
The	advec)on	equa)on	

Aarnout	van	Delden,	a.j.vandelden@uu.nl	

Contents	of	this	lecture	(5)	
Introduc4on	
One-Dimensional	Advec4on	Equa4on:	General	Proper4es	
Solving	the	One-Dimensional	Advec4on	Equa4on:	the	Spectral	Method	
A	Low-Order	Model	of	the	One-Dimensional	Advec4on	Equa4on		
Numerical	solu4ons	and	spectral	energy	transfer	

Lecture	notes:	
hIp://www.staff.science.uu.nl/~delde102/LectureOnTheAdvec4onEqua4on.pdf		

Lecture	5,	course	on	“Turbulence	in	Fluids”,	Utrecht	University	
hIp://www.staff.science.uu.nl/~delde102/TinF.htms		

	version:	28-02-2022	

1	



2	

Contents	of	lectures	6-10	
LectureNotes_Convec4on[TurbulenceFluids2021].pdf	(blackboard,	under	course	content,	lecture	5)	



Ian	Stewart	

5th	“equa4on:	defini4on	of	i (complex	numbers)	
9th	equa4on:	Fourier	transform	
10th	equa4on:	Navier-Stokes	equa4on	
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Gerolamo	Cardano	(1501-1576)	
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Jean-Bap4ste	Joseph	Fourier	(1768-1830)	
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Navier(1785-1836)	

Stokes	(1819-1903)	
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Navier-Stokes	equa)on	

Right	hand	side	=	0	(no	forces):	
  

� 

∂! v 
∂t

+ ! v ⋅ ∇! v = 0 Advec)on	equa)on	

The	same	as:	
  

� 

d! v 
dt

= 0

advec4on	
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Advec4on	term	is	non-linear:	source	of	turbulence	

  

� 

∂C
∂t

= −! v ⋅ ∇C

  

� 

∂! v 
∂t

= −! v ⋅ ∇! v C-contour	advec4on	

Advec4on	of	a	passive	scalar	(concentra4on,	C):	

Advec4on	of	velocity	(momentum	per	unit	mass):	

Non-linear	term	

hIps://en.wikipedia.org/wiki/Contour_advec4on		 8	



� 

∂u
∂t

+ u ∂u
∂x

= 0

� 

u 0,t( ) = u L,t( ) = 0

� 

u x,0( ) = u0 sin
2πx
L

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

One-dimensional	advec)on	

FIGURE	1a.	Ini&al	distribu&on	of	u	(t=0,	full	
line)	and	distribu&on	of	u	just	at	the	onset	of	
“breaking”	(t=1,	dashed	line)	(L=2π	and	u0=1).		

Boundary	condi4on:	

The	bare	minimum	model	of	advec4on	

Ini4al	condi4on:	

Advec4on	of	velocity	(momentum	per	unit	mass):	

(1)	
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� 

u > 0

� 

u < 0



FIGURE	1b.	Characteris4cs	of	eq.	(1)	in	the	t-x	plane,	assuming	
that	L=2π	and	u0=1.	Inside	the	hatched,	cusp-shaped	region	
the	solu4on	is	mul4-valued.		

Method	of	characteris)cs	

“breaking”� 

Along a characteristic :  u = dx /dt = constant
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� 

u > 0

� 

u < 0



� 

∂u
∂t

= −u ∂u
∂x

� 

dS
dt

= ∂
∂t

∂u
∂x

⎛ 
⎝ 

⎞ 
⎠ + u ∂

∂x
∂u
∂x

⎛ 
⎝ 

⎞ 
⎠ 

� 

S ≡ ∂u
∂x

� 

dS
dt

= −S2

“Slope”	equa)on	

Slope:	

� 

dS
dt

= ∂
∂x

∂u
∂t

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ + u ∂

∂x
∂u
∂x
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

d S
dt

> 0

Slope-advec4on	equa4on:	

� 

dS
dt

= ∂
∂x

−u ∂u
∂x

⎛ 
⎝ 

⎞ 
⎠ + u ∂

∂x
∂u
∂x

⎛ 
⎝ 

⎞ 
⎠ 
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� 

d S
dt

< 0



� 

S ≡ ∂u
∂x

� 

dS
dt

= −S2 −εS

Slope	equa)on	with	damping	

� 

∂u
∂t

+ u ∂u
∂x

= −εu

damping	coefficient	

This	damping-term	always	reduces	the	slope	
� 

d S
dt

< 0 if ε > S

� 

dS
dt

= ∂
∂x

−u ∂u
∂x

− εS⎛ 
⎝ 

⎞ 
⎠ + u ∂

∂x
∂u
∂x

⎛ 
⎝ 

⎞ 
⎠ 

Previous	slide:	
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Spectral	(Fourier)	method	

� 

u x,t( ) ≡ Uα t( )Sα x( )
α
∑Fourier	series:	

� 

Sα x( ) ≡ exp 2πilα x /L( )Basis	func)ons:	

Fourier	(1768-1830)	

� 

Sα x( ) ≡ exp 2πilα x /L( ) = cos 2πlα x /L( ) + isin 2πlα x /L( )

amplitude	 Basis	func4on	

� 

α
∑ represents	a	sum	over	all			

� 

α ≡ lα

integer	between	-∞	and	+∞	

13	



Spectral	method:	imposing	b.c.’s	

Fourier	series:	

Basis	func)ons:	

Fourier	(1768-1830)	

amplitude	 Basis	func4on	

Boundary	condi4ons	sa4sfied	if		

� 

u 0,t( ) = u L,t( ) = 0Boundary	condi)ons	(b.c.’s):	

� 

u x,t( ) ≡ Uα t( )Sα x( )
α
∑

� 

Sα x( ) ≡ exp 2πilα x /L( )

� 

Sα x( ) ≡ exp 2πilα x /L( ) = cos 2πlα x /L( ) + isin 2πlα x /L( )

� 

Sα x( ) = isin 2πlα x /L( )
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Spectral	method:	imposing	b.c.’s	

Fourier	series:	

Basis	func)ons:	

Fourier	(1768-1830)	

Boundary	condi4ons	sa4sfied	if		

amplitude	 Basis	func4on	

� 

Uα t( )Sα x( ) = Uα
R + iUα

I( )isin 2πlα x /L( )u	is	real	physical	variable	if	

� 

Uα t( ) =Uα
R + iUα

I

with	

� 

Uα
R = 0

� 

u x,t( ) ≡ Uα t( )Sα x( )
α
∑

� 

Sα x( ) ≡ exp 2πilα x /L( )

� 

Sα x( ) ≡ exp 2πilα x /L( ) = cos 2πlα x /L( ) + isin 2πlα x /L( )

Slide	15:	

Amplitude	is	complex	number:	

� 

Sα x( ) = isin 2πlα x /L( )
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� 

u 0,t( ) = u L,t( ) = 0Boundary	condi)ons	(b.c.’s):	



� 

∂u
∂t

= −u ∂u
∂x

� 

dUα
dtα

∑ Sα ≡ − Uα
α
∑ Sα

⎧ 
⎨ 
⎩ 

⎫ 
⎬ 
⎭ 

2πilβ /L( )Uβ
β
∑ Sβ

⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 

� 

dUα
dtα

∑ Sα ≡ − 2πilβ /L( )UαUβ
α,β
∑ SαSβ

� 

α,β
∑

Spectral	transform	of	advec)on	equa)on	

is	a	double	sum	over	all	posi4ve	and	nega4ve	wave	numbers	

� 

u x,t( ) ≡ Uα t( )Sα x( )
α
∑subs4tute	

same	as	

yields:	
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� 

Sα x( ) ≡ exp 2πilα x /L( )



� 

dUα
dtα

∑ Sα ≡ − 2πilβ /L( )UαUβ
α,β
∑ SαSβ

� 

α,β
∑ is	a	double	sum	over	all	posi4ve	and	nega4ve	wave	numbers	

We	can	separate	this	equa4on	into	a	set	of	nonlinearly	coupled	ordinary	
differen4al	equa4ons	by	making	use	of	orthogonality	of	the	basis	func)ons:	

Previous	slide:	
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Spectral	transform	of	advec)on	equa)on	



Spectral	transform	advec)on	equa)on	

� 

1
L

Sα
0

L
∫ Sβ

*dx = δα,β

� 

δα,β ≡1 if α = β

� 

δα,β ≡ 0 if α ≠ β
Kronecker-delta:	

� 

dUα
dtα

∑ Sα ≡ − 2πilβ /L( )UαUβ
α,β
∑ SαSβ

� 

α,β
∑ is	a	double	sum	over	all	posi4ve	and	nega4ve	wave	numbers	

We	can	separate	this	equa4on	into	a	set	of	nonlinearly	coupled	ordinary	
differen4al	equa4ons	by	making	use	of	orthogonality	of	the	basis	func)ons:	

Previous	slide:	

complex	conjugate	of	Sβ	

� 

Sβ
* x( ) ≡ exp −2πilβx /L( )

� 

Sβ x( ) ≡ exp 2πilβx /L( )

Orthogonality	of	basis	func)ons:	

Slide	15:	
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Spectral	transform	advec)on	equa)on	

Orthogonality	of	basis	func)ons:	

� 

dUα
dtα

∑ Sα ≡ − 2πilβ /L( )UαUβ
α,β
∑ SαSβ

� 

α,β
∑ is	a	double	sum	over	all	posi4ve	and	nega4ve	wave	numbers	

We	may	separate	this	equa4on	into	a	set	of	nonlinearly	coupled	ordinary	
differen4al	equa4ons	by	making	use	of	a	special	property	of	the	basis	func4ons	

� 

1
L

dUα
dtα

∑ SαSγ
*⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭ 
dx

0

L
∫ ≡ − 1

L
 2πilβ /L( )UαUβ

α,β
∑ SαSβSγ

*
⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 0

L
∫ dx

Previous	slide:	

� 

1
L

Sα
0

L
∫ Sβ

*dx = δα,β
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Mul4ply	the	equa4on	by	Sγ   and	integrate	over	domain	0≤x≤L:	

With	this	mathema4cal	opera4on	we	are	projec4ng	the	equa4on	on	the	wave	number,	γ.			



Spectral	transform	advec)on	equa)on	

� 

1
L

Sα
0

L
∫ Sβ

*dx = δα,βOrthogonality	of	basis	func)ons:	
� 

1
L

dUα
dtα

∑ SαSγ
*⎧ 

⎨ 
⎩ 

⎫ 
⎬ 
⎭ 
dx

0

L
∫ ≡ − 1

L
 2πilβ /L( )UαUβ

α,β
∑ SαSβSγ

*
⎧ 
⎨ 
⎪ 

⎩ ⎪ 

⎫ 
⎬ 
⎪ 

⎭ ⎪ 0

L
∫ dx

� 

dUγ
dt

= − 2πilβ /L( )Uα
α,β
∑ Uβδγ ,α+β

A	set	of	first-order	differen4al	equa4ons,	
describing	the	evolu4on	in	4me	of	the	amplitudes,	Uγ.

Previous	slide:	
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� 

SαSβ = Sα+βAlso:	

next	slide	



Spectral	transform	advec)on	equa)on	

� 

dUγ
dt

= − 2πilβ /L( )Uα
α,β
∑ Uβδγ ,α+β

Due	to	boundary	condi)ons	and	“physical	reality”:	

� 

dUγ
I

dt
= 2πlβ /L( )Uα

I

α,β
∑ Uβ

Iδγ ,α+β
� 

Uα t( ) =Uα
R + iUα

I = iUα
I

� 

dUγ
I

dt
= IγαβUα

I

α,β
∑ Uβ

I

� 

Iγαβ ≡ 2πlβ /L( )δγ ,α+β

or:	

Interac)on	coefficient:	

Slide	14:	

Previous	slide:	
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next	slide	



� 

dUγ
I

dt
= IγαβUα

I

α,β
∑ Uβ

I

� 

Iγαβ ≡ 2πlβ /L( )δγ ,α+βInterac)on	coefficient:	

Wave-interac)ons	obey	selec)on	rule	

Previous	slide:	

selec)on	rule:		

Selec)on	rule	determines	which	wave-interac4ons	
contribute	to	the	4me	rate	of	change	of		

� 

Uγ
I

� 

γ = α +β
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� 

dUγ
I

dt
= IγαβUα

I

α,β
∑ Uβ

I

� 

Iγαβ ≡ 2πlβ /L( )δγ ,α+β

Trunca)on:	a	low	order	model	of	advec)on	

Table	1.	Wave	number	combina4ons	giving	non-zero	contribu4ons	to	the	interac4on	
coefficient	in	the	lowest	order	nonlinear	trunca4on	of	the	advec4on	equa4on,	which	takes	
only	wave	numbers	1	and	2	inside	the	trunca4on.	

Trunca)on	at	wave	number	2	(for	example)	implies	
that	this	sum	includes	wave-number	-2,-1,0,1,2.		

Because	of	the	boundary	condi4ons:		

� 

U−γ
I = −Uγ

I

Therefore,	equa4ons	needed	only	for		

� 

U1
I  and U2

I .

� 

γ = α +β

� 

} (selec4on	rule)	
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Triad	interac)ons:	



Lowest	order	nonlinear	model:	lmax=2	

� 

dX
dt

= −CXY

� 

dY
dt

= CX2

� 

X ≡U1
I ;  Y ≡U2

I  and C ≡ 2π
L

Table	1.	Wave	number	combina4ons	giving	non-zero	contribu4ons	to	the	interac4on	
coefficient	in	the	lowest	order	nonlinear	trunca4on	of	the	advec4on	equa4on,	which	takes	
only	wave	numbers	1	and	2	inside	the	trunca4on.	� 

γ = α +β

� 

} (selec4on	rule)	

� 

dUγ
I

dt
= ClβUα

I

α,β
∑ Uβ

Iδγ ,α+β

wave	number	1	

wave	number	2	

To	shorten	nota4on:	
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Triad	interac)ons:	



Lowest	order	nonlinear	model:	lmax=2	

� 

dX
dt

= −CXY

� 

dY
dt

= CX2

� 

X ≡U1
I ;  Y ≡U2

I  and C ≡ 2π
L

Table	1.	Wave	number	combina4ons	giving	non-zero	contribu4ons	to	the	interac4on	
coefficient	in	the	lowest	order	nonlinear	trunca4on	of	the	advec4on	equa4on,	which	takes	
only	wave	numbers	1	and	2	inside	the	trunca4on.	� 

γ = α +β

� 

} (selec4on	rule)	

� 

dUγ
I

dt
= ClβUα

I

α,β
∑ Uβ

Iδγ ,α+β

wave	number	1	

wave	number	2	

To	shorten	nota4on:	

Why	are	the	interac4ons	
between	α  and	β	
contribu4ng	to	γ	=0	not	
included	in	the	table	above?	
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Triad	interac)ons:	



Energy	conserva)on	by	the	low-order	model	

� 

dX
dt

= −CXY

� 

dY
dt

= CX2

wave	number	1	

wave	number	2	

� 

K = 1
2
X 0( )2 +Y 0( )2( )

� 

d
dt
1
2
X2 +Y 2( )⎡ 

⎣ ⎢ 
⎤ 
⎦ ⎥ ≡

dK
dt

= 0

Kine4c	energy	is	determined	by	ini4al	state:	

� 

X2 +Y 2( ) = 2KSolu4on	lies	on	a	circle	in	phase	space:	

Kine)c	energy	is	conserved:	

lmax=2	
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Steady	states	

wave	number	1	

wave	number	2	

� 

X,Y( ) = 0,Y0( ) and 0,−Y0( )
� 

X0 = 0 and X0Y0 = 0

Subscript	“0”	stands	for	steady	state	

with		

� 

Y0
2 = 2K

In	both	steady	state	solu4ons	all	kine4c	energy	is	in	the	smallest	scale	of	mo4on	

lmax=2	

� 

dX
dt

= −CXY = 0

� 

dY
dt

= CX2 = 0

Two	steady	states:	
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Linear	stability	of	steady	state	

� 

d
dt

X0 + δX( ) = −C X0 + δX( ) Y0 + δY( )

� 

d
dt

Y0 + δY( ) = C X0 + δX( )2

� 

X = X0 + δX( )

� 

Y = Y0 + δY( )

lmax=2	

� 

C ≡ 2π
L

Perturb	the	steady	state:	

Subs4tute	in	the	governing	equa4on:	
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Linear	stability	of	steady	state	

� 

d
dt

X0 + δX( ) = −C X0 + δX( ) Y0 + δY( )

� 

d
dt

Y0 + δY( ) = C X0 + δX( )2

� 

dδX
dt

= −C X0δY +Y0δX + δXδY( ) ≈ −C X0δY +Y0δX( ) = −CY0δX

� 

dδY
dt

= C 2X0δX + δX( )2( ) ≈ 2CX0δX = 0

� 

X = X0 + δX( )

� 

Y = Y0 + δY( )

The	steady	state	is	stable	if	Y0>0	and	unstable	if	Y0<0		

lmax=2	

� 

C ≡ 2π
L

Perturb	the	steady	state:	

Subs4tute	in	the	governing	equa4on:	

Yields	equa4ons	governing	the	evolu4on	of	the	perturba4ons:	
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Another	look	at	the	linear	stability	of	
steady	state	

� 

dδY
dt

= C 2X0δX + δX( )2( ) ≈ 2CX0δX = 0

When	the	steady	state,	which	lies	on	the	Y-axis,	is	perturbed	in	the	Y-
direc4on,	the	radius	(r)	of	the	circle,	represen4ng	the	solu4on	in	
phase	space,	is	perturbed	also.	Due	to	conserva4on	of	kine4c	energy,	
K=½r2,	the	solu4on	cannot	return	to	the	original	steady	state.	

neutral	stability!?	

Previous	slide:	
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Solu)on	in	phase	space	

equilibrium	 lmax=2	

� 

X2 +Y 2( ) = 2KSolu4on		lies	on	a	circle	in	phase	space:	

Figure	4	

equilibrium	
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Anima)on	of	solu)on	in	physical	spase	

anima4on	4me=	

x

u

Low	order	non-linear	model:	lmax=2	

Exercise	4	32	



x

u

Low	order	non-linear	model:	lmax=5	

Exercise	4	

Anima)on	of	solu)on	in	physical	spase	

anima4on	4me=	

33	



x

u

Anima)on	of	solu)on	in	physical	spase	
Low	order	non-linear	model:	lmax=40	

Exercise	4	

anima4on	4me=	
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Low	order	non-linear	model:	lmax=2	

Final	state	at	t=0.99	

t=	
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Low	order	non-linear	model:	lmax=5	

Final	state	at	t=0.99	

t=	
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Low	order	non-linear	model:	lmax=10	

Final	state	at	t=0.99	

t=	
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Low	order	non-linear	model:	lmax=40	

Final	state	at	t=0.99	

t=	
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Kine)c	energy	spectrum,	lmax=2	

Exercise	4	39	



Kine)c	energy	spectrum,	lmax=5	

Exercise	4	

“cascade”	of	energy	to	smaller	scales	(higher	wave	numbers)	

“cascade”	is	blocked	at	highest	wave	number	
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Kine)c	energy	spectrum,	lmax=10	

Exercise	4	

“cascade”	is	blocked	at	highest	wave	number	
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Kine)c	energy	spectrum,	lmax=40	

Exercise	4	42	



This	lecture	is	intended	to	introduce		
1)  the	spectral	method,	
2)  to	illustrate	some	typical	proper4es	of	non-linear	

systems,	in	par4cular	of	fluid	advec4on,	such	as	
mul)ple	equilibrium	states	and	transfer	of	energy	
between	scales	of	mo)on.	

3)  linear	stability	analysis		

Concluding	remarks	

Tutorial	on	Wednesday,	2	March	2022:	exercises	1,	2	and	3	
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