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Conceptual model of life-cycle of 
unstable baroclinic wave

a few days Figure 1.119 

Starts with a �wave� in the �Polar Front�. This wave grows due to the 
instability of thermal wind balance, producing “secondary fronts”.

Cold front

warm front

Cold front

warm front
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polar front

Upper panels: sea level isobars
Lower panels: surface isotherms



Ascent in warm sector and descent in cold sector 
of a planetary wave

(Palmen and Newton, 1969) Figure 1.43 428



and

also: (1.247a)

section 1.43 and previous lecture

Equations needed to study the dynamics of 
frontogenesis in a quasi-geostrophic atmosphere
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eq.1.347

(previous lecture)
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This lecture investigates the relation between vertical motion in a 
statically stable atmosphere and frontogenesis based upon the 
above equations.

Thermal wind balance:



and

then

also: (1.247a)

becomes

section 1.43

Start by neglecting ageostrophic motion (!=0), and assume β=0 and J=0:

Equations needed to study the dynamics of 
frontogenesis in a quasi-geostrophic atmosphere

Thermal wind balance:
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eq.1.347

(previous lecture)

These assumptions are 
not realistic but “didactic”, 
as we shall see later
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Dynamical consequences of frontogenesis in a 
quasi-geostrophic atmosphere

Are these equations consistent with thermal wind balance?

Previous slide:

Do the derivations
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Thermal wind balance:



Dynamical consequences of frontogenesis in a 
quasi-geostrophic atmosphere
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section 1.43
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Thermal wind balance:



Dynamical consequences of frontogenesis in a 
quasi-geostrophic atmosphere
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Subtract:

Result:
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section 1.43

Thermal wind balance:

next slide



Dynamical consequences of frontogenesis in a 
quasi-geostrophic atmosphere

Previous slide:
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(previous slide)

section 1.43

Thermal wind balance:

Error found by Anja: insert minus sign



Dynamical consequences of frontogenesis in a 
quasi-geostrophic atmosphere

This equation is consistent with thermal wind balance only if Qg2=0.
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But, remember that we have neglected ageostrophic motion
Now if we include ageostrophic motion and repeat the derivation, 
we conclude that ageostrophic motion is needed to maintain 
thermal wind balance !

section 1.43

Thermal wind balance:

Error found by Anja: insert minus sign



Repeating the derivation of the previous slides including ageostrophic flow yields

The role of ageostrophic flow is to preserve 
thermal wind balance

Neglecting ageostrophic flow we have (previous slides) :
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section 1.43



“Conservation� of thermal wind balance

=0

The role of ageostrophic flow is to preserve 
thermal wind balance
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Repeating the derivation of the previous slides including ageostrophic flow yields
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to next slide

section 1.43

Neglecting ageostrophic flow we have (previous slides) :
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Likewise, the x-component of thermal wind balance yields:

Previous slide:

The role of ageostrophic flow is to preserve 
thermal wind balance
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eq.1.355
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section 1.43
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∂
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The role of ageostrophic flow is to preserve 
thermal wind balance
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∂
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From the two equations above:

we have used and

(“omega equation”)
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eq. 1.359

� 

−2Qg2 + f0
2p
R

∂va
∂p

−
pSp
R

∂ω
∂y

= 0

� 

−2Qg1 + f0
2 p
R

∂ua
∂p

−
pSp
R

∂ω
∂x

= 0

+

  

� 

Sp∇h
2ω + f0

2 ∂2ω
∂p2

= − 2R
p
! 
∇ ⋅
! 
Q g

� 

∇h
2 ≡ ∂2

∂x2
+ ∂2

∂y2

� 

∂ua
∂x

+ ∂va
∂y

+ ∂ω
∂p

= 0

section 1.43



The omega equation

Since both T, ug and vg can all be expressed as a function of Φ, we 
can can calculate the vertical motion from the distribution of Φ only!!!

section 1.43

440

eq. 1.359
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With the hydrostatic approximation and the equation of state, 
show that T can be expressed as a function of Φ .

x-component Q-vector: y-component Q-vector:



The omega equation: interpretation

i.e. upward (downward) motion if Qg-vector is convergent (divergent)

section 1.43

  

� 

−ω ≈ w ≈ −
! 
∇ ⋅
! 
Q g

Therefore, a simplified version of the omega equation is

The omega equation is a Poisson-like equation, i.e. second order 
elliptic partial differential equation. 

The left hand side is proportional to –ω (see eq. 1.363).

Illustrated on the next slide
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eq. 1.359

eq. 1.363
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Qg-VECTOR, POTENTIAL TEMPERATURE (cyan) and HEIGHT (blue)

THICK CONTOURS: HEIGHT:1200.0 m; TEMPERATURE: 15.0 °C;

: |Q1|=5*10^-11 K m^-1 s^-1 (min. value:5*10^-12 K m^-1 s^-1)
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Q-vector convergence

Red arrows: Q-vectors+96 hours
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https://webspace.science.uu.nl/~delde102/BaroclinicLifeCycle.htm

Q-vector divergence

up?
down?

Figure 1.128

https://webspace.science.uu.nl/~delde102/BaroclinicLifeCycle.htm


VERTICAL VELOCITY (w) (blue: up; red:down) and WIND VECTOR
THICK CONTOURS: / /

run 232 8 6 4 h P a

20 m/s
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Wind and Vertical velocity at 864 hPa

about 2-5 hPa/hr ≈ 1-3 cm/s
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Q-vector convergence

Q-vector divergence

down

Large-scale upgliding motion
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Conceptual model 

warm	conveyor	belt	

Cold	dry	intrusion	 trough	 ridge	

Schematic of relative flow within a baroclinic wave. Solid arrows represent flow along a 
sloping isentropic surface. The surface pressure pattern is indicated. Flow is very slanted. 
This can be explained also as a consequence of the preferred large value of aspect ratio. 

(Thorncroft, C.D., B.J. Hoskins and M.E. McIntyre, 1993: Two paradigms of baroclinic-wave life-cycle behaviour. 
Q.J.R.Meteorol.Soc., 119, 17-55).  

Slide 14, lecture 16, 2019



Apply the omega equation to a hypothetical case

eq. 1.359
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Sp∇h
2ω + f0

2 ∂2ω
∂p2

= − 2R
p
! 
∇ ⋅
! 
Q g

The pattern of vertical motion
- According to the omega equation (relation to frontogenesis)
- Relation to PV-inversion theory: the “vacuum-cleaner effect”

Determine the two components of the Q-vector for the 
distribution of the geopotential given in problem 1.35� 

Qg1
= −

∂ug
∂x

∂T
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x-component Q-vector: y-component Q-vector:

Omega equation:

Static stability

(lecture 15)
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The geopotential field is hypothetically given by

The geostrophic wind:

In Q-G-theory geopotential, Φ, determines everything else…
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Problem 1.35: theoretical case

� 

∂ug
∂x

= 0

� 

∂vg
∂x

= −Ul sin l(x − ct)( )

� 

Qg1 = −
∂ug
∂x

∂T
∂x

+
∂vg
∂x

∂T
∂y

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟ = −

∂vg
∂x

∂T
∂y

� 

∂vg
∂y

= 0

� 

Qg2 = −
∂ug
∂y

∂T
∂x

+
∂vg
∂y

∂T
∂y

⎛ 
⎝ ⎜ 

⎞ 
⎠ ⎟ = 0

;

;

� 

∂ug
∂y

= 0

(linear decrease with y)

446



Zonal geostrophic wind:

Temperature gradient is dtermined by thermal wind relation (1.347):
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ug = − 1
f0
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= U cos πp
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Meridional temperature gradient

(previous slide)

Previous slide:
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forcing associated with rotation of the isotherms by the flow

(ug depends on p)
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Omega equation

� 

Qg2 = 0

Previous slide:
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Sp∇h
2ω + f0

2 ∂2ω
∂p2

= − 2R
p
! 
∇ ⋅
! 
Q g

Omega equation (lecture 15):

Left hand side is proportional to –! or +w *. Hence we obtain the following approximate expression:

The 2D (x,p)-approximation of the omega equation is, after substitution of the expression for Qg1
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Qg1 = − πf0U
2l

R
p
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sin πp
pref
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* p. 263
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Vertical motion according to the omega 
equation

� 

Qg2 = 0

Previous slide:

� 

vg =U cos l(x − ct)( )Remember:

- w is proportional to l2 (the square of the wave number) 
vertical motion is stronger in short waves than in long waves 

� 

Qg1 = −ζg
∂T
∂y

= − πf0U
2l

R
p
pref

sin πp
pref
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⎝ ⎜ 
⎞ 

⎠ ⎟ sin l(x − ct)( )

� 

ζg = −Ul sin l(x − ct)( )

- w is out of phase with relative vorticity
Vertical motion is zero in the trough and in the ridge

- w is in phase with vg : 
poleward motion is upward and equatorward motion is downward� 

w ∝ 2πf0U
2l2

Sp pref
sin πp

pref
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⎝ ⎜ 
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⎠ ⎟ cos l(x − ct)( )
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Lecture 11: 
Rossby waves in July 1996
Fig. 1.111

Zonal wavelength ≃ 36°
(wave number, k ≃10)

Phase velocity, c=10.5 m s-1

� 

ω =Ugl −
βl

l2 + m2

� 

c = ω
l

� 

l = 2πk
L

Circumference of the earth at certain latitude (f)

The Rossby wave case of July 1996



The planetary wave of July 1996: q, v and PV-anomaly

v>0v<0

(see lecture 16)
Contour interval pot. temp.: 5 K

Labels in PVU

Contour interval v: 5 m s-1 451



trough ridge

The planetary wave of July 1996: q and z

z>0 z<0

w<0
(Q-vector convergence)

Q-vector Q-vector

{
Q-vector convergence and, as expected, upward 
motion east of the trough and west of the ridge.

Q-vector points eastwards in the trough

Q-vector points westwards in the ridge

� 

Qg1 = −ζg
∂T
∂y

(see lecture 16) Contour interval vorticity: 0.2x10-4 s-1452



The planetary wave of July 1996: q, w and PV-anomaly

w>0 w<0

(see lecture 16) Contour interval w: 0.02 Pa s-1453



The planetary wave of July 1996: q, w and PV-anomaly
Note: upward bulging isentropes below the PV-anomaly!:

� 

∂zθ
∂t

> 0

In advance of the propagating PV-anomaly we see that:

w<0 w>0

� 

(w = −ρgω)

(see lecture 16)
Contour interval w: 0.02 Pa s-1
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The planetary wave of July 1996: q, w and PV-anomaly

w<0 w>0

Note: upward bulging isentropes below the PV-anomaly!:

� 

∂zθ
∂t

> 0In advance of the propagating PV-anomaly:

� 

w = dzθ
dt

= ∂zθ
∂t

+ u ∂zθ
∂x

+ v ∂zθ
∂y

� 

(w = −ρgω)

Local isentropic displacement

Isentropic up/downgliding

Upward velocity of the air parcel

(see lecture 16) 455
Contour interval w: 0.02 Pa s-1



Components of vertical motion: “vacuum cleaner effect”

Local isentropic displacement*

Isentropic up/downgliding

Upward velocity of an air parcel
� 

w ≡ dzθ
dt

= ∂zθ
∂t

+ u ∂zθ
∂x

+ v ∂zθ
∂y

“Vacuum-cleaner effect” of the PV-anomaly.
Below the PV-anomaly the isentropes are “pulled” upward

*this is what we see in an animation (next slide)

456



Animation: watch the isentropes (black contours)
wJuly96_LonCS.mov

457
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“Vacuum-cleaner effect”

More about this topic in section 9.5 “PV-θ viewpoint” of forcing of vertical motion 
(https://webspace.science.uu.nl/~delde102/AtmosphericDynamics%5b2020a%5dCh9.pdf ) 458

PV+ PV-

https://webspace.science.uu.nl/~delde102/AtmosphericDynamics%5b2020a%5dCh9.pdf


Nearly the End

26/1/2022 (Wednesday, 13:15-15:00)

459
(a.j.vandelden@uu.nl)
(http://www.uu.nl/~nvdelden/dynmeteorology.htm)

Next:

Exam: 2/1/2022 (Wednesday - afternoon)

Overview of the content of the course

Weather (forecast) of 23 January 2022
Forecasting sunshine by far most difficult !

Awards for the winner of the weather forecasting competition
Group photograph 

mailto:a.j.vandelden@uu.nl
http://www.uu.nl/~nvdelden/dynmeteorology.htm

