
HOMEWORK 1; GIVEN ON SEPT 7, 2026

Exercise 1. Let M = S1 = {(x, y) ∈ R2 : x2 + y2 = 1} endowed with the Eu-
clidean topology.

(1) Let S be the collection consisting of two charts (UN , σN ), (US , σS) of S1,
given by

UN = S1 \ {(0, 1)}, σN (x, y) =
x

1− y
,

US = S1 \ {(0,−1)}, σS(x, y) =
x

1 + y
.

Describe explicitly the change of coordinates map, including the precise
description of the domain and codomain. Deduce that S is a smooth atlas.

(2) Let P be the collection consisting of four charts of S1,

(Un,prn), (Us,prs), (Ue,pre), (Uv,prv),

given by

Un = {(x, y) ∈ S1 : y > 0}, prn(x, y) = x,

Us = {(x, y) ∈ S1 : y < 0}, prs(x, y) = x,

Ue = {(x, y) ∈ S1 : x > 0}, pre(x, y) = y,

Uv = {(x, y) ∈ S1 : x < 0}, prv(x, y) = y.

Prove that P is a smooth atlas.

(3) Prove that S and P induce the same smooth structure1 on S1:

Smax = Pmax.

1recall that any smooth atlas A on a space M induces a smooth structure on M , denoted

Amax, defined as the collection of all the topological charts of M that are smoothly compatible
with all the charts from A (see Proposition 2.9 in the notes).
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