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Abstract

Kahler manifolds are manifolds with three compatible geometric structures. These are called the
Riemannian structure, the symplectic structure and the complex structure. The main problem in
this thesis is the Thurston-Weinstein problem. The Thurston-Weinstein problem is the problem of
constructing symplectic manifolds with no Ké&hler structure. The first chapter deals with general
properties of Kédhler manifolds. The main result will be a criterion for dimension of some of its coho-
mologygroups. The second chapter will deal with differential graded algebra’s, which is a generalization
of the de Rham-complex. It will show that Kdhler manifolds have a property called formality. The
third chapter will look into nilmanifolds, which are quotients of Lie groups. It turns out that the only
nilmanifolds which admit a K&hler structure are tori. The last chapter will give an outlook on the
various ways people have tried to solve the Thurston-Weinstein problem in different situations.
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Chapter 1

Introduction

Most mathematicians study sets equipped with some structure. There are many different kinds of
structures. Examples include the structure of a group, the structure of a partial order, the structure
of a topological space and so on. Some structures generalize others. A normed vector space gener-
alizes the notion of a vector space with an inner product, and a group is the more general version
of an abelian group. This is also the relation between the two main objects of study in this thesis.
A Kaéhler manifold is a special type of symplectic manifold. One natural question which arises is
the question whether there even exist symplectic manifolds which do not admit a K&hler structure.
This question was first treated by William Thurston in 1976 (see [5]). He attributed the problem to
Alan Weinstein, so it has become known as the Thurston-Weinstein problem. Since Thurston’s first
example, many people have constructed symplectic manifolds which do not admit a Kéahler structure.
This thesis will develop the main tools used to prove that certain symplectic manifolds do not admit a
Kahler structure. It also contains some examples of symplectic manifolds carrying no Kéhler structure.

The first chapter will start with defining Kéhler manifolds. Kéler manifolds are smooth manifolds
with a symplectic structure and a complex structure such that the symplectic form and the induced al-
most complex structure are compatible. The complex structure gives rise to new differential operators
0 and 0. With these new differential operators comes a new cohomologytheory, called the Dolbeault
cohomology. The Dolbeault cohomologygroups have two indices as a consequence of the two differ-
ential operators. The question of how Dolbeault cohomology relates to de Rhamcohomology is given
by Hodge theory, which is the topic of the last subsection of the first chapter. The most important
theorem is that for compact Kahler manifolds there is an isomorphism

H*(M;C)~ € H"(M)
ptg=k

which relates de Rhamcohomology to Dolbeaultcohomology. As a consequence, odd de Rhamcohomol-
ogygroups have even dimension. This consequence is used in the first example of a symplectic manifold
with no Kahler structure.

The second chapter generalizes the notion of the exterior derivative on differential forms to differ-
ential graded algebra’s. Differential graded algebra’s are graded algebra’s with a differential which
behaves like the exterior derivative. With any DGA there is are associated cohomologygroups. Ev-
ery reasonable DG A has a minimal model, which has the same cohomology and satisfies some other
conditions. This minimal model is unique and is usually easier to deal with than the DGA itself.
One property a minimal model can satisfy is called formality. The main result of this section is that
compact Kahler manifolds have formal minimal models. Massey products are introduced as a tool
to proof non-formality. The setup of this chapter is based on the book Symplectic Manifolds with no
Kabhler Structure by Aleksy Tralle and John Oprea, see [4].
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The third chapter looks into a special kind of manifold called a nilmanifold. Nilmanifolds are quotients
of nilpotent Liegroups by discrete subgroups. Their minimal model can be described in terms of only
the Lie algebra associated to the Lie group. This is used in proving that the only nilmanifolds which
admit a K&hler struture are tori. An example is given of an countable family of symplectic nilmanifolds
which are not diffeomorphic to tori and do therefore not admit any Kahler structure.

The last chapter gives an outlook in several different ways in which the Thurston-Weinstein prob-
lem is solved. This chapter doesn’t go in detail as much as the other chapters, but it gives a broad
impression on the versatility of the problem.

The reader is assumed to be familiar with smooth manifolds. If this is not the case, the reader is
advised to study the basic concepts of smooth manifolds before reading this thesis. A good book for
this is Introduction to Smooth Manifolds by John Lee ([I]). For understanding some parts of this thesis
basic knowledge of algebraic topology is required. This can be obtained from Algebraic Topology by
Allen Hatcher ([2]).



Chapter 2

Kahler Manifolds

A Kéhler manifold is a smooth manifold equipped with three compatible structures. Before we will go
into structures on manifolds, we will discuss structures on vector spaces. Recall from linear algebra
that an inner product on a real vector space V is a map (-,-) : V x V — R satisfying the following
conditions:

o (v,w) = (w,v),Yv,w € V (symmetry)
o (A\v+ pu,w) = A, w) + plu,w), VA, p € R, Vu,v,w € V (linearity in the first argument)
e (v,v) >0 and (v,v) =0 if and only if v = 0 (positive definiteness)

The second linear structure is the linear complex structure.

Let V be a real vector space. A linear complex structure on V is a linear map J : V. — V such
that J?2 = —Idy. The basic intuition behind this definition is that J turns real vector spaces into
complex vector spaces. We can define the multiplication of a vector v by a complex number a + bz to
be (a+bi)v = av+bJ(v). However, we can also let J act like —z. This last fact will become important
later on. Since complex vector spaces have even real dimensions, V' can only admit a linear complex
structure if it is even dimensional.

The third and last linear structure is the linear symplectic structure. A linear symplectic form on
a vector space V is a map w : V x V — R satisfying the following conditions:

o w(v,w) =—w(w,v),Vv,w € V (skew-symmetry)
o w(Av + pu,w) = dw(v, w) + pw(u, w), VA, p € R,Vu,v,w € V (linearity in the first argument)
e w(v,w)=0VYw €V if and only if v = 0 (nondegeneracy)

Nondegeneracy can also be characterized differently. A linear symplectic form w is nondegenerate if
and only if w"" # 0.

Let V be a vector space equipped with an inner product (-, -), a linear symplectic form w and an linear
complex structure J. The triple ({-,-),w,J) is said to be compatible if (v,w) = w(v, J(w)) for all
v,weV.

Because compatible triples have an equation relating them, only two of the structures are needed to
construct the last one. However, not all combinations of two linear structures can be made into a
compatible triple.

Let V be a vector space equipped with a linear symplectic form w and a linear complex structure

J. Then w and J are compatible if w(v, w) = w(Jv, Jw) for all v,w € V and if w(v,Jv) > 0 for all
v € V\{0}. If w and J are compatible, then we can define an inner product (-, -) by (v, w) = w(v, Jw).

4
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Then (-,-) is obviously bilinear and positive definite. It is also symmetric: (v,w) = w(v, Jw) =
w(Jv, J2w) = w(Jv, —w) = w(w, Jv) = (w,v).

Let V be a vector space equipped with an inner product (-,-) and a linear complex structure .J.
Then (-,-) and J are compatible if (v, w) = (Jv, Jw) for all v,w € V. If (-,-) and J are compatible,
then we can define a linear symplectic form w by w(v,w) = (Jv,w). Then w(v, Jv) = (v,v), which
means that w is nondegenerate. Since w(v,w) = (Jv,w) = (J?v, Jw) = —(Jw,v) = —w(w,v), w is
also skew-symmetric.

Lemma 2.0.0.1. Let V be a vector space equipped with a linear symplectic structure w. Then there
exists a linear complex structure compatible with w.

Proof. Let g be an arbitrary inner product on V. By nondegeneracy, we get two isomorphisms between
V and V*:
g: V=V g0)(w) =g(v,w)

@: V=V o0 (w) =wl,w)

Then define A = §~! o @. Since it is the compostion of isomorphisms, it is an isomorphism. Since
g(Av,w) = g(Av)(w) = O(v)(w) = w(v,w) = —w(w,v) = —g(Aw,v) = —g(v, Aw), we get A* = —A.
Now AA* is symmetric ((AA*)* = AA*) and positive (g(AA*v,v) = g(A*v, A*v) > 0 for v # 0). From
linear algebra we know that this implies that AA* is diagonalizable. Let

AA* = B diag(\1,...,\,) B71
be the diagonalization. Then define

VAA* = B diag(\/M1, ...,/ An) B~

and take

J = (VAA*)'A

With this definition we get JJ* = Idy . Since A is skew-adjoint, so is J, so J? = —JJ* = —Idy . This
linear complex structure is compatible with w:

w(Jv, Jw) = g(AJv, Jw) = g(JAv, Jw) = g(Av, J*Jw) = g(Av,w) = w(v,w)

and for v # O:
w(v, Jv) = g(Av, Jv) = g(J*Av,v) = g(VAA*v,v) >0

O

This lemma implies that vector spaces which admit linear symplectic structures must be even dimen-

sional.

We want to apply these linear structures to smooth manifolds. We can do this by defining them on

each tangent space. However, we want them to respect the smooth structure of the manifold, so these

linear structures must vary smoothly. This notion of smoothness can be described in two ways. The

first way is in charts.

Let M be a smooth manifold and (U, ) be a chart of M with local coordinates (z!,...,2"). If

9 = (gz)zenm is an inner product on every tangent space T, Mof M, it can locally be described by

g= > gijdmidﬂcj. We call g smooth around a point € M if there is a chart (U, ) with € U
1<i,j<n

such thajt all local functions g;; are smooth. We call g smooth if it is smooth around every = € M.

If w = (wg)zenm is a linear symplectic form on every tangent space T, M of M, it can locally be de-

scribed by w = Y wijdz’ A dz?. We call w smooth around a point x € M if there is a chart (U, )

i<j
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with # € U such that all local functions w;; are smooth. We call w smooth if it is smooth around every
reM.

The second and more natural way to characterize smoothness is in terms of vectorfields. We call
9 = (92)zen smooth if g(X,Y) is a smooth function for all smooth vectorfields X and Y. The same
definition holds for linear symplectic forms: w = (wg)zenm is smooth if w(X,Y) is a smooth function
for all smooth vectorfields X and Y. This definition works for linear complex structures as well. We
call J = (J3)zenm smooth if J(X) is a smooth vectorfield for every smooth vectorfield X.

Compatibility on vector spaces can be generalized to manifolds. We call two structures on a man-
ifold M compatible if their linear structures are compatible on every tangent space T, M of M.

Definition 2.0.0.2. A Riemannian manifold (M, g) is a manifold M together with a smoothly varying
inner product g, on the tangent space T, M. A smoothly varying inner product is called a Riemannian
metric.

All smooth manifolds admit Riemannian structures. For our purposes, this will be the least important
structure of Kéhler manifolds. The next structure is the symplectic structure, which will be our main
concern.

Definition 2.0.0.3. An almost symplectic form is a smoothly varying linear symplectic form w, on
each tangent space T, M. Since it is skew-symmetric, bilinear and smooth, it is a 2-form. An almost
symplectic form is called symplectic if it is closed. The pair (M, w) is called a symplectic manifold.

Symplectic structures are more rare than Riemannian structures. The first reason for that is that only
even dimensional manifolds can admit a symplectic structure.

Example 2.0.0.4. The 2-sphere S? admits a symplectic structure. If we see S? as an embedded
submanifold S? C R3, then the symplectic form is given by w,(v,w) = z - (v x w). Here the -
means the dot product in R and x denotes the cross product in R3. A useful identity involving the
dot product and the cross product is given by a - (b x ¢) = ¢ (a x b). With this identity we find

we(v,z x v) = ||z x v||2. Here x x v € T,,8? and ||z x v||*> = 0 if and only if v = 0. Hence w is
nondegenerate. Since w is a 2-form and S? is two dimensional, w is closed. Hence w is a symplectic
form. A

This example does not generalize to higher dimensions. To prove there are no higher dimensional
symplectic spheres, we need a lemma.

Lemma 2.0.0.5. Let (M,w) be a compact symplectic manifold. Then H?(M) # 0.

Proof. Proof by contradiction. Suppose that H2(M) = 0, then all closed 2-forms are exact. In
particular the symplectic form w is exact, so w = da for some 1-form «. Since w is nondegenrate, w”\"
is a volume form. By Stokes’ theorem, we get

075/0.}/\”:/&)/\0.)/\(”_1) :/da/\w/\(n—l) :/d(a/\w/\(n—l)) — /a/\w/\(n—l) :/a/\w/\(n—l) -0
M M

M M oM 0
From this contradiction we conclude that w represents a nontrivial cohomologyclass. O

This lemma can easily be generalized to any even dimension up to the dimension of the manifold.
Since spheres have only nontrivial cohomology in dimension 0 and in the dimension of the manifold,
there are no symplectic spheres of dimension > 2.

The last structure on a manifold is the complex structure.

Definition 2.0.0.6. Let M be a smooth manifold. An almost complex structure on M is a smoothly
varying complex structure J, on the tangent space T, M.
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The name ’almost complex’ suggests that there is also something called a complex structure. This is
indeed true.

Definition 2.0.0.7. A complex manifold is a topological manifold M together with a maximal atlas
of charts (U, ¢) between open subsets of M and C™ which cover M and for which the transition maps
are holomorphic.

Any complex manifold can be made into a real smooth manifold by identifying C" ~ R?™. One could
expect that every complex manifold has an almost complex structure. This is indeed the case, and it
is even canonical.

Theorem 2.0.0.8. Let M be a complex manifold. Then M has a canonical almost complex structure

J.

Proof. Let (U, ¢) be a chart, with z1,..., 2, as local coordinates, where z; = x; +1y;. Then define J

on U by
0 0 0 0
L(m)—@;4@)—vm

We want to show that this is a well-defined global almost complex structure. Consider two charts (U, ¢)
and (V, %), with local coordinates z1, ..., 2z, and w1, ..., w,, where z; = x; +1y; and w; = u; + w;.
The almost complex structure as defined in the chart (U, ) will be denoted by J; and the almost
complex structure as defined in the chart (V, ) will be called J5. By the Cauchy-Riemann equations,
we see that on the overlap U NV they agree:

auk 0 avk 0
J2< > B Jz(z Oz Oug 895] avk)
Z 8uk 0 81}k 0
8:10] 8vk &rj 8uk

+

s 0 o o
= Oy; Ov,, ~ Oy; Oug

_ 9
y;

0
—*Q%>

0 o - 8uk 0 8vk 0
J2<8yj> N JQ(}; 0y; Auy oy, 0y; avk>

We conclude that J; = Ja, so the almost complex structure is well-defined globally. O
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This theorem shows that every complex structure gives rise to an almost complex structure. The
converse, however, may not be true. To distinguish the complex manifolds from the other almost
complex manifolds, we have the following definition:

Definition 2.0.0.9. Let M be a manifold with an almost complex structure J. Then we call J
integrable if it is induced by some complex structure on M.

The three geometric structures described in this section combine nicely into a structure called the
Kéhler structure.

Definition 2.0.0.10. A Ké&hler manifold is a smooth manifold with a complex structure and a symplec-
tic structure such that the induced almost complex structure and the symplectic form are compatible.

Remark 2.0.0.11. There are several equivalent definitions of a Kahler manifold, each from a different
point of view. The definition above emphasizes the symplectic structure and the complex structure
since that is the most natural one for the purpose of this thesis.

Definition 2.0.0.12. A symplectic manifold (M,w) of dimension 2n satisfies the hard Lefschetz
property if the map 4 , ,
[w)? : H" (M) — H" " (M)

[a] = [w A ]
is an isomorphism for all 1 < j <n
The hard Lefschtetz theorem states the following:

Theorem 2.0.0.13. Let (M,w) be a compact Kdihler manifold. Then (M,w) satisfies the hard Lef-
schetz property.

A proof of this theorem can be found in [g].

2.1 Complex forms

In this section, we will work with an almost complex manifold (M, .J). The almost complex structure
is not necessarily integrable, unless stated otherwise.

Definition 2.1.0.1. The complexified tangent bundle of M is the bundle TM ® C. The almost
complex structure extends to T'M & C by:

Jovz)=Jw) @z, YwveTM,zeC

Since J? = —Idrys, J has eigenvalues 1 and —. Hence the complexified tangent bundle is the direct
sum of subbundles 77 ¢ and Tp; which are given by

Tio={veTM®C|J(v)=w}
={fv®l-Jv®:r|veTM}

To1 ={veTM®C| J(v)=—w}
={v@l+Jv®r|veTM}

These linear subspaces both come with a natural projection:
1
T,0: TMQC—Tig,v®z— §(U®Z—JU®ZZ)

1
7T071ITM(X)C*)TOJ,’U®Z}—)§(’U®Z+JU®’LZ)
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for which 77, = 71,0 and 7%, = mp,1 and which combine into an isomorphism
(7T1’0,7T0’1) :TMeC — TLO (o) TOJ

Just like the tangent space, the cotangent space also admits a complexification.

Definition 2.1.0.2. The complexified cotangent bundle of M is the bundle T*M @ C. The almost
complex structure extends to TM™* @ C by

Ja®z)=aoJ®@z,YaecT"M,zcC
Similarly to the tangent bundle, the complexified cotangent bundle is the direct sum of subbundles
T1° and T°%! which are given by
T =Ty ={a e T"M & C | aoJ =1}
={a®l-aoJ®1|aeT M}
Toy =T, ={a € T"M @ C|aoJ = -}
={a®l+aocJ®1|aeT M}

These linear subspaces also come with a natural projection:
1
o T*MeC - T a® 2z §(a®z—aoJ®zz)
1
L'T*MeC—-T, a®z— §(a®z+aoJ®@z)

which combine into an isomorphism
(e, 70N T*M e C = T e 7%

Elements of T} o are called J-holomorphic tangent vectors, while elements of T} ; are called J-antiholomorphic
tangent vectors. Similarly, elements of 71 are called J-holomorphic 1-forms and elements of T%! are
called J-antiholomorphic 1-forms. This allows us to define

An,m(T*M ® (C) — (AnTl’O) A (AmTO’l)
Ak<T*M®(C) Ak(Tlo@T01 @ Anm T*M(X)(C)
n+m=~k

Now Q™™ (M) consists of all sections of A™™(T*M ® C). Its elements are called differential forms of
type (n,m). Complex valued k-forms are sections of A¥(T*M ® C). The set of all complex valued
k-forms is denoted by QF(M;C). For k = n + m we have the natural projections

M AT M @ C) — AM(T*M  C)
These projections give rise to new differential operators:

Definition 2.1.0.3. Let (M,J) be an almost complex manifold. Then we define the differential
operators 0 and 0 to be

o= ﬂ_n—i-l,m od: QTL,?’VL(M) N Qn+1,7rL(M>

5 _ 7Tn,m+1 od: Qn,m(M) N Qn,m+1(M>
If M is a complex manifold and J is the induced almost complex structure, then these differential
operators have a more concrete description in local coordinates. Let (U, ) be a chart with local
coordinates (2!, ..., 2") and 2/ = 27 +1y7. Then we define dz7 = % (da?+1dy’) and dz7 = L (da? —dy”).
?imilarly, we define 52 = (52— agj) and 5% = %(%4—2%). Then locally for any smooth function
we get

af = Z dz] and Of = Z dzj



CHAPTER 2. KAHLER MANIFOLDS 10

A function f € C*°(M,C) is J-holomorphic if df o.J = 1df. Equivalently, it is .J-holomorphic if 9 f = 0.
A function f € C*°(M,C) is J-antiholomorphic if df o J = —udf. Equivalently, it is J-antiholomorphic
ifof =0.

With these definitions it is possible to give some examples of Kéahler manifolds.

Example 2.1.0.4. 1. The easiest example of a Kéahler manifold is C". The identity is a global
chart, so it is a complex manifold. We can canonically identify T,C™ ~ C™. For coordinates

n
zj = xj +wy; and w; = u; + w; the Riemannian metric is given by g(z,w) = 21 xju; + yivj,
=

n
while the symplectoc structure is given by wo(z,w) = > z;v; — yju;.
j=1

2. The standard symplectic structure on C" is invariant under the action of Z?". Hence on the
n
torus T2 = € /72n we get a symplectic form. Let 7 : C" — T2" be the projection, then then
symplectic form is uniquely determined by 7*w = wy.

3. A Riemann surface (M, J) is a complex manifold of complex dimension 1, so it has real dimension
2. Since any manifold admits a Riemannian metric, we can always choose a Riemannian metric
g. However, it can only be compatible with J if g(z,y) = g(Jz, Jy) always holds. Now define
a new Riemannian metric § by g(z,y) = g(z,y) + g(Jz, Jy). This new Riemannian metric is
J-invariant. Now w(z,y) = g(Jz,y) defines a nondegenerate 2-form. Since the real dimension of
M is 2, dw vanishes. Hence (M, J, g, w) is a Kdhler manifold.

4. The complex projective space CP™ has a symplectic form compatible with the induced almost
complex structure, which is called the Fubini-Study form. The construction of the Fubini-Study
form begins with a 2-form on C"™'\{0}. This 2-form is given by @ = £0dlog(| - |?). We can
construct CP™ as the space of orbits of the action of C\{0} on C"™'\{0}. Since @ is invariant
under this action, it gives rise to a 2-form on CP". If 7 is the projection C**! — CP", then the
Fubini-Study form w is uniquely determined by 7*w = @.

A

2.2 Dolbeault cohomology

Let (M,.J) be an almost complex manifold. For all f € C*>(M,C), the relation df = df + df holds.
However, this relation doesn’t need to hold for k-forms with & > 0.

Theorem 2.2.0.1. Let M be a complex manifold with induced almost complex structure J. Then
d=0+0.

Proof. Let (U, ) be a chart of M, with local coordinates z1,...,2,. Then dz,...,dz,,dz1,...dz,
forms a basis for Q'(M;C). Here dz; = 3(dz; + 1dy;) and dz; = 1(dz; —dy;). This basis splits the
forms of type (1,0) from those of type (0, 1), since

T'0 = C - Span{dz; | 1 < j <n} and T*' = C — Span{dz; | 1 < j <n}

Now let o € Q!(M), then we can write locally

o = argdzy NdzZy
> X

ktm=l |I|=m,|J|=k

for some a;; € C®°(U;C). Here I = {i1,...,im} and J = {j1,...,jx} are multi-indices and dz; =
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dzi, N--- Ndz,, . Hence we get

do = Z Z dayydzy Ndzy
ktm=l | I|=m,|J|=k
= Z Z 0+ 5)0(]de] ANdZy
ktm=l | T|=m,|J|=k

= Z Z 6()4[Jd2[/\d5j+6ajjd2[/\dij
ktm=1|I|=m,|J|=k

—8( Z Z Oé]JdZ]AdEJ)‘i’é( Z Z OzIJdZI/\dEJ)
k+m=1|I|=m,)J|=k ktm=l |I|=m,|J|=k
=0a + da

O

Remark 2.2.0.2. This argument may seem to hold for any almost complex manifold. However, for
non-integrable almost complex structures, it is not possible to find local coordinates z1, ..., 2z, which
induce such a splitting in the space of 1-forms. It turns out that an almost complex structure J is
integrable if and only if d = 9 + 0. This is part of the Newlander-Nirenberg theorem. For a proof, see
[6].

Let o € Q%{(M), then
0=d*a=(0+0)(0+d)a=0*a+ d0a + dda + 0*«

Since 0 € QFF2H (M), 80a + D0 € QFFEIFL(M) and 9%a € QF1F2 (M), we must have 9% = 9% = 0
and 00 = —00. This means that these new differential operators square to zero. Hence we can define
cohomologygroups associated to these differential operators.

Definition 2.2.0.3. We define the Dolbeault cohomologygroup of type (I,m) to be

Hl’m(M) _ Ker(? s QEm(M) — QbmFL(M))
Im(9: Qbm=1(M) — QL (M))

With these two cohomology theories one may wonder what the relation is between them. The answer
to that will be that they are very strongly related. Before we are able to prove that, we will have to
take a look at Hodge theory.

2.3 Hodge Theory

Let M be a compact Kahler manifold of dimension 2n with Riemannian metric g, symplectic form w
and (integrable) almost complex structure J. Recall that g induces an isomorphism g : TM — T*M
given by

gv)(w) = g(v,w), Vo,w e T,M, z € M

Hence we can define an inner product on the cotangent bundle, which we will also denote by g
g(a, B) = g(37" (@), 71 (B)), Ve, B € O (M)

We can extend this inner product to an inner product on QF(M) for arbitrary k. To do this, first
note that the pure wedges span Q¥(M). Therefore, we only need to define the inner product on pure
wedges and extend linearly. On pure wedges, this inner product is defined to be

glar A+ Nag, By A=+ A Br) = det((9(eu, B5))1<i j<k)
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Every orientable Riemannian manifold has a canonical volume form on it. If z',..., 22" is a positively
oriented coordinate frame, then the Riemannian metric can be expressed as g = ). g;;da’da?,
1<i,j<2n

where (g;;) is a symmetric positive definite matrix. The volume form is locally given by
vol, = y/det(gij)dz A -+ A 2"

Definition 2.3.0.1. The Hodge star operator x : Q¥(M) — Q2"=k(M) is the unique operator which
satisfies the equation
aAxf = g(a, B)vol,

for all o, 3 € QF(M). Since we are more interested in complex forms, we want to extend this to
complex forms. Hence we extend * to be complex linear. In the complex case, we define the Hodge
star operator x : Q77 — Q" 9" "P to be the unique operator which satisfies the equation

a A8 = g(a, B)vol,

To simplify notation, we will write *3 = %x(. One interesting identity is that for k-forms o we have
x*a = (=1)*a. Using this Hodge star operator, we can define an inner product on the space of all
complex valued differential forms. This inner product is given by

<oz,ﬂ>=/MaMB

With respect to this inner product, we can define an adjoint operator to the exterior derivative, which
we will denote by d*. By Stokes’ theorem, we find for o € Q¥(M;C) and g € Q**1(M;C) that

0= / d(a AxB) = / do A% + (71)’6/ a Adxf = (do, B) + (o, (=1)F «7 1 d % B)
M M M
From this we conclude that d* = — x dx. This allows us to define the Laplace-de Rham operator A,
which is given by Ay = dd* + d*d. If we follow the same procedure for 9, we find 9" = — x 9% and we
define Az = 90* 4+ 0%0.

Definition 2.3.0.2. A k-form « is called harmonic with respect to d if Ayja = 0. The space of all
harmonic forms of degree k will be denoted by H*(M;C). The space of all harmonic forms with respect
to @ will be denoted by HP*¢(M).

Both Ay and Ay are elliptic differential operators. Such operators have the property that they split
QF(M;C) in a nice way. We will present the following theorem without proof. For more information
about elliptic differential operators and the proof of the theorem, see [7] chapters 1 and 4 or [§] chapters
4 and 5.

Theorem 2.3.0.3. Let P : I'(E) — T'(F) be an elliptic differential operator on a compact manifold.
Then
I'(E) = Ker(P)® Im(P*) and T(F) = Ker(P*) ® Im(P)

If we apply this theorem to Ay, we see that for compact Kéhler manifolds
QF(M;C) = H*(M;C) @ A QF (M C)
And if we apply the theorem to Aj, we see that for compact Kéhler manifolds

QPI(M) = HPU(M) & AP (M)
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Theorem 2.3.0.4. Let M be a compact Kdhler manifold. Then any element in the de Rham coho-
mologygroup has a unique harmonic representative. Hence we get the isomorphism

H*(M:;C) ~ H*(M;C)

Proof. Since Ay = dd* + d*d, we can split
AQF(M;C) = d(QFH(M; C)) + d* (Q*1(M; C))
Take o € d*(QQ*+1(M;C)), so a = d* 3 for some 3 € Q*+1(M;C) and assume that da = 0. Then
0= (dd"p, ) = {(d"B,d*B) = (o, @)
so & = 0. This means that we get
QF(M;C) = H*(M;C) & d* ("1 (M; C)) & d(Q2"(M; C))

In particular, the only cohomology comes from H*(M;C). What is left is to show that harmonic
k-forms are closed but not exact. Take a € H*(M;C). Then

0= (A4, 0) = (dd*a, o) + (d*da, ) = (d"a, d* ) + (da, da)
Hence do = d*a = 0. Suppose a = df3 for some 3 € Q*~1(M;C), then
(@, ) = {dB, ) = (B,d"a) = 0
Hence the only exact element of H#*(M;C) is 0. O
The same argument holds for Dolbeault cohomology. Hence

HP(M) ~ HPI(M)

Definition 2.3.0.5. The conjugate differential operator d° is defined by conjugating the differential
operator d with the (integrable) almost complex structure J

d°=J'odolJ
Lemma 2.3.0.6. The conjugate differential operator is given by d° = —1(0 — 0).
Proof. Let a € QP9(M). Then d° acts on « as follows:
d°a =J'dJa

=P~ ] da

=P~1]7 19+ d)a

=P~ 1] 9o + P71 1))

=P~ 9, P 1t 1 ,Lpquerqulg)a

=—1(0 - 0)

Lemma 2.3.0.7. For the Laplace-de Rham operators the following equality’s hold:
Ag=Age =205 =275



CHAPTER 2. KAHLER MANIFOLDS 14

Proof. The proof of this lemma involves the introduction of several new operators and many commu-
tation relations. It can be found in [§]. O

As a consequence of theorem [2.3.0.3| the Laplace-de Rham operator Ay is a bijection between AyQF(M; C)
and itself. The inverse is called the Green operator associated to d and will be denoted by G4. An
immediate consequence of the previous lemma is that

1
Gu=Ga = 5Go = 3Gy

Theorem 2.3.0.8. The de Rham cohomologygroups and the Dolbeault cohomologygroups of any Kdahler
manifold are related by
H*(M;C)~ € H"(M)
pt+q=k

and the Dolbeault cohomologygroups satisfy
HPY(M) ~ H"P(M)

Proof. Since all elements of H*¥(M;C) and H?9(M) have unique harmonic representatives, the first
statement is equivalent to the statement that

HE(M;C) ~ @ HPI(M)

p+q=k

The isomorphism is given by (7%* ... 7%0). To see this, let « € H*(M;C). Then by lemma [2.3.0.7
and the fact that Az preserves bidegree,

Aga = Ag(7F - 4 789 = 2857%Fa 4 - - + 245700

Hence « is harmonic if and only if all of its components are harmonic.

For the second part, it suffices to show that HP9(M) ~ HIP(M). Let o € HP1(M), then Agza = 0.
Conjugating this equation yields Aja = Aga = Aza = 0 by lemma Hence the map o — &
maps HP9(M) to HTP(M). It is its own inverse, so it really is an isomorphism. O

Corollary 2.3.0.9. Let M be a compact Kdihler manifold. Then the odd Bettinumbers by, = dim(H"(M))
are even.

Proof. Let k be an odd integer. Then
by =dim(H"(M))

= > dim(HP(M))
p+q=Fk

= dim(HP*"P(M)) + dim(H*~? (M)
p<%

= dim(HP*7P(M)) + dim(H"*~7 (M)
p<%

=2 dim(H"(M))

k
p<3

Hence b, is even. O
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This is the first result which distinguishes Kahler manifolds from general symplectic manifolds. If we

find a symplectic manifold with an even bettinumber b; for some odd k, then the manifold cannot

admit a Kahler structure.

Example 2.3.0.10. Let wy = dz' Adx? + dz3 Adx?* be the standard symplectic form on R*. Consider
4

the manifold M = R /T» where I' is the discrete group of affine transformations generated by

g1 : (2t 2?23 2 = (2 + 1,22, 23, 1Y)
g2 (2t 2% 23 2t = (2t 2 + 1,23, 1Y)
g3 : (2t 2%, 23 2t — (2h, 2%, 23 + 1, 2%)
gs: (2t 2% 2% 2t = (2t + 22 22, 2% 2t + 1)

The fact that M is indeed a manifold follows from the quotient manifold theorem, see [I], theorem 7.10.
This theorem says that if the action of a Lie group to a manifold is smooth, free and proper, then the
quotient is again a manifold. Smoothness of the action is trivial. For the other two properties, we first
extend I" to a Lie group G by taking linear combinations of g1, g2, g3 and g4. Now G is diffeomorphic
to R%, so I" acts on G. Since I is a subgroup of G, the action is free. Let ¢ : G x G — G x G,
(g,h) — (gh,h) be the map of the action of G onto itself. Then ¢ is invertible, with smooth and
therefore continuous inverse. Since ¢! is continuous, it sends compact subsets to compact subsets,
so ¢ is proper. Hence the restricted action to the action of I' on G is proper as well.

Clearly g*wg = wg for any g € I'. Hence there is a unique symplectic form w on M for which 7*w = wy.
Therefore, we have constructed a symplectic manifold (M,w). Its fundamental group is given by
71 (M) = T. To see why this is the case, first remark that R* is the universal cover of M. Then we
define z4 : I — M to be the path 7(tg(0)). From the universal lifting property (see [2]), we see that

all paths are homotopic to exactly one of these x;s.

The first homologygroup is given by F/[F T]> see [2]. The generators g1, g2, and g3 commute among

themselves and g4 commutes with g; and g3. However, g; g5 9492 = g1, so [[,T] is the free group
generated by g;. This means that H'(M;Z) ~ Z3, so b; = 3. By corollary [2.3.0.9, M does not admit
any Kéahler structure. A



Chapter 3

Differential graded algebra’s

3.1 Minimal models

Definition 3.1.0.1. A graded algebra is an algebra A with a decomposition 4 = @ A* into homoge-
i

neous subspaces A’ such that A*- A7 C A*7,

Elements of A’ are called homogeneous elements of degree i. The degree of a homogeneous element
z € Ais denoted by |z| =i. A graded algebra is commutative if = -y = (—1)#19ly . 2 for all homoge-
neous elements z,y € A.

Any algebra together with the trivial grading 4 = A° is a graded algebra. A more insightful ex-
ample is a polynomial algebra over an arbitrary field with the usual grading. Such a polynomial is
not commutative in the graded sense however. An important example will be the free algebra AV of
a graded vector space V = @ V. This is the polynomial algebra on even elements and the exterior

K3
algebra on odd elements. Since commutativity of even elements is the same as usual commutativity,
the free algebra is commutative in the graded sense.

Definition 3.1.0.2. A commutative differential graded algebra over a field k, or kK — DG A for short,
is a commutative graded algebra A over a field k together with a differential d : A* — A**! which
satisfies the following conditions:

e d(a-b)=d(a)-b+ (=1)la-d(b)
e i>=0

The exterior derivative d on the space of all differential forms Q*(M) of a manifold M is the main
example of a DGA. We will use this later to describe properties of manifolds, which is our main
concern. One problem is that this space is usually very big. To capture the essential information
about a manifold without dealing with such a big space, we instead study the cohomology associated
to it. Elements which vanish under the differential are called closed, and elements in the image of the
differential are called exact.

Definition 3.1.0.3. The nth cohomologygroup H™(A,d) of a k — DGA (A, d) is defined to be:

Ker(d: A™ — Antl)

H"(4,d) = Im(d: Antl — Am)

16
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Since d? = 0 we know that Im(d : A"t — A") C Ker(d: A" — AN*1), so this is well defined. In all
cases we will be interested in, this group will have the structure of a finite dimensional vector space.
Elements in the cohomologygroup will be denoted by [z], where x is a representative.

Definition 3.1.0.4. Let (M 4,d) and (A,d4) be k — DGA’s. Then (M4,d) is a model for (A,d4) if
there exists a algebra homomorphism ¢ : M4 — A which intertwines the differentials and for which
©u t H"(My,d) = H"(A,dy), [x] = [p(z)] defines an isomorphism.

Such a homomorphism is called a DG A homomorphism.
A generating set of an algebra A is a set X such that A is spanned by all elements of the type x1--- -z,
forneNand z; € X for 1 <i<n.

Definition 3.1.0.5. Let (M4, d) be a model of (A,d4). Then it is called a minimal model if (M4, d)
is a free algebra of some graded vector space V = @ V* and if there exists an ordering on a generating

?
set X = {z, | @ € I'} such that z, < x implies |x,| < |zg| and such that dxz contains only generators
T < xg. Since |dxg| = |zg| + 1, there is no term in dxg which is linear in the generators .

Theorem 3.1.0.6. Let (A,d4) be a k — DGA for which HY(A,da) =k, H'(A,da) = 0 then (A,da)
has a minimal model.

Proof. To prove the theorem, we construct a minimal model step-by-step. First, we define M(0) =
M(1) = Q. Now let Z° be a space of closed elements in A°. Then define g : M(0) = Z° to be a
vector space splitting of the natural projection.

Next, we define M(2) = M(1) ® AH?*(A,ds). Let Z%(A) be the space of closed elements in AZ2.
We set d(H?(A,d4)) = 0 and extend ¢; to @2 by a vector space splitting oo : H?(A,da) — Z2 and
extending freely. We will continue in this manner to construct the minimal model. Note that M(2) is
minimal and that 9 induces an isomorphism in cohomology up to degree 2 and is injective in degree 3.
This last statement is trivial, since M(2) doesn’t contain any elements of degree 3. For the induction
step, we assume the following:

1. M(n) is minimal
2., induces isomorphisms on cohomology up to degree n.
3. ¢, induces an injection on cohomology in degree n + 1.

For any natural number k, we will denote the space of closed elements of A* by Z¥(A), and the space
of closed elements of M (n)* by Z*¥(M(n)). There is a natural projection from Z*(A) to H*(A,dA)
by taking the cohomologyclass. Let « : H" (A, d4) — Z™! and B : H""2(A,da) — Z"T2(M(n))
be two vector space splittings of this natural projection. Denote by = a vector space splitting of
d:An+1 —>A"+2.

We define V™" = Coker((on)« : H" W (M(n),d) — H"t1(A,d4)) and W = Ker((on)«
H"2(M(n),d) — H"*2(A,d4)). Now we can go on with our construction and define M(n + 1) =
M(n) @ A(V"TE @ WnHL). We also define the differential

dM(n)(U) ifve ./\/l(n)
div) =140 if v € Vtt
B(v) if v e Wntt
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as well as the homomorphism ¢, 1:

on(v) if v e M(n)
Prr1(v) = § a(v) if v eyt
Yen(Bw))) if ve Wntt

With these definitions, it is easy to check that M(n + 1) is minimal and that ¢,,+1 commutes with
the differential. It also induces an isomorphism in cohomology up to degree n 4+ 1 and an injection
in degree n + 2. Hence, by induction M(n) satisfies these conditions for all natural numbers n. We
conclude that (M4 = UneNM( ),d) is a minimal model of (A, d4). O

Remark 3.1.0.7. The theorem above also holds in the case that H'(A,da) # 0. However, to prove
the more general case is way more complicated while it doesn’t give much more insight. For the whole
proof, I refer the reader to [9].

This theorem shows the existence of minimal models of spaces satisfying some reasonable conditions.
However, with existence always comes the question of uniqueness: Given a DGA, is its minimal model
unique up to isomorphism? To answer this question, we first need a lemma;:

Lemma 3.1.0.8. Let (M = AV,d) and (M(n) = A @ V?),d) be two minimal DGA’s with the natural
i<n

inclusion 1, : M(n) < M. Then H"2(C(1,,)) ~ VL. Here C(1,) denotes the the algebraic mapping

cone of v,. (see Appendiz)

Proof. Let (a,b) be an element of C(2,). Then (a,b) is closed if and only if da = 0 and db = —a. Hence
for any b € M, there can be only one a € M(n) for which (a,b) is closed. Because of this, the second
coordinate captures all the necessary information about the pair. If b € M"*! we can uniquely write
it as b = by + by, where by € V" and by € M(n)" 1. Define

0:Z"2(C(1,)) — V™ (a,b) = by

Let v € V"L Then §(—dv,v) = v, so 0 is surjective. Now we want to find the kernel of 6. To do this,
we note that (d(a,b)) = 6(—da,a + db) = 0 for any (a,b) € (C(1,))" ", since a € M(n)"*2 trivially
and db € M(n)"*? since d(V"*H1) € M(n)"*t2. Hence Im(d : (C(1,))" "t — (C(2,,))""2) C Ker(6).
Now let (a,b) € Ker(), then b € M(n)" ™t so (=b,0) € M(n)"*2 and d(-b,0) = (a,b). Hence
Ker(0) = Im(d), which means that 6, : H"*2(C(1,)) — V"*! is an isomorphism. O

This lemma allows us to prove uniqueness of minimal models.

Theorem 3.1.0.9. Let o : M — N be a map between minimal DGA's which induces an isomorphism
©« tn cohomology. Then ¢ is an isomorphism.

Proof. Since both DG A’s are minimal, M(0) = A(0) and ¢ induces an isomorphism. Assume induc-
tively that ¢ induces an isomorphism M(n) — N(n). Consider the following diagram:

— H""Y(M(n)) —— H""Y(M) —— H""2(C(1pg) —— H"P2(M(n)) —— H"P2(M) —— ...

l | l

—— H""Y N (n)) —— H"TYN) —— H"P2(C(1yy) —— H"2(N(n)) —— H""2(N) —— ...

By induction hypothesis the first and the fourth vertical arrows are isomorphisms. Since ¢ induces
isomorphisms in cohomology, the second and fifth vertical arrows are isomorphisms as well. The five
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lemma (see Appendix) states that the third vertical arrow is also an isomorphism. By the previous
lemma, if M = AV and N' = AW, ¢ induces an isomorphism V"1 — Wn+l Since M(n + 1) =
M(n) @ AV and N(n+1) = N(n) ® AW, we get an induced isomorphism M(n +1) — N (n+ 1).
By induction, we conclude that ¢ is an isomorphism. O

Corollary 3.1.0.10. The minimal model of a DG A is unique up to isomorphism.

Proof. Let M and N be two minimal models of A, with homomorphisms @ and ¢. Define ¢ : M —
N such that o = @ar 0. Since o and @ induce isomorphisms in cohomology, 1 also induces an
isomorphism in cohomology. By the previous theorem, we conclude that v is an isomorphism. O

3.2 Homotopy invariance

Let X,Y be two topological spaces and f,g : X — Y two maps between them. We always assume
maps between topological spaces to be continuous. Then we say that f is homotopic to g, denoted
f =~ g, if there exists a map H : X x I — Y such that

H(z,0) = f(x) and H(x,1) = g(x)

holds for all 2 € X. Here I is the unit interval [0, 1]. A pointed topological space is a pair (X, ), where
X is a topological space and z € X a point. A basepoint preserving homotopy between two pointed
topological spaces (X, z) and (Y,y) is a homotopy H between X and Y for which H(z,t) =y for all
t € I. We want to find a similar notion for DGA’s. To do this, we note that there is an equivalent
way of defining homotopy. We define two maps \g, A\; : Y = Y by

Xo(7) = 7(0) and A\ (7) = 7(1)

Where Y/ denots the space of maps I — Y. Then f ~ ¢ if and only if there exists a map K : X — Y/
such that
MoK=fand MoK =g

This formulation allows us to define homotopy for DG'A’s. We will define homotopy for minimal

DGA’s. Let M = (AX,d) be a minimal model. Then we define M! = (AX ® AX ® AdX,d), where
the differential d is extended to generators of AX ® AX ® AdX by

dz; = dz;, d(i;) = di; and d(dZ;) = 0

The degrees are given by |Z;| = |z;| — 1 and |dZ;| = |Z;] + 1 = |z;].
A derivation of degree k on a graded differential algebra X is a map p: X™ — X"+* for which

pla-b) = pla) -b+ (~1)ela- p(b)

The differential is an example of a derivation. It has degree 1. On M, we can define another derivation
of degree —1. We denote it by ¢ and on generators it is given by

i(x;) = &j, i(Z;) = i(dx;) = 0

This new derivation 7 also satisfies 2 = 0. We define a new map 6 = id + di. Then

O(a-b) = (id + di)(a - b)
(@) 6) + (=) li(a - db) + d(i(a) - b) + (~1)l°ld
id(a) - b+ (—1)1**F(d(a) - ib) + (=1)!%l (i(a) - db) + a - idb
+di(a) - b+ (=D Gi(a) - db) + (=1)1*(d(a) - ib) + a - dib
id(a) b+ a-idb+di(a) -b+a-dib
O(a)-b+a-0(b)
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Hence 6 is a derivation of degree 0. For every degree of = there is a NV such that # = 0 on that degree.
Hence we can define

a
&
I
NE
&

n!
n=0

6 6

Hence €’ is an automorphism of M’. Since # commutes with d, so does . We define the maps

/\0,)\1 IM—)MI by

Ao(z;) = x; and A\ (z;) = ez,
With these maps we can define homotopy for DGA's.

Definition 3.2.0.1. Let M and N be two minimal DGA’s and f,g : M — N two maps between
them. Then f is DG A-homotopic to g if there exists a DG A-homomorphism H : M! — A such that

HoXly=fand Ho)l; =g

Remark 3.2.0.2. There is also a notion of based DG A-homotopy’s. That involves augmentations,
which we will not deal with here. For more information, see [4].

If z is closed, then e’ reduces to e/ = 1 + di. Hence, we get

Since the difference g(x) — f(x) is exact, DGA-homotopic maps induce the same homomorphism
on cohomology. This reminds us of homotopy’s between general topological spaces, where the same
statement applies. This is no coincidence. The next theorem shows the connection between the two
types of homotopy. For a proof, see [10].

Theorem 3.2.0.3. Homotopic maps between smooth manifolds induce homotopic DG A-homomorphisms
of their minimal models.

To simplify notation, we will write o = Ay (z;) and we introduce

>, (id)"™
a3

n=1

such that x} = x; + d&; + Q(z;).
Lemma 3.2.0.4. With these notations, we get the equality (A(z;, Z;, d%;), d) = (A(x;, 25, &), d).

Proof. We only need to show that dZ; can be obtained from the generators {z;,z}, #;}. The minimal
DGA’s are built up in stages, so if x; is in the first stage, then Q(x;) = 0, so d; = x; — z;. Now
assume inductively that dz; can be obtained through stage k, and take z; from stage k + 1. Then
dz; = i — x; — Q(x;). But by induction Q(x;) can be obtained. Hence we can obtain dZ; as well. O

Lemma 3.2.0.5. Let f : M — A be a DGA homomorphism. Now extend M to M = M@V such that
d(V) C M, where V- = (x1,...,x) for some generators {x1,...,x1} of degree n. Then we can extend
f to a DGA homomorphism f : M — A if and only if [f(dx;)] =0 € H" Y(A) for all 1 <i < n.



CHAPTER 3. DIFFERENTIAL GRADED ALGEBRA'’S 21

Proof. First assume that such an extension f exists. Then f(dz;) = df(x;), so [f(dz;)] = 0. Now
assume that [f(dz;)] = 0, then f(dx;) = da for some a € A. Hence we can define f(z;) = a. This
construction extends f and intertwines the differentials. O

The extension which is used in the lemma above is called an elementary extension or an Hirsch
extension. Now consider the following homotopy commutative diagram

M%A

M—2 B
Being homotopy commutative means that f o ~iog. Here M =M@YV as before.

Theorem 3.2.0.6. There exist extensions f: M — A and H : M! = B if and only if all cohomolo-
gyclasses of the form

[(—f(dzi), 9(x:) — H(Q(2:)))] = 0 € H"(C(yp))
are zero. Here C(p) denotes the algebraic mapping cone of ¢ (see Appendix).
Proof. Since A1(x;) = Ao(x;) + dZ; + Q(z;), we get dQ(z;) = dA1(z;) — dho(zi) = (A1 — Ao)(dz;). By
definition of DG A homotopy, we get H\g = ¢ f and HA; = gi. Hence it follows that
d(—f(dxs), g(ws) — H(Ux;))) = (df (dws), dg(x;) — dH (Q(z:)) — ¢f (da;))
= (f(d*;), g(dx;) — H(dQux;) — o(f(dz)))
= (0,9(dz;) — H(A — Ao)dwi — o(f(dx;)))
= (0,9(dx;) — g(dw;) + o(f (dxi)) — (f(dxi)))

Now assume that the extensions f and H exist. Then

d(f(l'z)7 ﬁ(@)) = (df(z; 7dﬁ<3:°%) + ‘PZf($2)))
= (=f(dzi), H(d#;) + o(f(2:)))
= (= f(dzi), g(i(2:)) = o(f(2:) = H(QUz:)) + o(f(2:)))
= (= f(dx;), g(i(z:)) — H(Q(x:)))
Hence if both extensions exist, then [(—f(dx;),g(z;) — H(Q(x;)))] =0 € H*H(C(y)).
Now assume that [(—f(dx;), g(z;) — H(Q(x;)))] =0 € H"H(C’ggp)). Then there exists (a,b) € C(p)

for which d(a,b) = (—da,db+ ¢(a)) = (= f(dz;), g(x;) — H(Q(z;))). This means that da = f(dz;) and
db+ p(a) = g(z;) — H(Q(=x;)). Hence we define f(x;) = a. By lemma define

i u=H
E[(Ii) = (%)
H(z}) = g(@:)
A(#) = b

Then H intertwines the differentials and extends H, so we have constructed both extensions. O

Corollary 3.2.0.7. If ¢ induces an isomorphism on cohomology, then the extensions fNand H exist.
If ¢ is also surjective and @ o f = g, then f can be constructed in such a way that foi = f and

pof=g.
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Proof. Note that there is a long exact sequence of cohomologygroups:
o HY(A) —£ s HMB) L HM(C(p)) 2 HPPL(A) ——

where j and p are the natural inclusion and natural projection. Since ¢* is an isomorphism, H™(C(y)) =
0. Hence by the theorem both extensions exist.

Now suppose that ¢ is surjective and that ¢ o f = ¢g. Then the original homotopy H can be cho-
sen to satisfy H(y) = ¢(f(v)), H(M(y)) = g(y) and H(g) = 0 for all generators y € M. Since
A (y) = y+dy+Q(y), these equations imply that H(Q2(y)) = 0. Therefore (— f(dx;), g(x;) — H(Q(x;)))
reduces to (—f(dx;),g(xz;)). Hence [(—f(dx;),g(z;))] = 0, so there exists (a,b) such that d(a,b) =
(—=da,db + ¢(a)) = (—f(dx;), g(x;). This means that da = f(dz;) and db + ¢(a) = g(x;). Since ¢
is surjective, there exists an a’ € A for which ¢(a’) = b. Then g(z;) = p(a + da’) and we define

f(z;) = a+ da’, which then satisfies foi = f and po f =g. O

Theorem 3.2.0.8. Let (A,d4) and (B, dg) be two DGA's with minimal models (M 4,d1) and Mp,ds).
Then any DGA homomorphism [ : (A,da) — (B,dp) can be lifted to a DGA homomorphism
F:(My,dy) = (Mp,ds) completing the following homotopy commutative diagram.:

(Ma,dy) —F 5 (Mp,da)
YA B
(A,dy) —L 5 (B, dp)

Proof. The minimal model is built up out of Hirsch extensions. Hence each extension has the same
structure as M in the previous corollary. That means that we can apply the corollary to each extension,
with ¢ = ¢p. Then we take F' to be the limit of all those extended maps. This limit is understood as
follows. All elements of M 4 are obtained after a finite amount of Hirsch extensions. Hence how F acts
on an element is determined and fixed after a finite amount of Hirsch extensions. Since the diagram is
homotopy commutative after all finite extensions, the resulting diagram is homotopy commutative. [

The map F is called a model for f.

3.3 Formality

Definition 3.3.0.1. A minimal DGA (AV,d) is called formal if there is a DGA homomorphism
v : (AV,d) - H*(AV,d) which induces an isomorphism in cohomology.

This definition seems quite abstract and vague. We therefore would like to have some other equivalent
definition. This definition is provided by the following theorem:

Theorem 3.3.0.2. A minimal DGA (AV,d) is formal if and only if V' decomposes into a direct sum
V = C @& N such that d vanishes on C, d is injective on N and every closed element in the ideal
generated by N is ezact.

Proof. Assume that we can decompose V = C' @ N such that the conditions in the theorem are met.
Then the ideal of N doesn’t add any cohomology, since all of it’s closed elements are exact. On the
other hand, all elements of C' are closed. Hence we can define the DG A map

, 4 _ ; .
p: V' = H(AV,d), p(c)=|c], forceC |
p(n) =0, forne N*
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which we extend freely to AV. This map clearly induces an isomorphism in cohomology, so we only
have to check that it intertwines the differentials. On C, ¢ od = d o ¢ = 0 since d vanishes on C' as
well as on H*(AV,d). Now let n € N*. Since ¢ vanishes on N% d(¢(n)) = 0. We can decompose
dn = x +y, where € C and y € Ideal(N). Since d vanishes on C, we get 0 = d?n = dz + dy = dy.
Since y is a closed element in Ideal(N), it is exact, say y = dz. This means that x = d(n — y), so
p(d(n)) = [x] = 0. We see that ¢ is a DGA homomorphism between (AV,d) and H*(AV,d), so (AV,d)
is formal.

For the other implication, assume that (AV,d) is formal. Let ¢ : (AV,d) — H*(AV,d) be the DGA
homomorphism which induces an isomorphism in cohomology. Recall from the construction of minimal
models in theorem [3.1.0.6] that we defined M(n+1) = M(n) ® A(V"*+1 @ W), By theorem
(AV,d) is isomorphic to the constucted minimal model. Hence we will identify the two. The differential
vanishes on V" *! and is injective on W"*!. To induce an isomorphism in cohomology, ¢, 41 has to be
injective on V" *1 and zero on W"*L. Since the differential is zero in H*(AV,d), ¢, is surjective. We
define C =@ V*®and N = @ W*. Now d is zero on C and injective on N. If we take a closed element

?

n in Ideal(N), then p(n) = 0. Therefore @, ([n]) = 0, but since ¢, is an isomorphism, [n] = 0. Hence
all closed elements in the ideal generated by N are exact. O

It may seem like all DGA’s are formal, but this is not the case. To prove that there are non-formal
DGA’s, we take a look at Massey products. The first kind of Massey product is the triple Massey
product, which will be constructed below.

Let (A,d) be a DGA and let [a] € HP(A,d), [b] € H%(A,d) and [¢] € H"(a,d), with representa-
tives a, b and c¢. Suppose that

[a] - [b] =0 € HPT9(A,d) and that [b] - [c] =0 € HT"(A,d).
That means that there are 212 € HPT971(A, d) and 2?3 € H9T"~1(A, d) such that
dz'? = (=1)Pa - b and dz*® = (—1)%b - c.

Then we can take y = (—1)Pa - 2% + (—=1)PT2 1212 . ¢, This element will be closed by construction.
Hence it defines a cohomologyclass [y] € HPT4T"~1, Unfortunately, this cohomologyclass is dependent
on choice of representatives. To see this, we take three different representatives @ = a + da’ € [al,
b=b+db €[b and é = ¢+ dc € [¢]. The corresponding change will be:

di'? = (=1)Pa-b+ (=1)Pa-db — (=1)P"*dd’ -b— (=1)P"'da’ - ab’
(=DPa-b+d(a-b — (=1)P"td -b— (=1)P"td’ - ab")

and
di*® = (=1)%-c+ (=1)%-dc’ — (—=1)97 b - ¢ — (=1)Tab’ - dc
=(-1)%-c+db- — ()T -c— (1) - dc)

Hence we can make the choices

=24 a0 — (=1t b — (=P - dY

B =2 b — (=)W e~ (=) - dd!
With these new choices we get

g=(—1)P(a+dd) - (z®+b-¢ — (1) - c— (~1)77 1 - d)

+ (=P 22 o — (=1)P 7 b — (1) - dY) - (c+dc)
=y+a-Xi+c Xo+dX;
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for some X7, X5 and X5. Hence the indeterminancy in [y] lies in the ideal generated by [a] and [c].
Let m: H*(A,d) — H*(A,d)/([a], [c]) denote the projection into the quotient of the cohomologygroup
by the ideal generated by [a] and [c]. Then we can define the triple Massey product as follows:

Definition 3.3.0.3. Let (A4,d) be a DGA, and let [a] € HP(A,d), [b] € HI(A,d) and [¢] € H"(A,d)
satisfying the conditions

As mentioned before, triple Massey products are not the only kind of Massey products. There are
quadruple Massey products, quintuple Massey products and so on. They are all defined similarly as
the triple Massey product, but they require one more condition to be defined. For the definition of
the quadruple Massey product, the triple Massey products not only have to vanish but they have to
vanish simultaneously.

Definition 3.3.0.4. Let (A,d) be a DGA and let [a] € HP(A,d), [b] € H1(A,d), [c] € H"(A,d) and
[d] € H?(A,d) such that the Massey products

([a], [b], [¢]) and ([b], [c], [d])

are defined. Then the Massey products vanish simultaneously if there are choices of representatives
such that both representatives of their triple Massey products y and z are exact.

Definition 3.3.0.5. Let (A4,d) be a DGA and let [a] € HP(A,d), [b] € HI(A,d), [c] € H"(A,d) and
[d] € H?(A,d) such that the Massey products

(lal, [b], [¢]) and ([b], [c], [d])
are defined and vanish simultaneously. Take z'? and x2* such that
dz'? =y and da?* = 2
Then we can define w € APT9T7+5=2 a5 follows:
w=(—1)Pa-z% 4+ (—1)Pra—1z12. ;34 | (_qypratr—1,13 g

This element will be closed by construction. Hence we define the quadruple Massey product as the set
of all cohomologyclasses [w] that we can obtain by this construction.

We will now go back to the main topic of this section, which is formality. There is a really nice
connection between Massey products and formal spaces, which will be clear with the following theorem:

Theorem 3.3.0.6. Let (AV,d) be a formal minimal DGA. Then it is possible to make uniform choices
such that all Massey products are ezxact.

Proof. By theorem we can decompose V as V = C @ N such that d vanishes on C' and all
closed elements in the ideal generated by N are exact. Hence, if the equation dx = y has a solution
for z € V, then we can write x = ¢+ n, where ¢ € C' and n € (N). But since dc = 0, we find a solution
of the equation for n € (N). Consider the triple Massey product ([a], [0], [¢]) represented by

y=(—1)"a- 2+ (—l)p"’q_lx12 -c
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Then we can take x'2, 2% € (N), so y € (N). But since y is a closed element in the ideal generated
by N, is is exact.

This argument also holds for higher order Massey products, since we can choose x'3 and 22 in (N) as
well, so w = (—1)Pa - 2?4 4 (—1)PTa- 1412 . 334 4 (—1)PTatr=1213 . ¢ will also be in (V) and therefore
exact. We can do this for all higher order Massey products. Hence with these choices of representatives
all Massey products are exact. O

This theorem allows us to prove that a DG A is not formal. If we can find a Massey product for which
all representatives are not exact, then the DG A can not be formal.

Example 3.3.0.7. Let V be the free algebra generated by a, b, z1 and x5. Then (AV,d) is a DGA
with
la| = |b] = 2, |z1| = |22 = 3,da = db =0, dzy = a®, dzy = a - b.

The Massey product ([a], [a], [b]) is given by
([a], [a], [b]) = [a - w2 — @1 - b]

Since this Massey product has degree 5 and all elements of degree 4 are closed, it can not be exact.
Hence this is an example of a minimal DG A which is not formal. A

Lemma 3.3.0.8. Let M be a compact Kdhler manifold and let o € Q¥ (M) such that da = d°a = 0.
Assume that a = df or a = d°f for some B € QF~Y(M). Then there exists a v € Q¥=2(M) for which
a = ddy = —d°dy.

Proof. Consider the case that a = dj3 for some 3 € QF(M). By theorem a has no harmonic
part. Hence a = GgAqa = G4(dd* + d*d)a = Gydd*a. By lemma a has no d°-harmonic part
either, so @ = G4cd®(d®)*a. Since d¢ and d* commute (see [§]), we get a = Gudd*Gied®(d®)*a =
ddd*GaGae (d°)*a = dd(d*GyGae(d€)*a) = dd°y. In the case a = d°f the same argument can be
applied. O

Theorem 3.3.0.9. Compact Kdhler manifolds are formal.

Proof. Let M be a compact Kéahler manifold and define Q°¢(M) = Ker(d®) and Hgqe (M) = H*(2*(M), d°).
If [a] € Hge(M), then d°dov = —dd°a = 0, so dov € Hge(M). Hence (Hge(M),d) is a DGA. By lemma
[3-3.0.8| we see that da = d°(—dy), so d = 0 on Hge(M). Let p : Q°(M) — (Hge(M),d) be the pro-
jection. Then we want to show that p induces an isomorphism p* on cohomology. Let [a] € Hye(M).
Then by lemma we get da = dd®y, so d(a — dy) = 0. This means that [a — d°y] € H*(Q¢, d),
and p*[a — d°y] = [a]. Hence p* is surjective.

Suppose that p*[a] = 0, then o = d°. By lemma a = dd®y, so [a] = 0. Hence p* is injective,
so it is an isomorphism.

Let i : (Q°(M),d) = (2*(M),d) be the inclusion. Then we want to show that ¢ induces an isomor-
phism ¢* on cohomology. Let « € H*(Q2*(M),d), then by lemma we get d°a = dd°y. Now
define 8 = a + dv, then d°8 = d°a + d°dy = dd°y — dd°y = 0. hence [8] € Q°(M) and i*[5] = [«], so
1" is surjective.

Suppose that i*[a] = 0, then o = df. By lemma a = dd®y, so [a] = 0. Hence i* is injective, so
it is an isomorphism. Since these maps both induce an isomorphism on cohomology, and since d = 0
on Hye(M), we get

H*(Q,d) ~ H*(Q°(M),d) ~ H*(Hge(M),d) ~ Hgze (M)
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By theorem [3.2.0.8] we can lift these DG A homomorphisms completing the following commutative
diagram:

My £ Mo & Ms

Hge(M) +———— (Q°(M),d) ———— (2°(M),d)

By theorem|3.1.0.9] F' and G are actually isomorphisms. Hence there is a map from the minimal model
Ms of (*(M),d) to H*(M3) inducing an isomorphism on cohomology. O



Chapter 4

Nilmanifolds

Nilmanifolds are a certain type of quotient of Lie groups. Before we go into nilmanifolds, some general
properties of Lie groups will be discussed. The Lie algebra will turn out to be of vital importance for
the minimal model of nilmanifolds. Therefore the Lie algebra and the interplay between Lie groups
and Lie algebra’s will also be addressed.

4.1 Lie groups and Lie algebra’s

Recall the definition of a Lie group.

Definition 4.1.0.1. A Lie group is a set with a group structure and the structure of a smooth manifold
such that all group operations are smooth.

Lie groups need not be connected. Sometimes it is useful to assume that a Lie group is connected.
The next theorem deals with this.

Theorem 4.1.0.2. Let G be a Lie group and denote the connected component of the identity by GV.
Then G° is a normal subgroup of G

Proof. The image of connected components under continuous maps is again connected. Hence the map

i:G—=G,g—g!

sends connected components to connected components. Since it sends e tot e, it must send G° to G.
For the same reason, the map
m:GxG— G, (g,h) = gh

sends GY x GY to G°. Because G is closed under inversion and multiplication, it is a subgroup.
To see that G is a normal subgroup, take an arbitrary h € G. Then the map

ch: G —= G, g— hgh™*
is continuous and sends e to e. Hence it maps G° to G°, so G is a normal subgroup of G. O

A Lie group action is an action of a Lie group which is smooth. Important examples of Lie group
actions are actions of G on itself. They are given by

Ly:G— G, hw— gh
Rg:G—>G,h»—)hg_1
Ady: G — G, h ghg™*

27
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These actions are called the left action, the right action and the adjoint action. These actions extend
to TG by their push forward. In other words, the map v + (L,).v defines an action on T'G, and the
same holds for R, and Ad,. Since Ad, preserves the identity, we get an action on the finite dimensional
vector space TG given by (Adg).. We will write gv for (Ly).v and vg for (Ry-1).v.

Definition 4.1.0.3. A Lie algebra is a vector space g over a field k together with a binary operation
[,] : g x g — g which satisfies the following conditions:

o [v,w] = —[w,v],Vv,w € g (skew-symmetry)
o [\u+ pv,w] = ANu, w] + plv,w], ), VA, 1 € k,Vu,v,w € g (linearity in the first argument)
o [[u,v],w] + [[v,w],u] + [[w,u],v] =0,),Vu,v,w € g (Jacobi identity)

The binary operation is called the Lie bracket.

Every element of a Lie algebra induces a linear map, called the adjoint map. It is given by
ady : g — g, ady(w) = [v, w]

Given a Lie algebra g, we can find a basis {X1,...,X,}. With respect to this basis, we can always
express the Lie bracket explicitly by [X;, X;] = Zcijk. The symbols cfj are called the structure
k

constants of the Lie algebra with respect to the basis {X1,...,X,}. The concepts of Lie groups and
Lie algebra’s are strongly related. A vector field X on G is invariant under left translations or simply
left invariant if

(dLg)n(Xn) = Xgn

The set of all left invariant vector fields is denoted by Lie(G). It is closed under the usual Lie bracket
on vector fields, so the pair (Lie(G),[,-]) is a Lie algebra. The map

Lie(G) - T.G, X — X,

is an isomorphism of vector spaces. Because of this, Lie(G) is usually identified with T.G.
The relation between Lie groups and Lie algebra’s also goes the other way.

Lemma 4.1.0.4. Let G be a Lie group, g = T.G its Lie algebra and let x € g. Then there exists a
unique Lie group homomorphism v, : R — G such that

Y(0) =z

Proof. We first prove uniqueness. Since 7, is a Lie group homomorphism, we get 4, (t) = v, (t)¥2(0) =
A2(0)7vx(t). Let vy be the left invariant vector field such that v, (e) = x. Then ~y, is the integral curve
of v,. Hence 7, is uniquely defined and exists locally.

Now we prove global existence. Let ¢! be the flow of v,. Since v, is left invariant, so is ¢!, which
means that go; (h) = @5 (gh). Now 7,(t) = @3 (e), so 7 (t + 5) = p3 (e) = pi(pi(e)) = 95 (12(t)) =
Yz (t) 5 (e) = 72 (t)v2(s). Hence it can be extended to any ¢ € R. O

The map ~, is called the one parameter subgroup of G corresponding to x.

Definition 4.1.0.5. Let G be a Lie group and g = T.G its Lie algebra. Then the exponential map
exp: g — G is given by
exp(z) = 72(1)



CHAPTER 4. NILMANIFOLDS 29

From this definition it follows that dpexp : g — T.G = g is the identity. Hence from the inverse
function theorem we conclude that exp is a local diffeomorphism between neighborhoods of 0 € g and
ee@.

With these concepts and properties of Lie groups and Lie algebra’s settled, we can go on to define
nilmanifolds.

Definition 4.1.0.6. Let G be a group. Then the lower central series of G is a series
G=GyrGi>...

where G, 11 = [G,,G] is the subgroup generated by all commutators xyz~'y~! with 2 € G,, and
y € G. If the lower central series ends in {e} after finitely many steps, then G is called nilpotent.

Definition 4.1.0.7. A compact nilmanifold is a compact manifold of the type N/F, where N is a
simply connected nilpotent Lie group and I' is a discrete subgroup.

A discrete subgroup I' of G for which G/F is compact is called a lattice.

4.2 Chevalley-Eilenberg complex

Let g be a Lie algebra with basis {X1,...,X,}. Denote the dual of g by g* and the dual basis by
{z1,...,2,}. Let Ag* be the free graded algebra generated by g*, such that all elements of g* have
degree 1. Then we can define a map d on g* by

k(X X;) = —an([Xi, Xj]) = —¢f

i

and extend it on Ag* as a graded derivation. That means that for wedge products the relation
§(x Ay) =d(z) Ay+ (=1)llz A oy
is satisfied. More explicitly, the differential is given by
0Ty = — Z c%dxi A da;
0,J

The requirement that 62 = 0 is equivalent to the Jacobi identity. This equivalence follows from a
simple calculation.

Definition 4.2.0.1. Let g be a Lie algebra. Then (Ag*,d) is called the Chevalley-Eilenberg complex
associated to g.

Theorem 4.2.0.2. Let N/F be a nilmanifold. Then the Chevalley-FEilenberg complex associated to the
Lie algebra of N is isomorphic to the minimal model of N/F

Proof. The proof of this theorem can be found in [4]. O

Let V /T be a nilmanifold of dimension 2n and let n be the Lie algebra of N. Suppose that n is r+1-step
nilpotent, so n = ng O -+ D n,.41 = 0, where n;;1 = [n;,n]. We assume r > 0, which holds if and
only if n is not commutative. Choose a vector space complement a; such that n;, = n;11 @ a;. Then
n=adayd--- P a,. Hence we can write

Ak;n* _ ZAiO,...,ir

Aforir = Nlogs . Ara,

where

Of course, ¢; must be smaller or equal to n; = dim(a;).
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Lemma 4.2.0.3. In this decomposition, H'(An*,6) is equal to A0,

Proof. Obviously, no element of degree 1 is exact. Hence only closedness needs to be proven. Note
that
da(Xi, X;j) = —a([Xy, Xj))

This means that da = 0 if and only if a vanishes on ny, which only occurs when «a € ay. O
Lemma 4.2.0.4. Any closed 2-form o can be decomposed as 0 = o, + 02, where o1 € Ab-1 and
o9 € ZAiOwu;iv-fl;O'

Proof. Let o be a closed 2-form and decompose it as ¢ = o1 + o2 such that oy is the part in

S Aderir=1.0 et X, Y € nand Z € n,. Then Z will be in the center of n, so [X, Z] = [V, Z] = 0.
Hence
00(X,Y,Z)=-0([X,Y],Z2) = —01([X,Y], Z)

Since [X,Y] € ny, this is zero for all X,Y € n if and only if o3 € Ab+L. O

By theorem 4.2.0.2) H*(An*,¢) ~ H*(N/F). Denote the isomorphism by ¢. Suppose now that N/r is

a Kéahler manifold. By theorem|2.0.0.13 [o.g]j is an isomorphism between H" ™ (N/F) and H"J (N/F).
Hence the same must hold for ¢([w]?) = Q7. Choose a basis 1, ..., A, of A%%1 Then we can write

Q:ZBZ»/\)\Z-+QQ

for some $; € AM90 and Qy € Y Alo-ir—1.0 By nondegeneracy the 8;’s must be linearly indepen-

dent, so we can extend it to a basis (3;)1<j<n, of ALO0.

Lemma 4.2.0.5. Every o € A"~ !n is closed. If o is exact, then is is divisible by 1 A+ A Bng-

Proof. Let b; = ag @ --- @ a;. For a € A% each term of o belongs to AJo>+Jr where for some
k > 0 we have j =4 — 1 and jo+ -+ + jr—1 = %0 + - - - + ix—1 + 2. Hence, is ig +--- + i, = 2n — 1,
then ig + -+ +ix—1 > dim(bg_1) — 1, s0 jo + - -+ + jr—1 > dim(bg_1) and do = 0. Hence o is closed.
If i + -+ - + 4, = 2n — 2, then any term must satisfy jo + -+ + jx—1 = dim(bg_1), so in particular
jo = ng. Therefore o € Y Amor o it is divisible by B3 A -+ A B, - O

Theorem 4.2.0.6. Let M be a compact nilmanifold. If it admits a Kdhler structure, then it is
diffeomorphic to a torus.

Proof. Assume that M is not diffeomorphic to a torus. Then its Lie algebra is noncommutative, hence
the assumptions on top of this page hold. Using the previous lemmata it suffices to show that [Q]"~1
is not an isomorphism. Suppose o € A?"~n* is divisible by A\; A -+ A\, but not by BA -+ A B,
then [o] is not in the image of [Q"~!]. To prove this, we have to show that every o € AM%0 does
not differ from o by a form divisible by 81 A--- A Sy,

Decompose Q"1 as Q"1 = 41 +79, where 41 € Am0=21mr and yy € S A0 Lits b L NN ATO L
Each term in v, is divisible by Ay A--- A A, so it is also divisible by 81 A --- A By,. Since a A 72 is
divisible by 81 A+ A Bp,, Q" 1 A« is divisible by 81 A+ -+ A By, , so [o] is not in the image of [Q]"~1. O

This theorem gives us another instrument to show that a given symplectic manifold does not admit a
Kéhler structure.

Example 4.2.0.7. Let H(1,p) be the group of (p + 2) x (p + 2) matrices of the form

A
1
0

o o5
= o Q
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where I, is the p x p identity matrix, A and C' are p x 1 matrices and b is a real number. This
group is called the general Heisenberg group. It is nilpotent and the subgroup of matrices with

integral coefficients I'(p) is a lattice. Hence M, = H (1,p)/r defines a nilmanifold. We use the global
coordinates

I, X Z
0 1 y
0 0 1

If L, denotes left multiplication by @ € H(1,p), then L} (dX) = dX, L:(dy) = dy and L:(dZ — Xdy) =
dZ — Xdy. Therefore {dX,dy,dZ — Xdy} forms a basis for the Lie algebra of H(1,p). With this, we
can define a new manifold G(p,q) = H(1,p) x H(1,q). Since this is the product of two nilpotent
groups, it is nilpotent as well. Again the integral matrices I'(p, ¢) form a lattice in G(p,q). Therefore

M(p,q) = G(p, q)/I‘(p ) is a nilmanifold. The fact that it is indeed a manifold follows from the
quotient manifold theorem. We denote the projection G(p,q) — M(p, q) by m. We define the 2-form

w=dX' A (dZ" — Xydy*) + dX? A (dZ? — X2dy?) + dy* A dy?
where dX'A(dZ'— X'dy') = Y dX} A (dZi— Xdy'). 1t is easy to check that w is closed and nondegen-

erate, hence symplectic. It is zilso invariant under left multiplication, so there exists a symplectic form
@ on M(p,q) such that 7*& = w. The fundamental group of M (p,q) is given by I'(p, q) for the same
reason as in example This is not abelian for p > 0 or ¢ > 0. Hence for p > 0 or ¢ > 0 M (p, q)
is not diffeomorphic to a torus, so this construction yields a countably infinite amount of symplectic
manifolds with no Kéhler structure. A



Chapter 5

Outlook

The Thurston-Weinstein problem is still studied by many mathematicians. This chapter will briefly
cover some of the methods used in constructing symplectic manifolds without Ké&hler structure. It also
covers some conjectures that mathematicians are still working on. Since this is an outlook, all sections
can be read separately.

5.1 Solvmanifolds

Definition 5.1.0.1. A solvable group is a group G which has a finite series of subgroups
{e} =Gp<G1a---<«Gn =G

for which GVGi—l is abelian for 1 <i < N.

For all nilpotent groups the lower central series satisfies the property, so all nilpotent groups are
solvable.

Definition 5.1.0.2. A compact solvmanifold is a compact manifold of the form G/F, where G is a
solvable simply connected Lie group and I is a lattice.

Since any nilpotent group is sovable, all nilmanifolds are solvmanifolds. Before we can go on about
the structure of solvmanifolds, we have to introduce the concept of a fiber bundle.

Definition 5.1.0.3. A fiber bundle is a structure (E, F, B, 7), where E, F and B are topological
spaces and 7 : E — B is a continuous surjection satisfying the following property:

For all z € E there exists a neighborhood U C B of m(x) such that there is a homeomorphism
@ : 7 HU) — U x F for which the following diagram commutes:

W (U) — 22— UxF

U

where p; : U x F — U is the canonical projection. Here F is called the total space, F' is called the
fiber, B is called the base space and 7 is called the projection map. The fiber bundle is often denoted
by

F—-F—B

32
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A smooth fiber bundle is a fiber bundle where E, F' and B are smooth manifolds and all maps involved
are smooth.

The Mostow structure theorem shows that any solvmanifold has the structure of a fiber bundle. For
the proof of the theorem, see [13].

Theorem 5.1.0.4. Let G/F be a solvmanifold and let N be the mazimal connected nilpotent subgroup
of G. Then:

1. NT is a closed subgroup of G.
2. NNT is a lattice in N.

3. G/NI‘ is a torus

4. G/F is the total space of the fiber bundle
N _NT
Nar =01 = S

This bundle is called the Mostow bundle.

Definition 5.1.0.5. A solvmanifold G/F is called completely solvable if the Lie algebra g associated
to G satisfies the condition that all adjoint maps ad, have only real eigenvalues.

Just as in the case of nilmanifolds, solvmanifolds have an associated Chevalley-Eilenberg complex
(Ag*,d). However, for solvmanifolds the Chevalley-Eilenberg complex does not have to be minimal.
Hence we can not generalize theorem [1.2.0.2] for arbitrary solvmanifolds. For solvmanifold that are
completely solvable, Hattori’s theorem is a weakened version of theorem The proof of this
theorem can be found in [12].

Theorem 5.1.0.6. Let G/F be a completely solvable compact solvmanifold, then there exists a DGA
homomorphism ¢ : (Ag*,6) — Q*(G/F) which induces an isomorphism on cohomology.

This theorem shows that some properties of nilmanifolds can be generalized to solvmanifolds under
certain conditions. This raises the question whether this is also the case for theorem [4.2.0.6] In four
dimensions, the theorem indeed generalizes:

Theorem 5.1.0.7. Let M be a compact 4-dimensional solvmanifold. If it admits a Kdahler structure,
then it is diffeomorphic to a torus.

The proof of this theorem can be found in [4]. This seems promising for the case of manifolds of
arbitrary dimension. However, it is still not known if this holds for all dimensions. This is called the
Benson-Gordon conjecture.

Conjecture Any compact solvmanifold which carries a Kéhler structure is diffeomorphic to a torus.

5.2 Symplectic Hodge structure

Let (M,w) be a symplectic manifold of dimension 2n. Recall that w induces an isomorphism & :
TM — T*M given by
o) (w) =w(v,w), VYo,w e T,M, x e M

Hence we can define a linear symplectic form on the cotangent bundle, which we will also denote by w

w(a, B) = w(@ ()& (B)), Ya, § € Q' (M)



CHAPTER 5. OUTLOOK 34

We can extend this linear symplectic form to a linear symplectic form Q¥(M) for all k. To do this,
note that the pure wedges span Q¥(M). Therefore, we only need to define the linear symplectic form
on pure wedges and extend linearly. On pure wedges, this linear symplectic form is defined to be

wlon A= Nag, Br A+ A By) = det((w(as, B5))1<i,j<k)

Definition 5.2.0.1. The symplectic Hodge star operator x,, : Q¥(M) — Q2"=%(M) is the unique
operator which satisfies the equation

n

aN*yf = w(a,ﬁ)w—'

n!

for all o, 3 € QF(M). Similar to the normal Hodge star operator, we define a map
d* : QF (M) — QF (M), d* = (—1)* x, dx,

We call @ € QF(M) symplectic harmonic if do = d*a = 0. Let HF (M) be the set of cohomologyclasses
which can be represented by symplectic harmonic k-forms. This is a linear subspace of H*(M), so we
define

hi (M, w) = dim(H}, (M))

The next theorem relates symplectic harmonic forms to the hard Lefschetz property.

Theorem 5.2.0.2. Let (M,w) be a compact symplectic manifold. Then hi(M,w) = bp(M) for all
1 <k <nif and only if w satisfies the hard Lefschetz property.

The proof can be found in [I4]. Since all compact Kéhler manifolds satisfy the hard Lefschetz property,
we get hi(M,w) = bi(M) for all compact Kéhler manifolds. Hence if the equality does not hold,
then M can not admit a K&hler structure. In particular, if hy(M,w) is odd for some odd k, then
M can not admit a Kéhler structure, regardless of its Bettinumbers. Either by (M) # hi(M,w) or
bi(M) = hi(M,w). In the first case, the theorem shows that there can be no Kéhler structure. In the
second case by (M) is odd, so again there can be no Kéhler structure.

5.3 Blow ups

Until now, all examples of symplectic manifolds with no Kéhler structure were non-simply connected.
It is harder to come up with simply connected examples, but it has been done. The first examples of
simply connected symplectic manifolds with no Kéhler structure were constructed by Dusa McDuff.
For the original article, see [I5]. This construction made use of symplectic blows ups.

We first take a look at classical blow ups. Consider the submanifold 7,, € C**! x CP" given by

Yo ={(z,1) eC"TL x CP" | z € I}

This manifold has a natural structure of a line bundle. The projection p : v, — CP" provides this
structure. In what follows we will be more interested in the projection to the first coordinate.
We first construct the new manifold

D) ={(z,1) €y | [2] <1}

Let m : D(v,) — D(0,1) denote the projection of D(7,) to the open unit disc in C"*! given by
7((z,1)) = z. All lines | € CP™ are uniquely determined by a single point z € C**!\{0}. Hence for all
z € D(0,1)\{0} we get 771(2) = (2,1), which is a single point. On the other hand, 7=1(0) = {(0,1) €
Yo | 0 € I} = CP". This means that 7[p, 1\ (o) is a diffeomorphism. The new manifold D(v,) is



CHAPTER 5. OUTLOOK 35

thus the unit disc in C"*! where the origin is replaced by CP". In terminology, the origin has been
blown up to CP". One can check that D(v,) is simply connected by considering long exact homotopy
sequences.

Let X be a complex manifold of complex dimension n+ 1, and let z € X. Take a complex chart (U, ¢)
with ¢ : (U,z) = (D(0,1),0). Then we can define 7 = |, )\ (03 © @lir {a}-

Definition 5.3.0.1. Let X be a complex manifold of complex dimension n + 1 and = € X a point.
The blow up of X at the point z is given by

BI(X, z) = (X\{z}) Uz D(7a)

This is again a complex manifold. The preimage 7~1(0) is called the exceptional divisor £ of the blow
up.

This procedure gives us a way to blow up points. This can be generalized to blow up submanifolds
instead of only points.

First note that the condition z € [ is equivalent to the condition z;l; = 2;l; for all 1 < 4,7 <n+1. To
generalize blow ups to submanifolds, consider the disc D = D(0,1) C C™ and define

D={(z,1) € Dx CP" F | 2l = zl; for k+ 1 <4i,j <n}

The projection onto the first coordinate is again denoted by 7. The exceptional divisor is now given
by CP"~*-1,

Let X be a complex manifold of (complex) dimension n and M a complex submanifold of (complex)
dimension k. Take a collection of charts {(Uy, ¢a) | @ € A} such that in local coordinates M is given
by 2+l = ... = 2" =0, where z},..., 2" denote coordinates in the chart (Uy, ¢, ). By identifying U,

with D, we get the blow up U,. On intersections, we define the transition maps
Tap Ty (Ua NU) = 7, (Us NUR)

Now we define

U=Uz,Ua
with projection 7 : U — UaU,.

Definition 5.3.0.2. Let X be a complex manifold of complex dimension n+1 and M C X a complex
submanifold of complex dimension k. The blow up of X along M is given by

BI(X,M)=(X\M)u, U
together with a projection 7 : BI(X, M) — X extending 7.

This complex blow up has a symplectic analog, which is described and applied in the article of McDuff
(see [I5]). Using the symplectic blow up, McDuff constructed symplectic simply connected manifolds
with no Kahler structure.

5.4 Gompf’s construction

In 1995 Robert Gompf used surgery to construct new symplectic manifolds out of old ones. He used
this new construction to find a lot of new examples of symplectic manifolds which do not admit a
Kéhler structure. For the original article, see [16].

This result is precisely formulated in the following theorem.

Theorem 5.4.0.1. For any even number n > 6, finitely generated group G and natural number b
there is a closed symplectic manifold M with 71 (M) ~ G and b; > b for 2 <i < n — 2 such that M is
not homotopy equivalent to any Kahler manifold. For n > 8 we may choose either by or bs to be any
preassigned sufficiently large number.
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For the proof, the reader is again referred to the original paper ([I6]). The construction used in the
proof will be discussed below. Let (Mp,w;) and (Ma,ws) be two symplectic manifolds of dimension
2n. Suppose we have a symplectic manifold (N, o) of dimension 2n — 2, together with embeddings
ij : (N,0) = (Mj,w;). The normal bundle of a submanifold N C M; is defined to be vN = TMJ'/TN.
Suppose that both embeddings have a trivial normal bundle. Then the symplectic neighborhood
theorem (see [3]) gives us symplectic embeddings ¢; : N x D, — M such that <pj|N><{O} = ij, where
D, is the open disc of radius € with standard symplectic form dz A dy. Remove the origin from D, to
get the annulus A, = D \{0}. This annulus admits a symplectic automorphism which interchanges
the boundary components. In polar coordinates, it is given by

Vi Ae = Ac, (r,0) = (VER—12,-6)
The fiber connected sum is now constructed as
Mi#n My = Mi\i1(N) Uraxy Ma\ia(N)

where Id x 1) : p1(N x D) — @3(N x D.). This new manifold carries a natural symplectic form which
agrees with wy on M; and with wy on My outside a neigborhood of ¢1(N) and @a (V).



Appendix A

Algebraic Topology prerequisites

A.1 Splitting lemma
Definition A.1.0.1. An exact sequence is a sequence (A?);c; of groups together with maps d™ : A" —
A" such that Im(d") = Ker(d™t1).

A special case of an exact sequence is a short exact sequence, where I = {0,1,2,3,4} and A° = A* = 0.
The counterpart is a long exact sequence, in which the index set [ is infinite.

The splitting lemma states that under certain conditions it is possible to split a group using a short
exact sequence.

Theorem A.1.0.2. Suppose we have a short exact sequence of abelian groups

0—s AL B 92y0c_— 0

Then the following three statements are equivalent:
1. There exists a map hy : B — A such that hy o f = Id4.
2. There exists a map ho : C — B such that g o hy = Idc.
8. B is isomorphic to A ® C with f as natural inclusion and g as natural projection.

Proof. First assume that statement 3 holds. Then we can simply take h; to be the natural projection
and hs to be the natural inclusion.

Now we go on with the interesting part of the proof. Assume that statement 1 holds. Then we can write
every b € B as b = (b — f(h1(b))) + f(h1(b)), where f(h1(b)) € Im(f) and b — f(h1(b)) € Ker(hy).
Now let b € Ker(hy) N Im(f), then b = f(a) for some a € A and 0 = hy1(b) = h1(f(a)) = a, so
a =b=0. We conclude that B = Im(f)® Ker(hy). Since the sequence is exact, Im(f) = Ker(g) and
g is surjective. Hence any ¢ € C can be written as g(b) for some unique b € Ker(hy). This means that
g : Ker(hy) — C is an isomorphism. By exactness again, f is injective, which means that B~ A® C.
For the last part, assume that statement 2 holds. Then we can write every b € B as b = (b—ha(g(b)))+
ha(g(b)), where b—ha(g(b)) € Ker(g) and ha(g(b)) € Im(hs). Let b € Ker(g)NIm(hz), then b = ha(c)
for some ¢ € C and 0 = g(b) = g(ha(c) = ¢, s0 ¢ = b = 0. Hence B = Ker(g) ® Im(hs). Since the
sequence is exact, Ker(g) = Im(f) and f is injective. Hence A ~ Im(f) = Ker(g). Since g o hy is a
bijection, hy is an injection, so Im(hg) ~ C. We conclude that B~ A& C. O

A.2 Five Lemma

The Five lemma is a useful tool which combines commutative diagrams with exact sequences. The
proof of it heavily depends on two other lemmata called the first and second four lemma.

37
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A.2.1 First Four Lemma

Theorem A.2.1.1. Consider the following commutative diagram:

A / B g C h D

F o G P H 1 I
and suppose that the rows are exact, k and m are injective and j is surjective. Then l is injective.

Proof. Let ¢ € Ker(l), then [(¢) = 0, so q(I(¢)) = 0. By commutativity of the right diagram, m(h(¢)) =
0. Since m is injective, h(¢) = 0, so ¢ € Ker(h) = I'm(g). This means that ¢ = g(b) for some b € B.
By commutativity of the middle diagram, p(k(b)) = I(g(b) = I(¢) = 0. Hence k(b) € Ker(p) = Im(o),
which means that k(b) = o(f) for some f € F. Since j is surjective, f = j(a) for some @ € A. By
commutativity of the left diagram, k(b) = o(f) = o(j(a)) = k(f(a)). Since k is injective, this means
that b= f(a), so b € Im(f) = Ker(g). Hence ¢ = g(b) = 0, so | is injective. O

A.2.2 Second Four Lemma
Theorem A.2.2.1. Consider the following diagram:

B g C h D i E

G P H 1 I r J

and suppose that the rows are exact, k and m are surjective and n is injective. Then | is surjective.

Proof. Let h € H, then by surjectivity of m there exists a d € D for which q(h) = m(d) By
commutativity of the right diagram and exactness, 0 = r(q(h)) = r(m(d)) = n(i(d)). Since n is
injective, this means that i(d) = 0, so d € Ker(i) = Im(h). Therefore, d = h(&) for some ¢ € C.
By commutativity of the middle diagram, q(h) = m(h(&)) = q(I(é)), so h — 1(¢) € Ker(q) = Im(p).
Therefore we can write i — I(¢) = p(g) for some § € G. Since k is surjective, § = k(a) for some a € A,
so by commutativity of the left diagram h—1(é) = p(k(a)) = I(g9(@)). We conclude that h = I(¢+g(a)),
so [ is surjective. O
Remark A.2.2.2. The method of both of these proofs is called diagram chasing. It is widely used in
algebraic topology and related areas of mathematical research.

With both of these lemmata in mind it is easy to prove the Five Lemma:

Theorem A.2.2.3. Consider the following diagram:

A f B g C h D i E
J k l m n
F ° G L H g I r J

and suppose that the rows are exact, k and m are isomorphisms, n is injective and j is surjective.
Then 1 is also an isomorphism.

Proof. By the first four lemma, [ is injective. By the second four lemma [ is surjective. Hence [ is an
isomorphism. O
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A.3 Algebraic Mapping Cone

Definition A.3.0.1. A cochain complex is a sequence A = (A%);c; of abelian groups together with
differentials d" : A — A"*! such that d"*! od™ =0

Any exact sequence is a cochain complex. The reverse does not hold in general however. The number
1 is called the degree. A map between cochain complexes is called a cochain homomorphism if it
conserves the degree and intertwines the differentials.

Definition A.3.0.2. Let f : A — B be a cochain homomorphism. Then we construct the algebraic
mapping cone C(f) as the following cochain complex: The sequence of abelian groups is (A1 @ B?);c;
and the differential is given by d" : (a,b) = (—d's  a, f(a) + dgb).
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