
Thermal	convec-on	of	a	stra-fied	fluid	
under	the	influence	of	gravity	

Lectures	10,	course	on	“Turbulence	in	Fluids”,	Utrecht	University	
h:p://www.staff.science.uu.nl/~delde102/TinF.htms		

Part	5:	Pa;ern	forma-on	in	thermal	convec-on	
The	horizontal	pa:ern	of	thermal	convecGon	

Fourier	representaGon	of	certain	pa:erns	in	three	spaGal	dimensions		

The	equaGons	for	governing	three-dimensional	convecGon		

Three-dimensional	“poloidal	flow”	in	spectral	space	

A	low-order	model	of	poloidal	convecGon:	plan-form	selecGon	

An	experiment	with	the	low-order	model	(ensemble	predicGon)	

Exercises	/	about	the	exam…			
1	
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up-hexagons	

rolls	

Hexagonal	cells	in	the	laboratory	 Open	cells	in	the	atmosphere	
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An	arrangement	of	circles	inside	a	given	boundary	such	that	no	two	circles	overlap	and	all	circles	are	
mutually	tangent.	The	hexagonal	packing	is	closest	(most	efficient)	because	the	area	covered	by	circles	
divided	by	the	total	area	is	a	minimum	(=𝜋/(2√3)=0.91).	This	raGo	in	the	case	of	square	packing	(𝜋/4=0.79).		

Closest	packing	of	circles	=	updraughts	

The	hexagonal	packing	is	most	“efficient”.	But	space	must	be	made	for	the	downward	moGon	to	saGsfy	conGnuity	

square	packing					 hexagonal	packing					

Hexagonal	cells	in	the	laboratory	Open	cells	in	the	atmosphere	
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w(x, y) = cosπaxlx cosπaymy + 1
2
cos2πaxlx

Construc-ng	a	hexagonal	pa;ern	taking	con-nuity	into	account	

The	hexagonal	pa:ern	of	verGcal	velocity,		
w,	according	to	eq.	116,	with	l=m=1,	and	a	
plus	sign	in	front	of	the	second	term	
ay=√3ax	.	The	upper	panel	shows	an	up-
hexagon	(eq.	116a).	The	area	covered	by	
circular	updraught	divided	by	the	total	
area	is	equal	to	0.4	(see	figure	18,	lecture	
notes).	
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ay ≡
2H
Ly

= 3ax;  ax ≡
2H
Lx

= 1
2 2
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Ly
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Lx = 4 2H = 3Ly

(eq.	116a)	

+	-	

Up-hexagon,	or	“l-cell”	

VerGcal	velocity:	



Hexagonal	pa;ern	=	superposi-on	of	two	pa;erns	

� 

w(x, y) = cosπaxlx cosπaymy + 1
2
cos2πaxlxVerGcal	velocity:	

l=m=1		 l=2	and	m=0		
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ax = ay ≡
1
2 2

� 

ax = ay ≡
1
2 2

chequerboard	 rolls	

(eq.	116a)	
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Par-al	differen-al	equa-ons	governing	3D	convec-on	

ConGnuity	

VerGcal	comp.	of	vorGcity	

VerGcal	velocity	

Eliminate	pressure	from	the	governing	equaGons	following	the	procedure	of	lecture	6:	
4	equaGons,	4	unknowns	(u,	v,	w	and	𝜁)		
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Sα (x, y, z) = exp iπ (axlα x + aymα y + nα z{ }
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0 ≤ x ≤ Lx
H

;  0 ≤ y ≤
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H
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ax = 2H
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Sα∫ Sβ
*dσ = δα,β

Fourier	transforma-on	of	the	equa-ons	
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− ∂u
∂y

� 

∂u
∂x

+ ∂v
∂y

+ ∂w
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= 0DiagnosGc	equaGons:	

Fourier	series:	

Basis	func-on:	

Domain:	

Orthonormality:	

� 

Uα = − axnαlα
qα
2 Wα +

aymα

πqα
2 iZα

� 

Vα = −
aynαmα

qα
2 Wα − axlα

πqα
2 iZα

These	linear	equaGons	transform	into		
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� 

Uα = − axnαlα
qα
2 Wα +

aymα

πqα
2 iZα

� 

Vα = −
aynαmα

qα
2 Wα − axlα

πqα
2 iZα

Poloidal	3D	flow:	vor-city	in	horizontal	plane=zero	
DiagnosGc	relaGons	in	spectral	space	

Simplify	by	assuming	that	the	flow	is	“poloidal”:	

� 

Zα = 0

� 

Uα = − axnαlα
qα
2 Wα

� 

Vα = −
aynαmα

qα
2 Wα

Velocity	is	completely	determined	by	ver-cal	velocity	!!!	
Source:	A.V.Getling	

“l-cell”	

“g-cell”	

“rolls”	



Spectral	form	of	the	ver-cal	velocity	equa-on	
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dWγ
dt

= πNγαβ iWαWβ{ }
α,β
∑ + Pr

π 2qγ
2

kγ
2 Θγ − Pr kγ

2Wγ

InteracGon	coefficient:	funcGon	of	wave-numbers	and	aspect	raGos	
Contains	the	selecGon	rule.	
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qγ
2 = ax

2lγ
2 + ay

2mγ
2
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kγ
2 = π 2 qγ

2 + nγ
2( )Total	wave-numbers	



Spectral	form	of	the	temperature	equa-on	

InteracGon	coefficient:	funcGon	of	wave-numbers	and	aspect	raGos	
Contains	the	selecGon	rule.	
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dΘγ
dt

= πLγαβ iWαΘβ{ }
α,β
∑ + RaWγ − kγ

2Θγ



Closed	system	is	spectral	space	

� 

dΘγ
dt
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α,β
∑ + RaWγ − kγ

2Θγ

� 

dWγ
dt

= πNγαβ iWαWβ{ }
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∑ + Pr

π 2qγ
2

kγ
2 Θγ − Pr kγ
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Impose	boundary	condiGons:	as	in	previous	lectures	->	symmetry	condiGons	on	Fourier	coefficients	

Truncate	the	Fourier	series:	include	the	fundamental	wave	vectors,	(1,1,1)	and	(0,2,1),	which	make	a	hexagon	

InteracGon	of	these	modes	will	create	(1,1,2)	and	(0,2,2)	and,	of	course,	higher	harmonics.	

We	start	by	deriving	a	low-order	model,	which	includes	only	these	4	modes	for	w.	

For	temperature	we	add	(0,0,1),	(0,0,2),	(0,0,3)	and	(0,0,4)			



Table	showing	all	interac-ons	inside	trunca-on	



Low-order	model	of	poloidal	convec-on	(12	equa-ons)	

te
m
pe

ra
tu
re
	

ve
rt
.v
el
oc
ity

	

Hexagons	if:	

SubsGtute	into	equaGons:	



#	LOW-ORDER	MODEL	OF	POLOIDAL	CONVECTION			
#	(SECTION	36	of	Lecture	notes	on	Thermal	ConvecGon	for	"Turbulence	in	Fluids")	
#	Numerical	integraGon	of	equaGon-set	163	(lecture	notes)		
#	Skeleton	version	of	the	script	(no	graphics)	

#	IMPORT	MODULES	
import	numpy	as	np	
import	matplotlib.pyplot	as	plt	
import	math	as	M	
from	numpy	import	random	

#-----------------------------------------------------------------------------------------	
#	FUNCTION	THAT	COMPUTES	TIME-DERIVATIVES	

def	Gme_derivaGve(W111_,W112_,W021_,W022_,T111_,T112_,T021_,T022_,T001_,T002_,T003_,T004_,T_MEAN_001,Ra,Pr,a):	
	#	SHORT	NOTATION	OF	TOTAL	WAVE	NUMBERS	(eqs.	142	and	143)	
	pi	=	M.pi	
	pi2	=	M.pow(pi,2.0)	
	k41	=	(4.0*M.pow(ay,2.0))	+	1.0	
	k44	=	(4.0*M.pow(ay,2.0))	+	4.0	
	a2	=	M.pow(ay,2.0)	

	fFT111	=	-((3./2.)*pi*W111_*T022_)	-	((3./2.)*pi*W021_*T112_)	+	(pi*T001_*W112_)	-	(2*pi*T002_*W111_)	-	(3*pi*T003_*W112_)	+	(Ra*W111_)	-	(pi2*k41	*	T111_)	
	fFT112	=	((3./2.)*pi*W021_*T111_)	+	((3./2.)*pi*W111_*T021_)	+	(pi*T001_*W111_)	-	(3*pi*T003_*W111_)	-	(4*pi*T004_*W112_)	+	(Ra*W112_)	-	(pi2*k44	*	T112_)	
	fFT021	=	-(3*pi*W111_*T112_)	+	(pi*T001_*W022_)	-	(2*pi*T002_*W021_)	-	(3*pi*T003_*W022_)	+	(Ra*W021_)	-	(pi2*k41	*	T021_)	
	fFT022	=	(3*pi*W111_*T111_)	+	(pi*T001_*W021_)	-	(3*pi*T003_*W021_)	-	(4*pi*T004_*W022_)	+	(Ra*W022_)	-	(pi2*k44	*	T022_)			
	fFT001	=	-(4*pi*W111_*T112_)	-	(4*pi*W112_*T111_)	-	(2*pi*W021_*T022_)	-	(2*pi*W022_*T021_)	-	(pi2*(T001_-T_MEAN_001))	
	fFT002	=	(8*pi*W111_*T111_)	+	(4*pi*W021_*T021_)	-	(4*pi2*T002_)	
	fFT003	=	(12*pi*W111_*T112_)	+	(12*pi*W112_*T111_)	+	(6*pi*W021_*T022_)	+	(6*pi*W022_*T021_)	-	(9*pi2*T003_)	
	fFT004	=	(16*pi*W112_*T112_)	+	(8*pi*W022_*T022_)	-	(16*pi2*T004_)		
	fFW111	=	-((3./2.)*pi*W022_*W111_)	-((3./2.)*pi*W021_*W112_)	+((4*a2*Pr/k41)*T111_)	-	(pi2*Pr*k41*W111_)	
	fFW112	=	((3*pi*k41/k44)*W111_*W021_)	+((4*a2*Pr/k44)*T112_)	-	(pi2*Pr*k44*W112_)	
	fFW021	=	-(3*pi*W112_*W111_)	+((4*a2*Pr/k41)*T021_)	-	(pi2*Pr*k41*W021_)	
	fFW022	=		(3*pi*(k41/k44)*W111_*W111_)	+((4*a2*Pr/k44)*T022_)	-	(pi2*Pr*k44*W022_)	

	return	fFT111,	fFT112,	fFT021,	fFT022,	fFT001,	fFT002,	fFT003,	fFT004,	fFW111,	fFW112,	fFW021,	fFW022	
	#RETURNS	TIME	DERIVATIVES	

#	END	OF	FUNCTION	-----------------------------------------	

Model	code*	
PoloidalConvec-onModel[vrs1].py	

(see	Blackboard)	

*first	part	of	the	code		
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Down	(up)-hexagon	associated	with	mean	hea-ng	(cooling)	

� 

θ t, z( ) = −2 Θ001 sinπz + Θ002 sin2πz + Θ003 sin 3πz + Θ004 sin 4πz{ }

#	TIME-PARAMETERS	
nrun_len	=	25	#	NUMBER	OF	RUNS	(e.g.	250;	see	page	56	of	the	lecture	notes)	
dt=0.005	#	Gme	step	
nt_len	=	5000		#	number	of	Gme	steps	
t_len	=	nt_len	*	dt	#	total	Gme	of	integraGon	

#	NON-DIMENSIONAL	NUMBERS		
Ra	=	5000.0		#	Rayleigh	number	
Pr	=	5.0		#	5.0	Prandtl	number	
T_MEAN_001	=	0.0			#	IMPOSED	NON-LINEARITY	STATIC	TEMPERATURE	PROFILE	

Up-hexagons:	mean	cooling*	
Down-hexagons:	mean	warming*	
Rolls:	no	mean	temperature	change		

Low-order	model	of	poloidal	convecGon:	steady	state	

*In	the	atmosphere:	radiaGve	cooling	
*In	the	atmosphere:	latent	heat	release	due	to	condensaGon	

Horizontal	mean	temperature	is		

Horizontal	mean	temperature	
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The	sca:er	plot	shows	the	result	of	1000	integraGons	of	the	
low-order	model	of	poloidal	convecGon	(eqs.	163),	each	lasGng	
25	Gme	units,	for	Ra=5000,	Pr=5,	a=1/(2√2)	and																					.	
The	black	circles	with	coloured	crosses	represent	the	steady	
states	in	terms	of	W111	and	W021	at	these	parameter	values,	
where	red	is	a	down	hexagon,	blue	is	an	up-hexagon	and	green	
is	a	roll.	The	steady	state	of	rest	(W111=W021=0)	is	not	indicated	
explicitly	because	it	is	linearly	unstable.	The	red	dots	represent	
the	ini-al	values	of	W111	and	W021	of	runs,	which	have	a	down-
hexagon	as	final	stable	steady	state.	The	blue	dots	represent	
the	iniGal	values	of	W111	and	W021	of	runs,	which	have	a	up-
hexagon	as	final	stable	steady	state.	The	green	dots	represent	
the	iniGal	values	of	W111	and	W021	of	runs,	which	have	a	roll	
convec-on	pa;ern	as	final	stable	steady	state.	The	1000	
integraGons	lead	to	rolls	in	386	cases,	up-hexagons	in	298	cases	
and	down-hexagons	in	315	cases.	The	fixed	points	associated	
with	steady	state	hexagons	appear	to	lie	very	close	to	the	edge	
of	their	respecGve	basins	of	a:racGon,	bordering	the	basins	of	
a:racGon	of	rolls.	SensiGvity	to	iniGal	conditons	is	greatest	near	
the	state	of	rest.		

� 

Θ 001 = 0

Basins	of	a;rac-on	

Up-hexagon:	W021<0;	down-hexagon:	W021>0;	W1110:	roll			

fixed	point	

W111	at	t=0	
W

02
1	a

t	t
=0
	

Exercise	22	
“Experimental	mathemaGcs”	
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The	“essence	of	turbulence”	
According	to	David	Ruelle	(1991),	turbulence	is	described	by	
strange	a;ractors	(ater	transients	die	out	due	to	dissipaGon).	

Determinis-c	“mo-on”	through	phase	space	on	a	strange	
a;ractor	has	sensi-ve	dependence	on	ini-al	condi-ons,	which	
means	that	nearby	trajectories	in	phase	space	separate	
exponenGally	fast,	i.e.	the	system	has	a	posiGve	“Lyapunov	
exponent.			

Determinis-c	means	that	the	system	has	no	randomly	varying	
term	or	input	parameters	

However,	sensi-ve	dependence	on	ini-al	condi-ons	does	not	
necessarily	depend	on	the	existence	of	a	strange	a:ractor.	For	
example,	the	diagram	on	the	right	(also	previous	slide)	
demonstrates	that	a	nonlinear	system,	which	may	have	several	
fixed	points	at	idenGcal	parameter	values,	exhibits	“basins	of	
a:racGon”.	If	the	iniGal	condiGon	lies	very	close	to	the	border	
between	two	basins	of	a:racGon,	one	can	say	that	the	soluGon	
will	be	sensiGvely	dependent	on	iniGal	condiGons.	This	idea	has	
occupied	weather	forecasters…	

fixed	point	

W111	at	t=0	
W

02
1	a

t	t
=0
	

Area	filled	by	green	dots	is	the	
basin	of	a:racGon	of	2D	rolls	

Ruelle,	D.,	1991:	Chance	and	Chaos.	Princeton	University	Press.	195	pp.	

Area	filled	by	red	
dots	is	the	basin	of	
a:racGon	of	3D	
“down	hexagons”	
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Period	doubling:	(a)	projecGon	of	a	periodic	orbit	in	phase	space;		
(b)	ater	increasing	the	forcing,	this	orbit	is	replaced	by	another	one,	
which	is	approximately	twice	as	long.	

Transi-on	to	turbulence/chaos	in	a	nonlinear	system	

Feigenbaum	discovered	that:	

The	period	doubling	cascade.	When	the	force	applied	to	the	system	is	
varied,	period	doubling	occurs	at	values	marked	A1,A2,	A3,	…,	accumulaGng	
at	A∞	.		

This	result	stands	out	in	the	field	of	“Chaos	and	
Complexity”,	and	is	yet	another	example	of	the	very	rich	
behaviour	of	nonlinear	systems.	

I	hope	this	course	is	giving	you	an	
apprecia-on	of	this	rich	behaviour.	
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More	inspiraGon	?		
May,	R.M.,	1976:	Simple	mathemaGcal	models	with	very	complicated	dynamics.	Nature,	261,	459-467.	

Ruelle,	D.,	1991:	Chance	and	Chaos.	Princeton	University	Press.	195	pp.	

Lorenz,	E.N.,	1993:	The	Essence	of	Chaos.	University	of	Washington	Press.	

(see	Blackboard)	



19	

Exercises	
Tutorial	10-11	

Part 4

Exercise	17:	code	provided	on	Blackboard	

(of	10-component	model	of	2D-convecGon)	

• TransiGonToTurbulentConvecGon[KrishnamurG1973].pdf	
• (see	blackboard)	

*		
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Exercises	
Tutorial	10-11	

Part 5



Exercises	

Exercise	22:	code	provided	on	Blackboard	

Tutorial	10-11	

Part 5

21	

(of	12-component	model	of	poloidal	convecGon)	
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The	numerical	part	will	be	modeled	on	the	following	exercises	

Exercises	17	and	22	

and	

ExamQues-onTurbulenceInFluidsApril2021.pdf	
(see	Blackboard)	

Exercises	to	prepare	for	the	exam	ques-on		
The	exam	on	Monday	11	April	2022,	8:30-10:30	will	consist	of	
two	parts:	a	numerical	part,	for	which	you	have	to	bring	your	
laptop,	and	a	theoreGcal	part.	
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A	down-hexagon	becomes	an	“open	convec-on	cell”	

Open	convecGon	cells	(“g-cells”)	over	the	AtlanGc	Ocean	(figure	22)	

VerGcal	velocity	halfway	the	convecGve	layer	in	non-
dimensional	units	(eq.	48)	at	the	beginning	(let	panel)	and	
at	the	end	(right	panel)	of	a	run	with	a	high-order	model	
Ra=5000,	Pr=5,	a=1/(2√2)	and	=2500	(figure	21).	

My	interest	comes	from	my	PhD	research	project	on	the	quesGon	of	pa:ern	selecGon	in	atmospheric	convecGon	
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3	March	2022:	open	cells	over	the	AtlanGc	Ocean	

Ireland	

Note:	very	large	aspect	raGo	and	low	cloud	cover!	
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3	March	2022	
(earthdata.nasa.gov)	

Thank	you!	


