Lecture 3 SOAC

Numerical stability of numerical solution of the advection
equation (the “CFL-condition”)

Exercise 2
Lax-Wendroff method
Spectral method

linear advection equation: 8_C+u oC,_

—==(
ot 20 ox

velocity is constant C(x,f)=concentration

Aarnout van Delden: http://www.staff.science.uu.nl/~delde102/SOAC.htm




Numerical stability: von Neumann® stability analysis

First order numerical approximation to the linear advection equation:
C(x,t+At)—C(x,?) . C(x+Ax,t)-C(x,t) 0
At 0 Ax

ug > 0] —— “first order downwind” approximation

time-index

/
Cn+1 . Cn Cn/ space-index
Short notation: —/ L 4 u f+1 —0

At

®*John von Neumann (1903-1957) : initiator of numerical weather prediction
eSee: https://www.tandfonline.com/doi/abs/10.3402/tellusa.v2i4.8607
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Numerical stability: von Neumann stability analysis*

First order numerical approximation to the linear advection equation:
C(x,t+At)—C(x,?) . C(x+Ax,t)-C(x,t) 0
At 0 Ax

Uy > 0| ——» “first order downwind” approximation

time-index
n+l n
. o
Short notation: J A J +1u
t

]+1 Cn?()space index

* Insert a solution of the form: C' = a exp(ikjAx)

(Fourier transformation)
wave number

58




Numerical stability: von Neumann stability analysis*

First order numerical approximation to the linear advection equation:
C(x,t+At)—C(x,?) . C(x+Ax,t)-C(x,t) 0
At 0 Ax

Uy > 0| ——» “first order downwind” approximation

1 n n
. c " C
Short notation: J J + g J+1

At

* Insert a solution of the form: C' = a exp(ikjAx)

! exp(ikjAx) — ay exp(zk]Ax) aZ exp(ik(j+1)Ax)—ay exp(ikjAx) 0

At Ax

af —al!  af exp(ikAx)—a}
At ° Ax

=0
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Numerical stability

Repeat:
ai™ —al  af exp(ikAx)—a}
+ MO = O
At Ax

Now assume: aZH = paZ

T

“amplification factor”
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Numerical stability

Repeat:

al™ —af . ay, exp(ikAx)—ay _
At Ax

0

Now assume: azﬂ = paZ

aZ(p—l)+u ay, exp(ikAx) —ay, 0
At Ax

0% (explikax) -1)

Amplification factor: |p =1—
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Numerical stability

Repeat:
ait —al! . ay, exp(ikAx)—a; 0
0 =
At Ax
Now assume: aZH = paZ

At

ay(p-1) g ay, exp(ikAx) —ay, 0

Amplification factor: |p =1—

Ug At
Ax

(exp(ikAx)—1) o=

p =1-o0(cos(kAx)+isin(kAx)—1)

(1+ 0 —o cos(kAx))—io sin(kAx)

Absolute value: o> = (146 — & cos(kAX))’ + (0 sin(kAx))’

62




Numerical stability downwind scheme

Repeat:

Absolute value: ‘p‘z =(l+o-0 COS(kAx))2 +(o Sin(kAx))2

a little algebra

‘p‘z =1+20(oc+ 1)(1 — COS(kAx)) for every k
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Numerical stability downwind scheme

Repeat:

o[’ =(1+0 — 0 cos(kAx))” + (o sin(kAx))’

a little algebra

p” =1+ 20(c +1)(1-cos(kAx))

Maximum p for COS(kAx) =—1

Amplification factor: |p|° =1+40(c+1)>1|  where o =

for every k

MoAt >0

— | downwind scheme is numerically unstable !
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Numerical stability upwind scheme

l

cl_c
If “first-order upwind”: J

nocn_cn

At

—-C"
J+u0 J Uy
Ax

Repeat derivation

of the previous slides:

M0>O

Result: | p\z =1+20(0 - 1)(1 — COS(kAx))‘

If cos(kAx)=-—

1 |pf* =1+40(c-1)
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Numerical stability upwind scheme

l

n+l n n n
Cj A;CJWOCJ;)CJ—I:O 1y >0

If “first-order upwind”:

Repeat derivation of the previous slides:

Result: | p\z =1+20(0 - 1)(1 — COS(kAx))‘

Hans Friedrichs (1904-1988)

If cos(kAx)=—1 |pf* =1+40(c 1)

p’ <1if o <}—> Numerical stability if o = UpAL |
Ax

Courant-Friedrichs-Lewy (1928) (“CFL-") condition

Upwind scheme is numerically stable if “CFL”-condition is fulfilled

Richard Courant (1888-1972) 66




Numerical stability impicit scheme

I

n+l n n+l n+l
¢ A;Cj g A‘xcj—l 0 1y >0

Repeat derivation:

If “first-order upwind”:

Result: \p\z ={1+20(c+1)(1- cos(kAx))}_1 <1

Impicit scheme is always numerically stable

With implicit scheme you can take large time steps, but accuracy is still determined
by the time step. Unfortunately, this scheme is practically impossible to implement.
Alternative is to make scheme “semi-implicit”, like Matsuno’s scheme. The stability
of Matsuno’s scheme is revealed by the strong damping (see exercise 1).
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Exercise 2

Lax-Wendroff scheme

Taylor series approximation to C?”

22
c = +At(a—CT LATIIC

aC N aC _ O lecture 3)82(: _ ) &26‘

Since (advection equation):

—tuy— = u
ot ox a2 0 o2

25,2 (32
We have: |7 =" —yoad 9C | 4 W0AZ| 9°C
;o 0 ox ) 2
d j
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Exercise 2

Lax-Wendroff scheme

Previous slide:

20252
C}?H =C" - uOAt(aCT o LY G (; z!
ax ] 2 ax ]

f

Last term: explicit numerical diffusion

2
Finite difference approximation to [3§T
X .
J

Kax

aZCT~ Ar Ax T —2C +CL

(Cha=c3)_(Ci- 7—1)

2

Ax sz
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Exercise 2

Lax-Wendroff scheme

24.2( 92
C;-H_l = Cn — l/loAl{aCT + l/loAt 9 (; +
0x 2 ox ]

() (Gcp)
c| A A Chn=2C7+CF
\E)sz Ax sz

Finite difference approximation to the linear advection equation:

(Lax-Wendroff scheme)

n+l n 2) n
C] _C] ~_y ]+1 C +u0At ]+1_2C +C
~ 10
At 2Ax 2 Ax? )
forward difference central difference central difference

Explicit numerical diffusion!
Numerically stabilizes the solution
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Exercise 2

Spectral method

Set of uniformly spaced grid points in one spatial dimension:

xJ-:ij, j=1,2,....N, where NAx = L.

The Fourier series of C, whose values are given only at N grid points, requires
(N+1) Fourier coefficients. The Fourier expansion of Cis

N/2 N/2
C(x;)= Re{ ;Eoc k exp(27mikx ; /L)} = Re{ JEOC i exp(2mikj /N)}

The Fourier coefficients are complex: |C;, = oy +iB;




Exercise 2

Spectral method

Set of uniformly spaced grid points in one spatial dimension:

xJ-:ij, j=1,2,....N, where NAx = L.

The Fourier series of C, whose values are given only at N grid points, requires
(N+1) Fourier coefficients. The Fourier expansion of Cis

N/2
C(xj) = Re{ 2.Cy exp(27rikxj /L
k=0

N/2
)} = Re{ >.C exp(27ikj/N)

k=0

|

The Fourier coefficients are complex: |C;, = oy +iB;

(1)

The Fourier coefficients, ¢, and 3, for wave numbers, k=0 to k=N/2 can be found

by evaluating

2 N-1
— 2.Cjcos(—2mkj/N), By
NS

N-1

j=0

1 N-1
J

2 : :
=y >.C; sin(—27kj/N) and oy e 2C;

j=0

(Bo=9)

(2)
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Exercise 2

Spectral method

In the problem at hand (solving the linear advection equation) the
Fourier coefficients depend on time:

C(xj ,t) = Re{]:éjck (t)exp(2 n'ikj/N)}

When we substitute this equation into the linear advection equation,

adC aC
=y —

ot ox

we obtain N independent first order ordinary differential equations for the time

evolution of the Fourier coefficients *:

dC,  2miugk
dt

C, fork=1,2,3,.,N/2| (3)
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Exercise 2

Spectral method

In the problem at hand (solving the linear advection equation) the Fourier
coefficients depend on time:

C(xj ,t) = Re{]:éjck (t)exp(2 n'ikj/N)}

When we substitute this equation into the linear advection equation,

adC aC
=y —

ot ox

we obtain N * independent first order ordinary differential equations for the

time evolution of the Fourier coefficients :

dC; B 2miugk
dt

C, fork=1,2,3,...N/2

(3)

* Since the Fourier coefficients are complex, (3) represents a system of N equations.
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Exercise 2

oC oC
=y
Ot OX

Spectral method

Previous slide:

de _ 27Tll/tok
dt

C, fork=1,2,3,...,N/2 (3)

The Fourier coefficients are complex: (3) represents a system of N eqguations.

At initial time we need to compute the complex Fourier coefficients from eq. (2).

Then we integrate the system (3) in time and, finally, transform back from “spectral
space” to “physical space”.

Only a numerically approximation of the time derivative is needed.

For example the Euler forward time stepping scheme, but you will see that this will
not work very well.

Heun’s or Matsuno’s time stepping scheme works much better (lecture 2). .




Example:

Matsuno predictor-corrector time stepping scheme

Previous slide:

de :—zmuOka fork:1,2,3,...,N/2 (3)
dt L

Step 1 (predictor step):

CHt -} 2miugk

Cl’l
At L k

Step 2 (corrector step):

n+l n .
Cr —Cxk __2mu0kc*z+1

At L

Note that, since the Fourier coefficients are complex, (3) represents a system of N equations.

76




Exercise 2: Molenkamp test (spectral in space and “Matsuno” is time)

Hint at the result for the spectral method

10 - initial condition —» 7
| clol | At=100's
Final stat¢ after 1 “revolution”
8 - End: after one revolution
I
6L Spectral method is very accurate!!
-No numerical dispersion
-Very little numerical diffusion
C(x,t)
4 -No phase error
2 u, =10 m/s 7
0

0 500 1000 1500 2000

X[km] ——

2500
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