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Climate Dynamics (lecture 3) 

http://www.staff.science.uu.nl/~delde102/climatedynamics.htm	



Absorption of radiation: Bougeur-Lambert-Beer Law.	


Optical path.	


Absorption cross-section.	


Radiative energy budget equation: Schwarzschild’s equation.	


Radiative equilibrium: solution of Schwarzschild’s equation.	


Division of the atmosphere in troposphere and stratosphere. 	



Box 2.1, 2.2, 2.3 of the lecture notes	



Temperature 

(nearly isothermal up to 20 km) 

lapse rate=5 K/km 

lapse rate=0 K/km 
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Stratosphere, T≈215 K 

troposphere 

tropopause 

Temperature 
RHg=64% 
PW=4.8 kg/m2 

€ 

I = I0 exp −κz( )Bouguer-Lambert-Beer Law:	



Absorption of radiation 

€ 

I0

€ 

I

Gas that absorbs radiation 

€ 

z

€ 

κz is the optical path

€ 

1
κ

is the absorption length (unit :  m) € 

dI = −κIdz

BOX 2.1 

€ 

κ is the absorption coefficient
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Absorption of radiation 

€ 

I0

€ 

κz

€ 

I

Fraction of the irradiance 
that is transmitted (red) 
or absorbed (black) as a 
function of optical path. 

€ 

κz is the optical path

BOX 2.1 

Absorption cross section 

€ 

I0

€ 

Δz

€ 

I

absorption cross 
section in m2 per 
molecule 

€ 

ΔI ≡ I0 − I =σ anaI0Δz

€ 

ΔI = σa CO2[ ]n CO2[ ] +σa H2O[ ]n H2O[ ]( )I0Δz

molecule 
number 
density of 
aborbing gas 

€ 

dI = −κIdz

BOX 2.2 

Effect of CO2 and water vapour (H2O): 
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Absorption 
cross 

section 

FIGURE 2.48. 

Absorption cross sections 
of the strongest absorbing 
atmospheric constituents  

Kirchhoff’s law 

absorption coefficient =emission coefficient 
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Upwelling and downwelling radiation 

€ 

I+

€ 

I+ −ΔI+

€ 

I−

€ 

I− −ΔI−

atmospheric layer 

€ 

net in from the top = I− − I+

€ 

net out from the bottom = I− − I+( )− ΔI− −ΔI+( )

upwelling downwelling 

Net absorbed radiation is 

€ 

ΔI− −ΔI+( )

€ 

ΔI− = ΔI+Radiation balance: 

height, z	



“Planck emission” 
BOX 2.3 

€ 

I+

€ 

Δz

€ 

I+ −ΔI+

€ 

I−

€ 

I− −ΔI−

€ 

κΔzB

atmospheric layer 

Black body “Planck emission”: 
Atmospheric layer itself emits: 

€ 

B ≡σT 4

(Kirchhoff’s law) 

Fluxes include “Planck emission” of atmospheric itself!!! 

€ 

ΔI− = ΔI+Radiation balance: Previous slide: 

height, z	
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Schwarzschild’s equations 

€ 

I+

€ 

Δz

€ 

I+ −ΔI+

€ 

I−

€ 

I− −ΔI−

atmospheric layer 

BOX 2.3 

€ 

ΔI− = ΔI+Radiation balance: Previous slide: 

€ 

−ΔI+ = +κΔz I+ −ΔI+( )−κBΔz

€ 

ΔI− =κΔzI− −κBΔz

upwelling radiation: 

downwelling radiation: 

Thin layer: 

€ 

−κdz = dδ <<1 !!!!! 

€ 

−ΔI+ = +κΔzI+ −κBΔz

Energy budget: 

Schwarzschild’s equations 

€ 

I+

€ 

Δz

€ 

I+ −ΔI+

€ 

I−

€ 

I− −ΔI−

€ 

−ΔI+ = +κΔz I+ −ΔI+( )−κBΔz

€ 

ΔI− =κΔzI− −κBΔz

upwelling radiation: 

downwelling radiation: 

€ 

I+ + I− − 2B = 0

atmospheric layer 

€ 

ΔI+ + ΔI− = −κ I+ − I−( )Δz

BOX 2.3 

Thin layer: 

€ 

−κdz = dδ <<1 !!!!! 

€ 

−ΔI+ = +κΔzI+ −κBΔz

€ 

ΔI− = ΔI+

and 

Energy budget: 
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Continuous homogeneous atmosphere 

€ 

I+ + I− − 2B = 0

€ 

ΔI+ + ΔI− = −κ I+ − I−( )Δz
€ 

I ≡ I+ + I− and I ≡ I+ − I−

€ 

ΔI = 0€ 

I ≡ 2B

€ 

ΔI ≡ −κIΔz

€ 

ΔI− = ΔI+

Previous slide: 

Definition: 

or in general: 

€ 

I ≡ 2B

€ 

dI
dδ

= 0

€ 

dI 
dδ

≡ I

€ 

B ≡ 1
2
Iδ + B0

B0 is an integration constant 
Value of B at δ=0 (=ΤΟΑ) 

BOX 2.3 

€ 

I ≡ 2B

€ 

dI
dδ

= 0

€ 

dI 
dδ

≡ I

€ 

B ≡ 1
2
Iδ + B0

B0 is an integration constant 
Value of B at δ=0 (ΤΟΑ) 

€ 

I+ =
1
4
S0 1−α p( ) ≡Q

At TOA: 

and 

€ 

I ≡ I+ − I− = I+ =Q € 

B ≡ 1
2
Qδ + 2B0( )

€ 

dI
dδ

= 0

for all δ 

Schwarzschild’s equation: solution 
BOX 2.3 

holds for all optical paths 
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€ 

I ≡ 2B

€ 

dI
dδ

= 0

€ 

dI 
dδ

≡ I
at TOA this is: 

for all δ 

€ 

I = I + 2I− ≡ 2B

€ 

I = 2B or Q = 2B0

€ 

I =Q

€ 

B ≡σT4 =
1
2
Q δ +1( )

Schwarzschild’s equation: solution 
BOX 2.3 

€ 

B ≡ 1
2
Qδ + 2B0( )

Skin temperature 

€ 

B ≡σT4 =
1
2
Q δ +1( )

€ 

T =
Q δ +1( )
2σ

4

€ 

If δ << 1 then T =
Q
2σ

4 ≡Tskin

“skin temperature” 

Tskin is temperature of the optically thin stratosphere 

BOX 2.3 

General solution: 
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Radiative equilibrium 
BOX 2.3 

static instability 
22 K 

€ 

T =
Q δ +1( )
2σ

4

δ is related to 
mass of the 
absorber 
above level 
of interest	



Radiative equilibrium at surface 

€ 

Q+ I− − I+ = 0

absorbed solar radiation 

downwelling radiation (back-radiation) 
upwelling radiation (emitted radiation): 

€ 

I ≡ 2B = I+ + I−
We had (see first slide on this topic): 

or 

€ 

I− = 2B− I+

€ 

I+ =σTS
4

Earth’s surface 
is a black body 

BOX 2.3 
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Radiative equilibrium at surface 

€ 

Q+ I− − I+ = 0

€ 

I− = 2B− I+

€ 

I+ =σTS
4

So we have: 

€ 

B ≡σT 4 =
1
2
Q δ +1( ) =

1
2
Q δs +1( )

and 

at earth’s surface 

optical path at earth’s surface € 

TS =
Q δS + 2( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

Surface temperature: 

€ 

TSa =
Q δS +1( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

Atmospheric 
temperature, just 
above surface: 

BOX 2.3 

Radiative equilibrium at surface 

€ 

TS =
Q δS + 2( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

Surface temperature: 

€ 

TSa =
Q δS +1( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

Atmospheric 
temperature, just 
above surface: 

BOX 2.3 

€ 

TS > TSa
Surface temperature 
higher than atmospheric 
temperature near surface 
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Radiative equilibrium: full solution 

€ 

TS =
Q δS + 2( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

=Tskin δS + 2( )1/4

Surface temperature: 

€ 

TSa =
Q δS +1( )
2σ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
1/4

=Tskin δS +1( )1/4

Atmospheric 
temperature, just 
above surface: 

€ 

T =
Q δ +1( )
2σ

4 =Tskin δ +1( )1/4

Atmospheric temperature: 

BOX 2.3 

Radiative equilibrium: full solution 

Surface temperature: 

Atmospheric 
temperature, just 
above surface: 

€ 

−κdz = σaqa /g( )dp = d σaqap /g( ) ≡ dδ

€ 

δs ≈ σ ara ps /g

€ 

δ =σ aqa p /g ≈ σ ara p /g

Atmospheric temperature: 
δ is related to height or pressure:	



q is the specific concentration by 
mass of the absorber	



ra is the mixing ratio by mass of 
the absorber 	



€ 

TS =Tskin δS + 2( )1/4

€ 

TSa =Tskin δS +1( )1/4

€ 

T =Tskin δ +1( )1/4

BOX 2.3 
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Radiative equilibrium: full solution 

€ 

σ a = 0.3 m2kg-1;  ra = 390 ppm

αp = 0.3;  S0=1366 W m-2; ps =1000 hPa

Surface temperature: 

€ 

TS =Tskin δS + 2( )1/4€ 

T =Tskin δ +1( )1/4

Atmospheric temperature: 

BOX 2.3 

€ 

δS =1.81

Radiative equilibrium: full solution 
BOX 2.3 

214.2 K (skin temperature) 
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Stratosphere is the optically thin 
upper part of the atmosphere 

Radiative equilibrium: full solution 
BOX 2.3 

€ 

σ a = 0.3 m2kg-1

Actually: 
Absorption crosssection CO2 
depends on wavelength 

Assumption: 

FIGURE 2.52  

peak long wave radiation spectrum 
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Radiative equilibrium: full solution 
BOX 2.3 

static instability 
22 K 

Next lecture  

What do with the static instability at the surface? 
Potential temperature 
Parametrization of the sensible heat flux 
The radiative-convective model (RCM) 
Radiatively determined state 

Wednesday 13/2, 2013, 9:00-10:45 


