
Dynamic Meteorology: lecture 5 

Equivalent potential temperature 
Potential instability 
Tephigram 

Moisture in the atmosphere and its effect (continue from lecture 4) 

Material derivative in a rotating coordinate system on the sphere 
The influence of the Coriolis force on the Hadley circulation 
A model of the sea breeze at the coast (problem 1.14) 
Inertial oscillations; inertial frequency 

The influence of earth’s rotation    (parts A and D of lecture notes) 

Tutorial after this lecture (5): 
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(parts B and C of lecture notes)	

introduc)on	to	project	3	

Wednesday	30	November	2022, 13:15-15:00 (room 001 BBG) 

Finish	problem	1.6	(project	1);	hand-in	short	report	before	end	of	today		
Problems	1	and	2	in	Box	1.8	(p.	88),	problem	1.12	(p.	89)	
Make	a	weather	forecast	for	Sunday	4	December	2022		



Condi)onal	instability	

� 

Nm
2 ≡ N 2 + gL

θ0Π0

drs
dz
,

Frequently we observe that: Nm
2 <0 and N2>0. 

In these circumstances the atmosphere is statically unstable only with 
respect to saturated upward motion.  

This is called conditional instability. 

Previous	lecture	(Sec<on	1.14):	

{	
� 

dθ
dt

≈ dθ '
dt

+w dθ0
dz

= J
Π
.

� 

dθ '
dt

≈ −θ0
g
Nm

2w if w > 0,

� 

dθ '
dt

= −θ0

g
N 2w if w ≤ 0;
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(saturated	ascent)	

(unsaturated	descent)	



Equivalent potential temperature 

Previous slide: 

Define a pseudo- or moist adiabatic process in which a so-called 
“equivalent potential temperature”, θe, is constant, following 
saturated ascent.  

By analogy simply define:

� 

Nm
2 = g

θe
dθe
dz

� 

θe ≈θ exp
Lrs
θΠ
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ then 

� 

Nm
2 ≡ N 2 + gL

θ0Π0

drs
dz

(eq. 1.96a) 

Sec<on	1.14	

� 

N 2 ≡ g
θ0

dθ0
dz
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Equivalent potential temperature 

� 

θe ≈θ exp
Lrs
θΠ
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ =θ exp Lrs

cpT

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

Sec<on	1.14	

For an unsaturated air parcel:

� 

θe ≈θ exp
Lr

cpTLCL

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

For an saturated air parcel:

(LCL: lifting condensation level) 

actual mixing ratio 

approximately	conserved!	

(previous	slide)	

Temperature at the LCL 
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Tropical	cyclone	“Nadine”:	warm	&	moist	core	
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Polar	air	mass	Subtropical		air	mass	
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Potential Instability: 
De	Bilt,	26	Sep.	2013,	12	UTC	 θ θe

Poten)al	Instability	up	to	650	hPa	(3600	m)	

� 

∂θe
∂z

< 0

� 

∂θe
∂z

< 0� 

∂θ
∂z

< 0
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constant	θ	

constant	θe

constant	satura<on	
mixing	ra<o	

isotherm	

constant	pressure	 � 

θ =T
pref
p

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
R /cp

� 

θe ≈θ exp
Lrs
θΠ
⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

rs = Rdes
Rv p

� 

T

“Tephigram”	
see	Figure	1.29,	p.86	

hTp://www.staff.science.uu.nl/~delde102/tephigram.pdf		

122	



Governing equations 

Material derivative in a rotating coordinate system on the sphere 

Advection 

The influence the Coriolis force as revealed by  
(a)  the Hadley circulation  
(b)   the sea-breeze circulation 

Inertial oscillations and inertial frequency 

 (parts A and D of lecture notes) 

The influence of earth’s rotation	
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The	governing	equa)ons	*	

  

€ 

d! v 
dt

= −α
! 
∇ p − g ˆ k − 2

! 
Ω ×
! v + Fr

  

€ 

dρ
dt

= −ρ
! 
∇ ⋅
! v 

€ 

Jdt = cvdT + pdα

€ 

p = knT

momentum 

mass 

energy 

state 

* see geophysical fluid dynamics and sections 1.2, 1.3, 1.4 and 1.7 of lecture notes 

Pressure gradient (1.3) Gravity (1.3) Coriolis (1.7) Friction (1.8) 

  

€ 

! v ,ρ,T , p

€ 

α ≡
1
ρ

eq. 1.6

same as eq. 1.22 (p.23)

Unknowns: 
eq. 1.10a

(sec<on)	

Back to the  
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Material	deriva)ve	of	a	scalar	&	advec)on	

  

€ 

d
dt

=
∂
∂t

+  v ⋅
 
∇ =

∂
∂t

+ u ∂
∂x

+ v ∂
∂y

+ w ∂
∂z

Material  
derivative 

Local  
derivative 

“Advection” Non-linear!!! 

eq. 1.5 

Scalar is a function of x, y, z and t:

Section 1.7 
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Conserved features:  
liquid water in clouds 

Stationary features:  
orographic wave clouds 

� 

d
dt
(...) = 0

� 

∂
∂t
(...) = 0
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� 

d
dt
(...) = 0 Conserved features:  

liquid water in clouds 

� 

∂
∂t
(...) = 0

Stationary features:  
orographic wave clouds 
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� 

d
dt
(...) = 0 Conserved features:  

liquid water in clouds 

� 

∂
∂t
(...) = 0

Stationary features:  
orographic wave clouds 



Material	deriva)ve	of	a	vector	

Additional terms due to curved coordinate system!! 
  

€ 

d v 
dt
≡

du
dt
−

uvtanφ
a

+
uw
a

% 
& 
' 

( 
) 
* ̂  i + dv

dt
+

u2tanφ
a

+
vw
a

% 

& 
' 

( 

) 
* ̂  j +

dw
dt

−
u2 +v2

a
% 

& 
' 

( 

) 
* ̂  k 

These terms are frequently neglected in theoretical analysis (see box 1.6) 

eq. 1.40 

(for derivations see geophysical fluid dynamics and/or Holton, chapters 1 and 2) 

Section 1.7 

Coordinate system 129	



“Coriolis	effect”	due	to	earth’s	rota)on	

  

€ 

 
Ω ×
 v = wΩcosφ − vΩsinφ( )ˆ i + uΩsinφ( )ˆ j - uΩcosφ( ) ˆ k 

  

€ 

2
 
Ω ×
 v ≈ − 2Ωvsinφ( )ˆ i + 2Ωusinφ( )ˆ j ≡ − fvˆ i + fû  j 

From “scale analysis”:* 

*|w|<<|u| and |w|<<|v| (see Holton, chapter 2 or geophysical fluid dynamics) 

f  is the Coriolis Parameter: 

� 

f ≡ 2Ωsinφ

  

€ 

d! v 
dt

= −α
! 
∇ p − g ˆ k − 2

! 
Ω ×
! v + Fr

Section 1.7 
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Equations in terms of potential 
temperature and Exner-function 

€ 

dθ
dt

=
J
Π

  

€ 

dΠ
dt

= −
RΠ
cv

∇⋅
 v + RJ

cvθ

Three differential equations with three unknowns! 

eq. 1.35+Coriolis 

eq. 1.37 

eq. 1.23 or 1.33 

d!v
dt
= −θ
!
∇Π− gk̂ − 2

!
Ω×
!v

Sections 1.6 & 1.7 

(problem 1.7) 
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The influence of earth’s rotation on 
atmospheric circulation patterns 

Section 1.17 

The Hadley circulation and the sea breeze both 
constitute a magnificent illustration of the influence of 
rotation on the circulation ! 

What is the Hadley circulation ? 

What is the sea breeze ? 
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FIGURE 1.15. The time-average meridional circulation in the tropics, called the Hadley circulation, is driven principally by latent 
heat release in large convective clouds in the Inter-Tropical Convergence Zone (ITCZ). Water vapour is forced upwards over the 
ITCZ. There is compensating subsidence in the subtropics, which leads to a reduction of the relative humidity, cloudless skies and 
drought. 

Source:	: http://idaholyoaks3.blogspot.nl/2012/11/understanding-climate-change-part-4.html 

Hadley circulation 

(equator)	

First	example	of	the	influence	of	rota<on:	
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Precipitation at ITCZ & Hadley circulation 

Precipita<on	maximum	at	the	intertropical	convergence	zone	(ITCZ)	is	a	footprint	
of	the	so-called	Hadley	circula<on	(see	next	slide)		

ERA-40	
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Source:	: ERA-Interim reanalysis 

Winter Hadley cell and Ferrel cell 
Ensemble-mean	zonal-mean	meridional	velocity	(red:	toward	north	pole)	(labeled	in	m	s-1)	
and	zonal	mean	zonal	velocity	(black	contours,	labeled	in	m	s-1)	in	January	(1979-2017).	

Jet	

Hadley cell Ferrel cell 
Wiliam	Ferrel		
(1817-1891)	
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Source:	: ERA-Interim reanalysis 

Winter Hadley cell 

Jet	
Conserva)on	of	angular	momentum	per	unit	mass	(Ma)	*	

� 

Ma = Ωa cosφ + u[ ]( )a cosφ

� 

If [u] = 0 at φ = 0 :  u[ ] = Ωasin2 φ
cosφ

≈ Ωy2

acosφ

� 

φ = 30° :  [u] = 131 m s-1

Much	larger	than	the	observed	approximate	40	m	s-1)	!	Why?	
� 

a = 6371 km; Ω = 7.3 ×10-5s-1

* See pages 147-148 

Ensemble-mean	zonal-mean	meridional	velocity	(red:	toward	north	pole)	(labeled	in	m	s-1)	
and	zonal	mean	zonal	velocity	(black	contours,	labeled	in	m	s-1)	in	January	(1979-2017).	
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Source:	: ERA-Interim reanalysis 

Winter Hadley cell 

Jet	

We	will	return	to	the	Hadley	circula<on	later	in	the	course	

Ensemble-mean	zonal-mean	meridional	velocity	(red:	toward	north	pole)	(labeled	in	m	s-1)	
and	zonal	mean	zonal	velocity	(black	contours,	labeled	in	m	s-1)	in	January	(1979-2017).	
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Three vertical cross-sections of the lowest 2 or 3 km of the atmosphere, schematically 
illustrating different stages of the development of the pressure gradients and the sea-
breeze circulation. 
 The left-hand diagram shows the initial conditions.  
The middle diagram shows the initiation of the circulation. 
The right-hand diagram shows the final situation with fully-developed sea breeze 
circulation.  

The sea breeze circulation 

Figure	1.31	
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Second	example	of	the	influence	of	rota<on:	



North-south	component	of	the	
wind	velocity	(in	m	s-1)	above	
Djakarta	(Java),	obtained	from	
hourly	mean	values	evaluated	
from	balloon	observa<ons	
from	May	to	November	1909	
to	1915.	Wind	from	the	sea	
(sea	breeze)	is	hatched.	There	
is	a	pronounced	return	current	
with	a	maximum	shortly	
before	sunset.	In	the	tropics	
the	influence	of	rota<on	
(Coriolis-effect)	is	negligible.	

Figure	1.31	

Sea breeze in the tropics 
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Computer	model	
(DALES,	Delh)	
simula<on	of	
cumulus	clouds	on	6	
July	2004.	In	the	
right	lower	corner	is	
the	corresponding	
satellite	image.	
Forced	upward	
mo<on	at	the	sea-
breeze	front	leads	
more	and	larger	
clouds	(Source	PhD	
thesis	by	Jerôme	
Schalkwijk).	

Evidence of sea breeze in the 
Netherlands 

IJmuiden	(225)	
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Clockwise turning of the sea breeze 
225	

IJmuiden:	225	
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Project 3 (problem 1.14) 

Simula<on	of	the	seabreeze	and	its	clockwise	turning	at	the	coast	during	two	days	in	May	

Compare	the	model	outcome	with	the	observa<ons	at	IJmuiden	

Add	the	effect	of	fric<on	to	make	the	simula<on	more	realis<c	

NEXT	lecture:	

€ 

x
€ 

y
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Introduction to project 3 (problem 1.14) 
 Theory of the seabreeze model 
 Box 1.9: Numerical approximation and model code/implementation 
 Box 1.10: model verification 

Geostrophic balance  
Stability of geostrophic balance,  
Inertial oscillations & inertial instability 

Sections 1.17-1.20 

Dynamic Meteorology: lecture 6 

Tutorial after this lecture (5) (Wed. 30 November 2022): 
Finish	problem	1.6	(project	1);	hand-in	short	report	before	end	of	today		
Problem	1.12	(p.	89),	problems	1	and	2	in	Box	1.8	(p.	88),		
Make	a	weather	forecast	for	Sunday	4	December	2022		

Next	lecture:	Friday	2	December	2022	(09:00-10:45),	Room	001	BBG		

143	


