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Summary. We show how the (intrinsic) exotic or secondary characteristic classes of
Lie algebroids can be seen as characteristic classes of representations. We present two
alternative ways: The first one consists of thinking of the adjoint representation as a
connection up to homotopy. The second one is by viewing the adjoint representation
as a honest representation on the first jet bundle of a Lie algebroid.

1 Introduction

Noncommutative geometry is usually characterized as the study of noncom-
mutative algebras as if they were algebras of functions of spaces. This is
motivated, of course, by the fact that a classical space (a topological space, a
manifold, a variety, etc.) can be characterized by an appropriate commutative
algebra of functions (continuous functions, smooth functions, rational func-
tions, etc.). In this work, we concentrate on Lie (or differentiable) groupoids,
whose role in noncommutative geometry has been stressed by Alan Connes.

In fact, the kind of noncommutative algebras we will be interested in are
Lie algebroids, which are geometric versions of vector bundles, and are the
infinitesimal approximations to Lie groupoids. These objects are extremely
useful to describe various geometric setups. As important classes of examples
one can mention foliated geometry, equivariant geometry, or Poisson geom-
etry. The example of Poisson geometry is particularly relevant, since it lies
in-between classical (or commutative) geometry and quantum (or noncommu-
tative) geometry. We refer the reader to [4] for an introduction to the subject
and its relation to the noncommutative world.

A fundamental problem, both in geometry and physics, is the study of
global invariants. A Lie algebroid combines an algebraic with a geometric fla-
vor, which makes the study of invariants extremely rich. For example, the

* Supported in part by NWO and a Miller Research Fellowship.
** Supported in part by FCT through program POCTI-Research Units Pluriannual
Funding Program and grant POCTI/1999/MAT/33081.



2 Marius Crainic and Rui Loja Fernandes

classical theory of characteristic classes, such as Pontriagin classes or Chern
classes, extends to Lie algebroids. The reason is that the usual Chern-Weil
construction can be defined in the general context of Lie algebroids, as was
explained in [8]. However, the invariants one obtains in this way, are not so
interesting: all these classes are the image (by the anchor map) of the usual
characteristic classes. Much more interesting are the exotic or secondary char-
acteristic classes of Lie algebroids, introduced in [5, 8], and which generalize
the secondary characteristic classes of foliations, introduced in the 70’s by
Bott et al.

The secondary classes for Lie algebroids, take two distinct disguises. On
one hand, Lie algebroids have representations, which are flat Lie algebroid
connections generalizing the flat vector bundles of ordinary geometry. It was
shown in [5] that one can define secondary characteristic classes of represen-
tations of Lie algebroids, much like the characteristic classes of ordinary flat
bundles. On the other hand, every Lie algebroid has an underlying character-
istic foliation, which will be singular in general. Again, similar to the theory
of foliations (see e.g. [3, 11]), it was shown in [8] that one can define intrinsic
characteristic classes of the Lie algebroid.

Recall that in the theory of foliations one can describe the intrinsic sec-
ondary characteristic classes as the characteristic classes of a special repre-
sentation. Namely, the normal bundle to the foliation carries a canonical flat
connection, the Bott connection ([3]), which plays the role of the “adjoint
representation” of the foliation. The purpose of this work is to give a sim-
ilar relation between the intrinsic secondary characteristic classes of a Lie
algebroid and the characteristic classes of a representation. The additional
complication in this case is that, in general, a Lie algebroid does not carry
an adjoint representation. We will give two distinct, alternative, solutions to
this problem. Both solutions consist in giving an appropriate meaning to the
notion of an “adjoint representation” of a Lie algebroid.

In the first solution to our problem, one enlarges the notion of represen-
tation, allowing representations up to homotopy. This was first proposed by
Evans, Lu and Weinstein in [7], where they view the adjoint representation
as a representation up to homotopy, and they use it to construct the most
simple example of a secondary characteristic class, namely, the modular class.
Here, we will see that one can define characteristic classes of representations
up to homotopy, and that for the adjoint representation (up to homotopy)
one obtains the intrinsic secondary characteristic classes of the Lie algebroid.

For the second solution to our problem, we observe that the first jet bundle
of a Lie algebroid has a natural prolonged Lie algebroid structure. Moreover,
this jet Lie algebroid carries a natural, honest, representation, which one can
also view as the “adjoint representation” of the original Lie algebroid. By a
straightforward application of the theory of characteristic classes of represen-
tations, we obtain classes in the Lie algebroid cohomology of the jet bundle.
We then check that these classes are the pull-back of the intrinsic character-
istic classes of the original Lie algebroid.
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The remainder of the paper is organized into three sections. In Section 2,
we recall the constructions of the intrinsic characteristic classes and of the
characteristic classes of representations. In Section 3, we clarify the relevance
of connections up to homotopy to the theory of characteristic classes, and we
recover the intrinsic characteristic classes from the adjoint representation up
to homotopy. In Section 4, we discuss the prolonged Lie algebroid structure on
the jet bundle of a Lie algebroid, and we construct the intrinsic characteristic
classes via the jet adjoint representation.

2 Secondary characteristic classes of Lie algebroids

In this work we will denote by A a Lie algebroid 7 : A — M, with anchor
#:A— TM, and Lie bracket [, |: I'(4) x I'(A) — I'(A). Underlying the
Lie algebroid we have a (singular) foliation F, which integrates the (singular)
involutive distribution Im #. We recall that the space of A-forms £2°(A) is
formed by the sections of the exterior bundles I'(A®(A*)), and that the A-
differential

d: 2°(A) — 2°1(A)

is given by the usual Cartan formula:

k+1
dw(ag, ..., ar) = > (1) #ai(w(ao, ..., 8. .., 0n))
=0
+) (=DM w([as, a5], a0, 8y 8y k). (1)
i<j

The cohomology of the complex (£2°(A),d) is the Lie algebroid cohomol-
ogy of A (with trivial coefficients), and is denoted H*(A).

2.1 The Chern-Weil construction

Let us recall briefly the Chern-Weil construction for a Lie algebroid A (see
[5, 8]). In the case A = T'M we recover the usual construction.
Given a vector bundle £ — M we will consider the E-valued A-forms:

(4 E) = 2°(A) ©c=n) D(E).

An A-connection on E is a linear operator V : 2°(A; E) — QY4 E),
satisfying the Leibniz identity

Va(fs) = fVas+ #a(f)s.
It has a unique extension to an operator

dv : 2°(A; E) — 2°TH(A; B),
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also satisfying the Leibniz identity. Explicitly

k+1
dyw(ap, -, @) = 3 (~1)Va, (@(Q0; -, Fas ., 1))

=0
+) (DM w([as, o5], a0, 8y 8y k). (2)
i<j
This will be a differential provided the curvature
Ry (a,B) = VaVs = VsVa = Via g,

vanishes. If this is the case, we obtain the Lie algebroid cohomology with
coefficients in F, denoted H*(A; E). In general, the curvature will not vanish,
but it will satisfy the Bianchi identity

dvRy =0, (3)

where on End(E) we take the induced connection from FE.
Now the usual trace on End(FE) induces a trace

Tr: (2°(A;End(F)),dy) — (2°(4),d),

which satisfies d Tr = Trdy. Hence, we can define the Chern characters by
setting
chp(V) = Tr(Ry) € 2°7(4). (4)

and we have:

Lemma 1. The Chern characters chy(V) are closed A-forms.

A basic fact is that the cohomology class [chy(V)] € H?*(A) does not
depend on the connection. This can be seen through the Chern-Simons con-
struction, which we also recall briefly in the context of Lie algebroids.

Let Vo, ...,V be A-connections on E. Also let

l
A= {(to,....t1) 1 t: >0, t; =1},
1=0

be the standard [-simplex, and denote by p : M x Al — M the projection on
the first factor. Then both F and A can be pull-backed to M x A and p*A
had a natural Lie algebroid structure. We can define a p* A-connection on p*FE
by forming the affine combination:

l
v =3"1,V..
i=0

The classical integration along the fibers has also an analogue:
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/AL D02 (prA) — 2°7N(A),

which is given explicitly by the formula:

0 o0
e Q) = — ey Oy, Qg )dEy L dE.
(/Al w)(au, , Q) /Al“’(atl on Qg apn—g)dt; l

We can now define the Chern-Simons transgression by

CSk(Vo,...,VZ) :/Al Chk(vaﬂ). (5)

With the convention that for I = 0 we set csi(V) = chi(V), we obtain the
following lemma:

Lemma 2. The Chern-Simons transgressions satisfy:

l
desg(Vo, .., Vi) =Y (=1 es(Vo, ..., Vi,..., Vi). (6)
i=0
The proof is a simple application of integration by parts. We conclude
that for any vector bundle E we have a well defined Chern character
ch(A; E), with components the cohomology classes of chg(V), for any choice

of A-connection V on E. Whenever there is no confusion, we shall abbreviate
the Chern character to ch(E).

2.2 Characteristic classes of a representation

Let F be a representation of a Lie algebroid A. This just means that E is en-
dowed with a flat A-connection V. From the previous paragraph we conclude
immediately that:

Corollary 1. For a representation E of A we have ch(E) = 0.

The vanishing of the Chern character of a representation is the origin of
new secondary characteristic classes. These characteristic classes of a repre-
sentation were first introduced in [5].

From now on, unless otherwise stated, we assume that E' is a complex vec-
tor bundle. We choose a hermitian metric g on F. The connection V induces
an adjoint connection V¢ on E, which is defined in the usual way:

#a(g(s1,52)) = 9(Vasi, s2) + g(s1, Vasa).
We leave it to reader the easy check that:
Lemma 3. Let V, Vg, V1 be connections on E. For any metric g:
chi (V9) = (=1)"chi (V),
esk(VE, V) = (—1)¥esi(Vo, V1).
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For any representation F we fix a metric g on F and we define elements
U1 (B, V) =i"esi(V,V9) € 2%71(A),
where i = /—1.

Proposition 1. The A-forms ugi_1 are real, closed, and their cohomology
class is independent of the metric.

Proof. By (6) and the previous lemma, we find
desg(V,V9) = chp (V) — chg (V)
= chy(V) — (=1)*ch (V).

Sine V is flat, both terms vanish. Therefore, the usg_1’s are closed, and they
are also real by the previous lemma.
If g and ¢’ are metrics on E, formula (6) gives:

ese(V, V9) — esi(V, V9') = ¢, (V9, V) = desi (V, V9, V9).

Therefore, us,_1 will be independent of the metric provided the A-form
csk(V9, Vgl) is exact. For that we choose a family g; of metrics joining g = gg
to ¢’ = g1, and define u; € End(E) by g:(e1,e2) = g(us(e1),ea). Then

esk(V9, V9) = Tr(wi™ ™),
and all we need to show is that %Tr(wfk_l)
computation shows that

is an exact form. A simple

ow
8_; = dvs (ve) + [we, v4],

1

where vy = uy %. Since dys (w?) = 0, this implies that:

Ow _ _ _
Now, by the properties of the trace, it follows that
0 _ _
o Tr(wi ) = d Tr(ow? ),
t
as desired. O

We can now introduce:

Definition 1. The characteristic classes of a representation E are the
cohomology classes

UQk_l(E) = [qu_l(E,V)] (k’ = 17 .. .,7“),

where r is the rank of E.
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Notice that, if F admits an invariant metric g, then these classes vanish,
so they can be seen as obstructions to the existence of an invariant metric.
The main properties of these classes are:

(i) use-1(E & F) = ugp—1(E) + ugp—1(F);
(i) uggp—1(E ® F) = rank(E)ugg—1(F) + rank(F)usg_1(E);
(111) ’LLQkfl(E*) = 7U2k,1(E).

We refer to [5] for a proof of these facts. They can also be summarized by
saying that the map Rep(A) — Z x H°(A) defined by
E — (rank(E),u1(E),...,uz—1(E)),

is a morphism of *-semi-rings.
Let us consider now the case of a real vector bundle. For these we have:

Proposition 2. Assume that (E,V) is a real representation of A. If k is even
then usp—1(E, V) = 0. If k is odd then, for any metric connection V., the
differential form

(=1)"" csp(Vo, Vi) € 22%71(A)
is closed, and its cohomology class equals %qu,l(E, V).

Proof. Let V,, be a metric connection for some metric g, so that V¢, = V,,.
From Lemma 3, we find

sk (Vim, VI) = (=1)Fesp(V9,, V) = (=1)* L esp(V, Vi)
This, combined with the transgression formula (6), implies

desg(V, Vi, V9) = csp(Vin, V) — csi(V, V) + csi(V, Vi)
= (14 (=) esp(V, Vi) — esi(V, V9),

which proves the proposition. ]

2.3 Intrinsic secondary characteristic classes

In order to motivate the introduction of these characteristic classes let us start
by looking at the special case of regular Lie algebroids.

Let A be a regular Lie algebroid so that the characteristic foliation F
integrating Im # is non-singular. Denote the normal bundle by v = TM /T F,
and the kernel of the anchor by K = Ker #. These are both vector bundles,
since A is regular, and they carry canonical flat connections, namely the Bott
connections:

vaﬁ = [avﬁ]a ﬁ € F(K)7 (7)
VoX =LyaX, X eT(v). (8)
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This means that we can define intrinsic secondary characteristic classes of A,
by letting:
Uzk—1(A) = ugk—1(K) — uzg—1(v).

Notice that the origin of these secondary classes is the vanishing of the
Chern character of the formal difference K —v. Now observe that we have the
following short exact sequences of vector bundles:

0 K A TF 0,

0 TF T™M v 0.

Hence, the difference K — v equals the difference A — T'M, and we have the
following:

Corollary 2. For any reqular Lie algebroid, ch(A —TM) = 0.

Let us now turn to the non-regular case. While the difference K — v only
makes sense for regular Lie algebroids, the difference A — T'M always makes
sense. Also, we can introduce A-connections on A and TM, which are not
flat, but which give rise to a flat connection on the formal difference. These
naturally extend Bott’s basic connections for foliations (see [3]).

Definition 2. A connection (@, V) on A®T*M is called a basic connection
if #V = V# and if they restrict to the Bott connections on each leaf L of the
characteristic foliation F.

Notice that what is left in the formal difference A — T'M is precisely the
Bott part of the basic connection. The vanishing of the corollary above is now
replaced by the following result (see [8]):

Lemma 4. The curvature R of a basic connection vanishes along K & (TF)°.

A simple procedure to obtain basic connections is as follows. One chooses
an ordinary connection V on A, and defines A-connections on A and on T'M
by the formulas:

Vo = Vysa+[a, 8], VX =Vxa+ [#a,X]. (9)

One checks readily that the pair V = (@, 7) is a basic connection.
Now we can define our characteristic classes. We pick a basic connection V
and a metric connection V,, (i.e., Vy, preserves some metric g on A G T*M).

Definition 3. The intrinsic characteristic classes of A are the cohomol-
ogy classes

k+1

usk—1(Ad A) = 2[(=1)"% csp(V, V)] € H*71(A),

where 1 <2k —1<2r —1, and k is an odd integer.
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The fact that these classes are well-defined and independent of any choices,
is similar to the proof of the same fact for the characteristic classes of repre-
sentations, given in the previous paragraph. We refer to [8] for details.

The notation usi—1(Ad A) suggests that these are the characteristic classes
of the adjoint representation of A. To which extent this is true, is the main
subject of this paper, and will be discussed in the next sections. Before we do
that, we look at the intrinsic characteristic class of lowest degree.

Ezample 1. The modular class of a Lie algebroid was introduced in [14], and
further discussed in [7, 9, 15]. We recall here the construction given in [7].
Consider the line bundle Q4 = A"A @ A™T*M. On this line bundle we have
a flat A-connection V defined by:

Val@' Aona"@p) =Y a' Ao Afa,od] A A" @ pt
j=1

' Ao Aa" @ Lyap,  (10)

whenever a,al,...,a" € I'(A) and u € I'(A™T*M).
Assume first that @ 4 is trivial. Then we have a global section s € I'(Q 4)
so that
Vas =0s(a)s, Va € I'(A).
Since V is flat, we see that 65 defines a section of I'(A*) which is closed:
dfs = 0. If ' is another global section in I'(Q4), we have s’ = fs for some
non-vanishing smooth function f on M, and we find

0y = 05 + dlog|f].
Therefore, we have a well defined cohomology class
mod(A) = [0s] € H'(A)

which is independent of the section s. If the line bundle @) 4 is not trivial one
considers the square L = Q4 ® Q 4, which is trivial, and defines

mod(4) = = [0,],

for some global section s € I'(L). The class mod(A) is called the modular
class of the Lie algebroid A.
Now we have proved in [5, 8] that

ui(Ad A) = %mod(A). (11)

This gives a geometric interpretation of uq(Ad A) as an obstruction class. In
fact, as was argued in [7] one can think of global sections of Q4 (or Q4 ® Q)
as “transverse measures” to A. The modular class is trivial iff there exists a
transverse measure which is invariant under the flows of every section a €
I'(A). Therefore, the modular class (i.e., the class u;(Ad A)) is an obstruction
lying in the first Lie algebroid cohomology group H'(A) to the existence of a
transverse invariant measure to A.
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3 Characteristic classes and connections up to homotopy

3.1 Non-linear connections

As we have mentioned before, for a general Lie algebroid, there is no ad-
joint representation. One way around this difficulty is to relax the notion of
connection.

Let 7 : A — M be a Lie algebroid and let E = E' @ E° be a super-vector
bundle over M. We consider R-linear operators

rA) @ I'(E) — I'(E), (a,s)— Vas,
which satisfy the identity

Va(fs) = fVas+ #a(f)s,

for all f € C°°(M), and preserve the grading. We will say that V is a non-
linear connection if V,, is local in «. This is a relaxation of the C*°(M)-
linearity that one usually requires.

A non-linear differential form is an anti-symmetric, R-multilinear map

w:T(A) x - xT'(A) - C*(M),

which is local. Many of the usual operations on forms don’t use C'*°(M)-
linearity. For example, we have a de Rham operator d : £2%(A4) — 2% (A).
We can also consider E-values non-linear forms, which we denote by 22,(4; E).

The Chern-Weil and all other constructions of Section 2.1 immediately
generalize to non-linear connections provided we use non-linear forms. For

example, the usual super-trace on End(F) induces a super-trace
Tr : (23(A; End(E)), dv) — (23(4), d),
and we obtain the Chern characters of the non-linear connection
chy (V) = Tr(RE) € 228 (A).

As before, the Chern characters chy (V) are closed, non-linear A-forms, and up
to a boundary these classes do not depend on the connection. This, of course, is
because the Chern-Simons construction also generalizes to this setting, giving
a non-linear version of the Chern-Simons transgressions cs;(V°,..., V!)
which still satisfy equation (5), which is now a equality between non-linear
forms.

From now on, we let (E,d) be a super-complex of vector bundles over the
manifold M,

13]
(B,0): E'=—=FE". (12)
13]
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We consider also a non-linear connection V on E such that V,9 = 0V, for
all & € I'(A). The notion of connection up to homotopy [7] on (E,J)
is obtained by requiring linearity up to homotopy. In other words we require
that
VfaS = fv(ls + [HV(f7 Oé), a]a

where Hy (f,«) € I'(End(F)) are odd elements which are R-linear and local
in a and f.

We say that two non-linear connections V and V' are equivalent (or
homotopic) if, for all a € I'(A4), we have

V/a =Vq+ [9(&), a]v

for some 6 € 2L, (A;End(E)) of odd degree. In this case, we write V ~ V.
There are two basic properties of this equivalence relation which we state as
our next two lemmas.

Lemma 5. A non-linear connection is a connection up to homotopy if and
only if it is equivalent to a (linear) connection.

Proof. Assume that V is a connection up to homotopy. Let U, be the domain
of local coordinates z* for M over which the bundle A trivializes, and denote
by {e1,...,e.} a basis of local sections. We define a local linear connection

V& = Vx + [u*(X),d],
where u, € 2}(A|y,; End(E)) is given by

ua(Y_ frer) = =Y Hy(frsex),
B K

for all fr, € C°(U,). Next we take {¢,} to be a partition of unity subordinate
to an open cover {U,} by such coordinate domains and set

v, = Zqﬁavg, u(a) = Zqﬁau“(a).

Then V' =V + [u, d] is a connection equivalent to V. O
Lemma 6. If V° and V' are equivalent connections, then ch(V°) = ch(V?).

Proof. Let V° and V! be connections such that V! = V? + [0, 9]. A simple
computation shows that

Ry1 = Ryo + [dyof + Q, 9] , (13)

where Q(«, ) = [0(«), [0(8), J]]. Let us denote by Z C §22/(A; End(E)) the
space of non-linear forms w with the property that [w,d] =0, and by B C Z
the subspace consisting of element of the form [, d] for some non-linear form
7. Since we have

[0,0n] = [0, w]n + (=1)w[d, 7],
we see that ZB C B, hence (13) implies that Rkvl = RkVO modulo B. The
desired equality follows now from the fact that Tr vanishes on B. O
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Observe now that if V is a linear connections on (FE,d), then the Chern
characters chy (V) are linear differential forms, whose cohomology classes are
the components of the Chern character ch(E) = ch(E?) — ch(E'). Hence, an
immediate consequence of the previous two lemmas is the following:

Proposition 3. If V is a connection up to homotopy on (E, D), then
chi(V) = Tr(Ry),

are closed differential forms whose cohomology classes are the components of
the Chern character ch(E).

The Chern-Simons transgressions forms of non-linear connections are non-
linear forms, and they satisfy the obvious properties. We list here the relevant
properties:

Lemma 7. Let V, Vg, V1 be non-linear connections. Then:

(i) If Vo and V1 are connections up to homotopy then csi(Vo, V1) are linear
differential forms;
(Z’L) If v0 ~ Vl, th@n CSk(VO, vl) = O;

(iii) For any metric g:
chy,(V9) = (—1)*chi (V) and cs,(V§, V) = (—1)*cs(Vo, V1).

Proof. Part (i) follows from the fact that Chern characters of connections up
to homotopy are differential forms.

For part (ii) we observe that the affine combination V* used in the defi-
nition of csy(Vo, V1) is equivalent to the pull-back Vg of Vg to M x A, since
vt = Vg + [0, d]. But chy (V) vanishes so, by Lemma 6, we conclude that
csk(Vo, V1) = chg (V) = 0.

Finally, if g is a metric on F, a simple computation shows that Ry, =
— R, where * denotes the adjoint (with respect to g). Then (iii) follows from
the equality Tr(C*) = Tr(C), for any matrix C. O

3.2 Characteristic classes of representations up to homotopy

A representation up to homotopy is a super-vector bundle (E, ) with
a connection up to homotopy which is flat. We are now ready to extend the
construction of the characteristic classes of representations to representations
up to homotopy. Again, the origin of these classes is the following vanishing
result, which is an immediate consequence of Proposition 3.

Corollary 3. If (F,0) is a representation up to homotopy, then ch(E) = 0.

For any representation up to homotopy (F, 9, V), we choose a metric g on
FE and we consider the forms:

ugk—1(F,0,V) = i" T cs(V,V9) € 2271 A).
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Proposition 4. Let (FE,0,V) be a flat representation up to homotopy. Then:

(i) The differential forms usg—1(E,0,V) are real and closed, and the induced
cohomology classes do not depend on the choice of the metric.

(it) If V ~ V', then ugg—1(E,0,V) = ugg—1(E,9,V').

(i11) If V is equivalent to a metric connection (i.e., a connection which is
compatible with a metric), then all the classes uag—1(E, 0, V) vanish.

Proof. If we use Proposition 3 and Lemma 7, the proof of (i) is analogous to
the proof of Proposition 1, and so we omit it. To prove (ii), we observe that the
non-linear version of the transgression formula (5) gives, for any connection

va
desk(V, Vo, VI) = csi(Vo, V9) — s (V, V) + csi(V, Vo)
desk(V9, V0, V) = esp(Vo, V) — esi(V9, VE) + ¢s,(V9, Vo).

Adding up these two relations, we conclude that the class ugg—1(FE,9,V)
equals the cohomology class of

ik (esk(V, Vo) + csk(Vo, VE) + csi (V. V),

for any connection V. On the other hand, if V' is equivalent to V, Lemma 7
(ii) gives:
ese(V, Vo) — esk(V/, Vo) = desk(V, V', Vo).

Hence, we conclude that

ugk—1(F,0,V) = i* [esk(V, Vo) + csk(Vo, V) + esi(VI, V)]
= i¥ [esk(V', Vo) + csk(Vo, V) + csp(VE, V)]
= U2k—1 (E; aa VI)7
which proves (ii).
Finally, (iii) follows from (i) and (ii). O

In the real case, we obtain the analogue of Proposition 2. The proof is
entirely similar.

Proposition 5. Assume that E is a real vector bundle. If k is even then
ugi—1(F,0,V) =0. If k is odd, then for any connection Vg equivalent to V,
and any metric connection V,,

k41

(—1)"2 esk(Vo, Vi) € 27571 (A)
is a closed differential form whose cohomology class equals %qu,l(E, 0,V).

In this way we have extended the theory of secondary characteristic classes
of representations to representations up to homotopy. Note that the construc-
tion presented here actually works for connections which are flat up to homo-
topy, i.e., whose curvature forms are of the type [—, d]. Moreover, this notion
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is stable under equivalence, and the characteristic classes will only depend on
the equivalence class of V (cf. Proposition 4 (ii)).

Note also that, as in [6] (and following [2]), there is a version of our discus-
sion for super-connections ([13]) up to homotopy. Some of our constructions
can then be interpreted in terms of the super-connection 0 + V.

If E is regular in the sense that Ker 9 and Im 0 are vector bundles, then
so is the cohomology H*(F,d) = Kerd/Imd, and any connection up to ho-
motopy V on (E, ) defines a linear connection on H*(E,d). Moreover, this
connection is flat if V is, and the characteristic classes ugr—1(E,9,V) coin-
cide with the classical characteristic classes of the flat vector bundle H*(E, 9)
(see [2, 10]). In general, the classes ugg—1(E, 9, V) should be viewed as invari-
ants of H*(F,d) constructed in such a way that no regularity assumption is
required.

3.3 Intrinsic classes via representations up to homotopy

Let us turn now to the adjoint representation of a Lie algebroid A. The case
of a regular Lie algebroid, considered at the start of Section 2.3, suggests that
one should look at the formal difference A — T'M. This can be made precise,
by working up to homotopy. We consider the super-vector bundle

Ad(A): A=—=TM, (14)
#

with the flat connection up to homotopy V2 given by:
vals = la, ], ValX = [#a, X],

for which the homotopies are H(f,a)(8) = 0 and H(f,a)(X) = X(f)a, for
all o, € I'(A), X € X(M), f € C(M).

The following result shows that the characteristic classes of the adjoint
representation up to homotopy, as in the previous paragraph, coincide with
the intrinsic characteristic classes we have discussed in Section 2.3.

Theorem 1. For any Lie algebroid A and any k:
u2k,1(Ad A) = u2k,1(A, (9, Vad).

Proof. The clue is the following proposition relating the basic connections we
have discussed in Section 2.3, to the adjoint connection.

Proposition 6. If a linear connection V on A is equivalent to the adjoint
connection V23 then it is a basic connection.

Assuming the proposition holds, by Lemma 5 there exists a basic connec-
tion V equivalent to V4. Fixing also a metric connection V,,, we find:



Exotic Characteristic Classes of Lie Algebroids 15

k41

ugp—1(Ad A) =2[(—1) "= csg(V, V)] (by Definition 3),
= ugp_1(A, 0, V) (by Proposition 5),

which proves the theorem.
Proof of Proposition 6. The condition that V is equivalent to V24 means
that there exists some 6 € 21 (A; End(A @® TM)) of odd degree such that:

Vo = Vol +[0(a), 0]
for all v € I'(A). Writing V = (V, V), this condition translates into:

@aﬂ = [Oz,ﬂ] + 9(0&)#5,
VaoX = [#a, X] + #0(a)X.

If we restrict, over a leaf L of A, the first connection to Ker #|1, and the second
connection to v(L), the terms involving 6 vanish. Therefore, both V and V
restrict over a leaf to the Bott connections. On the other hand, we compute:

#V ol = #o, B] + #0()#
= [#a, #0] + #0()#0 = Va#0.

Hence, V = (V, V) is a basic connection. i

Notice that Proposition 6 gives some further geometric insight to the no-
tion of a basic connection. Moreover, in the regular case, it is easy to check
that a linear connection is basic iff it is equivalent to the adjoint connection.

4 Jets and characteristic classes

In the previous section we saw that the adjoint representation is a represen-
tation only up to homotopy, and we used this fact to show how the intrinsic
classed can be seen as classes of representations. In this section we consider a
different interpretation of the adjoint representation, as a honest representa-
tion. The price to pay is that we have to work on the jet Lie algebroid.

4.1 The jet of a Lie algebroid

Let us explain that for any Lie algebroid A, each jet bundle J*A inherits a
natural Lie algebroid structure. This construction of the jet Lie algebroid can
be traced back to the works of Kumpera, Libermann and Spencer (see [1] and
references thereof).

Let m : E — M be a vector bundle. For each non-negative integer k, we
will denote by 7% : J*E — M the vector bundle of k-order jets of sections of
E. If | < k, we denote by 7rlk : JEE — J'E the canonical projection. Since



16 Marius Crainic and Rui Loja Fernandes

J°E = E we have nf = 7%, If a € I'(E) is a section of E, we will denote by
j*a the induced section of J¥E. For basic facts on jet bundles we refer the
reader to [12]. Although we will assume that 0 < k < oo, many constructions
below hold if k£ = oc.

Our first observation is the following:

Proposition 7. If A is a Lie algebroid, there exists a unique Lie algebroid
structure on J* A such that:

(i) For any section oo € I'(A) the anchors are related by:

#i"a = #a.

(ii) For any sections o, 3 € I'(A) the Lie brackets are related by

[i*a, j%a] = j*([a, B)).

Proof. First we prove uniqueness. Property (i) clearly defines (uniquely) the
anchor as the composition # o 7, where 7, : J*A — A is the canonical
projection. So let [ , ] be a Lie algebroid bracket on J*A with anchor # =
# o m;,. The sections of J¥A are generated over C°°(M) by sections of the
form j*a, where a € I'(A). Using the Leibniz identity, we obtain:

(915" a1, g23% o] = grgali*an, Fas]+
+ g1#a1(g2)j"az — go#taa(g1)j er.  (15)

This shows that, if (ii) also holds, then [, ] is uniquely determined.

Since uniqueness holds, it remains to show every point x € M has a
neighborhood U where such a Lie bracket exists. So let (z!,...,2™) be local
coordinates on a open set U C M, over which the bundle A trivializes. Let
{e1,...,er} be a basis of sections of A|y. For a multi-index I = (i1,...,in)
of non-negative integers, we set |I| = i; + --- + i,, and denote by z! the
monomial (z!)® ... (2™)%. The sections defined by

1
el = ij(zlea), 1<a<m,|I| <k,
form a generating set of sections for J¥A|;. A basis can be obtained by con-
sidering, for example, multi-indices I with iy < is < ...%,,. Now we can define
a Lie bracket satisfying (ii), by setting

1 .
el el] = mﬂk([zlea,x‘leb]),

and requiring the Leibniz identity to hold. a
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For the jet adjoint representation, to be introduced in the next section, we
will be interested in the case of J'A. So let us give the local expression for
the structure constants of the jet Lie algebroid J' A. Let (z!,...,2™) be local
coordinates on a open set U C M, over which the bundle A trivializes. Let
{e1,...,e.} be a basis of sections of A|y. The Lie algebroid A has structure
functions B} and C¢, defined by

.0
#ea = B;%v [eaa eb] = Cgb667

where we have used the convention of summing over repeated indices. Now, we
have an induced basis {e,, e’} of J! A so that, for every local section s € I'(A),

gls(z) = s%(x)eq + %(m)ez

Explicitly, the section e? is given by:

y =3 (@' = y')ea)lo=y-

A straightforward computation using properties (i) and (ii) of Proposition 7,
gives the structure functions for J!A:

ace, .
[ea,eb] = CSpec + 8xaib €rs (16)
9 [K) aB}z j
[eav eb] = Cabec + %eia (17)
lez €3] = Blei, — Biea. (18)

There are similar formulas for the higher jet Lie algebroids J* A.

Note that the characteristic foliations of A and J*A coincide. Also, it is
easy to check that the Lie algebroid structure on J*A makes the projections
mF: JFA — J'A into Lie algebroid homomorphisms.

The operation of taking jets is functorial: if ¢ : A} — As is a Lie algebroid
homomorphism then j*¢ : J¥A; — J*A, is also a homomorphism of Lie
algebroids, and we have a commutative diagram:

-k
JEA, L0 gk A,

k k
™ l l’rl
]

JiA, 22 gia,

If a Lie algebroid A — M integrates to a Lie groupoid G = M, then
the jet Lie algebroid J*A integrates to the jet Lie groupoid J*G = M: the
arrows of J*G are the k-order jets of bisections of G, and the operations
are the obvious ones. This groupoid structure, makes the natural projection
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7le : JEG — J'G into a Lie groupoid homomorphism, and the map of bisections
§* : B(G) — B(J*G) into a group homomorphism. Also, if ® : G; — G» is a
Lie groupoid homomorphism, then it induces a Lie groupoid homomorphism
jk® : J*G, — J*G, of the associated jet groupoids and, for each pair of
indices, we have a commutative diagram:

'krp
Jkgl ]_> Jkg2

k k
™ l lﬁ
1

D
Jlg1 ]_> Jlg2

4.2 The jet adjoint representation

We saw above that the adjoint representation of a Lie algebroid A is a repre-
sentation only up to homotopy. It turns out that we can also view the adjoint
representation A as a honest representation of J!A.

Proposition 8. There is a unique representation V of J'A on the bundle A,
such that for any sections o, 8 € I'(A):

leozﬂ: [avﬂ]' (19)

Proof. First we observe that there exists at most one connection satisfying
(19). In fact, the sections of J'A are generated over C*°(M) by sections of
the form jla, where a € I'(A). Hence, any J!A-connection V is determined
by its values on sections of this form. In particular, if V satisfies (19), we find:

vgjlozﬂ = g[a, /8]7

so uniqueness holds.

Since uniqueness holds, existence will follow if we show that every point
x € M has a neighborhood U where there exists a connection satisfying (19).
Again, we let (z!,...,2™) be local coordinates on a open set U C M, over
which the bundle A trivializes, and we let {e1,...,e,} be a basis of sections
of A|y. Using the notation above, we define a connection in A|y by

Ve, = Cgpec, veéeb = 7Blz;ea-

This connection clearly satisfies (19).

Finally, this connection is flat, since we have:

R(j'a, j* B)y = la, [8,7]] = 18, [, 7]] = [l 8], 7] = 0,

which implies that R = 0. ]
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4.3 Intrinsic classes via jet representations

For the jet adjoint representation V7 1, which is a representation of the Lie
algebroid J'A on A, we can take its characteristic classes (see Section 2.2),
which we denote by

upk-1(A, V7)) € 0%71(J1A),

Now, the Lie algebroid morphism 7! : J'A — A determines a pull-back map
(71)* : 2°(A) — 02°(JA), which preserves differentials. Hence, we also have
a map at the level of cohomology:

(71" : H*(A) — H*(J*A).
We have:

Theorem 2. The intrinsic characteristic classes of A pull-back to the char-
acteristic classes of the jet adjoint representation:

U2k -1 (A, le) == (ﬂl)*UQk_l (Ad A).

Proof. For a section a of J'A we will denote by 7la the induced section of
A. If V is a A-connection on a vector bundle E, then we have a pull-back
J1 A-connection on E, denoted (71)*V, and which is defined by the formula

(11)* Vs = Viria$,

for any sections o € I'(J*A) and s € I'(E). If we twist the connection V by
a metric g in F, then its pull-back is the twisted pull-back connection:

(') V9 = ((x')" V).
Also, it follows from the definitions of the Chern-Simmons transgressions, that
we have:
esp((@)* VO, (7)) VY = ()  esp(VY, ..., V).

Now, all this is still true even for non-linear connections. For example, the
adjoint 1connection up to homotopy V! pulls-back to the jet adjoint connec-
tion V7 : N

VI = (rhyrvad,
Note that this example shows that a non-linear connection can pull-back to a
linear connection.

These remarks immediately yield the theorem. In fact, we have:

U1 (A, V7 ) = sy (VI (V9')9)
_ ik-i—l CSk((Trl)*vad, ((Wl)*vad)g)
— ik-i—l CSk((ﬂ'l)*vad, (ﬂ_l)*(vad)g)
— (ﬂl)*(ik'H CSk(Vad, (vad)g)
= (7" *ugr_1(4,0,V*) = (71)*ug,_1 (Ad A),
where the last equality holds by Theorem 1. a
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