
Lecture	3	SOAC	
Numerical	stability	of	numerical	solu2on	of	the	advec2on	
equa2on	(the	“CFL-condi2on”)	

Exercise	2	
Lax-Wendroff	method		
Spectral	method	
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velocity	is	constant	 C(x,t)=concentra2on	

linear	advec2on	equa2on:	

Aarnout	van	Delden:	hHp://www.staff.science.uu.nl/~delde102/SOAC.htm	



Numerical	stability:	von	Neumann*	stability	analysis	

“first	order	downwind”	approxima2on	

First	order	numerical	approxima2on	to	the	linear	advec2on	equa2on:		

• *John	von	Neumann	(1903-1957)	:	ini2ator	of	numerical	weather	predic2on	
• See:	hHps://www.tandfonline.com/doi/abs/10.3402/tellusa.v2i4.8607			

Short	nota2on:	
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2me-index	
space-index	



Numerical	stability:	von	Neumann	stability	analysis*		

Short	nota2on:	

*Insert	a	solu2on	of	the	form:	

“first	order	downwind”	approxima2on	

First	order	numerical	approxima2on	to	the	linear	advec2on	equa2on:		

wave	number	
(Fourier	transforma2on)	
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2me-index	
space-index	



Numerical	stability:	von	Neumann	stability	analysis*		

Short	nota2on:	

*Insert	a	solu2on	of	the	form:	

“first	order	downwind”	approxima2on	

First	order	numerical	approxima2on	to	the	linear	advec2on	equa2on:		
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Numerical	stability	

Now	assume:	

Repeat:	

“amplifica2on	factor”	
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Numerical	stability	

Amplifica?on	factor:	

Now	assume:	

Repeat:	
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Numerical	stability	

Amplifica?on	factor:	

Now	assume:	

Repeat:	

� 

ρ 2 = 1+σ −σ cos kΔx( )( )2 + σ sin kΔx( )( )2
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Absolute	value:	



Numerical	stability	downwind	scheme	

for	every	k

Repeat:	

� 

ρ 2 = 1+σ −σ cos kΔx( )( )2 + σ sin kΔx( )( )2

a	liHle	algebra	
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Absolute	value:	



Numerical	stability	downwind	scheme	

for	every	k

downwind	scheme	is	numerically	unstable	!	

Amplifica2on	factor:	

Maximum	ρ	for

Repeat:	

� 

ρ 2 = 1+σ −σ cos kΔx( )( )2 + σ sin kΔx( )( )2

a	liHle	algebra	

where	
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Numerical	stability	upwind	scheme	

If	“first-order	upwind”:	
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Result:	

If	

Repeat	deriva2on	of	the	previous	slides:	



Numerical	stability	upwind	scheme	

If	“first-order	upwind”:	

Numerical	stability	if		

Courant-Friedrichs-Lewy	(1928)	(“CFL-”)	condi?on	

Repeat	deriva2on	of	the	previous	slides:	

� 

ρ 2 < 1 if σ ≤1

Richard	Courant	(1888-1972)	 66	

Upwind	scheme	is	numerically	stable	if	“CFL”-condi2on	is	fulfilled		

Hans	Friedrichs	(1904-1988)	

Kurt	Lewy	(1901-1982)	

Result:	

If	



If	“first-order	upwind”:	

Impicit	scheme	is	always	numerically	stable		

Repeat	deriva2on:	

Numerical	stability	impicit	scheme	

With	implicit	scheme	you	can	take	large	2me	steps,	but	accuracy	is	s2ll	determined	
by	the	2me	step.	Unfortunately,	this	scheme	is	prac2cally	impossible	to	implement.	
Alterna2ve	is	to	make	scheme	“semi-implicit”,	like	Matsuno’s	scheme.	The	stability	
of	Matsuno’s	scheme	is	revealed	by	the	strong	damping	(see	exercise	1).	
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Result:	



Lax-Wendroff	scheme	

Since	(advec2on	equa2on):	

Taylor	series	approxima2on	to	

We	have:	
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lecture	3	
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Exercise	2	



Lax-Wendroff	scheme	

Finite	difference	approxima2on	to	

Last	term:	explicit	numerical	diffusion	
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Previous	slide:	
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Exercise	2	



Lax-Wendroff	scheme	

Finite	difference	approxima2on	to	the	linear	advec2on	equa2on:	

central difference central difference

Explicit	numerical	diffusion!	
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forward difference

Numerically	stabilizes	the	solu2on	

(Lax-Wendroff	scheme)	
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Exercise	2	



Set	of	uniformly	spaced	grid	points	in	one	spa2al	dimension:	

The	Fourier	series	of	C,	whose	values	are	given	only	at	N	grid	points,	requires	
(N+1)	Fourier	coefficients.	The	Fourier	expansion	of	C	is		

The	Fourier	coefficients	are	complex:	

Spectral	method	

� 

C x j( ) = Re Ck exp 2πikx j /L( )
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Ck = αk + iβk
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x j = jΔx,   j = 1,2,...,N,   where NΔx = L.
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Exercise	2	



Set	of	uniformly	spaced	grid	points	in	one	spa2al	dimension:	

The	Fourier	series	of	C,	whose	values	are	given	only	at	N	grid	points,	requires	
(N+1)	Fourier	coefficients.	The	Fourier	expansion	of	C	is		

The	Fourier	coefficients	are	complex:	

Spectral	method	

� 

C x j( ) = Re Ck exp 2πikx j /L( )
k=0

N /2
∑

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

= Re Ck exp 2πikj /N( )
k=0

N /2
∑

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

� 

Ck = αk + iβk
The	Fourier	coefficients,	αk	and	βk	for	wave	numbers,	k=0	to	k=N/2	can	be	found	
by	evalua2ng	

� 

αk = 2
N

C j cos −2πkj /N( )
j=0

N−1
∑ ,  βk = 2

N
C j sin −2πkj /N( )

j=0
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N
C j
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� 

β0 = 0( )

� 

x j = jΔx,   j = 1,2,...,N,   where NΔx = L.
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(2)	

(1)	

Exercise	2	



Spectral	method	
In	the	problem	at	hand	(solving	the	linear	advec2on	equa2on)	the		
Fourier	coefficients	depend	on	?me:	

When	we	subs2tute	this	equa2on	into	the	linear	advec?on	equa?on,		

we	obtain	N	independent	first	order	ordinary	differen?al	equa?ons	for	the	?me	
evolu?on	of	the	Fourier	coefficients	*:	

(3)	

� 

dCk
dt

= − 2πiu0k
L

Ck  for k = 1,2,3,...,N /2

� 

C x j ,t( ) = Re Ck t( )exp 2πikj /N( )
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Exercise	2	



Spectral	method	
In	the	problem	at	hand	(solving	the	linear	advec2on	equa2on)	the	Fourier	
coefficients	depend	on	2me:	

When	we	subs2tute	this	equa2on	into	the	linear	advec?on	equa?on,		

we	obtain	N	*	independent	first	order	ordinary	differen?al	equa?ons	for	the	
?me	evolu?on	of	the	Fourier	coefficients	:	

(3)	

� 

C x j ,t( ) = Re Ck t( )exp 2πikj /N( )
k=0

N /2
∑

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

� 

∂C
∂t

= −u0
∂C
∂x
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dCk
dt

= − 2πiu0k
L

Ck  for k = 1,2,3,...,N /2

*	Since	the	Fourier	coefficients	are	complex,	(3)	represents	a	system	of	N	equa2ons.	

Exercise	2	



Spectral	method	

The	Fourier	coefficients	are	complex:	(3)	represents	a	system	of	N	equa2ons.		

At	ini2al	2me	we	need	to	compute	the	complex	Fourier	coefficients	from	eq.	(2).		

Then	we	integrate	the	system	(3)	in	2me	and,	finally,	transform	back	from	“spectral	
space”	to	“physical	space”.	

Only	a	numerically	approxima2on	of	the	2me	deriva2ve	is	needed.		

For	example	the	Euler	forward	2me	stepping	scheme,	but	you	will	see	that	this	will	
not	work	very	well.		

Heun’s	or	Matsuno’s	2me	stepping	scheme	works	much	beHer	(lecture	2).	

(3)	
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Previous	slide:	

� 

dCk
dt

= − 2πiu0k
L

Ck  for k = 1,2,3,...,N /2

Exercise	2	



Matsuno	predictor-corrector	2me	stepping	scheme	

Step	1	(predictor	step):	

Step	2	(corrector	step):	

Note	that,	since	the	Fourier	coefficients	are	complex,	(3)	represents	a	system	of	N	equa2ons.	
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(3)	

Previous	slide:	

� 

dCk
dt

= − 2πiu0k
L

Ck  for k = 1,2,3,...,N /2

Example:	



Spectral	method	is	very	accurate!!	
-No	numerical	dispersion	
-Very	li7le	numerical	diffusion	
-No	phase	error	

Hint	at	the	result	for	the	spectral	method	

End:	aker	one	revolu2on	
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Exercise	2:	Molenkamp	test	(spectral	in	space	and	“Matsuno”	is	?me)	

ini2al	condi2on	

Final	state	aker	1	“revolu2on”	

C(x,t)	

� 

u0 = 10 m/s

Δt=100	s	


