1.
e the standard hermitian product on C"*+1:

h:Cx C" 5 C, h(z,2)) = 202) + 212) + ...+ 202],

e for each | € CP", the orthogonal projection onto [ with respect to h, pr; : C**! — [. Hence pr,(z)
is the unique point in [ with the property that z — pr;(z) is perpendicular to ! w.r.t. h; it can be
described in explicit formulas by:

(=)
R(E.©)

e the map induced at the level of sections and, for dv, on forms with coefficients:

pry(z)

¢, with € €] a/any non-zero vector.

pry : [(E) — I'(L), pry: 2YCP", E) — QY(CP", L).

An interesting exercise is to write down V locally, in terms of local connection matrices. Since L is of
(complex) rank one, a local frame over an open U C CP" is just a nowhere vanishing local section of L
defined over U. We choose here U to be

Uo:={lz0:21:...: 2zn] : 20 # 0},
i.e. the domain of the standard chart
X(]ZUO—>(Cn, [1:z1:...:zn]<—>(z1,...7zn).

Over Uy we have the local section eg given by that sends [1: 21 :...: 2,] to (1,21,...,2,). We can now
talk about the connection matrix of V w.r.t. e, which will be a C-valued 1-form on U, denoted

w e ! (Uo, (C)
Exercise 3.22. You are asked to compute w in the chart yo. More precisely, you are asked to prove
that w is equal to (the pull-back via xq of)

Zidzy + ...+ Zpdzy,
L4+ 212 + ...+ |20]?

e NY(c",0),

where, as before, z = xx + @ - yx stand for the coordinate functions on C", zy = xx — @ - yx,
dz, = dxy + 1 - dyg (a C-valued 1-form!).

The computation of the curvature matrix is a bit more involved; we organise it as follows:

Exercise 3.23. Compute now the curvature matrix k in the chart xo. More precisely:

(a) when n = 1 prove that k is equal to (the pull-back via x¢ of)

1
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(b) do the computation for general n, show that k can be described by the following short formula:
k= —00log(1 + |2|?) € £2*(C",C)
where |2|? = |z1|? + ...+ |2,/|?, and then show that

n!

O

le/\dfl/\/\dZn/\dzn

Exercise 3.24. Carry out the same discussion for the conjugate of the tautological line bundle
L':={(l,2) e CP" x C"*' : z € 1},

which we have encountered also in Exercise and Exercise What changes when replacing L
by L'? Generalise that conclusion to general complex bundles.

Exercise 3.25. We now apply the general recipe to the orthogonal of the tautological line bundle,
Lt = {(l,v) e CP" x C"™' :v L I}

to construct the connection

V:X(CP") x I'(LY) —» I(LY), (X,s)— Vx(s) :=pry. | Viast(s)

€Ir(E)
In this exercise we will focus on the chart
Upd:zr:.. .20 2% (21,...,2n) € CT,

and we will use the coordinates (z1, ..., z,) corresponding to this chart. As observed in Exercise m
using the canonical frame {eo, ¢1,...,¢,} of E = CP" x C**!

f = —Zje0+¢; withje{l,... ,n}
form a local frame of Lt over U,.

(a) Show that
pro(e0) = e e

(b) Compute the connection matrix w of V w.r.t. f.
(¢) Compute the curvature matrix of V w.r.t. f.
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3.4 Parallel transport

Exercise 3.26. In the context of vector bundles 7 : E — M endowed with a connection V, we now
discuss a coordinate free description of %(t) for paths u : I — E above some path v: I — M. Fix
u and prove that:

(a) if w is the evaluation of section of s € I'(E) along v, i.e. if u(t) = s(y(¢)) for all t € I, then

Vu

E(t) = Vs (s) (evaluated at y(t)).

(c) while it is not always possible to find an s as above, one can always write

for some section s of the pull-back priE of E via the second projection pry : I X M — M.
(d) for 5 as above, denoting by s; € I'(E) the section $(¢,-) (one for each t € I), one has:

0 = (Tato + %) e

Exercise 3.27. Return to the setting of Exercise the trivial vector bundle of rank 2 over
M = S? C R3, E = S8? x R?, endowed with the connection V whose connection matrix w.r.t. the
canonical frame {eq,es} is

_ (xdy ydz
Y=\ 2de 22dx + y2dy + 2%dz )

Compute the parallel transport 792" : R* — R? of V along v : [0,27] — S, 4(t) = (cost,sint,0).

Exercise 3.28. Return to the setting of Exercise the trivial vector bundle of rank 2 over
M =52 Cc R?, E = S? x R?, endowed with the connection V¢ given b

V& (f,9) = (Lx(f) + g0°(X), f0°(X)+ Lx(9)),
where 0¢ := zdy + eydx € 2'(S5?). Please do the following:

(a) when € = 1, prove that the resulting parallel transport along any curve « : [0,1] — S? with
the property that v(0) = (1) is the identity map;
(b) when € = —1, compute the parallel transport along the curve v(t) = (cost, sint,0).

Exercise 3.29. Return to the setting of Exercise E = M x R the trivial line bundle over a
manifold M, endowed with the connection

VO X(M) x C%(M) = C*(M),  V&(f) = Lx(f) + f0(X),

associated to a fixed (but arbitrary) 1-form 6 € £2'(M). Please do the following:
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(a) a path u in E = M x R has two components, namely a path v, in M and a path f, in R. For
u = (Yu, fu), describe the components of Vd—et“.
(b) given a path « : [0,1] — M with v(0) = (1), show that the resulting parallel transport along

v, TSJ : Ey0) = E5(0), is the multiplication by the real number exp <_ f[0,1] 7*9).

Exercise 3.30. Consider the tautological line bundle L over RP!, endowed with the connection
(3.2.1) coming from the inclusion L C RP x R2.

(a) Consider the curve 7 : [0,1] — RP!, y(¢) = [cos 7t, sin 7t]. Since 7 starts and ends at p = [1 : 0],

the parallel transport Tg’l along v is a linear automorphism of L,. Prove that
0,1 _
)" =-ldg,.

(b) Recall that RP! is diffeomorphic to S*. Draw a picture of L inside R3, i.e. exhibit a subspace
of R3 that is diffeomorphic to the manifold L and indicate on your drawing the fibers of L.
Then, on the picture, describe the parallel transports Tg’t. Make sure that the Moebius does
show up in your picture.

Exercise 3.31. Consider E = T'S?, the tangent bundle of the sphere, endowed with the standard
connection discussed e.g. in Exercise [3.13] From the general theory it follows that for any path « in
52 and any path ¢ in E = T'S? sitting above 7, we can talk about %, which is a new path in F
above . Writing v(t) = (z(t), y(t), 2(t)) and denoting by f(¢), g(¢t) and h(t) the components of £(¢)

obtained by writing
0 0 0
t)=f(t)| =— +9(t) | =— + h(t <>
§(t) = f(t) <ax>w) g(t) (ay>7m ®{ 5, o

prove that the similar components of Z—f are
f+az@f+yg+2h), g+y(@f+yg+zh), h+z2@f+gg+zh).

Then, for v(t) = (0, cost,sint) show that the parallel transport Tg’t By = B, satisfies:

0 0 0
O’t —_— - — ] . — - —_——
T,Y (&z) = —sint By + cost 5

Exercise 3.32. We now return to the setting of Exercise and Exercise [1.21
E :=Span(o1,03,0,,04) C E = 52 x R?,
endowed with the connection
V:X(S?) x ['(E) = I'(E), (X,s)~ Vx(s):=pr™ | Vi(s)

H’,‘,—/
er(E)
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Find a loop v : [0,1] — S2, i.e. a path that starts and ends at the same point p, such that the
resulting parallel transport T,?’l : E, — E, is not the identity map (try something simple-like
(0, cos(ct), sin(ct)) for some appropriate constant c).

Exercise 3.33. Let F' be a complex vector bundle and let V be a (complex) connection on F. One
also thinks here of F' as a real vector bundle £ endowed with a complex structure J : E — E, and
of V as a connection on E with the property that Vx o J = J oV (cf. Exercise [3.16)).

(a) Show that if a path w : I — E is parallel w.r.t. V, then so is J o u.
(b) The parallel transports w.r.t. V (with V viewed as a real connection on E)

T By o) = By,

a priori isomorphisms of real vector spaces, are actually C-linear.

Exercise 3.34. Consider now the tautological line bundle L over CP!, endowed with its standard
connection (3.3.2)), let p = [1: 1] € CP' and we consider the loop

v:10,27] — CP',  w(t) =[1:e"].
Compute the parallel transport (w.r.t. V)
T9?™ : Ly — Ly,

(you should get minus the identity map).

Exercise 3.35. Consider the tautological line bundle L over CP!, endowed with its standard con-
nection . According to the general theory, for any path v : I — L sitting above some path
v: I — CP' (hence u(t) € L)), one can talk about the derivative Y%, which is again a path in L
above ~. Assume now that

1(t) = [a1(t) : 22()] € CPY, - u(t) = at)er (v(t)) + b(t)ea(7(1))
where, as before, {e1, ez} is the canonical frame of E = CP! x C2. Show that

Vu Zi-a +7Z3-b
@ T T Bt )

Then, for v : [0, 7] — CP!, v(t) = [1 : €], compute the resulting parallel transport

0,t .
T3 Lago) = Ly
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3.5 Compatible connections

Let us start by rethinking a bit the concept of complex connection on a complex vector bundle F' by
focusing on the real objects. Therefore, the starting point is a vector bundle E together with a complex
structure J : E — E. Then a complex connection is reinterpreted as a (real) connection V on the (real)
vector bundle F that is compatible with .J in the sense that

VxoJ=JoVyx forall X € X(M).

(You may have already seen this remark in Exercise [3.16]). This sets up a paradigm- that of connections
compatible with given structures (complex, metric, etc). With that in mind, it is instructive to first
investigate a bit the compatibility condition with complex structures.

Exercise 3.36. Let E be a (real) vector bundle over M endowed with a complex structure J : E —
E. If V is a connection on F then the following are equivalent:

(a) V is compatible with J.
(b) J is flat w.r.t. the connection V2™ induced by V on Hom(E, E).
(c) for any v : I — M and ¢g,t; € I, the resulting parallel transport

T30 Eyrg) = By

commutes with J (i.e. it is complex linear).

(For VHem have a look at (b) of Exercise Recall that flatness means Vi°™(J) = 0 for all
X € X(M). You may also want to be aware of Exercise 77?).

We now move to inner products. Recall that a connection V is said to be compatible with an inner
product g is on F
Lx (g(s1,52)) = g (Vx(s1),52) + g (51, Vx(s2))

for any X € X(M), s1,s2 € I'(E).
Exercise 3.37. Interpret the inner product g as a section of Sym?(E) (from Exercise [1.56|). Prove

that the connection V on E can be used to define a connection VY™ on Sym?(E) such that the
compatibility condition of V and g is equivalent to requiring that g is VS¥"-flat.

The following equivalent characterisation of the compatibility appeared already in the lectures. You
are now invited to transform the sketch of the proof given there into proper proofs; this time, you can
also take advantage of the insight given by the previous exercise and the possibility of using Exercise 77.

Exercise 3.38. Let E be a (real) vector bundle over M endowed with an inner product g. If V is
a connection on E then the following are equivalent:

(a) V is compatible with g.
(b) for any wuy,us : I — E paths above the same path v : I — M, one has

i ( )_ V’Uq n VUQ
ard ) =9 Ty g\t g )

(c) for any v : I — M and ¢g,t; € I, the resulting parallel transport
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Tf{oil . (E'y(to)7g’Y(t0)) — (E’y(tl)’g'Y(tl))

is an isometry.
(d) for any local frame ¢ = {ey, ..., e, } of E which is orthonormal (w.r.t. g) the resulting connec-
k

tion matrix w (of V w.r.t. ¢) is skew symmetric: wy, = —wf.

Exercise 3.39. If V is compatible with g then for any path v : I — FE that is parallel, its length

w.r.t. g,
lu(®)llg == Vg(ult), u(t)),

is constant.

Exercise 3.40. Adapt the previous discussion to the compatibility of connections with hermitian
products.

A completely similar discussion applies to fiberwise symplectic forms w on E: a connection V on FE is
compatible with w if

Lx (w(s1,52)) = w (Vx(s1),52) +w (51, Vx(s2))

for any X € X(M), s1,so € I'(E). Again, seeing w as a section of Alt*(E), the compatibility condition
is equivalent to the flatness of w w.r.t. the connection V9™ induced by V on Sym?(FE) (if you do not
remember these symbols, you may want to have a look at Exercise and Exercise. Then, as before,
the compatibility condition can also be characterised in terms of parallel transports: for any v : I — M
and tg,t; € I, the resulting parallel transport

T’smtl : (E’Y(to)’wv(to)) - (EW(tl)’w'Y(tl))

is a linear symplectomorphism.

Exercise 3.41. Fill in the missing details.

Exercise 3.42. Let E be a vector bundle endowed with a Hermitian structure (h,.J), where we
write h = g + - w (hence g is an inner product and w a fiberwise linear symplectic structure on FE).
Given a connection V on E, prove that the following are equivalent:

(a) V is compatible with h;
(a) V is compatible with g and w;
(a) V is compatible with ¢g and J.
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3.6 Levi Civita

Exercise 3.43. For M = R" endowed with the standard Riemannian metric g°*", describe explicitly
the Levi-Civita connection V, the second derivatives ¥(t) = % of curves v : I — R", then describe
all the geodesics.

Exercise 3.44. Let M be a compact submanifold of an Euclidean space RF. Using the resulting
embedding of the tangent bundle into the trivial bundle

TM C M x RF,

and the standard metric g°®® on R, we endow T'M with the resulting connection (as in Exercise
3.10) and with the Riemannian metric g = g°*"|rps.

a) Write down the formula for Vx(Y), for X,Y € X(M), in terms of V" and the orthogonal
projections, making sure that what you write actually makes sense (e.g. keep in mind that a
vector field on M is not a vector field on R¥).

b) Prove that V is compatible with g.

c¢) Prove that V is torsion free (again, make sure that the formulas you write are well-defined).

d) Finally, prove that V is precisely the Levi-Civita connection of (M, g).

Note: you are allowed to use the fact that, for M C R* compact, for any vector field X on M there exists
an extension of X to R*, i.e. a vector field X on R* such that X, = X, for all p € M.

Exercise 3.45. We look at M = S? which we endow with the Riemannian metric g induced from
R3 and let V be the corresponding Levi-Civita connection.

(a) for paths u(t) = f(t)a% + g(t)a% + h(t)a% in T.S? sitting above a path v = (z(t), y(t), z(t)) in
52 write down Y and deduce that, if u is horizontal, its norm ||ul| = \/(u,u) is constant.

(b) deduce that v = (z(t),y(t), 2(t)) is a geodesic of (S?, g) if and only if
Pt a@ 9"+ 20 =0, §+y(E® + 97 +2%) =0, +y@E" +§7 +2%) =0

and these imply that @2 + 52 + 22 is constant.
(c) describe by explicit formulas all the geodesics of (52, g) that start at the point (1,0,0) € S2.

You may want to be aware that this exercise belongs to a line of exercises that includes Exercise [1.32

B.13 and B.311

Exercise 3.46. Let (M ,g) be a Riemannian manifold, denote by V the corresponding Levi-Civita
connection and by % the corresponding derivatives of paths in TM.

Assume now that M C M is a compact submanifold, we endow M with the Riemannian structure g

obtained by restricting g to (the tangent spaces of) M and we consider the corresponding Levi-Civita

connection V on T'M, and the operation %. Show that:

(a) V coincides with the projection onto 7'M, via the orthogonal projection pr, : T™ v = TM
induced by g, of the restriction of V to M, as in Exercise m




50

3 Connections

(b) for any path u : I — T M, one has

Exercise 3.47. Let (M, g) be a manifold endowed with a foliation F, and consider its g-orthogonal:
N:{YGTM:g(V,Y):OVVE}"}CTM,

and its orthogonal projection pry : TM — N sending X € TM to the unique Y € N's.t. X—Y € F).

(a) Using the terminology from Exercise prove that the formula V¥ (Y) := pra([V,Y])
defines an F-connection VN on N, which is F-flat in the sense that

V¥ w1 = [V, Viy] for all V,W € I'(F).
Consider now also the Levi-Civita connection VZ¢ associated to g and further prove that:
(¢) The operators VLY with V € I'(F) preserve I'(N) if and only if they preserve I'(F):
VEC(D(N)) CT(N) for all V € I'(F) <= VEC(I(F)) C I'(F) for all V € I'(F).
(d) VL€ is an extension of VV | i.e.
VY (Y) = VEC(Y) for all V € I'(F),Y € I'(N)
if and only if VEC preserves F, i.e.
VEC(D(F)) € I(F) for all X € X(M).

When the conditions from (d) hold we say that g and F are compatible. In that case also prove that:

(e) any geodesic v of (M, g) with the property that 4(0) € F must be a leafwise curve, i.e. there
exists a leaf L of M such that v(t) € L for all ¢.
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3.7 Characteristic classes

One if the basic properties of the Chern/Pontryagin classes is that they vanish if the bundle is trivialisable
or, more generally, that two isomorphic vector bundles have the same classes. That gives a very useful
criteria to prove that two vector bundles are not isomorphic; however, that is just the beginning!

However, for such results we need to produce characteristic classes that are non-trivial. So, the first
question is: how do we prove that a cohomology class, say in degree two (like the first Chern class) is
non-zero? One quite powerful tool is that of integration. Remember that whenever M is an orientable
compact manifold on which we fix an orientation, we have an integral defined on the space of forms of
top degree:

/ cQYUM) - R (d=dim M),
M

with the basic property that, on exact forms, it is zero (Stokes manifold)ﬂ That means that || W only
depends on DeRham cohomology class [w] € H(M) and, therefore, [,, descends to a linear map

cHYM) — R.
M

This allows us to treat elements in H?(M) (top degree). What if we are interested in class es a € H*(M)
with k£ < d? It is then useful to remember that the DeRham cohomology comes with bilinear product
operations (induced by the operation of wedge products of differential forms):

HP(M) x HI(M) = HPTI(M),  ([w], [n]) = [w] - [n] := [w A ).

Exercise 3.48. Given a compact oriented d-dimensional manifold M show that:

(a) if a € HY(M) has a non-zero integral, then a # 0.
(b) if b € H'(M) has the property that 3 b' € H~/(M) such that [, b-b % 0, then b # 0.
(c) if d = 2k and ¢ € H?(M) has the property that S ck # 0 then ¢ # 0.

Exercise 3.49. Prove that the Chern class of the tangent bundle 7'S? endowed with its standard
complex structure J from Exercise is non-zero.
Then deduce the hairy ball theorem: S? does not admit any nowhere vanishing vector field.

(Hint: make use of the computation from Exercise and then compute [, ¢1(T5%,J) = 2!)

Exercise 3.50. Prove that the Chern class of the tautological line bundle L over CP' is non-zero.
Then deduce that:

a) L is not trivializable.

¢) L is not isomorphic, as a complex vector bundle, to its conjugate L.

d) Using L and operations with vector bundles, construct a countable family of (complex) line
bundles over CP! with the property that any two of them are not isomorphic.

(Hint: make use of the computation from Exercise [3.:23 and then compute [up: ¢1(L) = —1!)

1 changing the orientation only changes the sign of the integral (assuming M is connected), which will not be relevant to
our purposes: all we care is to produce nonzero integrals
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The fact that the last integral is one of the explanations for the notation L = O(—1) mentioned already
in the discussion around ; as pointed out there, the conjugate of L deserves the name O(1). Actually
there is an entire collection

O(n) with n € Z,

uniquely determined by the basic requirement that O(p+¢q) = O(p) ® O(q) for all integers p, g. Of course,
this forces O(—n) to be L®"™ and O(n) to be %" whenever n € N.

Exercise 3.51. Prove that the Chern classes of O(n) satisfy

/ c1(O(n)) =n VneZ.
CP?

On the other hand, recall that one has a diffeomorphism @ : CP* — S? (see Exercise [1.23)), hence
pulling back T'S? with its complex structure,

D*(TS?,J)

will be a complex line bundle over CP*. If it is isomorphic to one of the O(n), prove that n must be
equal to —2. Then try to prove that n = —2 works (by providing an explicit isomorphism).

It is now time to move to the tautological line bundle L over arbitrary CP". Given the fact that we
want to end up with simpler signs (in particular no signs introduced by integration), we will denote

a:= —cy (L) € H*(CP"). (3.7.1)

Exercise 3.52. Prove that the Chern class of the tautological line bundle L over CP" is non-zero.
Actually prove that (3.7.1) satisfies:

Exercise 3.53. Still working over CP", we now consider the orthogonal of the tautological bundle
L= {(l,v) eCP" x C"*' 1 v L1},
which you may have seen in Exercise or Express its Chern classes in terms of (3.7.1]).

Remark 3.54. Notice that there are two ways to proceed: a more laborious one, in which you use the
connection and the computations from Exercise and one much simpler (but somehow ”more
mysterious”), based on using the basic properties of the Chern class. Both are every instructive, and
the drawbacks of any of them should make you appreciate the other!

Next we turn to the relevance of the tautological line bundle L when studying the tangent bundle of
CP™ (either as a complex or as a real vector bundle). The case n = 1, when CP! 22 52  was treated in the
second part of Exercise [3.51] For general n € N it is useful to revise the discussion around Exercise [1.73
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Exercise 3.55. Prove that the Chern classes of TCP™ and the Pontrjagin classes of the underlying
real vector bundle can be expressed in terms of (3.7.1) as follows:

o(TCP") = (1 +a)"*', p(TCP") = (1 +a®)"*".
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3.8 More applications of characteristic classes

We have already pointed out some rather immediate applications of Chern classes. Here is recap of what
we discussed, plus of couple more in the same vein.

Exercise 3.56. If a F' a complex vector bundle F over M has ¢;(F) # 0, prove that:

(a) F cannot be trivialisable.

(b) F cannot be isomorphic to its conjugate F'.

(c) F cannot be written as the complexification of a real vector bundle over M.

(d) If F is a complex line bundle, then the underlying real vector bundle cannot be trivializable.

Exercise 3.57. Let I be a complex vector bundle F' of rank r over a manifold M with H?(M) = 0.
If ¢,(F) # 0 prove E does not admit a complex line sub-bundle L C E.

Here are some more refined questions that can be answered using characteristic classes. Let us start with
the basic property that for any vector bundle E one can always find another vector bundle E' such that
E® E' is trivializable. An interesting question is: given a real vector bundle F, how ”simple” can E’ be?
Here are two interesting sub-questions:

e When can one actually choose E’ to be trivial? We say that E is stably trivial if that is possible.
e How small can E’ be? Can it be of rank one, two, etc? Apply this to the embeddability problem.

Let us start with the first question: the stable triviality or real vector bundles. Notice that this is not such
an uncommon occurance: e.g., although the tangent bundle of S, is almost never trivial, it is always
stably trivial as pointed out in Exercise However, while T'S? = TCP! is stably trivial, one has:

Exercise 3.58. Show that if E € Vectg(M) is stably trivial then py(E) = 0 for all k& # 0. Use this
to deduce that TCP™ is not stably trivial for n > 2.

For the second question above, we propose the following:

Exercise 3.59. For real vector bundles E please do the following:

(a) Show that if E' @ L is trivializable for some line bundle L, then p;(E) = 0 for all I # 0.
(b) If E @ F is trivializable for some vector bundle F' of rank < 3, what can you say about the
Pontrjagin classes of E?

One typical situation when one arrive at trivializable sums E & F' is when E = T M and M is embedded
in an Euclidean space- then one can make use of the normal bundle as a complement. More precisely:

Exercise 3.60. Show that if M admits an embedding in R®™* then there exists a rank k vector
bundle N over M such that TM & N is trivializable.

With this hint at hand, here is now a cool exercise:

Exercise 3.61. Show that CP2? cannot be embedded in R5.

Here is a little generalization of the previous exercise:
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Exercise 3.62. Show that if an n-dimensional manifold M has pi (T M) # 0, then M cannot be
embedded in R™*1,

And here is a similar exercise, but which uses the second item of Exercise [3.59| rather than the first one.
We state it in a way independent of Exercise m (but if you did do that exercise, then you can focus on
the second item).

Exercise 3.63. Consider CP*, seen as an 8-dimensional real manifold.

(a) show that the following elements in the cohomology of CP*

p2(TCPY),  (p1(TCP?Y)) ’

have the same degree, but these elements are different from each other.
(b) deduce that CP* cannot be embedded in R

Next, we describe another interesting application: to the fundamental question of whether a given manifold
N be written as the boundary N = M of a compact manifold with boundary M. Here it is important
to notice that much of what we discussed in the course (vector bundles, tangent bundles, connections,
characteristic classes, geometric structures, etc.) carries over (without any change) to manifolds with
boundary. Furthermore, the Stokes theorem holds on general manifolds with boundary in the following
form: if M is a compact oriented m-dimensional manifold with boundary OM =: N, then

/ dwz/w\N
M N

for all forms w € 2"~ 1(M).

Exercise 3.64.

(a) Show that if a manifold N of dimension n = 4k can be written N = M with M compact
orientable manifold with boundary, then py(TN) = 0.

(b) Deduce that the manifolds CP?* with k& > 1 (viewed as real manifolds) cannot be written as
the boundary of a compact orientable manifold.

Exercise 3.65. Prove that:

(a) If a compact manifold P admits a free action of S* then P can be written as the boundary
of a compact manifold @ (hint: it may be useful to remember the last homework. Otherwise:
C > D? 5 9D? = S carries an action of S' and use fiber attachment).

(b for n = 2k 4 1, RP?**! can be written as the boundary of a compact orientable manifold.

(c) for n = 2k + 1, CP?**1 (see as a real manifold) can be written as the boundary of a compact
orientable manifold.
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Principal bundles

4.1 Examples

Exercise 4.1. Consider the special orthogonal group
SO(3) ={A € GL3(R): A- AT = I3}

Prove the following:

(a) The first column c¢;(A) € R? of any matrix A € SO(3) is an element of S?, while the second
and the third columns can be interpreted as tangent vectors to S? at c1(A).

(b) The resulting map c¢; : SO(3) — S? is a submersion.

(c) The following formula defines an action e of S' on SO(3):

100
Aez:=A|0 z y for Ac SO3), z=x+iyc S*
0—-yz

(d) With respect to this action, ¢; : SO(3) — S? is a principal S'-bundle.
(e) We now associate to this principal S*-bundle the vector bundle E obtained by attaching the
fiber R? using the representation of S' on R? given by

r:S' = GLy(R) = GL(R?), x + iy (_xy i) .

You are asked to prove that E is isomorphic to the tangent bundle T°S2.

Recall that, for the real projective spaces, RP! is diffeomorphic to S', with the explicit diffeomorphism

22 —y?  2xy
x2+y2’$2+y2 :

RP' — St [z:y]— ( (4.1.1)

(to see what this is about notice that it sends [cosf : sinf] to (cos26,sin26).) The exercise below is
related to a similar discussion for CP!.
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Exercise 4.2.
a) Show that the following defines a free and proper action of S on the 3-sphere S3:
(x,y,2,t) - (a,b) = (ax — by, ay + bx,az — bt,at + bz)
b) Show that together with this action and the Hopf map
H:S* — 5% H(x,y,z2,t) = (2% +y° — 2° —12,2(yz — tz), 2(ty + 22)), (4.1.2)

52 becomes a principal S'-bundle over S2.
(c) write everything in complex coordinates using

Sl={zeC:|z|=1}, 8%={(20,21) € C?: |20|* + |21|> = 1},

and, using this, prove again (a) and (b).
d) Prove that CP! and S? are diffeomorphic and derive an explicit diffeomorphism, similar to
[#.11)). Then compare with Exercise [I.23]

For later references, let us write down (4.1.2)) in complex coordinates:
H:S8%— 5% H(z,21) = (|z0]* — |21|%, 2iZ021).

The principal bundle described in the previous exercise is known as “the Hopf fibration”. Notice that all
its fibers are copies of S! (the orbits of the action), hence H makes S® into a collection (“bundle”) of circles
St one for each point in S2. May it happen that S? is actually S* x $2? No! (do you see why?). Actually
the circles are bundled together in a non-trivial way, any two being intertwined. Try to imagine them! You
could for instance use the stereographic projection to open up S, so that the circles can be pictured as
circles in R3. I think there are also quite a lot of nice pictures and little movies on the internet ... have fun!

On the other hand, because of what happens for CP!, in general, the quotient map
H, : §?"*t1 - CP”, H,(20,-.-y20) =[20: ... 2n]
is called the (generalised) Hopf map.
Exercise 4.3. Prove that, endowing 527! with the action of S* given by
(20, -y 2n) - A= (Az0,..., Azy),
the generalised Hopf map H,, : $?"+! — CP" becomes a principal S*-bundle.

Notice that, basically by construction, the diffeomorphisms from Exercise [4.2| identifies H; with the
Hopf map H or, equivalently, the all fit in a commutative diagram:

/\7

— ¥ P

H =YoH.

Exercise 4.4. Let m: L — M be a complex line bundle endowed with a hermitian product h. Using
the induced norm on (the fibers of) L, ||v||n = /h(v,v), we consider the circle bundle
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P:={veL:|p|l=1}, o :=m7lp: P — M,

endowed with the action of S! induced by the complex multiplication ve\ := \v (for v € P, A € S1).

(a) Prove that 7o : P — M is a principal S'-bundle.
(b) When L is the tautological line bundle over M = CP", prove that the resulting principal
bundle is the generalised Hopf fibration H,, : $?"*+! — CP".

The construction from the last exercise can also be performed backwards: build a complex line bundle
out of a principal S'-bundle; this is a simple illustration of the process of attaching fibers (if solved at
the correct moment in time, this exercise comes before you learn the general construction):

Exercise 4.5. Start now with a principal S'-bundle 7y : P — M we consider the action of S on
the product S% x C given by:

(p,2)- A= (p-\A"12) (forpe P,z€C, A€ S")

Show that the resulting quotient L(P) := (P x C)/S! is a complex line bundle; in detail, prove that:

(a) L(P) is a smooth manifold.
(b) the map 7 : L(P) = M, [p, z] — mo(p), is a submersion.
(c) declaring [p, z] + [p, 2] = [p, z + 2] and similarly for multiplication by scalars,

m: L(P)—> M
becomes a complex line bundle.

Then prove that:

(a) When applied to m : P — M from the previous exercise, L(P) is isomorphic to L.
(e) When applied to ¢; : SO(3) — S? from Exercise 4.1, L(P) is isomorphic to T'S?.

Notice that the last two exercises imply that the tautological line bundle over CP™ can be described as
L= (5?1 x C)/S*, the quotient modulo (p, 2) - A = (Ap, \"12).

This viewpoint is very handy as it allows to describe the other canonical bundle O(n) mentioned in and
before Exercise Actually, if you are not happy with the construction given there in terms of tensor
products, you can adopt the following as definition:

Exercise 4.6. Prove that, similarly,
O(k) := (5§21 x C)/S*, the quotient modulo (p, z) - A = (Ap, A\¥2)

is a complex line bundle over $2"*+1/S! = CP", which coincides with the previously defined one.
Then generalize Exercise by providing an isomorphism between the space of sections I'(O(k))
and the space of smooth functions f : §?"*! — C satisfying the S'-invariance condition:

faz2) =Mf(z) YIeSt ze 8§t (4.1.3)
In particular, any degree & homogeneous polynomial p € Clz, ..., z,] can be seen as a section of O(k):
CP" > [20: 21,...: 2p] — [(zo,zh ceoy2Zn),D(20, 21, - - - ,zn)]

And here is an exercise on how to compute the Chern class of line bundles obtained from principal
S1-bundles by the above procedure.
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Exercise 4.7. Let m# : P — M be a principal S'-bundle and consider the associated line bundle
m: L(P) — M as discussed in Exercise (or by applying the general theory of attaching fibers).
Assume now that we have an 1-form
we NYP)

that satisfies the following properties:

e it is S'-invariant, i.e. mjw = w for any A € S*, where m, : P — P is the multiplication by .
e on the vector field V € X(P) the whose flow is ¢y (p,t) = p- €, one has w(V) = 1.
(V is called the infinitesimal generator of the action)

Show that:
(a) There exists, and is unique, k € £2?(M) such that dw = 7*(k).
(b) The form & is closed.
(c) the cohomology class of k, [k] € H?(M), does not not depend on the choice of w.
(d) up to a constant, [k] is the first Chern class of L(P).

Then apply this procedure to the two concrete examples mentioned above:

(e) To the Hopf fibration H; : S — CP!, when L(P) is the tautological line bundle.
(f) To ¢; : SO(3) — S? from Exercise [4.1] when L(P) = TS

(Hint: for (e), consider

w =i (21d7] + 22d%) = 21dy; — y1day + Tadys — Yyadrs € 21(S3,R))
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4.2 Frame bundles

Let’s repeat the construction of the frame bundle of a vector bundle 7 : E — M of rank r: it is
Fr(E) ={(z,¢) :z € M,e = (e1,...,¢,) — frame of E,}

endowed with the right action of GL, (invertible r x r matrices) given by

(6)- A= (e A) = | @ (ersevrrer) e | orrnnn,

= x,ZA{ej,...,ZAiej (4.2.1)
J J

For the smooth structure on Fr(E) we make use of the fact that
Fr(E) C Hom(M x R", E),
where the right hand side is the Hom-vector bundle
Hom(M xR", E) = {(z,¢) : x € M, ¢ : R" — E, linear},

and where the inclusion interprets ¢ = (eq,...,e¢,) as the linear map ¢ : R” — F,, that sends the canonical
basis of R” to ¢ or, explicitly,
TN LAY = Aley L Mep

This realises Fr(E) as an open subset of Hom(M x R", E) and, therefore, as an open inside a manifold,
it becomes itself a manifold.

Exercise 4.8. Please do the following:

(a) describe an action of GL, on Hom(M xR", E) so that, when restricted to Fr(E), it becomes the
action described above. Deduce from this that the original action of GL, on Hom(M x R", E)
is indeed a smooth action.

(b) show that

m:Fr(E) - M, (z,e)—x

becomes a principal GL,-bundle.

(c) carry out a similar discussion for frames of E that are orthonormal w.r.t. a given inner product
g on E. giving rise to a principal O(r)-bundle Fr(E, g) of orthonormal frames. And similarly
for complex vector bundles F' endowed with a hermitian product h, giving rise to a principal
U(r)-bundle Fr(F,h).

Exercise 4.9. Given a vector bundle F of rank r, show that any principal O(r) sub-bundle of Fr(E)
is of type Fr(E, g) for a unique inner product g on E. Similarly for hermitian products on complex
vector bundles.

Exercise 4.10. We consider the orthogonal of the tautological complex line bundle L over CP",

Lt = {(l,v) e CP" x C"™' : v L1},
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we endow it with the hermitian product h obtained by restricting the standard one from C"*! and
we consider the resulting orthonormal frame bundle Fr(L*, h). Prove that:

(a) Fr(L*, h) is a principal U(n)-bundle over CP".

(b) its pull-back H*Fr(L*, h) via the Hopf map H : $?"*+1 — CP" is diffeomorphic to U(n+1).

Exercise 4.11. Consider the orthonormal frame bundle Fr(E, g) of E = T'S? w.r.t. the inner product
induced from the standard inner product on R3.

(a) Prove that Fr(E, g) is diffeomorphic to O(3).

(b) By the general theory, Fr(FE, g) is a principal O(2)-bundle over S2. Via the diffeomorphism from
the previous item, one obtains a principal O(2)-bundle structure on O(3). Describe explicitly its
projection and the O(2)-action.

Exercise 4.12. A partial r-coframe on an n-dimensional manifold M is a collection
0=1{6'...,0"}

of 1-forms on M with the property that, at each point x € M, they are linearly independent. One
associates to 6:

Py :={(¢1,...,0n) EFr(TM) : 0;(¢;) =03 ; V1<i<r1<j<n}

Show that

(a) there exists a subgroup G C GL,, such that the canonical action of GL,, on Fr(M) restricts
to an action of G on Py, so that Py becomes a principal G-bundle.

(b) for the G that you found show that 6 — Py defines a 1-1 correspondence between partial
r-coframes on M and principal G-subbundles of Fr(M).
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4.3 Attaching fibers

The operation of attaching fibers to principal bundles has already been mentioned (without naming it)
in the construction of complex line bundles out of S'-bundles- see Exercise It also arises naturally
when trying to recover a vector bundle out of its frame bundle.

Exercise 4.13 (continuation of Exercise [4.8]). Given a rank r vector bundle E:

(d) show that the following is a smooth map
Fr(E) xR" = E, ((z,¢),\) = Mey +...4+ e,

(where ¢ = (e1,...,¢.) and A= (A1,... ) A").)

(e) describe an (right) action of GL, on Fr(E) x R" which is free and proper and which induces
a diffeomorphism between the resulting quotient space and F.

(f) do the same for the orthonormal frame bundles Fr(E, g) and O(r).

Exercise 4.14. Let P be a G-manifold (with right action), and consider a G-vector bundle

T - E — P,
by which we mean a vector bundle together with an action of G on E such that 7 & is G-equivariant
and the action on F is fiberwise linear (g € G takes each fiber E, linearly into E,,). Show that:

(a) if the action of G on P is free or proper, then so is the action of G on E.
(b) assuming now that P is a principal G-bundle 7p : P — M, deduce that E := E/G is a smooth
manifold and turn F into a smooth vector bundle g : E — M (proving all the claims).

(c) A particular case: for V' € Rep(G), apply the previous discussion to E := P x V endowed
with the diagonal action. What do you obtain?

Exercise 4.15. Here the relevant group is G' = S! and we consider the canonical representation

cos(a) sin(a)) |

r:St— GLQ(R) = GL(RQ); COS(O[) + isjn(a) = <_ sin(a) COS(Q)

as well as “the square” of this representation:
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2. ¢l _ 2 . cos(2a) sin(2a)
r®: 8" = GL2(R) = GL(R?), cos(a) + isin(a) — ( sin(2q) cos(2a) )
Consider also S® as a principal S!-bundle over S? given by the Hopf fibration (Exercise , and
SO(3) viewed as a principal S'-bundle 7 : SO(3) — S? as in Exercise Show that:

(a) B(S3,R% r?) = F(SO(3),R%,r) and they can be identified with (are isomorphic to) the tan-
gent bundle of S2.

(b) E(S3,R?,r) can be identified with the tautological line bundle L — CP!; more precisely,
using the diffeomorphism ¥ : §2 — CP! previously discussed (e.g. in Exercise and ,
E(S3,R?,r) is isomorphic to ¥*(L).
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4.4 List of exercises given on December 12, 2024

STILL TO BE PROCESSED!

Exercise 4.16. (2pt) Show that a right action of a group G on a manifold M is proper if and only
if for any compact K C M, {ge G: KgN K # ()} C G is compact.

Exercise 4.17. Let G be a Lie group and let (g, [, -]) be its Lie algebra. Recall that a Lie sub-algebra
of g is any vector subspace  C g with the property that [u,v] € b for all u,v € b.

A foliation on G, interpreted as an involutive sub-bundle F C TG, is called G-invariant if it is
stable under the (differentials of the) left translations Ly : G — G, Ly(x) =g - z, i.e.,

(dLg)y(Fo) = Fge YV g,z €G.

Show that the map that associates to F to its fiber at the identity element e of G (hence sends F to
Fe. C T.G = g), provides a bijection:

G-invariant foliations 5 Lie subalgebras
FCTG — hofg

Exercise 4.18. Let M be a manifold endowed with a free action of a connected Lie group G, and
consider the associated infinitesimal action

p:g— X(M).

(a) Show that
F={ps(u):uegze M} CcTM

is a smooth sub-bundle of the vector bundle T'M.
(b) Show that F C TM is an involutive sub-bundle of T'M.
(¢) Show that for each z € M,
i.:G—>M, g—x-g

makes G into an immersed submanifold of M, which is an integral of F.

Exercise 4.19. Let G be a connected Lie group, with Lie algebra denoted g. Recall that any v € g
can be left translated giving rise to a vector field ¥ € X(G),

Ty = (dLg)e(v) € T,G, (g9 €@).

On the other hand, a vector field V' € X(G) is called left invariant if (dLg).(V,) = Vys for all g,z € G.

(a) show that each U is left invariant and, conversely any left invariant vector field on G is of
this form.
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To work with vector fields and forms on G it is useful to fix a basis {ej, ..., e, } of the Lie algebra g
and consider the constants ci—“’ ; € R obtained by writing out the Lie bracket of g on the basis:

lei, e5] = Zcﬁjek.
i,k
By left translating, we obtain r left-invariant vector fields on G
Ey=71,...,E. =7,.
(b) show that {En,...,E.} is a frame of TG.
Passing to dual bases, we find r one-forms on G,
oL,....0" € NY(G)
uniquely determined by the condition §°(E;) = 4% for all i and j.
(c) show that d9* = Do k0 N0;.

1,7
Next we move to connections on T'G.

(d) Show that there is a connection V on TG with the property that

1
Vx(¥)= J[X.Y]
for all X, Y € X(G) that are left-invariant.
(e) Show that V is torsion free.
On the other hand, since we have a frame on TG, namely E = {FE,..., E,} the connection V is

completely encoded by the corresponding connection matrix (w.r.t. E), denoted here
w = (Whi<ij<r € M (2Y(G)).

i1 i
(f) Show that w; =3 Zp ch 07

Next we want to bring in Riemannian metrics B on G into the discussion. We say that B is left
invariant if
By (dLg)r(Va:)a (dLg)m(Wx)) = By (Va, W)

for all g,x € G, V,, W, € T, G.

(g) Explain how an arbitrary inner productb: g x g — R gives rise to a left-invariant Riemannian
metric b on G which, at the unit e € G, is precisely b. Conclude that this gives rise to a
bijection between inner products on g and left invariant Riemannian metrics on G.

On the other hand, one can also talk about right-invariant metrics B, using the right translations
Ry, with Ry(z) = xg. We say that B is bi-invariant if it is both left as well as right invariant.

(h) Show that bi-invariant metrics B are in bijection with inner products b: g X g — R satisfying
the invariance condition
b(ady(v), adg(w)) = b(v,w)

forallge G 1and v,w € g, where ady : g — g is the differential at e € G' of the map G — G,

rT—g-xr-qg .
It may be interesting to know that such bi-invariant metrics often exist- e.g. they exist for all compact
Lie groups G. Also, because G is connected, one can show (and you can use that without proving it)
that the invariance condition on b is equivalent to the equation
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b([u,v],w) + b(v, [u,w]) =0  Vu,v,w € g.

(i) show that a left invariant Riemannian metric B on G is bi-invariant if and only if V from d)
1s the Levi-Clivita connection associated to B.

Next, recall that the exponential map exp : g — G was defined so that, for each v € g,
v:R—= G, ~(t)=exp(tv)

is an integral curve of ¥ starting at e € G.

(j) Assuming that B is bi-invariant, show that each of the curves y(t) = exp(tv) are also geodesics
of (G, B).

(k) So, as conclusion: what is the relationship between the exponential map from Lie theory and
the exponential map for Riemannian manifolds?
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5.1 Retake Diff Geom mastermath, February 12, 2026

Note: Please explain what you do and provide as many details as possible!!!!

Exercise 5.1 (3pts). Let M be a manifold and J : TM — T'M be a vector bundle morphism. Show
that:

(a) the operation that associates to two vector fields X, Y € X(M) the new vector field
Ni(X,Y) = J([IX, Y]+ [X,1¥]) - I*([X,Y]) - [JX, Y]

defines a 2-form on M with coefficients in TM, Ny € 2*(M,TM);

(b) if N3 = 0 and the image Fy := J(T'M) C TM is of constant rank, then Fj defines a foliation on
M.

(c) if, furthermore, J® = —J then, for each leaf L C M of the foliation JFj, the restriction J|ry, :
TL — TL defines a complex structure on L.

Exercise 5.2 (0.5+ 0.5+ 0.5+ 1= 2.5pts). We consider the trivial vector bundle of rank two
over S2,
E =52 x R?,

and, as usual, we interpret the sections of E as pairs (f, g) of functions f,g: S?> — R. For ¢ € R we
set 0 := xdy + eydx € £21(S?) and we consider the connection V¢ on E given by

Vi (f,9) = (Lx () +90°(X), f0°(X)+ Lx(9)) -

(a) what is the connection matrix of V¢ w.r.t. the canonical basis of E?

(b) what is the curvature matrix of V¢ w.r.t. the canonical basis?

(c) when € = 1, prove that the resulting parallel transport along any curve ~ : [0, 1] — S? with the
property that v(0) = (1) is the identity map;

(d) when € = —1, compute the parallel transport along the curve ~(t) = (cost,sint, 0).

Exercise 5.3 (14+1= 2pts). Consider CP*, seen as an 8-dimensional real manifold.

(a) show that the following elements in the cohomology of CP*
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p2(TCPY),  (p1(TCPY))’

have the same degree, but these elements are different from each other.
(b) deduce that CP* cannot be embedded in R

Exercise 5.4 (0.5+ 0.5+ 0.5+ 0.5+ 1= 3pts). Prove the following:

(a) The first column c;(A) € R? of any matrix A € SO(3) is an element of S2, while the second
and the third columns can be interpreted as tangent vectors to S? at c1(A).

(b) The resulting map c¢; : SO(3) — S? is a submersion.

(c) The following formula defines an action e of S' on SO(3):

100
Aez:=A|0 z y for Ac SO3), z=x+iyc S*
0—-yz

(d) With respect to this action, ¢; : SO(3) — S? is a principal S*-bundle.

(e) We now associate to this principal S'-bundle the vector bundle E obtained by attaching the
fiber R? using the representation of S' on R? given by

r:S' = GLy(R) = GL(R?), z + iy — (_xy g) .

You are asked to prove that F is isomorphic to the tangent bundle T°S2.
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5.2 Exam Diff Geom mastermath, January 15, 2026

Exercise 5.5 (0.5+ 0.5+ 0.5+ 0.5+ 0.5+ 1+ 1+ 1= 5.5pts).

Let M be a manifold endowed with a Riemannian metric g and a foliation F (interpreted as an
involutive sub-bundle F C TM).

By an F-connection on a vector bundle N over M we mean a bilinear map

Vi I(F) x T(N) = I'(N)

satisfying the usual identities Vv (s) = fVv(s), Vv (fs) = fVv(s) + Ly (f)s for all f € C>(M),
s € I'(N), V € I'(F) (hence the standard notion of connection on N is obtained when F = TM).
Similarly, we say that V is F-flat if Viy,w) = [Vv, V] for all V, W € I'(F). Given an F-connection
V on N prove that

(a) There exists a connection V on A which extends V in the sense that Vi (s) = Vy (s) for all
Ve '(F)and s e I'(N).

(b) For any leaf L C M of F, there exists an induced connection V¥ on N|p,
VP X(L) x D(N|L) = T(N|L),

which is canonical (in the sense that it does not depend on the choices one might make to
describe it) and has the property that Vy (s)|r = VﬁIL(s|L) forall V € I'(F) and s € I'(NV)
(note: for V € I'(F) one has V|1, € X(L) because, at any « € L, one has V, € F, =T, L).

Assume now that A is the orthogonal of F in TM w.r.t. g,
N={yeTM:g(V,Y)=0¥VeF}cTM.

and consider the corresponding orthogonal projection prys : TM — N (sending X € TM to the
unique element Y € N such that X —Y € F). Prove that

(c) The formula V4 (Y) := pras([V,Y]) defines an F-connection VV on N

(d) VV is F-flat.

(e) For any leaf L of F, TM|;, and F|;, have the same Pontryagin classes.

We now consider the Levi-Civita connection VF¢ associated to g. Prove that:

(f) The operators VEC with V € I'(F) preserve I'(N) (ie. VEC(I'(NV)) € T'(N) for all V €
I'(F)) if and only if they preserve I'(F).

(g) the following are equivalent:

(g1) VL€ is an extension of VV: VI (Y) = VEC(Y) for all V € I'(F), Y € I'(N)
(g2) VEC preserves F: VEC(I'(F)) € I'(F) for all X € X(M)

When the equivalent conditions from the last items hold we say that g and F are compatible. When
that happens prove that:

(h) any geodesic v of (M, g) with the property that 4(0) € F must be a leafwise curve, i.e. there
exists a leaf L of M such that y(¢) € L for all ¢.
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Exercise 5.6 (0.5+ 0.5+ 1= 2pts).
Let E = M x R be the trivial line bundle over a manifold M, let § € 2'(M) be a 1-form and
define the connection V¥ on E which, after the identification I'(E) = C>°(M), is given by

VP X(M) x C%(M) — C%(M),  V&(f) = Lx(f) + f0(X).

(a) compute the curvature of V9 in terms of 0

(b) a path w in E = M X R has two components, namely a path v, in M and a path f, in R. For
u = (Yu, fu), describe the components of Viu,

(c) given a path v : [0,1] = M with v(0) = (1), show that the induced parallel transport, w.r.t.

V?, along v, from t = 0 to 1, T9! : E ) — E, ), is the multiplication by the real number

exp (f f[O,l] 7*9).

Exercise 5.7 (1+ 14+ 1+ 1= 4pts).
Prove that:

(a) If a compact manifold P admits a free action of S* then P can be written as the boundary
of a compact manifold @ (hint: it may be useful to remember the last homework. Otherwise:
C > D? 5 9D? = S carries an action of S' and use fiber attachment).

(b) If a manifold P of dimension n = 4k can be written P = 9Q with @ compact orientable
manifold with boundary, then py(TP) =0 for all & > 1.

Consider now P = CP™. Recall that the tangent bundle TCP™ (a complex vector bundle) is related
to the tautological line bundle L and the trivial complex line bundle T over CP" via isomorphisms

TCP" T =L"®...0L".
—_———

n+1 times

You are allowed to use this isomorphism and the fact that u := —c; (L) € H*(CP™) has the property
that u™ # 0; any other formulas that you may be aware from the homeworks have to be proven.
Seeing CP™ as a real 2n-dimensional manifold, prove now that:

(A) for n = 2k + 1, CP?**+! can be written as the boundary of a compact orientable manifold.
(B) for n = 2k, CP?* cannot be written as the boundary of a compact orientable manifold.

Notes:

e Please explain your answers.

e The order of the exercises is random.

e The maximum mark is 10, hence you may skip some questions. If you skip one, you can still make
use of it in the questions that follow.
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Notes: Please explain your answers. The maximum mark is 10, hence you may skip some questions. If
you skip one, you can still make use of it. Choose wisely.

Exercise 5.8 (6 x 0.5+1= 4pts). Let M = 5% = {(x,y,2) € R3 : 22 + ¢y? + 22 = 1}, over which
we consider the vector bundle E := T'S?. We also consider the following

T = 0 ey::lcg—z2 i 0 g (%)

¢ _Z@_yi’ 0z or ¢ :y%_xay

Since S? C R3, we can view E as a sub-bundle of the trivial bundle E = S2 x R3. We will also use
the orthogonal projection w.r.t. the standard inner product on R3,

prE:E—>E7

and the connection V on E obtained by projecting the usual flat connection on E:

V:X(S*) x I'(E) = I'(E), (X,s) Vx(s):=prg V‘;l(‘“(s) ,

eI (E)

or, if you prefer the dual point of view, dy : I'(E) — 21(S?, E), dy(s) = prg(dyna:(s)).
(a) Describe the largest U C S? over which {e?,¢¥} is a local frame of T'S2.
(b) Consider the similar local frame {¢*,¢*} over the corresponding V C S? and compute the
transition functions from {e®,e¥} to {e®,e*} .
(c) Show that prp (2) =ye* —ze¥ = 2 —x (338% + ya% + Za%)
(d) Show that dy(e®) = —z - (dz @ ¢ + dy @ ¢¥ 4+ dz ® ¢).
(e) Compute the connection matrix w of V w.r.t. {e*,e¥}.
(f) From the general theory it follows that for any path v in S? and any path ¢ in E = T'S?
sitting above 7, we can talk about Z—f, which is a new path in E above . Writing v(¢) =
(z(t), y(t), 2(t)) and denoting by f(t), g(¢) and h(t) the components of £(¢) obtained by writing

L) =1 (C‘fw) o o (gy)w) o <§Z>7<t>

prove that the similar components of % are

e
f

fHa@f+yg+2h), §g+y(@f+ugg+2h), h+z@f +yg+ zh).

(g) For v(t) = (0,cost,sint) show that the parallel transport Tff)’t : Ey) = By, sends % to
—sint - 8% + cost - %.

Exercise 5.9 (0.5+1= 1.5pts). Consider the orthonormal frame bundle Fr(E,g) of E = T.S?
w.r.t. the inner product induced from the standard inner product on R3.

(a) Prove that Fr(E, g) is diffeomorphic to O(3).

(b) By the general theory, Fr(E,g) is a principal O(2)-bundle over S2. Via the diffeomorphism
from the previous item, one obtains a principal O(2)-bundle structure on O(3). Describe
explicitly its projection and the O(2)-action.
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Exercise 5.10 (11 x 0.5= 5.5pts). Recall that an almost complex structure J : TM — TM
on a manifold M makes each tangent space T, M into a complex vector space. Recall also that the
Nijenhuis tensor of J is defined by

N X(M) x X(M) — X(M), N(X,Y)=[X,Y]+J(JX,Y]+[X,JY]) — [JX, JY].

Assume now that J is an arbitrary almost complex structure on M. Prove that

(a) J gives rise to a 2-form with coefficients N' € 22(M, TM).

(b) at each p € M the resulting N, : T,M x T,M — T,M is C-bilinear.

(c) if V € X(M) is nowhere vanishing then V' and JV are linearly independent.

(d) J is automatically integrable when dimM = 2.

(e) When dimM = 2, under the extra assumption that around any point of M one can find a
nowhere vanishing vector field V' such that [V, JV] = 0, prove that J is integrable without
using the Newlander-Nirenberg theorem.

From now on assume M = S? and, for p = (z,y, 2) € S?, define J, by:

0 0 o J, 0 0 0
as + ba—y + ¢ (cy — bz)% + (az — cw)a—y + (bx — ay)& .
€T, S? €T,R3

(f) Prove that J is an almost complex structure on S2.

(g) For the vector fields (x), compute Je* and the similar ones in terms of ¢*,e¥, ¢*.

(h) Next, you may use the identities [¢%,¢¥] = e, [e¥, ¢?] = ¢%, [¢?, ¢”] = ¢¥. Prove now one of the
the following identities

[Je¥ e¥] =0, [Je¥, Je¥] = —e®, [¢7, Je¥] = —[Je”, Y] = Je°

(which, together with their analogues, you can use from now on).
(i) Deduce that J is integrable and V := ye* — (z — 1)e¢¥ commutes with JV.
(j) Show that the stereographic projection with respect to the north pole

1—2"1-2

i 2u 2v w402 —1 ( )
with inverse —i (u,v
w2 +2+ 17w+ 024+ 17w+ +1 ’

x: 8%\ {pn} = R?, X(MAZ)( =, 2 )

is a complex chart for (S2,.J).
(k) Show that the connection from the first exercise is a connection on the complex vector bundle
(TS2,J).

Exercise 5.11 (1.5+ 1.5= 3pts). We endow the tangent bundle 7'S? with the complex structure
from the previous exercise and consider its first Chern class, denoted

c1 = c1(T'S?) € H*(S?).

In the previous exercise one can go on and compute the curvature matrix of V (a 1 x 1 matrix, hence
just a form), and find that the curvature kv is a non-zero multiple of the area form of S2. Using this,
prove that:

(a) S? does not admit a nowhere vanishing vector field.
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(b) There does not exist a morphism of trivial complex vector bundle over S?, f : $? x C? — $2? x C,
whose kernel is T'S? (as a complex vector bundle).

Beaware: This exercise can be solved even if you did not answer any of the questions from the other
; /
exercises!

Exercise 5.12 (1.5pts). Prove that S, together with the right action of S! given by
(x,y,2,t) ® (a,b) = (ax — by, ay + bz, az — bt, at + bz),
and together with the map
H:8%— 5% H(z,y,z21t) = (2% +9° — 22 —t2,2(yz — tz), 2(ty + z2)),

is a principal S'-bundle over S2.

Exercise 5.13 (2x1= 2 pts). By a flag-structure on an r-dimensional vector space V we mean a
sequence of vector subspaces
wcVecCc...CcV,_1CV, =V

where each Vj, is k-dimensional.

(a) Find a group G C GL, such that flag-structures on V are in 1-1 correspondence with G-structures
on V. What are the adapted frames?

(b) Go on and describe the resulting theory of flag-structures on manifolds, similar to the other
examples we have discussed in the class.

Exercise 5.14 (7 pts). We consider the tautological complex line bundle L over CP". From its very
definition, L is a vector sub-bundle of the trivial vector bundle E = CP" x C"*!. We also consider
the orthogonal complement of L in F,

Lt = {(l,v) e CP" x C""' : v L 1},
where the orthogonality L is with respect to the standard hermitian product on C**1:
h:CHx C" 5 C, h(z,2)) = 202 + 212, + ...+ 2020,

Similar to what we did in the class and homeworks, but now working with L' instead of L, we use
the standard (flat) connection V2t on the trivial bundle E followed by the orthogonal projection on
L* to build a connection V on L*. In more detail, we consider:

- on E: the canonical frame
eo =(1,0,...,0), e =1(0,1,...,0), e, =1(0,0,...,1).

and the connection V2t defined by V8t (¢;) = dyna: (¢;) = 0.
- for each [ € CP", the orthogonal projection onto I+ with respect to h,

pr. : C"T 1t

Hence pr;. (2) is the unique point in [+ with the property that z — pr,. (z) € I. This gives rise to
a morphism of vector bundles
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prp. E— L+
All together, the connection V on L+ is
V:X(CP") x I'(L*Y) — I(L*), (X,s) v+ Vx(s) :==prp. | VR(s) |,
I'(E)
€

or, if you prefer the dual point of view,
dy : I'(L*Y) — QY(CP", LY), dy(s) = pry. (dyaa(s)).
We also consider the standard charts (Uj, x;) of CP™, 0 < j < n. For instance,

Up:={[l:z1:...:25] : 21,..., 20, €C"},  x0:Up— C",

UpdM:izi:...:2p) 2% (21,...,2n) € C".

(a) show that
fj = —Zje0 + ¢j, fOI‘jE{l,...,n}

form a local frame of Lt over U,.
(b) describe the similar frame ' of L+ over U; and compute the transition functions from f to f.

(¢c) Show that, in the chart (U, xo) (hence at points [1: 21 : ... : z,]),
_ A e __
pry.(eo) = 1+|z|2f1 1+|Z|2fn
(where z = (21,...,2p)).

(d) Compute the connection matrix w of V w.r.t. f, in the chart xo.
(e) Compute the curvature matrix of V w.r.t. f, in the chart xo.
(f) Recall that the first Chern class of L is an non-zero element

a € H*(CP™).

Compute the Chern classes of L™ in terms of a.
(g) Consider the orthonormal frame bundles Fr(Lt,h) associated to Lt with the inner product

induced from the h mentioned above. That is a principal U(n)-bundle over CP™. We pull it back
to 27+l C C" via the Hopf map

7§t cpn, (20,215 -y 2n) = [20: 21 ¢ «o . & Zn)-

Show that 7*Fr(L*, h) is diffeomorphic to U(n + 1).

Notes:

- the mark for this exam is the minimum between the number of points that you collect and 10.
- Please motivate your answers. Explain what you do. Specify what you use. Provide the details.
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Exercise 5.15 (4x0.5= 2 pts). Let (M, g) be a Riemannian manifold and assume that F C TM
is a distribution on M. We denote by F+ C T'M the orthogonal of F with respect to g and by

pry :ITM — F +
the orthogonal projection with respect to g. Finally, define
C:D(F) x D(F) = T(FL), (VW) =pry ([V,W]).

(a) Show that ¢ is C°°(M)-linear in V and W.

(b) Deduce that ¢ may be interpreted as a section of a vector bundle over M. Which vector bundle
is that?

(c) Show that F defines a foliation on M if and only if ¢ = 0.

(d) Prove that F* is isomorphic to the normal bundle TM/F.

Exercise 5.16 (1.5pts). Prove that S, together with the right action of S! given by
(x,y,2,t) ® (a,b) = (ax — by, ay + bz, az — bt, at + bz),
and together with the map
H:8%— 5% H(z,y,z21t)= (2% +y° — 22 —t2,2(yz — tz), 2(ty + z2)),
is a principal S'-bundle over S2.
Exercise 5.17 (2x1= 2 pts). By a flag-structure on an r-dimensional vector space V' we mean a

sequence of vector subspaces
VicWhbc...cV,_1CV, =V

where each Vj, is k-dimensional.

(a) Find a group G C GL, such that flag-structures on V are in 1-1 correspondence with G-structures
on V. What are the adapted frames?

(b) Go on and describe the resulting theory of flag-structures on manifolds, similar to the other
examples we have discussed in the class.

Exercise 5.18 (7 pts). We consider the tautological complex line bundle L over CP". From its very
definition, L is a vector sub-bundle of the trivial vector bundle E = CP" x C"*!. We also consider
the orthogonal complement of L in F,

Lt = {(l,v) e CP" x C"*' : v L 1},
where the orthogonality L is with respect to the standard hermitian product on C"*1:
h:Cx C" 5 C, h(z,2)) = 2025 + 212, + ...+ 2020

Similar to what we did in the class and homeworks, but now working with L' instead of L, we use
the standard (flat) connection V13t on the trivial bundle E followed by the orthogonal projection on
L+ to build a connection V on L*. In more detail, we consider:

- on E: the canonical frame

¢ =(1,0,...,0), e =(0,1,...,0), e, =(0,0,...,1).
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and the connection V#* defined by V8t (¢;) = dyna: (¢;) = 0.
- for each [ € CP", the orthogonal projection onto I+ with respect to h,

pr. : CPH L

Hence pr;. (2) is the unique point in [+ with the property that z — pr;. () € I. This gives rise to
a morphism of vector bundles
prp.  E— L+

All together, the connection V on L+ is

Vi R(CPY) x D(LY) = DY), (X,s) = V(o) = prs | T5(s)

eIr'(E)

)

or, if you prefer the dual point of view,
dy : I(L*Y) — QY(CP", LY), dy(s) = pry. (dyaa(s)).
We also consider the standard charts (Uj, x;) of CP™, 0 < j < n. For instance,

Up:={[l:z1:...:24] : 21,...,2n €C"},  x0:Up— C",

UpdM:zi:...:2p) 2% (21,...,2n) € C".

(a) show that
fj = —Zje0 + ¢j, fOI‘jE{l,...,n}

form a local frame of Lt over U,.
(b) describe the similar frame f of L+ over U; and compute the transition functions from f to f'.

(c) Show that, in the chart (U, xo) (hence at points [1: 21 : ... : z,]),
A e __
pry.(eo) = 1+|z|2f1 1+|z|2f”'
(where z = (21,...,2n))-

(d) Compute the connection matrix w of V w.r.t. f, in the chart xo.
(e) Compute the curvature matrix of V w.r.t. f, in the chart xo.
(f) Recall that the first Chern class of L is an non-zero element

a € H*(CP™).

Compute the Chern classes of L™ in terms of a.

(g) Consider the orthonormal frame bundles Fr(Lt,h) associated to Lt with the inner product
induced from the h mentioned above. That is a principal U(n)-bundle over CP™. We pull it back
to S27*1 C C" via the Hopf map

7§t cpn, (20,215 -y 2n) = [20: 21 ¢« v+ & Zn)-

Show that 7*Fr(L*, h) is diffeomorphic to U(n + 1).

Notes:

- the mark for this exam is the minimum between the number of points that you collect and 10.
- Please motivate your answers. Explain what you do. Specify what you use. Provide the details.
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e please do not forget to clearly write your name on each sheet of paper you hand in.

e each question except the first one is worth 0.5 points. The final mark is the minimum between 10 and
the points that you gather. Please notice that the overall total is 12 pts, so you do not have to answer
all questions to achieve the maximum mark.

e regarding the questions that you do not know how to solve, or for which you do not remember the
necessary concepts: just skip, and you are allowed to use them in the questions that follow. For
instance, you can skip (6) but use it to solve (7), or skip (8) but use it to solve (9) and or (10), or
skip (18) but use it to solve (19).

Exercise 5.19 (1pt). Prove that a line bundle L — M is trivializable if and only if it admits a
nowhere vanishing section.

Exercise 5.20. Let (E,VF) be a complex vector bundle with connection over a base manifold M.
Recall that by the Serre-Swan theorem we can identify the sections of E* by smooth map ¢ :
I'(M,E) — C>°(M) that are C°°(M)-linear:

o(fs) = fo(s), for fe C*(M), se I'(M, E).
a) Show that the following formula defines a connection V¥~ on E*

(VE 8)(s) == X(8(5)) — 6(VE(s), X €X(M).

b) Let e; be a local frame of E and let w be the resulting connection matrix of V¥ (allowing us
to represent V as d + w). For E* we use the dual local frame f7 defined by f7(e;) = 67; show
that the resulting connection matrix of VE" is —w®".

¢) How are the curvatures of V¥ and V" related? Use this to show that

c1(E*) = —c1(E).

Exercise 5.21. In this exercise we will work over the complex projective space CP' consisting of
complex lines | C C? (through the origin), parametrized by pairs (z1, 22) € S% C C2, where the line
through (z1, 22) is denoted [z7 : 22].

(a) Recall that the tautological line bundle over CP! is the complex rank one vector sub-bundle of
the trivial vector bundle E := CP! x C?,

LCcCP'xC?=E

consisting of pairs

(1.€) = ([z1 : 22], (&1, &) € CP* x C?

with the property that £ € [ or, equivalently, &, = z - 21, £&2 = z - 25 for some z € C. We denote
by {e1,e2} the canonical frame of the trivial vector bundle E (e1(1) = (I, (1,0)) etc), so that an
section s of L can be written as

s(l) = filler + fa(D)ea (*)

with f1, fo : CP' — C smooth. Show that the condition on f; and f, that ensures that s given
by () is a section of L is equivalent to the fact that
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fillzr: z]) = 21-9(21,22), foll2n 2 22]) = 22+ 9(21, 22) ()
for some g € C>°(S3, (C)Sl, i.e., for some smooth function g : $% — C satisfying
(21X, 220) = XN hg(21,20) V (21,20) € 83, A € S,
(b) Show that, over the domain U of the standard chart of CP!
U={[z1:2) €CP: 20 #£0} ={[1:2]:2€C} X5 C, [1:2] — 2,
the local section of L given by

ev([l:z]) =e1 + zes

can be seen as a local frame of L over U and write down explicitly the corresponding trivialization
of Ly = U x C.

(c) Consider the similar local section ey defined over V = {[z : 1] : z € C}. Compute the resulting
transition function gyy : U NV — GL(C).

(d) While I'(L) C I'(E), there is also a ”projection map”
pr: I'(E) — I'(L), pr(s)(l) :=pr;(s(l))

where, for any line [ € CP!, pr : Cc? — [ is the orthogonal projection w.r.t. the usual hermitian
product h on C? (h(z,2') = 212} + 222}). Show that:

_ =9
pI‘l(Z) - h(ﬁ,f)

¢, with £ €l a/any non-zero vector.

(e) The trivial vector bundle E carries the canonical flat connection V2t
viat . X(CPY) x I'(E) — I'(E);

combined with the inclusion I'(L) C I'(FE) and pr, it induces a connection V on L:

V:X(CPY) x I'(L) —» I'(L), (X,s)~ Vx(s):=pr | Vi(s)
N—_——

er(e)

Show that, over the domain U above, the connection matrix of L w.r.t. ey is given by

Z
_c (oL
T |Z|2dz e 2°(U)

(or, more precisely, the pull-back of this formula via xy : U — C).

(f) According to the general theory, for any path u : I — L sitting above some path v : I — CP!
(hence u(t) € L)), one can talk about the derivative Yu which is again a path in L above .

dt
Assume now that

V() = [z1(t) s 22()] € CPL, - u(t) = a(t)er(v(1)) + b(t)ea(v(t))
where, as above, {e1, e2} is the canonical frame of E. Show that

Vu zZ1-a +7z3 -0
dt ( ‘2’1|2 n |22|2 (z1€1 + 22€2)
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(g) For v : [0,7] — CP!, v(¢) = [1: €*"*], compute the resulting parallel transport
0, .
T3 Lyo) = Lo)-
(h) Compute the curvature matrix of V w.r.t. ey and show that the first Chern class of L,
c1(L) € H*(CPY)

is non-zero (hint: by Stokes, it suffices to show that an integral in non-zero).

(i) Show that L does not admit any section that is nowhere vanishing.

(j) Show that L is not isomorphic to its (complex) dual.

(k) As above, we use the 3-sphere S® interpreted as a subspace of C? and we endow it with the right
action of S* C C on S? given by complex multiplication:

(21,22) - A = (217, 220), ()
as well as the Hopf map (which you may assume without proof is a submersion)
H:S% = CP', H(z,2)=][z: 2]

Show that H : S3 — CP! is a principal S'-bundle.
(1) Show that S? is isomorphic to the orthonormal frame bundle of L w.r.t. the hermitian metric h
used above.

(m) Show that the vector bundle obtained by attaching to the principal S'-bundle H : $3 — CP! the
fiber C with respect to the representation p : S' — GL(C), p(\)(2) = Az, is isomorphic to the
tautological line bundle L:

B(S%,C)~ L.

(n) According to the general theory one obtains a bijection
(L)~ Cc=(S$?,C)%

between the sections of L and functions g : S — C which are S'-equivariant. Explain that this
isomorphism is the one provided by item 2.

(o) In what follows, we identify the Lie algebra TyS! of S! with R, by identifying the vector
%|t:0 e’ € T1S* with 1 € R. According to the general theory, the action (%) of S' on S®
gives rise to an infinitesimal action

PR : R — %(53)

Show that pg sends 1 € R to the vector field

T R R I
=N Ers 1 s Y2 Er 2 E
where we use the real coordinates corresponding to z1 = x1 + iy1, 20 = To + 1yo.
(p) Deduce that a connection 1-form on the principal S*-bundle 4 : S — CP! is the same thing as
a 1-form w € 21(93) with the property that

wV)=1, Ly(w)=0.

(you may want to recall here that Ly (w) is related to the pull-back of w along the flow ¢}, of V;
what is the formula? what is the flow of V' in this case?)
(q) Show that

w =i (21d71 + 22d%) = z1dy1 — y1dr1 + T2dys — yodas € 21(S3 R)

81
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defines a connection on the principal S'-bundle H : $% — CP!.
(r) According to the general theory one also obtains a bijection

2Y(CPY, L) =2 24(S3,C) 51 _pasic-

Show that it can be described as follows: start with § € 2(CP!, L); write 6 similarly to (x), i.e.,
use the inclusion 21(CPY, L) C 2Y(CPY, E) = QY(CP!, C?) to write

0 = 61e1 + Ozeq, with 61,05 € QI(CP17C);

then the (basic) form 1 € £21(9%, C) that corresponds to € is uniquely determined by the condition
analoguous to (*'):
H*(01) =z1-m, H*(02) =21

o~

(s) The general theory tells us that the connection w on S? gives rise to a connection V¥ on E(S3, C)
L determined by the commutative diagram:

I'(L) v QY(CP, L)
C>(CP',C)5" ————— QY(CP",C)s1 _pasic
d+pr(w)

where the last horizontal map is f — df + pr(w)(f), and pr : R — ¢l(C) is the infinitesimal
counterpart of the representation p : S' — GL(C). Show that V¥ = V.
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Exercise 5.22. In the lecture notes, during the discussion on symplectic forms and intrinsic torsion
(more precisely, in the proof of Lemma 4.51, with a bit of change in the notation) it is claimed that
for any symplectic vector space (W, w) the sequence

Hom(W, gl(W, w)) -2 Hom(A2W, W) 2 A3W™
is exact in the middle, i.e. Im(9) = Ker(d,,), where
A(&)(u,v) = &(u)(v) — &(v)(u),

0w (@) (u, v, w) = w(Pp(u,v), w) + w(P(v, w),u) + w(p(w, u),v).

To show this, let ¢ € Hom(A?W, W) such that d,,(¢) = 0. To find £ € Hom(W, gl(W, w)) such that
¢ =0(&):

(a) Show that for any a,b € R one can find a unique &, € Hom(V, gl(V')) such that
W(ga,b(u)(v)v U)) =a- w(gzﬁ(u, U)v U)) +b- w(¢(uv U)), ’U) Vou,v,we W.

(b) For which a and b does one have
d(u,v) = Eup(u)(v) — Eup(v)(w) ¥V u,v € W?
(c) For which a and b does one have &, € Hom(W, gl(W,w))?
Finally, conclude that ¢ is in the image of 0. (this exercise is worth 1.5 points)

Exercise 5.23. Let V' be an n-dimensional (real) vector space, W C V a linear subspace and wyy :
W x W — R a linear symplectic form on W. We consider

GL(V,W,w) ={g € GL(V) : g(W) C W, glw € GL(W,w)}.
Show that:
(a) GL(V,W,w) is a Lie group.
(b) the Lie algebra of GL(V, W, w), viewed as a subspace of gl(V), is:
glV,W,w) ={A € gl(V) : AW) C W, Alw € gl(W,w)}.

(c) We would like to understand the torsion space corresponding to gl(V, W, w), T := T (gl(V, W, w));
recall that it is defined as the cokernel of

9 : Hom(V, gl(V, W,w)) — Hom(A2V, V'), 9(¢)(u,v) = £(u)(v) — E@)(u).  (+)

Consider the subspace Homyy (A2V, V) of Hom(A?V, V) consisting of bilinear skew-symmetric
maps ¢ : V x V — V with the property that, when restricted to W x W, they take values in W.
Define

d., : Homy (A?V, V) — A3W™,
0w (@) (u, v, w) = w(P(u,v), w) + w(d(v,w),u) + w(p(w,u),v).

Show that, for ¢ € Hom(A2V, V), the corresponding element [¢] € T is zero (i.e. ¢ is in the image
of (x) if and only if
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¢ € Homy (A2V, V) and 9,(¢) = 0.
d. Remarking that Homyy, (A2V, V) is the kernel of the map

pw : Hom(A?V, V) — Hom(A*W, V/W), pw(6)(w1,ws) = ¢(wy, ws) mod W,

deduce that one has a short exact sequence of vector spaces
0 — BW* — T 2% Hom(A2W, V/W) — 0.

(this exercise is worth 2 points, with 0.5 points per item)

Exercise 5.24. Assume that F is a vector sub-bundle of TM and we look at ”k-differential forms
along F” (for any k) by which we mean sections of the vector bundle I'(A*F*). These are related to
the usual k-forms on M by the obvious restriction map

Q5 (M) — T(A*F*), nenle

which, pointwise, restricts a k-multilinear skew-symmetric form on 7, M to one on F,. We would
like talk about ”DeRham differential along F7,

dp : D(AFF*) — LA F)
(defined for all k) such that it is compatible with the usual DeRham differential d in the sense that

dr(nlz) =dm)|z V¥ neQFM).

Note that, since the restriction map is surjective, dx will be unique if it exists. Show that dr exists
if and only if F is involutive. (Hint: look first in low degrees. And do not forget about the Koszul
formula).

Exercise 5.25. An almost symplectic foliation on M is a pair (F,ws) where:

(a) F C TM is a vector sub-bundle of M.
(b) wr € I'(A2F*) is pointwise a linear symplectic form i.e., at each x € M, w, (a bi-linear form
on F,) is non-degenerate.

We say that (F,wr) is a symplectic foliation if:

(¢) F is involutive (hence a foliation).
(d) wr is closed along F i.e., using the dr from the previous exercise, dr(wzr) = 0.

Given an almost symplectic foliation (F,wz), we say that a connection V on T'M is compatible
with (F,wr) if:
Vx(V)e'(F) VVeI(F),

Lx(wr(V,W)) =wr(Vx(V), W) +wr(V,Vx(W)) VX eX(M),V,W e I(F).

Prove that that the existence of such a connection, which is also torsion free, implies that (F,wx) is
a symplectic foliation. (this exercise is worth 1 point)

Exercise 5.26. Finally, we look at (almost) symplectic foliations from the point of view of G-
structures. We fix n and p and we consider almost symplectic foliations (F,wx) of rank p on n-
dimensional manifolds M.
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(a) Describe a Lie group G C GL, (depending on p) such that such rank p almost symplectic
foliations correspond to G-structures on M. Explain the correspondence.

(b) Show that linear G-structures on an n-dimensional vector space V' correspond to pairs (W,w)
where W C V is a p-dimensional vector subspace and w is a linear symplectic form on W.

(c) Show that a connection V on T'M is compatible with (F,wx) in the sense of the previous exercise
if and only if it is compatible with the corresponding G-structure.

(d) Explain how the previous exercise is a consequence of the general properties of G-structures.

(e) Show that (F,wx) is a symplectic foliation if and only if the intrinsic torsion of the corresponding
G-structure vanishes.

(f) Show that the vanishing of the intrinsic torsion implies integrability. Moreover, explain the mean-
ing of integrability in this case (what is the local model?).

(this exercise is worth 5 points: 1.5 points for each of the items c. and e., and 0.5 points for each of
the other items)

Remark: The points assigned to the various items do not reflect the difficulty of the items but their
importance for evaluating you knowledge (for instance, the very last item is by far the most difficult one,
but it is worth only 0.5 points).
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5.7 Take-home exam for the master course ”Differential Geometry” -
January 4, 2014, to be handed in by February 3, 2014-

Exercise 1 (about the intrinsic torsion and foliations)

The goal of this exercise is to compute the intrinsic torsion of p-dimensional distributions viewed as
G-structures. See sections 1.5 and 2.5 of the lecture notes for more details on distributions and their
integrated counterparts foliations. It is strongly recommended to read and understand the examples of
section 5.7 as a preparation for this exercise.

The linear picture: let V' be an n-dimensional vector space and W C V a p-dimensional vector subspace.
Define the Lie group GL(V,W) = {g € GL(V) | g(W) C W}. Its Lie algebra is given by:

gl(V,W) ={A e gl(V) | AW) c W}

A linear G-structure corresponding to a choice of a subspace W is called a p-direction. The standard
model of p-directions is (V, W) = (R",RP) with symmetry group GL(R™ RP). Thus, a p-direction is a
linear GL(R™, RP)-structure.

The global picture: a GL(R™, RP)-structure F on an n-dimensional manifold M is called a p-dimensional
distribution. Fix such a structure F. Note that we will denote by F both the GL(R™, RP)-structure (choice
of frames) and the distribution (choice of subspaces of T'M).

(a) Let V : X(M) x X(M) — X(M) be a connection on M compatible with F. Give a global description
of the compatibility condition on V in terms of I'(F) (i.e. V is compatible with F if and only if ...).
Recall that I'(F) is the set of vector fields tangent to the distribution F.

(b) Recall that we have the map 8 : Hom(V, gl(V,W)) — Hom(A2V, V) and the associated torsion space
T (gl(V,W)). Prove the following linear isomorphism:

T(gl(V,W)) = Hom(A>W, V/W)

(c) Choose a connection V compatible with F and compute the intrinsic torsion T of F (hint: use
the equivariance of T together with your findings from question 2 to view T as a section of
Hom(A%2F, TM/F), i.e. the vector bundle whose fiber at € M is Hom(A%F,, T, M/F,)).

1. Prove that the intrinsic torsion vanishes if and only if F is involutive (hence, by the theorem of
Frobenius, if and only if F is integrable).

Exercise 2 (about the Hopf fibration)
The next exercise discusses various descriptions and aspects of the Hopf fibration

7:8% — 8% qw(xy,z,t) = (2 +y? — 2% — 12, 2(yz — tx), 2(ty + x2)),
which is a principal S'-bundle, with the S'-action on S3:
(z,9,2,t) - (a,b) = (ax — by, ay + bx,az — bt,at + bz).
In complex coordinates, writing
S% = {(20,21) €C? : |20* + |21 > = 1},

the projection becomes
(20, 21) = (|20 = [21]%, iZ021)

and the action is given by
(20,21) - A := (20, 21 N). (5.7.1)

We first fix some notations regarding the spaces we will be using.
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e the space of quaternions:

H={x+iy+jz+kt:z,y,z1teR}
where we recall that i? = j2 = k? = —1,ij = k, jk =i, ki = j and, for

u=x+iy+jz+kt el

one defines

u =z 4 iy + jz+kt, |z) = Vuur = 22 4+ y? + 22 + 2.

Note that S2 can be interpreted now as the space of quaternionic numbers of norm 1; as a consequence,
using the multiplication of quaternions, S® becomes a group (incidentally, note that this is isomorphic
to SU(2)- but this will not be used below).
e the groups
SO(n)={Ae€GL,(R: A'A=1d, det(A) = 1}.

These groups will be used for n € {2,3}, when we use the identification and inclusion

St 5 S0(2) — SO(3),

. 1 0 0
. ~ [ cos(a) sin(a) (o
cos(@) + isin(a) — <_ sin(a) cos(a)> — 8 _c:lsr(l?o)é) EOS((a% (5.7.2)

In particular, consider the right action of S* on SO(3) coming from this inclusion and the multiupli-
cation of matrices:

1 0 0
A-AX=A|0 cos(a) sin(a) | for A= cos(a)+isin(a) € S* (5.7.3)
0 —sin(a) cos(a)

For A € SO(3) we denote by A; € R? the vector corresponding to the i'" row of A, i € {1,2,3}. Note
that the condition A*A = Id can be written as

[A1]] = [|A2|| = [[As]| = 1, (A1, Az) = (Az, A3) = (A1, A5) = 0

where || - || and (-, ) are the standard Euclidean norm and inner porduct on R3.
e the complex projective line CP!, consisting of all complex lines in C? through the origin (i.e. 1-
dimensional complex vector subspaces of C?). For (zg, 21) € C2\ {0}, we denote by

[20 : 21] := C - (20, 21) € CP*
the induced line, so that we can write
CP' = {[20 : z1] : (20,21) € C?\ {0}},

[20 : 21] = [0 : 21] <= T XA € Cs.t. z) = Azo, 21 = A2y

e Over CP! we consider the tautological bundle E (of rank 2 as a real vector bundle) which is defined
as the following sub-bundle of the trivial bundle CP! x C2:

E:={(,v):1€CP'vel} cCP'xC
TO DO:

(a) Check directly that 7 : $2 — S? is a principal S'-bundle.
(b) Remark that, for any u € S3,
iu, ju, ku € H =~ R4
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are orthogonal to u, i.e. they define vectors tangent to S® at u. Use this to prove that S is
parallelizable. More precisely, describe explicitely the resulting vector fields X; (using ¢), X5 (using
j) and X3 (using k) which define a parallelism of S3. For instance,
0 0 0 0 3 4

Xl(as,y, Z,t) = —y% + Jfafy — t& + ZE S Ta:,y,z,tS C Tw,y,z,tR .
Here is a slightly different argument for the parallelizability of S3, using the group structure that
comes from multiplication of quaternions (see above). Fix ug = (1,0,0,0) € S and the tangent
vectors

0 0

o .
v = a—y(uo),vz = &(UO)JJ:} = a(uO) € T"OSS'

For u = (z,y,2,t) € S3, identified with the quaternion z + iy + jz + kt, consider the right
multiplication by u:
R, : 8% — S3 R,(v) = vu,

its differential (dR, )., at up and

X1 (u) = (dRy)uy (1) € TwS® (uug = u!)

and similarly Xs and X3. Show that these concide with the vector fields you found above.

Show that the flow of X; induces the action of S on S3.

Let 6", 6%, 0% the associated coframe (i.e. defined by 6*(X;) = d%). Compute its structure equations.
Show that §' can be interpreted as a connection on the Hopf fibration.

Show that the curvature of this connection, K € §2?(5?), is a non-zero constant (that you have to
compute) times the area form o of S?,

o = ady Adz +ydz A dx + zdx A dy € 2°(S?).

(be aware: the forms dx, etc make sense on the entire R, but we only use their restrictions to S3.
And, while the forms dz, dy and dz are linearly independent on R3?, their restrictions to S? do
satisfy an extra-relation: xdx + ydy + zdz = 0 (why?)).
Show that

m 5% — CP', mi(20,21) = [20 : 21]

is a principal S!-bundle, where the action of S on S? is given by (5.7.1). What is the analogue of
this in higher dimensions?
Show that there exists a diffeomorphism

v 8?5 Ccp! (5.7.4)

uniquely determined by m = ¥ o 7 (i.e. identifying the Hopf fibration with the one from the
previous item).
Show that one has a principal S'-bundle

7 : SO(3) — S2,

where the (right) action of S on SO(3) is the one from . What is the analogue of this in
higher dimensions?

Show that the vector bundle SO(3)[R?, p] associated to this principal S'-bundle and to by attaching
the fiber R? viewed as a representation of S with

p:S* 5 S0(2) C GLy(R) = GL(R?)

(see also (5.7.2)) is isomorphic to the tangent bundle of S2.
Embedd SO(3) inside Fr(S?) and interpret it as an S!-structure on S2.
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(m)

Identifying S® with the space of quaternionic numbers of norm 1,
S3 S {ucH: |ul =1}, (2,y,2,t) = o +iy+ jz + kt
and R® with the space of pure quaternions
R?* 5 {v € H:v+v* =0}, (a,b,c) — ai+bj +ck,
show that
A, (v) == u*vu

defines, for each u € S3, a linear map A, : R?® — R? which, as matrix, gives
A, € SO(3).

Consider the induced map
$:8% — S0(3), u— A,.

Show that the projection of the Hopf fibration (see the begining) is precisely
T = T O ¢.

(incidentally note that ¢(u) = ¢(v) happens iff v = v or v = —u- and this shows that SO(3) can
be identified with the real projective space RIP3.)
Show that

d(ul) = p(u) - N* YueS® Ne St

where u - A uses to the action of S! on 53 given by and ¢(u) - A\? uses the action of S on
S0O(3) given by (5.7.3).

Consider the vector bundle E; = S3[R?, p] associated to the Hopf fibration by attaching the fiber
R? viewed as a representation of S* via p (see item 9) and, similarly, Eo = S3[R?, p?] defined using
the square p? of the representation p:

p? 1 St — GLa(R), p*(N) = p(N)? = (_C(;Sr(jgéo)é) i:;gg%)

for A = cos(a) + isin(a) € S*. Show that E» is isomorphic to the tangent bundle of S? and E;
is isomorphic to ¥*(E) (where E is the tautological line bundle- see the begining, and for ¥ see
(5.7.4))).
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Consider now the tautological complex line bundle L over CP!. From its very definition, L is a vector
sub-bundle of the trivial vector bundle E = CP! x C2. Hence, as discussed in the class, we obtain a
connection on L, namely:

V:X(CPY) x I'(L) —» I'(L), (X,s) Vx(s):=pr | Vi(s)

er(e)

where we are making use of the following basic pieces:

- the canonical flat connection V2t on the trivial bundle E = CP! x C2.
- the standard hermitian product on C2:

h:C?xC?—C, h(22)=202)+22
- for each [ € CP?, the orthogonal projection onto ! with respect to h,
L2
pr; : C* — 1.

Hence pr;(z) is the unique point in [ with the property that z — pr;(z) is perpendicular to [ w.r.t.
h; it can be described in explicit formulas by:

_ h(z )
prl(’z) - h(&,f)

&, with € €l a/any non-zero vector.

- the map induced at the level of sections,
pr: I'(E) — I'(L).
This defines V or, if you prefer, the dual point of view,
dy : T(L) = 2Y(CP', L), dy(s) = pr(dygna(s)).
First let’s compute a local connection matrix of this connection. Since L is of (complex) rank one, a local

frame over an open U C CP" is just a nowhere vanishing local section of L defined over U. We choose
here U to be

Uo = {[20 : Zl] 120 75 0},

i.e. the domain of the standard chart
xo:Up—=C, [l:z]+— =z

Over Uy we have the local section ey given by that sends [1 : z] to (1, z). We can now talk about the
connection matrix of V w.r.t. e, which will be a C-valued 1-form on Uy, denoted

w e Ql(Uo, (C)
and the curvature matrix of V w.r.t. e (a C-valued 2-form on Up), denoted

ke Ql(Uo,(C)

Exercise 5.27.
(a) Prove that w and k equal to (the pull-back via xq of)
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zdz

= 2

respectively, where z = x +1i - y stand for the complex coordinate functions on C, Z=x—1i-y,
dz = dx +i-dy (a C-valued 1-form!).

b) Show that ¢;(L) € H?(CP') is nonzero (hint: use Stokes).

¢) Show that L is not trivializable and is not isomorphic to its conjugate L.
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OLDER AND ROUGH
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Exercise 5.28.
1. Show that for any distribution F C T M,
2% pas(M) :={we 2°(M): Ly(w) =0,iy(w) =0V V € I'(F)}

(where e stands for arbitrary degrees of forms) are preserved by DeRham differential of M.
2. Show that for any distribution F C T M,

Q% (M) = {we 2F(M) :iy(w) =0V V € I'(F)}

is isomorphic to the space of sections of A*v*, where v = TM/F.
3. If F is involutive, show that for all W € I'(F), the Lie derivatives of forms along W and the
pull-back of forms w.r.t. the flow ¢¥;, of W,

Ly : Q2°(M) — Q°(M), ()" : 2°(M) — 2°(M),

they both preserve £2%_, (M).
4. Show that for any distribution F C T M,

(M) 1= {w € 2°(M) : Ly (@) = 0,y (w) =0V V € T(F)}

(where e stands for arbitrary degrees of forms) are preserved by DeRham differential of M.
5. Show that a distribution F C T'M is involutive if and only if

Q% por(M) :={we 2°(M) :iy(w) =0V V e I'(F)}

are preserved by all the Lie derivatives Ly with W € I'(F). Let F C TM be a distributions and
consider, for each degree k € N,

Q% (M) :={we (M) :iv(w) =0V V e I'(F)}

Q5 pas(M) =={w € 2°(M) : Ly(w) = 0,iy(w) =0V V € I'(F)}
6. Describe a linear isomorphism between 2% , (M) and the space of sections of A*v*, where
v=TM/F.
7. show that, in general, 2%_, (M) is preserved by the DeRham differential for M;
8. show that F is involutive if and only if for all £2%_,_ (M) is preserved by the DeRham differential
for M;
9. When F = Kerdnr where m : M — N is a submersion, the pull-back of forms via 7,

7 Q%(N) — 2°(M),

takes values in 2% | (M).
10. when 7 has connected fibers, then 7* becomes a linear isomorphism

T N(N) > 0% (M),
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Let E be a vector bundle over a manifold M, endowed with a connection V. Let zg € M and consider
the set of loops at zq:

(M, x0) = {'y :[0,1] = M : 4(0) =~(1) = mo}.
For v € 2(M, ), the induced parallel transport along « from ¢ = 0 to 1 is denoted
T, : Eyy = Eyy.

Given a vector bundle F over M together with a connection V, the parallel transport w.r.t. V gives
rise to a map
T:2(M,z9) = GL(E;,), ~vw— T,

where T, : E,, — E,, is the parallel transport along from 0 to 1 along the path ¢ — (e ). If
6 :0,1] = M such that §(0) = (1), we define the concatenation of § and v: Assuming that § x v is
smooth prove that

Tssy =T50T,.

Exercise 5.29. Let E be a vector bundle over M, endowed with a connection V and, for v : [0, 1] —
M we consider the induced parallel transport (w.r.t. V from ¢ = 0 to 1), denoted

Ty Eyo) = By
If 6 : [0,1] — M such that §(0) = v(1), we define the concatenation of § and ~:

Sxy:[0,1] = M, (6%7)(t) = {}gf)_ 1) Ei E E%

Assuming that § x 7 is smooth prove that

Tssy =T50T.

and let g € M. We consider the set of loops at zg,
(M, xg) := {7 St My(1) = xo},
and, for v € 2(M, ), the parallel transport from ¢t = 0 to 1 along the path ¢ — v(e?™*) is denoted
T, : By — Ly

For 71,72 € 2(M, ), we define their concatenation -y; xy2 by Given a vector bundle E over M together
with a connection V, the parallel transport w.r.t. V gives rise to a map

T:02(M,x0) = GL(E,), vw—+—T,,

where T, : E,, — E,, is the parallel transport along from 0 to 1 along the path ¢ — ~(e*™*).
For a manifold M and zg € M we consider the set of loops at zq:

N(M,xg) = {’y St My (1) = xo}.

Given a vector bundle E over M together with a connection V, the parallel transport w.r.t. V gives rise

to a map
T:0Q(M,z0) > GL(Ey,), ~—+—T,,

where T, : E,, — E,, is the parallel transport along from 0 to 1 along the path ¢ — (e?™).
sending v to the parallel transport along from 0 to 1 along the Given a connection V on a line bundle
E — M, for any loop v in M at a point z¢ € M, i.e. for any 7 : [0, 1] — M with v(0) = v(1) = zo, prove
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that there exists a non-zero constant ¢, € R such that

T,?’l(v) =cyv VUE L.

Exercise 5.30. Given a connection V on a line bundle £ — M, for any loop v in M at a point
xo € M, i.e. for any «y : [0,1] — M with v(0) = (1) = zo, prove that there exists a non-zero constant
¢y € R such that

T (v) =cy v Vv E Ly,.

Exercise 5.31. In this exercise, for any manifold M and natural number 7, we denote by R}, the
trivial vector bundle of rank r over M, pry, : M x R" — M.

1. When M = S? show that there exists a morphism of vector bundles
f:8?xR* = S*xR

whose kernel is precisely T'S2.
2. When M = CP' and L is the tautological line bundle, show that there exists another complex
line bundle L’ and a morphism of complex vector bundles

f:CP'xC?>—=1IL'

whose kernel is precisely L.
3. Show that there exists no complex lin
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