
Lecture	1	SOAC	
Introduc*on	to	Exercise	1	
Canonical	equa*on	of	Fluid	Dynamics		
(Navier-Stokes	equa*on)	
Canonical	equa*on	of	Geophysical	Fluid	Dynamics	(GFD)	
(shallow	water	equa*ons)	
Simplifica*on	of	the	shallow	water	equa*ons	
Iner*al	Oscilla*ons	
Analy*cal	solu*on	
Numerical	approxima*on	of	the	*me-deriva*ve		
Comparison	of	analy*cal	and	numerical	solu*on	
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Aarnout	van	Delden:	hJp://www.staff.science.uu.nl/~delde102/SOAC.htm	



Recommended	book:	

Advec9on:	exercise	2	

add	Coriolis	force	to	r.h.s.	

20	



Equa*on	of	mo*on	for	a	fluid	parcel	

Inviscid	equa9on	of	mo9on	(Euler	equa9on*)	� 

u x,t( )

x-component	velocity	

spa*al	coordinate	

*me	

density	

due	to	pressure	gradient	
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accelera*on	

velocity	perpendicular	to	u	

due	to	Coriolis	effect	

� 

f ≡ 2Ωsinφ
Coriolis	parameter:	

*	hJps://en.wikipedia.org/wiki/Euler_equa*ons_(fluid_dynamics)		
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Shallow	water	equa*ons	
Canonical	equa*on	of	GFD:	

� 

du
dt

= −g'∂h
∂x

+ fv;  

dv
dt

= −g'∂h
∂y

− fu;  

dh
dt

= −h ∂u
∂x

+ ∂v
∂y

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟ 

� 

g'= ρ1 − ρ2
ρ1

g
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Rota*ng	stra*fied	layer	of	fluid	

Last	equa*on:	mass	conserva9on	
“Reduced	gravity:”	

� 

f = constant
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Shallow	water	equa*ons:	advec*on	terms	
Canonical	equa*on	of	GFD:	

� 

du
dt

= ∂u
∂t

+ u ∂u
∂x

+ v ∂u
∂y

= −g'∂h
∂x

+ fv;  

dv
dt

= ∂v
∂t

+ u ∂v
∂x

+ v ∂v
∂y

= −g'∂h
∂y

− fu;  

dh
dt

= ∂h
∂t

+ u ∂h
∂x

+ v ∂h
∂y

= −h ∂u
∂x

+ ∂v
∂y

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟ 

Rota*ng	stra*fied	layer	of	fluid	

advec*on	term:	non-linear	!	
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Shallow	water	equa*ons	in	flux	form	
Canonical	equa*on	of	GFD:	

� 

∂hu
∂t

= − ∂hu
2

∂x
− g'h ∂h

∂x
+ fhv;  

∂hv
∂t

= − ∂huv
∂x

− fhu;  

∂h
∂t

= − ∂hu
∂x

For	simplicity	neglect	varia*ons	in	the	y-direc*on	

� 

∂U
∂t

= − ∂uU
∂x

− g'h ∂h
∂x

+ fV;  

∂V
∂t

= − ∂vU
∂x

− fU;  

∂h
∂t

= − ∂U
∂x

� 

U ≡ hu;  V ≡ hv

In	short:	
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Shallow	water	equa*ons:	linearised	
Canonical	equa*on	of	GFD:	

� 

∂u
∂t

≈ −g'∂h'
∂x

+ fv;  

∂v
∂t

≈ − fu;  

∂h
∂t

≈ −H ∂u
∂x

For	simplicity	assume	that	

� 

h = H + h';  h'<< H

� 

∂u2

∂x
are	small	compared	to	linear	terms	

We’ll	come	back	to	these	equa*ons	in	lecture	4	

� 

∂hu
∂t

= − ∂hu
2

∂x
− g'h ∂h

∂x
+ fhv;  

∂hv
∂t

= − ∂huv
∂x

− fhu;  

∂h
∂t

= − ∂hu
∂x

and	

� 

∂uv
∂x



Analy*cal	solu*on	in	a	simplified	case	

Analy9cal	solu9on:	

Simplified	equa9ons:	{	
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� 

∂u(t)
∂t

= fv(t)

� 

∂v(t)
∂t

= − fu(t)

� 

∂2u
∂t2

= f ∂v
∂t

= − f 2u

� 

∂2u
∂t2

+ f 2u = 0

� 

u t( ) = C1 sin ft( ) +C2 cos ft( )solu9on	
(iner9al	oscilla9ons)	

(neglec*ng	varia*ons	in	h)	

� 

v t( ) = C1 cos ft( )−C2 sin ft( )
If	u(0)=10	m/s	and	v(0)=0	m/s,	then	C1=0 and	C2=10 m/s.				

� 

u t( ) = 10cos ft( )

� 

v t( ) = −10sin ft( )



Numerical	approxima*on:		
*me	difference-scheme	

Error:	“first	order”	(linear)	in	“Euler-forward”	finite	difference	
approxima*on	

Taylor	series	approxima9on	to	9me-deriva9ve	(leN	had	side):	

� 

u t + Δt( ) = u t( ) + Δt ∂u
∂t

t( ) + Δt2

2
∂2u
∂t2

t( ) +O Δt 3( )

� 

divide by Δt

� 

Δt
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� 

∂u(t)
∂t

= fv(t)

Example	equa9on:	



Numerical	approxima9on	with	Euler	forward	scheme:	

Equa9ons:	 {	

*me-step	

� 

v t + Δt( )− v t( )
Δt

= − fu t( )
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� 

∂u(t)
∂t

= fv(t)

� 

∂v(t)
∂t

= − fu(t)

� 

u t + Δt( )− u t( )
Δt

= fv t( )

Numerical	approxima*on	

Error:	“first	order”	in	

� 

Δt



Amplitude	of	the	
oscilla*on	increases	
while	it	should	be	
constant.	This	is	a	
manifesta*on	of	
numerical	
instability	!	

� 

Δt = 300 s

� 

u t( ) = 10cos ft( )
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Comparison	numerical	approxima*on	with	
analy*cal	solu*on:	numerical	stability		

Note:	numerical	solu*on	
is	perfectly	correlated	
with	analy*cal	solu*on,	
but	s*ill	in	error!	

Numerical	solu*on	with	
Euler-	forward	*me-
stepping	scheme	



� 

KE = 1
2
u2 + v2( )
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Conserva*on	of	kine*c	energy,	KE ?	No!	

KE(t=60	hr)	increases	
in		*me.	This	is	due	
to	the	trunca9on	
error	and	

� 

Δt = 300 s
� 

KE t = 0( ) ≡ 1
2
u(0)2 + v(0)2( ) = 50 m2s-2



Trunca*on	error	Euler	forward	scheme	
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Error:	“nearly	first	order”	in	Δt	
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Python	script	numerical	solu*on		
(forward	Euler	scheme)	
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Next	lecture	

More	about	*me-stepping	schemes	and	their	trunca*on	error	
and	numerical	stability.	

The	linear	advec*on	equa*on:	analy*cal	solu*on	

Numerical	approxima*on	of	the	linear	advec*on	equa*on:	
Trunca*on	error	due	to	numerical	diffusion	and	numerical	
dispersion.	

Exercise	1		
Introduc9on	to	exercise	2	


