Lecture 1 SOAC

Introduction to Exercise 1

Canonical equation of Fluid Dynamics
(Navier-Stokes equation)

Canonical equation of Geophysical Fluid Dynamics (GFD)
(shallow water equations)

Simplification of the shallow water equations
Inertial Oscillations

Analytical solution
Numerical approximation of the time-derivative

Comparison of analytical and numerical solution

Aarnout van Delden: http://www.staff.science.uu.nl/~delde102/SOAC.htm




Recommended book: ‘I The ascent of humanity

. Navier-Stokes Equation
,\“?u\’-smt of the UnknoW
17 Equations Thq,

Changed the WOr/QI density velocity pressure stress  body forces

/

Pl —+Vv:Vv =— p+V T+1

time derivative gradlent divergence

dot product o
add Coriolis force to r.h.s.

Advection: exercise 2

What does it say?

It’s Newton’s second law of motion in disguise. The left-hand

Ian Stewart side is the acceleration of a small region of fluid. The right-
hand side is the forces that act on it: pressure, stress, and
internal body forces.

Why is that important?
It provides a really accurate way to calculate how fluids move.
This is a key feature of innumerable scientific and

20
technological problems.



Equation of motion for a fluid parcel

spatial coordinate

u(x,t)
T AN
time
Xx-component velocity
Inviscid equation of motion (Euler equation™)

due to pressure gradient
acceleration 1

|

due to Coriolis effect

|

du ou ou 10 Coriolis parameter:
B +u—=———p+fv f=2Qsing
dt ot Ox pox
density velocity perpendicular to u

* https://en.wikipedia.org/wiki/Euler equations (fluid dynamics)
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Canonical equation of GFD:

Shallow water equations

Rotating stratified layer of fluid

du oh

= M= + ;

dt 5 ox A

dv oh .

dr 5 dy Ju

dh ou ov)

—=—h| —+

dt dx dy)

T “Reduced gravity:” ( —PL=P2 Pz
P1 )

Last equation: mass conservation
f = constant



Canonical equation of GFD:

Shallow water equations: advection terms

Rotating stratified layer of fluid

du au ua—u+va—u—— a—h+fv
dt  or odx dy 8

dv  ov u@_l_‘}@__ a—h—fu
dt o Jox 9y g@y

dh ah ah oh (au avj

2k
dt Bt Bx Vay ox dy

T

advection term: non-linear !




Canonical equation of GFD:

Shallow water equations in flux form

For simplicity neglect variations in the y-direction

ohu  ohu*  Oh
oo Syt
ohv ohuy

PP
oh__ohu

ot  Ox

In short:
BU:_auU_ ,ha_h+
o ox °d
oV ovU

o  ox U
oh _ JU

ot ox
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Canonical equation of GFD:

Shallow water equations: linearised

For simplicity assume that h=H +h'; h'<< H

auz ouy .

. and . are small compared to linear terms
ohu  ohu*> . oh du  oh'
T et LI T M
ohv  dhuv v

o __oMV_ g o, ==

ot ox Jhu ot

oh  dhu Qﬁ::_figﬁ

%  ox ot ox

We'll come back to these equations in lecture 4




Analytical solution in a simplified case

(neglecting variations in h)

du(t
Lgi )= pr)
Simplified equations: {
PO futr
ot
: : 0°u )Y 0°u
Analytical solution: L g G > 2,=0
o> ot ks Yl Ju
solution u(t) = Cysin( ft)+ C, cos( ft)

(inertial oscillations) (1) = C, cos(ft)— C, sin( f¢)
If 4(0)=10 m/s and v(0)=0 m/s, then C,=0 and C,=10 m/s.

u(r)=10cos( ft) v(t)=—-10sin(ft)
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Numerical approximation:
time difference-scheme

Example equation:

au(t)

= fv(®)

Taylor series approximation to time-derivative (left had side):

u(t+At) = ()+At%( )+A2f gtg‘(z)m(Aﬁ)

dvide by A4 At — () ~ Ou (1) = At &u

At ot

T i

“Euler-forward” finite difference Error: “first order” (linear) in At
approximation

2() o(Ar?)
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Numerical approximation

du(t)

5 = fu(1)
Equations: { :

MO _

o

Numerical approximation with Euler forward scheme:

u(t + Ar)—u(r)

time-step |——> A¢ - fv(t)
v(t+A1)—v(t)
o = fulr)

Error: “first order” in At
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Comparison numerical approximation with
analytical solution: numerical stability

Inertial oscillation (Euler forward) - red: analytical; black: numerical

Numerical solution with

Euler- forward time- ( ) IOCOS ft
stepping scheme 10 A A
Amplitude of the 51

oscillation increases
while it should be
constant. This is a
manifestation of
numerical =51

instability ! |
Note: numerical solution —10 1 \J

is perfectly correlated At =300 s
with analytical solution,

but stiill in error! 0 10 20 30 40 50 60
time [hrs]

u [m/s]
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Conservation of kinetic energy, KE ? No!

KE(t=0)= %(M(O)z +9(0)%) =50 m’s™

KE(t=60 hr) increases
in time. This is due
to the truncation
error and

90 A

80 A

KE [m/s]

60 -

50 A

Inertial oscillation (Euler forward) - Kinetic energy

At =300 s
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Truncation error Euler forward scheme

4 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
— y=0.78903 + 0.0045442x R=0.98798

L 35 Y = MO + M1*x + ... M8*X® + M9*x’

c "~ 7
MO 1.0217

8 M 0.0016329

1) M2 4.5629¢-6

= 3L R 0.99995 .

©

o

N
6)
|

Error in KE/KE(t
o N
| |

Error: “nearly firs

t order” in At
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Python script numerical solution
(forward Euler scheme)

o~NOULThAE WNR

import numpy as N
import matplotlib.pyplot as P
import math as M

nt_len = 720
dt = 300.0

fCor = 0.0001

u_ana = N.zeros((nt_len))
u = N.zeros((nt_1len))
v = N.zeros((nt_1len))
time = N.zeros((nt_len))

# time loop

ulol= 10.0

u_anal[o]l= 10.0

for nt in range(1,nt_len):

time[nt] = time[nt-1] + dt

ulnt] = ulnt-1] + (fCor * v[nt-1] * dt)
vint] = vint-1] - (fCor x ulnt-1] * dt)
u_analnt] = ul[@] * M.cos(fCor * timel[nt])

# make graph
P.figure(figsize=(7,6))

.Xlabel('time [hrs]', fontsize=15)

.ylabel('u [m/s]',fontsize=15)

.title('Inertial oscillation (Euler forward) - red: analytical; black: numerical')
.plot(time/3600, u, color='black')

.plot(time/3600, u_ana, color='red')

.show() # show plot on screen

W U U U U
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Next lecture

More about time-stepping schemes and their truncation error
and numerical stability.

The linear advection equation: analytical solution

Numerical approximation of the linear advection equation:
Truncation error due to numerical diffusion and numerical
dispersion.

Exercise 1
Introduction to exercise 2
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